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Abstract: We prove that the GNS-representations of quasifree, Hadamard states on
the Weyl-algebra of the quantized Klein-Gordon field propagating in an arbitrary
globally hyperbolic spacetime are locally quasiequivalent. We also show that these
representations satisfy local primarity and local definiteness if the spacetime is
assumed to be ultrastatic. This implies that the local von Neumann algebras associated
with these representations are type I -factors for sufficiently small regions in
ultrastatic spacetimes.

1. Introduction

Since Hawking’s remarkable paper in 1975 [Haw] on the particle creation by black
holes due to quantum effects, significant progress in the mathematical foundations of
quantum field theory in curved spacetime has been made. In particular, it has been
realized that a very concise and mathematically rigorous description of quantum field
theory in curved spacetime may be reached by the methods of algebraic quantum field
theory. These methods have already been successfully applied in the case of linear
fields propagating in the background of globally hyperbolic spacetimes and have
given important insights for instance in the interplay of the geometrical structure of
the spacetime background and the algebraic structure of the theory (see e.g. [Ban;
Dim; FH1,2; H1,2; HNS; Kay1,3,5; KW; LR] and references cited therein).

Still, there remains the question as to which states, if any, play the role of the
“vacuum” state as in the Minkowski-spacetime quantum field theory in selecting
the set of “physically relevant states.” To clarify what is meant by that, recall that
in algebraic quantum field theory the description of a system (e.g. a quantum field
propagating in a fixed spacetime background) is given through the specification of a
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pair (A, S), where A is the algebra of quasilocal observables of the system, arising
(in the case of interest for us) as the C*-inductive limit of a net O — A(O) of C*-
algebras which constitute the algebras of local observables which can be measured
within finite spacetime regions O (i.e. O is an open subset of the spacetime-manifold
with compact closure). S is the set of all “physically relevant states” of the system
and is a specified subset of the set AT“L of all positive, linear, normalized functionals
on A.

On grounds of principle one expects that S should be specified in such a way
that the principles of local definiteness, local primarity and local quasiequivalence (or
local normality) are satisfied, which we formulate as follows with the convention that
w,, denotes the GNS-representation of w € S, and R ,(O) := 7,(A(O))".

Definition 1.1. For the description (A, S) of a physical system, we define:

1. Local Definiteness: () R _(O) = C1 for all points p in the spacetime and w € S.
O3p

2. Local Primarity: R _(O) is a factor for all w € S.

3. Local Quasiequivalence: 7, and 7, are locally quasiequivalent for all w,& € S.

We give a few brief comments on these requirements, for further discussion see
the references [H1; HNS; Kay5; KW; LR] and, in particular, the recent book by Haag
[H2]. There appears to be some overlap concerning the motivation: Local definiteness
and local quasiequivalence imply that there are no nontrivial measurements of
vanishing spatio-temporal extension on w € S, which corresponds to the idea that
physical states should have a finite spatio-temporal energy-density. Consequently,
physical states cannot be distinguished by measurements at single spacetime points.
Local primarity means that there are no macroscopic, or classical, observables which
could be measured within finite spacetime regions on w € S. This is clearly expected
fur sufficiently small spacetime regions O, by the experience that in the small the
world obeys “quantum laws.” Similarly, the condition of local quasiequivalence rules
out the possibility of local superselection rules, which are expected to be phenomena
of global or topological nature.

We have not given a precise statement of what we mean by “local quasiequiva-
lence.” There are at least two reasonable interpretations of that (see the footnote on
p. 70 of [KW]) which are, as has already been remarked in [LR], equivalent in the
presence of local primarity. What we mean by local quasiequivalence is the following:
Given an open spacetime region O with compact closure, 7| A(O) and 7, | A(O) are
quasiequivalent, that is, there is an isomorphism G, : R (O) — R,(O) such that
Beo o (A) = 7, (A) for all A € AO).

It is also expected that S forms a convex subset in A;”. This is automatically
satisfied if we assume that S is maximal in the sense that if some state w, is in
S, then all states w for which 7, is locally quasiequivalent to 7, are also in S.
(If w, satisfies conditions 1 and 2 of Def. 1.1, then so do all w thus obtained by
local quasiequivalence, hence the assumption is consistent.) Then S is the set of
all w € ATJ“ lying locally in the folium of wy, i.e. for a spacetime region O with
compact closure there is a density matrix oo, ,, on the GNS-Hilbertspace of w, such
that w(A) = tr(Qo,wﬂwo(A)) for all A € A(O). In this situation w, determines

an equivalence class, S, in ATJ“ with respect to the equivalence relation “local
quasiequivalence.”

For Minkowski-spacetime, there is an obvious choice for a preferred physical state
wp: The vacuum, which is mainly characterized by the invariance under Poincaré-
transformations and the spectral condition. But on a generic spacetime we do not
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have symmetries that could likewise serve to single out a distinguished state as
the vacuum. However, there might be classes of certain preferred states which are
regarded as physical states, somehow selected and specified. If S, C AT* is such
a class of preferred states, then the question is if all w, € S, define the same local
quasiequivalence class S of states, and if they satisfy 1 and 2 above. Provided this is
the case, one may choose the set consisting of all the states lying locally in the folia
of the states in S as the set of all physical states. So, if one has made a choice of
Sy, one must check if the requirements of Definition 1.1 hold for all w,® € S,

Now we take a look at three prominent candidates for classes S, in the case that
our system is the Klein-Gordon field propagating in some spacetime (M, g). These
are

(a) &y = set of all quasifree states possessing scaling limits at all spacetime points
and satisfying local stability,

(b) S, = set of all adiabatic vacuum states,

(c) &, = set of all quasifree Hadamard states.

Let us give brief comments on these classes of states.
(a) The notion of “local stability,” which roughly amounts to a suitable local
replacement of the spectral condition, has been introduced by Haag, Narnhofer and
Stein [HNS] (to which we refer for full details, see also [FH1; H2]). These authors
seem to have first formulated the requirements of Definition 1.1, which they refer
to as conditions for what they call “principle of local definiteness.” Essentially, they
show that local definiteness implies both that scaling limits are those of the free,
massless theory in flat spacetime, and local stability. However, they also show that
the scaling limit assumption together with local stability is not sufficient to guarantee
local quasiequivalence.
(b) An “adiabatic vacuum” (see [LR] and references therein for full details) is a state
which satisfies a suitable condition restricting its high frequency behaviour. Liiders
and Roberts [LR] proved that all adiabatic vacuum states on the algebra of quasilocal
observables of the Klein-Gordon field in Robertson-Walker spacetimes are locally
quasiequivalent and locally primary.
(c) We shall quote the full definition of “Hadamard state” (due to [KW]) and list a
number of relevant properties in Appendix C. Suffice it to say here that the Hadamard
condition amounts to a certain condition on the short distance behaviour of a quantum
state. (We note that (b) and (c) are more restrictive than (a). We also note that adiabatic
vacuum states can only be defined for a restricted class of spacetimes (e.g. Robertson-
Walker spacetimes) and thus the Hadamard condition is more general. However, the
relationship between Hadamard states and adiabatic vacuum states (when the latter can
be defined) is not fully investigated yet. See [LR] and literature cited there for further
discussion.) We shall also give some very brief comments on the motivation of (c).
Apparently, the main motivation to consider Hadamard states originated from the wish
to obtain a reasonable expression for the (expectation value of the) energy-momentum-
tensor of quantum fields in generic spacetimes. This, in turn, was motivated by the
attempt to gain a more complete description of gravity incorporating the “back-
reaction”-effects of particles created in strong gravitational fields and thus to arrive at
a “semiclassical” description of gravity whose central equation is the “backreaction-
equation” or “generalized semiclassical Einstein equation,”

G,, =8n(T,,), (1.1)
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(see e.g. [Wall]). Wald formulated a set of axioms for (Tw)w so as to make it an
object giving reasonable physics and to make it “as independent as possible” from the
renormalization procedures necessary for its definition. It turned out that for the Klein-
Gordon field in globally hyperbolic spacetimes, <T,uu>w can be defined for Hadamard
states w such that Wald’s axioms are fulfilled. The status of the ambiguity that Wald’s
axioms still allow for (7),,),, has been source of some discussion and it seems that
this question has not reached a final answer yet (see [Ful; Kay5; KW; Wall,2] for
further discussion). However, what we just remarked should explain the interest in
Hadamard states and the reason why they are assumed to be “physically relevant.”
In fact, a number of important investigations concerning the properties of Hadamard
states have been carried out ([FNW; FSW; GK; KW; Rad] are only a few significant
references). It should, however, be remarked that a fully satisfactory definition of
Hadamard states was first arrived at in the article by Kay and Wald [KW].

The results of the present work are as follows. We prove that the GNS-
representations of any two quasifree Hadamard states on the Weyl-algebra of the
massive Klein-Gordon field in an arbitrary globally hyperbolic spacetime are locally
quasiequivalent. That this should hold has already been conjectured in 1979 by Kay
[Kay2] and has been re-conjectured a couple of times since [GK; KayS5] (cf. also
[H2]). We also show that the states of the just described type are locally primary and
definite (i.e. they satisfy 1 and 2 of Definition 1.1) for ultrastatic, globally hyperbolic
spacetimes (local primarity then holds for a class of regions O forming a base of the
spacetime topology). Further, we can use a result by Wollenberg [Wol] to show that
in the ultrastatic situation, R ,(O) is a factor of type 111, for all quasifree Hadamard
states of the Klein-Gordon field and sufficiently small regions O.

This work is organized in the following way. In the second section we summarize
basic material about the Klein-Gordon field in globally hyperbolic spacetimes. In
Sect. 3 we present the quasiequivalence result. In Sect. 4 we establish the results on
local primarity and local definiteness in ultrastatic spacetimes. Some technical details
will be relegated to the Appendix.

2. The Klein-Gordon Field in Globally Hyperbolic Spacetimes

We start our discussion by recalling that a globally hyperbolic spacetime is a pair
(M, g) which is a four-dimensional, time-oriented Lorentz-manifold with signature
(+— — —) (note that we understand a manifold to be orientable, connected, paracom-
pact, smooth and Hausdorff, without boundary) possessing a smooth foliation into
smooth, spacelike Cauchy-surfaces (see [Die]): This means that there is a diffeomor-
phism F' : R x M — M, where M is a smooth, three-dimensional manifold such
that for all ¢t € R, M, := F({t} x M) is a spacelike Cauchy-surface for (M, g). Then
{r,}, t € R, defined by 7, : F(ty,x) — F(t, +t,x) gives rise to a one-parametric
group of diffeomorphisms of M which, however, need not be isometries of (M, g).
But there are classes of spacetimes where this is the case, and we shall define a very
special class of those, namely the ultrastatic spacetimes.

Definition 2.1. Let (M, ) be a smooth, three-dimensional Riemannian manifold, and
let (z%) be a local coordinate system for M. Define M = R x M and define a
Lorentzian metric g on M by setting the coordinate expression of g in the chart (t,x")
equal to dt* — Yij dxtdz?. We call this (M, g) the ultrastatic spacetime foliated by
(M,~), and M, := {t} x M, t € R the natural foliation of M (in Cauchy-surfaces, if
each M, is a Cauchy-surface).
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One can easily show that the vector field £* = (0,) is a timelike Killing vectorfield
which is orthogonal to the hypersurfaces M,. Moreover, one can show that the
M, are spacelike Cauchy-surfaces for (M, g) if and only if (M,) is a complete
Riemannian manifold, in which case the ultrastatic spacetime foliated by (M, ) is
globally hyperbolic [Kayl1]. This situation will be of interest for us later on.

A consequence of global hyperbolicity is the well-posedness of the Cauchy-
problem for hyperbolic differential equations. To ease our way of speaking, we shall
from now on always assume that our Cauchy-surfaces are spacelike. We shall consider
the Klein-Gordon equation (hereafter referred to as KG-Eq.) on a globally hyperbolic
spacetime (M, g),

(VeV, +m*p =0, 2.1

where m is a positive constant, and V is the Levi-Civita connection of g.

From now on, all spaces of functions, like D(M), L*(M, dn) etc. are meant to
be spaces of real-valued functions unless otherwise indicated (by a subscript C) —
where D(M) = C§P(M), E(M) = C*(M) are spaces of testfunctions endowed
with locally convex topologies as defined in [D]. Important sets of causal dependence
of subsets @ of M are JE(O) = set of all points p € M which can be reached
by future(+)/past(—)-directed causal curves emanating from O (called the causal
futurelpast of ©), J(O) = JHO)UJ~(0), DF(O) = set of all points p € J*(O) such
that every past(4)/future(—)-inextendible causal curve starting at p passes through
O, and D(O) = DT(O) U D~(O) (called the domain of dependence of O, or the
diamond based at O). See [Wal3] for further discussion. Notice that we shall also
define $(O) = int(D(O)).

The well-posedness of the Cauchy-problem for the KG-Eq. (2.1) has the conse-
quence that there are two unique continuous linear maps E* : D(M) — (M) with
the property

(VoV, +mHEXf = f = EX(V°V, +m?)f (2.2)

for all f € D(M) and
supp(E= f) C J*(supp(f)) (2.3)
(see [Dim]). They are called the advanced(+) and retarded(—) fundamental solutions

of the KG-Eq. (2.1). E := E* — E~ is called the propagator of the KG-Eq., and by
(2.2) it follows that

(VOV,+mHEf =0=ENV°V, +m?f (2.4)

for all f € D(M). So E maps D(M), by (2.3), to the set of smooth solutions of (2.1)
which have compact support on Cauchy-surfaces (and one can show that this map is
surjective, see [Dim]). Now let C be any Cauchy-surface of (M, ¢) and let C, be an
open subset of C. Define D, := D(Cy) @ D(Cy) and

5. (g, ), (g, w,)) = / (g, — uywy) dne
C

where dn; is the induced measure on C; it is easy to see that 6., is a symplectic
form on D, . Now let K := D(M)/ker E, and [.] : D(M) — K the quotient map.
Further, let $(Cy) = int(D(C,.)) be the open interior of the diamond based at C, and
define K, := [D($(Cy))]. We define for [f], [h] € Ko,

e (U1, [h]) = / fERdy,
M
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dn denoting the metric-induced measure on M. If C, is itself a Cauchy-surface, we
will simply write & for k., since it is independent of the choice of the Cauchy-surface
C. The following proposition can be inferred from Lemmas A 1 and A 3 in [Dim].

Proposition 2.2. (a) (D¢, ,6c,) and (K¢, ke, ) are symplectomorphic symplectic
spaces. The symplectomorphism

TC* : (KC*’ K]c*) d (DC*’(SC*)

is given by
Te, (LfD = (EfIC,n*V Ef|C),

where n® is the future-directed unit-normalfield on C.
(b) If N is any open neighbourhood, in M, of Cy, then K, _C [D(N)].

To a symplectic space (Z,() there is associated (uniquely up to C*-algebraic
equivalence) its Weyl-algebra A[Z, (], which is a simple C*-algebra generated by a
family W(z), z € Z, of unitary elements satisfying the Weyl-representations of the
CCR,

—5¢(2,2)

WERWE) = e W(z + 2)

for all z,Z € Z. For the symplectic space (7, () = (K, k), we refer to A[K, ] as the
Weyl-algebra of the KG-field in the globally hyperbolic spacetime (M, g).

One can show that upon defining for open subsets O of M with compact closure,
A(O) as the C*-subalgebra of A[K, k] generated by {W([f]) | f € D)},
O — A(O) is a net of local observable algebras (see [Dim]), of which the most
prominent properties are

A©) C AW©O,) for O COy, 2.5)
[A0), A(O)] = {0} (2.6)

if the regions O and O, are spacelike separated,
A (Cy)) € AN) (2.7)

if Cy is an open subset of a Cauchy-surface and N an open neighbourhood, in M, of
Cy.

The last relation (2.7) is clearly implied by Proposition 2.2(b). Notice also that we
have

AQC)) = AlK, , ke, ] (2.8)

3. Local Quasiequivalence

Let w be a state (a positive, linear, normalized functional) on the Weyl-algebra A[Z, (]
of some symplectic space (Z, ¢), and let (X ,, 7, {2,) be the GNS-representation of
w. Assume now that for every z € Z the unitary one-parameter group ¢ — 7 (W (tz)),
t € R, is strongly continuous and that (2, is in the domain of definition of its generator
& ,(2). Then the two-point function A, of w exists and is given by

A(2,2) = (P, (2)12,,D,(2)12,)

for all z,Z € Z. A, is a bilinear form on Z (with values in C).
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In the case that (Z, () = (K, k) we call
A (f R = A (fL[hD Vf, h € DIM)

the spatio-temporal two-point function of w. It is easily proved that A, is a bi-solution
of the KG-Eq., i.e.

A (VY +m?) f,h) = 0= A_(f,(V*V, +m?>)h) (3.1)

for all f,h € D(M), by writing A, (., .) = A\ (T o T,.,T; " o T, .) for some
Cauchy-surface C and noting that T,((V2V, +m?) f) = 0 for all f € D(M), which
follows from the definition of T, in Proposition 2.2 and from Eq. (2.4).

Let w be a state on the Weyl-algebra A[Z, (] of some symplectic space (Z, () and
assume that the two-point function A, of w exists.

Definition 3.1. w is a quasifree state if there exists a real scalar product i1, on Z
such that:

1A\, (2,2) = (2,2 + % ((z, 2),
2. (C(z,9))* < 4p, (2, 2) (%, %),
3. w(W(z)) =exp| - %,uw(z, 21,
forall 2,2 € Z.

If H is a complex Hilbert-space, we denote by F,(H) the symmetric Fock-space
over the one-particle space H, and define

WF(x) := exp [ila™ () + a()] (3.2)

for all x € H, where a and at are the usual annihilation and creation operators,
respectively. 2 = 1 © 0@ 0... will denote the Fock-vacuum. With this notation,
we quote the following characterization of quasifree states from [KW]:

Proposition 3.2. Let w be a quasifree state on A[Z, (). Then there exists, uniquely
up to unitary equivalence, a one-particle Hilbert-space structure for w, which consists
of a pair (k,’H), where 'H is a complex Hilbert-space and k : Z — H a real-linear
injective map, with the properties

k(Z) + ik(Z) is dense in H ,
and .
(K(2), K(E))g, = A, (2, 5) = 1, (2, 5) + %az, z)

for all z,Z2 € Z, such that the GNS-representation (H,,m,§2,) is given by
(FS(H),T(F, 02F), where

W) =W kz) VzeZ.

(W (2) are the Weyl-representers of the CCR.)
w is pure if and only if the range of K is dense in 'H.

To formulate an important result which we shall use in the proof of the local
quasiequivalence of quasifree Hadamard states on the Weyl-algebra of the KG-field
in globally hyperbolic spacetimes we need to introduce some further concepts. Let w
be a quasifree state on the Weyl-algebra A[Z, ], with associated real scalar product
#,, on Z. Denoting the completion of Z with respect to the topology induced by
W, by Z, (Z, 1) becomes a real Hilbert-space. By estimate 2 of Definition 3.1, ¢
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posesses a unique extension { to Z satisfying the same estimate. Then there is, by
Riesz’s representation theorem, a unique bounded linear operator R on Z such that

(W, 2) = p,(y, R2) (3.3)
for all y,z € Z. R will be called the polarizator of w. It is easily seen that R is
antisymmetric, i.e. R* = — R. Another property of R is derived from the following

Lemma, where 7, denotes as usual the GNS-representation of w.

Lemma 3.3. w is primary, ie. 7 ,(A[Z,())" is a factor, if and only if one of the
following is fulfilled:

(@)  is a symplectic form on Z,

(b) R is injective and its range is dense in Z so that R™" is a densely defined (possibly
unbounded) linear operator in Z.

(a) is proved in Proposition 11 and Theorem 3 of [MV]. B

(b) Ify e 7 is such that u,(y, Rz) =0 for all z € Z,_this means ((y, z) = 0 for all
z € Z and hence y = 0 if ¢ is a symplectic form an Z. So R has dense range, and
injectivity follows from the antisymmetry of R. On the other hand, injectivity of R
clearly implies that  is a symplectic form, i.e. (a) and (b) are equivalent. [J

Now consider two quasifree states w , j = 1,2 on A[Z, (] and suppose that their
associated real scalar products y; on Z induce the same topology. It is then clear by
the last Lemma that both quasifree states will be primary if and only if either of them
is primary. Also, if we assume primarity and denote by R; the respective polarizators
of w;, then the following holds.

Lemma 34. R, R;l, 4,k = 1,2, extend to continuous operators on (Z, uy), L=1,2.

Proof. The case j = k is trivial. For the general case, observe that for all x € Z
and all y € dom(R;l) one has p1,(z, RjR;Iy) = {(z, R;ly) = p(z,y) and so the
lemma follows from the equivalence of the norms induced by the £, and the fact that

dom(R; ") is dense in Z (j = 1,2). O

With the assumptions on the w;, j = 1,2 as before, let 7€ .= Z @ iZ be the
standard complexification of Z, let (¢ and /JJJC be the standard complexifications ! of
Cand ), j = 1,2, on Z€, define I'(z ® i) := z @ — iZ for all 2@ iZ € ZC, and set
7 := i¢C. Then (ZC,I,~) is a phase space in the sense of Araki, see [AY]. Using
property 2 of Definition 3.1, one can show that

1
80,0 = pi (.0 + 590y, Vy,z € Z°

are polarizations in the sense of [AY]. Then we have (., .) s; = ZUJC in the notation of

[AY]. Define bounded, positive C-linear operators %’ $, and S, and ZC (the closure
taken with respect to the topology of any of the p; as the topologies of the ., are
by our assumptions equivalent) by

Sj(ya Z) = (ya $jz)sj )
S5,(y,2) = (¥,5,0)g, -

! Defined so that they are conjugate-linear in the first, linear in the second variable, in line with the
convention used in [AY]



Local Definiteness, Primarity and Quasiequivalence of Quantum States 515

It is easily shown that

1
L/ 1 -iR
$j=§<1 2 J) (3.4)
'R, 1
and | |
RR;' 1R
§2=%< e 2_’1>, (3.5)
iRl R\R,

where the matrix operators act on z € Z€ as if it were a column vector. Araki
and Yamagami [AY] proved that 7, and 7, are quasiequivalent if and only if the
following two conditions are fulfilled:
) (., .)Sl and (., .)S2 induce the same topology on Z€, and

(b) $1/2 — 53% is a Hilbert-Schmidt operator on (Z€, (., .)g ).
Condition (a) is fulfilled by our assumptions. A lemma by B

2

)

uchholz (cf. Appendix
B in [Buc]) states that (b) is fulfilled if $, — S, is a trace-class operator on
(Z°€, (., .)51). This is, using (3.4) and (3.5), the case if 1 — R]RZ_1 is a trace-class
operator on (Z, i1;). So we obtain the following corollary to the result by Araki and
Yamagami:

Corollary 3.5. The GNS-representations T, of two primary quasifree states w.,
J = 1,2, whose associated real scalar products ., induce the same topology on Z are
quasiequivalent if 1 — R\ Ry Vis a trace-class operator on (Z, )

Another notion from spacetime geometry, due to Kay and Wald [KW], will be
needed.

Definition 3.6. Let C be a Cauchy-surface for (M, g). An open neighbourhood N of
C is a causal normal neighbourhood of C if C is a Cauchy-surface for N and if for
p,q € N with p € Jt(q), there exists a convex normal neighbourhood O in M such
that J=(p) N JT(q) C O.

The existence of such causal normal neighbourhoods is guaranteed by Lemma 2.2
in [KW]. Now let w,, j = 1,2 be two quasifree states on the Weyl-algebra A[K, k]
of the KG-field in the globally hyperbolic spacetime (M, g). Their associated spatio-
temporal two-point functions will be denoted by A;. We say that the A; are locally
distributions if for each p € M there is a neighbourhood O of p such that the 4,
can be identified with elements of D(O x O). We say that A, — A, is a smooth bi-
solution near Cauchy-surfaces if every Cauchy-surface C possesses a causal normal
neighbourhood N such that

Af R = Ay ) = / £®) B®, q) hiq) dn(p) dn(q) (3.6)
for all f,h € DN), where B € C*°(N x N) is a bi-solution, i.e.
VeV, +m?),B(p,q) = 0= (V*V, —m?), B(p,q) (3.7

for all p,q € N.
The following lemma will be of some importance.

Lemma 3.7. Let N be a causal normal neighbourhood of some Cauchy-surface in
(M, g), B a smooth bi-solution of the KG-Eq. on N x N and G an open subset of N
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with compact closure in N'. Then there is some Q € CP(N x N) such that

/ J(@) B, 9)Mq) dn(p) dn(q) = / E) ) QP ) (Eh) (@) dn(p) dn(g)  (3.8)

forall f,h € D(Q). E is the propagator of the KG-Eq.
We shall prove this lemma in Appendix A.
Now we state and prove our main technical result.

Proposition 3.8. Assume that the spatio-temporal two-point functions A; (j = 1,2) of
two quasifree states on AlK, k] are locally distributions and that A, /i isa smooth
bi-solution near Cauchy-surfaces. Let N be a causal normal neighbourhooa’ of some
Cauchy-surface and O an open subset of M with compact closure. Then there are
sequences ¢, ), € DWN), j € N, with the properties:

@) A(f ) = Ap(f by = 3 w(UF1, T8, D R(AL ;)

JEN
for all f,h € D(OO)).
®) DA b P AP < o0, k=1,2,
JEN
implying that there are o, 3 > 0 such that

(© aAl(.fvf)SAz(fyf)SﬁAl(fyf)
for all f € D(H(O)).
Proof. We shall first show how (a) and (b) together imply (c): One obtains

AL, ) = A DES D IR 1, DI ALY, T, D)
JEN
< AAS DAL, 6D AL, )
JEN
for all f € D($(0)), k= 1,2, and hence

A (fy D < Ay, f)(l +3 44,8, 6> 4,0, z/»p‘/z)
jEN

for all f € D($(O)). The same estimate holds when interchanging the indices 1 < 2.

Now we show how to construct the sequences ¢,, ¥,, j € N, with the properties (a)

and (b). Let C be the Cauchy-surface of which ./\/ is a causal normal neighbourhood.

Then there is some C, C C with compact closure such that O C <$(Cy). So
f € D($(0)) implies that [f] € K, . Note that we have

A(f ) = A, by = A, (1 LRD — A, (Lf ), TRD (3.9

for all f, h € D(H(Cy)). Now let G be a neighbourhood, in A, of C, such that G has
compact closure in V. According to Proposition 2.2(b) we find for each [f] € K,
some f € D(G) such that [f] = [f]. Using this and (3.9), it suffices for the proof
of the proposition to construct sequences ¢,, ¥; € D(N) with the property (b), and
such that

[4,(f, h) — A (f, h)| = Z &(Lf1, [9; D k([h], [¥;])

JEN
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for all f,h € D(G). This will be done as follows. By Lemma 3.7 there is some
Q € C$°(N x N) such that for all f,h € D(G),

A(f R) — Ag(f by = / @) B, &) h() dn(@) dn(a)
- / Ef0)Qm, ) ER@ dip)dn(@),  (3.10)

and we may assume that supp(Q)) C G x G, where G is some compact set contained
in M. By ¥, we denote a chart around p € N with the following properties: (i)
dom(LUp) is contained in a neighbourhood O of p for which the A;, k = 1,2, can be
identified with elements of D¢(O x O), and (ii) the closure of I 4 where I := (—m, ),
is contained in Ran(wp). Choose some € € (0,1), set I, 1= (—7 + &,7 — €) and
U,(e) = Wp‘ 1(Iﬁ). The family of neighbourhoods Up(s), p € N, forms an open
covering of V. Then one can choose a locally finite partition of unity (of A) {¢, },cg
subordinate to the cover Up(e), p € N. Then G has non-void intersection with the
supports of only finitely many elements of the partition of unity, which will be denoted
by 0y, ..., 05 Therefore we have:

k
MG =40 = Y [ 0,0)0.0Q0.0 B0 1) i) dn

r,5=1
(3.11)
for all f,h € D(G). By construction, the smooth function @, = (¢, ® 0,)@,
r,s =1, ..., k, has compact support in Up(r)(&‘) X Uy()(€) for some p(r), g(s) € N,

and hence Q,, o (¥, x ¥, )" is a smooth function with support in I} x I?.
From what we show in Appendix B it then follows that there are sequences
¢ € DUy, ¥ € DWy(€)), v €N, 7,8 =1, ..., k, such that

/ Q,.(0, ) E () Eh(g) dn(p) dn(@)

=Y [0 Efw) Eb@ dnte dnto)

veEN

= w16 D (R, () (3.12)

VEN

for all f,h € D(G), r,s=1, ..., k, and

D AP, G AW, ) < oo (3.13)

veN

for i = 1,2, r,s = 1, ..., k, since the A, are by construction identifyable with
elements of D’C(UP(T)(O) X Up(r)(O)) and of D{;(Uq(s)(O) X Uq(s)(O)). Now choose a
denumeration j — (r;,s;,v,), j € N of the index triples r,s =1, ..., k, v € N, and

set ¢, i= qSS;j), Y, = zp(ij). Then we find with (3.11-13)

Af By = Ay(f ) = KA T, AR, [9,]) (3.14)

JEN
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for all f,h € D(G) and
> Ay o)A@ )P <00, 1=1,2. (3.15)

JEN
This completes the proof. O

Until now we have not mentioned the term “Hadamard state.” We will define
Hadamard states on the Weyl-algebra of the KG-field in (M, g) in Appendix C.
Hadamard states are states for which the spatio-temporal two-point function takes a
special “Hadamard” form. One can show that spatio-temporal two-point functions of
Hadamard form fulfill the assumptions of Proposition 3.8 (cf. Appendix C), i.e. they
are locally distributions and their differences are smooth bisolutions near Cauchy-
surfaces. Spatio-temporal two-point functions of Hadamard form possess another
remarkable property, derived by [FSW; KW], which we refer to as the causal
propagation property of the Hadamard form: This means that if a spatio-temporal
two-point function is of Hadamard form near some arbitrary Cauchy-surface in M,
then it is of Hadamard form near all Cauchy-surfaces. (See Appendix C for a precise
form of this statement.)

Now we are ready to present the result.

Theorem 3.9. Let w, and w, be two quasifree Hadamard states on the Weyl-algebra
A[K, k] of the KG-field in the globally hyperbolic spacetime (M,g), and let m,
and T, be their associated GNS-representations. Then ,|A(O) and m,|A(O) are
quasiequivalent for every open subset O of M with compact closure.

Proof. The proof has two main parts, of which the first involves more “geometrical,”
the second more “functional analytical” elements.

1. The first part of the proof consists in explaining how, using the method of
“deforming a globally hyperbolic spacetime in the past to an ultrastatic one while
preserving global hyperbolicity” (due to [FNW]) and the causal propagation property
of the Hadamard form, the problem can be reduced to a more specialized situation.
Let w; and w, be two quasifree, Hadamard states on the Weyl-algebra A[K, k]
of the KG-field in a globally hyperbolic spacetime (M,g) and 7;, j = 1,2,
their associated GNS-representations. First notice that, if 7,|.A(0) and ,|A(O) are
quasiequivalent, then ] A(O,) and m,|A(O,) are quasiequivalent for O, C O.
Then notice that, given a Cauchy-surface C for (M, g), and an open subset O of M
with compact closure, we find some subset C, of C with compact closure such that
O C {(Cy), and given any neighbourhood A of C, we have A(O) C A(O(Cy) NN),
c.f. (2.7). So for the proof of local quasiequivalence we may concentrate on regions
of the type {(Cy) N N. Given the Cauchy-surface C, one can find a neighbourhood

N of C and a globally hyperbolic spacetime (/T/I\ §) with the following properties:
(i) There is a time-orientation preserving isometry ¢ : W, gIN) — (N, §|N), where
Nisa nelghbourhood of a Cauchy-surface Cin (.M §)- ¢ induces also an isometry

between C and C. N o
(ii) To the past of some Cauchy-surface C’ lying to the past of C, (M, §) equals the

(—00,0) x (?—part of an ultrastatic, globally hyperbolic spacetime foliated by some
complete, three-dimensional Riemannian manifold (C, %).

The construction of such an (.K/l\ ,§) is demonstrated in Appendix C of [FNW].
Notice that we may assume that the neighbourhood N of C is a causal normal neigh-
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bourhood of C, since every neighbourhood of C contains a causal normal neighbour-
hood of C, as can be seen from the proof of Lemma 2.2 in [KW]. The isometry

¢ of (i) induces canonically a C*-algebraic isomorphism o : A[K, k] — A[K,&],
where A[K, &] is the Weyl-algebra of the KG-field in (M, §). « is also an isomor-

phism between the corresponding nets of C*-algebras, i.e. a(A(O)) = .Z(qb((?)) (see
[Dim]). Since the Hadamard form of spatio-temporal two-point functions is preserved
under time-orientation preserving spacetime-isometries, and since we have the causal
propagation property of the Hadamard form, it follows that the quasifree Hadamard

states w; on Al[K, k] induce quasifree Hadamard states cDj =w, 0 a~!on A\[IA( ,R].

Denoting their GNS-representations by 7, it is now easily seen that m; and 7, are
locally quasiequivalent if the 7 | A(O) are quasiequivalent for arbitrary open regions
O with compact closure in A/. Now let C,, /fgr some ¢ <A 0, be a Cauchy-surface in the
natural foliation of the ultrastatic part of (M, §), and N and arbitraAryA neAigthErhood
of C,. Then, by the same arguments as given above, A(O) C A($(Cy) N N7) for

some open subset C, of CA with compact closure whose boundary 9C, is contained in
the union of ﬁmtely many smooth, closed (even compact), two-dimensional sub-

manifolds of C (To see this, note that any compact subset of C may be covered by
finitely many normal coordinate balls” whose boundaries are compact hypersurfaces

in C,.)

Therefore, it suffices to show that the ﬁj LZ((A}(C#)DJ/\\/ "), j = 1,2, are quasiequiva-
lent for the GNS-representations ﬁj of any two quasifree Hadamard states &Jj, 7=12,
on ./T[I? , k], where C, is an arbitrary open subset of (/3; with compact closure such
that JC, is contained in the union of finitely many smooth, closed, two-dimensional

submanifolds of CAt, and N’ is a causal normal neighbourhood of CA]t This is the more
specialized form of the problem we desired to arrive at.

2. The second part of the proof can be subdivided into
(a) proving that #; (A(Cy))", j = 1,2, are factors, and
(b) showing how this factoriality, together with our Proposition 3.8, entails the
quasiequivalence of the frjl.;l\((}(c#)), ji=12.

The task (a) will be carried out in the next chapter.
(b) The GNS-representations #; and 7, of the states W, = qu|¢zt\(<A>(C#)), 7 =12
are subrepresentations of the representations frj[j(@(c#)), 7 = 1,2, and hence it
follows, by a standard result (cf.AAppendix E.1), from the facto/r\iality property (a)
that #, is quasiequivalent to #;JA($(Cy), j = 1,2. So the #,|AD(C,), j = 1,2,
are quasiequivalent if 7, and 7, are quasiequivalent (see Appendix E.1 for details of
this argument), and we show that the latter is the case. The factoriality property (a)
entails that the &; are primary. Let A, K j = 1,2, be the spatio-temporal two-point

distributions, and real scalar products on K respectively, of the states &, on A[K Rl
and denote by /1], f; the corresponding objects of the states &; on A[KC#, Re,l- Let
Rj, j = 1,2, be the polarizators of the @;. By Proposition 3.8(c) the B> J = 1,2,
induce the same topology on K, . Therefore we see from Corollary 3.5 that the
quasiequivalence of the 7, j = 1,2, is proven if 1 — lei’{ ! is a traceclass operator

on (K ¢y» P)- To show that this is the case, recall that by Proposition 3.8 there are
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sequences ¢, ¥, € DN"), v € N, such that

By (Lf1, [RD) = Bp(LF), [RD) = Ay(f, h) — Ay (f, )
= Y A1 I8, D AR, [,D) (3.16)

VvEN

for all [f],[h] € I?C# and

> 8,1, 6,0 1y (1,1, v, D' < 00 (3.17)

VEN

Now let R, be the polarizator of &, and P the projector in (I? , 141) onto the closed

subspace K o and define
z, = PR/l¢,], vy, :=PRV,], v eN.
Thus we obtain

RS9, D = mf), Rile, D) = (Lf) 2, (3.18)
R([R], [, D) = py((h), R[4, ) = Ay ((h), 0,) (3.19)

for all [f],[Rh] € I/_\( Ca and for all v € N, and since P and R, are bounded operators
we infer from (3.17) that

>,z iy, y,)"? < 0o (3.20)
veN

On the other hand, Eqgs. (3.16-20) imply that

A (Lf1, (= BRI = Ay (Lf1, ThD) — Ay (Lf1, [RD)
=5 B, 2,) AR, ) 3.21)

veEN

for all [f1, (] € Ke,. Since K, is dense in Ko,, Eqs. (3.20-21) together with the
known characterizations of trace-class operators (cf. Theorem 7.12 in [Wei]) imply

that 1 — R Ry is a trace-class operator in (K ¢y f1), and hence we have proved the
theorem. [l

4. Local Primarity and Definiteness

In this section we shall derive the local primarity and local definiteness of quasifree
Hadamard states on the Weyl-algebra of the KG-field in ultrastatic, globally hyperbolic
spacetimes. More precisely, what we are looking at is the following situation: Let
(M, g) be the globally hyperbolic, ultrastatic space-time foliated by the complete,
three-dimensional C'*°-Riemannian manifold (M, ). Let M,, t € R, be the natural
foliation of (M, g) in Cauchy-surfaces, and for some ¢ € R, C,. an open subset of M,
with compact closure such that 9C,, the boundary of C,, is contained in the union of
finitely many (possibly intersecting) smooth, closed, two-dimensional submanifolds
of M,. Then we obtain the following result.
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Theorem 4.1. Let w be a quasifree Hadamard state on the Weyl-algebra A[K, k]
of the KG-field in (M,g), and w,, its GNS-representation. Then R_({O(Cy)) =
7, (AQ(CL))) is a factor.

Proof. Let (K, H) be the one-particle Hilbert-space structure of w. Define £ := k(K_, )
and LY := {x € H | Im(x,0) = 0 VO € L} (notice that £ is a real-linear, but in
general not a complex-linear subspace of H). Observe that by (2.8) and by Proposition
3.2 we have R_($(Cy)) = WF(L)'. According to results by Araki [Ara], or by
Leyland, Roberts and Testard [LRT], W¥(£)" is a factor if and only if LN LY = {0}.
To show that this is the case, we note that there is a pure, quasifree Hadamard state
@ on A[K, k] with the property that K. + K M;\Cy) 18 dense in K with respect to
the norm given by p,, on K. The existence of such an @, the “canonical vacuum,”
will be established below. Denote by (l:{,’):Z) the one-particle Hilbert-space structure
of & and set £ := ﬁ(KC*). L' will be defined in the same manner as before. Notice

that we have ﬁ(K(Mt\@;)) c LV: For if [f1€ K(Mt\C_*)’ we have for all [h] € K¢,
({71, K081 = [ Bhdy =0,

since supp(f) N supp(Eh) C {H(Cy) N J(M,\Cy) = 0. Now suppose that { € LNk
Then Im()%,ﬁ[f]) =0 for all [f] € K., and all [f] € K(Mt\C_*)' By the mentioned
denseness property this implies Im (%, k(K)) = {0}. Since & is pure, k(K) is dense in
‘H by Proposition 3.2, implying ¥ = 0. So the theorem is proven for &, and we shall
carry over this result to our arbitrarily chosen quasifree, Hadamard state w. Assume
that x € £N L". Then there is a sequence [f,] € K¢, n € N, with k[f,] — X in
H. By Proposition 3.8(c) we find that the norms given by p,, and pg on K. are
equivalent, and so we have N f,]— X in H for some X € L. On the other hand, we
have for all [h] € KC*,

0 = Im(x, k[A])
lim Im(k[f,], k[R])
n—oo

lim 5 w((f, ], [hD)
= lim Im(k[/,], k[A))

= Im(%, k[h])

This implies that § € LNLY = {0}, so k[f,,] — 0. The equivalence of the norms
of p, and u, then implies that x = lim k[f,] = O, which was what we had to

n—oo
show. O

In the same situation as described before, we obtain local definiteness:
Theorem 4.2. Let w be a quasifree Hadamard state on the Weyl-algebra A[K, k] of
the KG-field in (M, g), and p € M. Then
R, = | R, (O)=Cl.
O3p

Proof. Clearly p € M, for some ¢t € R. Choose some open subset C, of M, with
p € C, such that C, has compact closure and 9C, is a smooth, two-dimensional
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submanifold of M,. By the last Theorem, R _({(Cy)) is a factor. Let (k,H) be the
one-particle Hilbert-space structure of w and set £ := k(K¢,), Lp = (K(C*\ {p})).
Then we have .

w (Lp)” C R, . 4.1)

To see this, let C, be any open subset of C, containing p and such that C, C Cy, and
set Ly := k(K¢, ). Then obviously

Ry 0) C R, (OCo)) = WF(Ly)" .
From the results of [Ara] or [LRT] one obtains
WE (K(Ke,\z))" € WELH” =R, (OC)) C R, @) - 4.2)

where k(K(c*\c‘o)) C L} can be shown as in the last theorem. On the other hand
one has that WF (£,)" is the von Neumann algebra generated by the family of sets
WF (k(K,\z;))» the Cy ranging over the open subsets of Cy with Cy C Cy and
p € Cy. Thus using von Neumann’s density theorem, (4.2) implies (4.1). As p € S for
some smooth, compact, two-dimensional submanifold S of Cy and K¢, \ ) is dense
in K., with respect to the topology given by p, (see below where this is proved
for the canonical vacuum state and use Proposition 3.8(c)), one obtains that Lp is
dense in £ in the topology of H. Then WF (L)' = WF (Ep)” C R, (p), implying
R, (p) C WF(L). On the other hand, R_(p) C WF(LY" = R_({H(Cy)), and so we
have by the last theorem,

R, () C R, (OC)) NR,((Cy) =C1,
as desired. [

Remark. From the proof it also follows that

(] R.(O)=C1
ODS

if S is compact and contained in the union of finitely many smooth, closed, two-
dimensional submanifolds of any of the M,, ¢t € R.

Now we can make use of a result of Wollenberg (see [Wol], or Sect. 16.2.4 and
Theorem 16.2.18 in [BW]) which implies that if w is a state possessing scaling limits
and satisfying local definiteness at all spacetime points, then R (O) is, provided it is
a factor, of type 111, for sufficiently small, specifically shaped spacetime regions O.
Quasifree Hadamard states on A[ K|, k] possess scaling limits at all points in spacetime
and so we arrive at the following

Proposition 4.3. Let w be a quasifree, Hadamard state on the Weyl-algebra of the
KG-field in the ultrastatic, globally hyperbolic spacetime (M, g). Given any point p
in M, every neighbourhood O of p possesses an open sub-neighbourhood O of p such
that R (O) is a factor of type 111,.

Remark. In general, the regions O for which the assertion of the last proposition
has been made may be very small. In any case, the open interior of their causal
complement must be non-void.

We still have to show that there is a pure, quasifree Hadamard state with the
denseness-property as required in the proofs of the last two theorems. This will
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A~

be the “canonical vacuum state” @ on the Weyl-algebra of the KG-field in the
ultrastatic spacetime (M, g) foliated by the complete, three-dimensional Riemannian
manifold (M, ). We shall exhibit a one-parameter family of one-particle Hilbert-space
structures for &. To do this, we need the following

Theorem 4.4 Let v be the measure induced by v on M and A7 the Laplace-Beltrami
operator for (M, ~). Then the operator

—A,+m?: DM) — L*(M,v)
is essentially selfadjoint in L*(M, v); its closure, denoted by A, is strictly positive and
hence invertible.
Proof. This is proved in [Che]. See also [Kayl].

Now let us define the following family (k%, H?), t € R, of one-particle Hilbert-
space structures over the symplectic space (K, k):

H' = LL(M,v),

1 i
7 (AV*EN +iA™ VG ES) VIfl€K,
where E is the propagator of the KG-Eq. and we define for ¢ € R and ¢ € E(M):
o5 = Y|M, € D(M),

ol = (8,¥)|M, € D(M).

K'[f]:=

Here M,, t € R, is the natural foliation of M, and M and M, are canonically
identified. Then one arrives at the following

Theorem 4.5. For each t € R, (k',H?) is a one-particle structure for the unique
quasifree state & on the Weyl-algebra A[K, k] of the KG-field in (M, g) which is a
ground state for the time-translations. O is called the canonical vacuum. It is a pure
state, and its spatio-temporal two-point function is of Hadamard form.

Proof. See [Kayl1] for the proof that the family of one-particle structures belongs to
a single pure ground state. The uniqueness of quasifree ground states in the case that
the spectrum of the generator of the time-translations is strictly positive (this is the
case here, cf. [Kayl]) is proved in [Kay4]. See [FNW; KW] for the proof that the
canonical vacuum is an Hadamard state.

Now we state the promised denseness-property.

Proposition 4.6. Let t € R, and C,, an open subset of M, with compact closure such
that OC is contained in the union of finitely many smooth, closed, two-dimensional
submanifolds of M;. Then K. _+ Ky = (M;\aCy) 18 dense in K in the norm
given by ., on K.

Proof. We have
e (LD = KLFLK [ f1)e VIfl€K.

On the other hand, if T}, is the symplectomorphism of Proposition 2.2, we have

2k" o Ty, (g, w3 = 1A gl 7z + 1474wy |13, 4.3)
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for all (ug, u,) € Dy,,, where the norms on the right-hand side are given by the scalar
product on L,(M,v). Since

—1
Karpoco = T, Dar\acs)) s

the proposition is proved if D(,/,\ ¢, is dense in D, with respect to the topology
given by the right-hand side of (4.3). A~'/# is a bounded operator on L?(M, v) and so
C§°(M,\OCy) is dense in C§°(M,) with respect to the topology given by [|A~1/4.|,,.
It is far less obvious but also true that C§°(M,\OC,) is dense in C§°(M,) with respect
to the topology given by ||A'/%.]| 2. (A proof of this will be given in Appendix D.)
This shows that D, \ 5¢,) is dense in D,,, with respect to the topology given by the
right-hand side of (4.3), and so the proposition is proved.
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Appendix A

Proof of Lemma 3.7. Since C is a Cauchy-surface for A/, A is a globally hyperbolic
sub-spacetime of (M, g) and thus, since the closure of G is a compact subset of
N, there are two Cauchy-surfaces C*, C™ in N such that C and G are contained in
L:=IYC)NI~(C*)2 We set G := J(G)NC and note that D(G)N L is a compact
subset of N containing G, since G is a compact subset of C. Let G' be compact
subset of C such that G is fully contained in the open interior of G. Then I(G) N N
is a neighbourhood of J(G) N A. We introduce the following open covering of N
N .= M\J(O), Nt == I(G)NI*CHNN, N~ = I(G)NI~(CHNN. By 4,
T, 1~ we denote a partition of unity (in ') subordinate to that covering, and define
PYN(p,q) = pM )9V (0 B®, 9)
for all p,q € N and M, N € {+, —}. We also use the notation
— - if M=+
M =
{+ if M= —
for M € {+,-}, N is defined accordingly. Then one checks, using the support
properties of 9™, 1™, that the following holds:
(VeV, +m?), (V*V, +m*), Pt (p,q)

= —(V*V, +m?),(VV, +m*), P~ (p,q)

= —(V*V,+m?),(V*V, +m?), P~ (p,9)

=(V*V, +m"),(V*V, +m»), P~ (p,q) (A.1)

2 1*(0) is defined as JE(O) with “causal curve” in the definition replaced by “timelike curve,”
see [Wal3]
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for all p,q € J(G)NN; and if f,h € D(G), then one has with M, N € {+, -},
EM f(p) EN hq) PPN (p,q) = 0 (A2)

for p or ¢ in N° U JH(C*t)U J~(C™), where E* and E~ are the advanced and
retarded fundamental solutions of the KG-Eq. Also, we have that EM f and its normal

derivatives vanish on CM for M € {+, -} and if f € D(G); further, PMN (p, q) and
its normal derivatives with respect to p (g) on CM (C™) vanish for p € CM or q € CV,
M, N = 4, —. We make use of these properties applying Green’s identity

/(u(VaVa +m?)v —v(VeV, +m?)u)dn
L

= /(unavav —wvnV, u)dnp,,
oL

with respect to the variables p and g, yielding

/ EM f(p) ENh(q)(V°V, +m?), (V°V,, +m?), PMN (p, g) dn(p) dn(q)
LXL

= f F@)h(q) PMN (p, q) dn(p) dn(q) (A3)

LXL

for all f,h € D(G) and M, N = +, —, since the boundary terms vanish by what we
just remarked. Since the integrands in (A.3) are compactly supported in £ x L, we
may replace the integration region £ X £ by A x N. Now observe that by (A.1) and
the support properties of ¥ one obtains

Ef@) EMg)(V*V, +m*),(V*V, +m?), P~ (p,q)
= Y EMf@ENhg PV (p,q) (Ad)
M,N=+,—

for all f,h € D(G) and p,q € N, implying with (A.1-3)

| BG4+, (VT + 1m0, P 0,0 dne) o)
N XN

= / f () q) B(p, q) dn(p) dn(q) (A.5)

NN
for f,h € D(G). The integrand of the first integral of (A.5) vanishes for all
f,h € D(G) outside of the Cartesian product of the set J(G) N £ which is compact

in AV, so if we choose a smooth function  compactly supported on N x N such that
& =1 on the Cartesian product of J(G) N L, then the function

QWP q) = &@,9)(V*V, +m?),(V*V, +m*), P~ (p,q)

is a function in C§°(N x N) having the property as claimed in the statement of the
lemma. [J
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Appendix B
Representation of Elements in D(O, x O,) for Open Sets O, C R¥, O, C R!

In this section we give a proof of the denseness of the algebraic tensorproduct
D(0))®D(O,) in D(O, x O,) which differs from the original proof in [S] in giving a
more detailed description of sequences in D(O,)®D(O,) approaching given elements
in D(O; x O,). Namely, let f € D(O, x O,). Then there are sequences ¢; € D(O)),

n
¥, € D(O,), j € N, with 21 ¢,®%; — f forn — oo in the topology of D(O, x O,)
J=

such that
> p(e, ® ¢ p); @ Y;) < o0, (B.1)
JEN
> p(g, @Y < o0, (B.2)
JEN

for all A > 0 and every seminorm p in the family of seminorms defining the topology
of D(O, x OkZ). To see this, let us define I := (—7, 7) and assume that f has compact
support in I® x I'. The general case then follows by using a scaling argument. We
set, forv € Nand 7 € I,

1
€y, 1(1T) = ﬁ cos(vT),
€y, (T): —\/% sin(vT),
1
eo(7T) == ﬁ

Now choose some smooth function x compactly supported on I and equal to unity
on a large enough sub-interval of [ so that the (k4 [)-fold tensorproduct of x is equal
to unity on supp(f), and define for multiindices m € N¥ and n € N{;

Em i =8€p, ®... @ Xep,, »
O =8y, ® ... @ XE,, .

Then the Fourier-coefficients of f,

Qo 1=/f(x,y)fm(:v)Gn(y)dkxdly

have the property to fall off more rapidly than the inverse of any polynomial in the
m, n for large |m/|, |n|. More precisely, using the usual multiindex notation, it holds
that

|, |mPne -0 for |m|+|n| — oo

for every pair of multiindex 3 € N¥, o € N'. This can be seen from the fact that
f € DUI* x I') by using integration by parts inductively. On the other hand, if we
set for B € Nk, o € N}

Pp.oF) = sup  |0502 F(z,y)|
(a:,y)eIkXIl
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for all F € DU* x IY, then it is easily seen that

p(ﬁu.@)(fm ® gn) S Cllm’klﬁl |m|k5|0| ,
p(ﬁy@)(en ® 97),) S C’2|'I’L|”6i In'”@i’
P@.0Em @ 0,) < Cslm| ¥ |11l

for some positive constants C;, i = 1,2, 3, depending on 3 and g. Therefore, choosing
a denumeration j — (m,,n,), j € N of the set of multiindex-pairs m € NE, n e NE,
and defining q5j =« Y, = Hn], j € N, one obtains that

My, ST,

N
3 6, @0, = f(N —oc0) in DU* x I')
j=1

and (B.1) and (B.2) follow from the rapid decrease property of the ov,,,,. [

Appendix C
Hadamard States

In this Appendix we introduce the notion of Hadamard states on the Weyl-algebra
A[K, k] of the KG-Field in a globally hyperbolic spacetime. We present parts of the
discussion by Kay and Wald [KW] and hence our Hadamard states will be globally
Hadamard states. (There is a related, weaker, local Hadamard condition which one
could impose. This is discussed in [GK; Kay5], where it is conjectured that the
weaker, local Hadamard condition for states of the KG-field already implies the
global Hadamard condition as we quote it here from [KW]. A resolution of this
conjecture, showing it to be true, has recently been presented [Rad]. We refer to the
cited literature for further details.)

First we define what it means for a bilinear functional on D(M) x D(M) with
values in C to be of Hadamard form. To start with this task, let X" be the subset of
those (p,q) € M x M which are causally related and are such that J*(p) N J~(g)
and J*(g)NJ~(p) are contained within a causal normal neighbourhood. Then s(p, q),
the squared geodesic distance from p to g, is well-defined and smooth in an open
neighbourhood {2, in M x M, of X. Let the functions U and V,,,, m € N, defined
on {2, denote the square root of the VanVleck-Morette determinant, and the sequence
determined by the Hadamard recursion relations, respectively 3. Set, for n € N and

p,Q € L2,
V(p,q) = V(0. ) (s, )™

m=0

Let T': M — R be a smooth time-function increasing towards the future and define
for all € > 0 and (p,q) € {2,

Qr(p,q;€) = s(p,q) — 2ie(T(p) — T(q)) — &*

3 These objects are e.g. defined in [Gar], see also [Fri]. It is important to note that for fixed m, the
mass term appearing in the KG-Eq., they are determined solely by the spacetime metric g



528 R. Verch

and
1 U(p,
GZ’R(Pa q) = (—Q)

472\ Q1 (p, ¢;©)

(In is the principal branch of the logarithm). Next, let A be a causal neighbourhood
of some Cauchy-surface C. An N-regularizing function x is a smooth function on
N XN having the following property: There is an open neighbourhood, 2, in N"x N
of the set of pairs of causally related points in A/ such that 2, C §2, and x = 1 on
2, and x = 0 outside of §2. It is not difficult to see that N -regularizing functions
always exist.

Definition C.1. Let A be a linear form on D(M) x D(M) with values in C. We say
that A is of Hadamard form if there exist
(i) a causal normal neighbourhood N of some Cauchy-surface C,
(i) an N -regularizing function x,
(iii) a smooth time-function T on M increasing towards the future,
(iv) a sequence H™ € C*(N x N)
such that

+ V™ (p, ) In@Qr®, ¢; 6))>

Af,p) = lim / AT, 9) f(@) H(g) dn(p) dn(g) C.1)
forall f,h € DIN) and all n € N, where

AT™p, q) = x(p, ) G "(p, q) + H™(p, q) .

The following results show that this is in fact a reasonable definition.

Proposition C.2. (a) The definition of the Hadamard form is independent of the choice
of C, N, T and x. This implies in particular that, if A is of Hadamard form in a causal
normal neighbourhood N of some Cauchy-surface C (in the sense that (C.1) holds for
f,h € DW)), then it is of Hadamard form in some causal normal neighbourhood
N of any other Cauchy-surface C'. This behaviour is called the “causal propagation
property” of the Hadamard form.

(b) If A is of Hadamard form, then it is locally a distribution. This means that for
every p € M there is a neighbourhood O of p such that the real and imaginary parts
of A can be identified with elements of D'(O x O).

Proof. See [FSW; KW] for (a). Part (b) of the Proposition follows from Appendix B
in [KW]. (To see this, replace on the right-hand side of Eq. (B.8) in [KW] the function
F,(z,) by a smooth function F'(z,,z,) and deduce — using the same arguments as
given for F,(x,) — that the resulting family of integrals converges for ¢ — 0 to a
smooth function in x, if F' is supported in a small enough region O x O. So the
limit (C.1) exists if f ® h is replaced by F' € D(O x O). Then use that weak limits
of sequences of distributions (which are here given through the families of class C™
integral kernels Ag’n, € > 0 for arbitrary, but fixed n) are again distributions.) [

Definition C.3. Let w be a state on the Weyl-algebra A[K, k] of the KG-field in the
globally hyperbolic spacetime (M, g). Then w is called an Hadamard state if its two-
point function exists and if its spatio-temporal two-point distribution is of Hadamard
form.

The next result shows that the set of Hadamard states which are also quasifree is
large.
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Theorem C.4. The set of quasifree Hadamard states on A[K, k] spans an infinite-
dimensional sub-vectorspace of the topological dual space of A[K, K].

Proof. Adopting the methods of [FNW] (cf. [KW]) one obtains the existence of
quasifree Hadamard states. Now let w be a quasifree Hadamard state and p, the
associated real scalar product on K. It is easily seen that we can find a sequence
¢, € DIM), j € N, such that the [¢;] form an orthonormal system in K with respect
to p,,. We define a sequence of real scalar products

1@, ) = p, (@, y) + p, @, [0 D p, (9] ) Vo,y e K

on K. Notice that /Lj((ll,l’) > p,(x,x) so that the K give rise to quasifree states w,
on A[K, k]. It follows from the results of [KW] that near Cauchy-surfaces, the spatio-
temporal two-point functions A; of the w; differ from A, by a smooth bi-solution,
hence the w; are quasifree Hadamard states. The linear independence is obtained by
inspection. [J

Let w;, j = 1,2, be two quasifree, Hadamard states on A[K, k] with associated
real scalar products x; on K, and spatio-temporal two-point distributions A,. Then
the difference of the /lj is, near Cauchy-surfaces, a smooth, real-valued bi-solution
of the KG-Eq., i.e. if N is a causal normal neighbourhood of some Cauchy-surface
C in (M, g), then

A(f h) — Ay(f, h) = /f(P)B(Z% q) g) dn(p) dn(q) (C.2)
for all f,h € DN), where B € C®(N x N) is a bi-solution,
(VV, +m?), B(p,q) = 0= (V*V, +m?) B(p,q) (C3)

for all p,q € N. This is easily seen from the definition of the Hadamard form and
the fact that A, are weak bi-solutions of the KG-Eq. as remarked at the beginning
of Sect. 3, (C.3) then results from applying Green’s identity. That B is real-valued
stems from the fact that

A (Fo ) = A (fs B) = py (LF), TRD — wa(LF), TRD)
for all f,h € D(M): The right-hand side is always real-valued.

Appendix D

Proposition D.1. With the assumptions and notation as in Sect. 4, let the compact set S
be contained in the union S = Lf) S, of finitely many smooth, closed, two-dimensional
submanifolds of M, and let =
11y o= (A4, A4 ) 2 VS € D).
Then D(M\S) is dense in D(M) with respect to || - || 4.
Proof. Around every point p € M there is a chart ¥ = (z*) with the property
det(’yi]) =1 on dom(¥) (D.1)

(see Theorem 12.5 in [CFKS]). So choose for every point p € S a chart !Pp with the
property (D.1), and an open neighbourhood U,, of p whose closure we require to be
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compact and contained in dom(¥ ). Now we can cover S by finitely many of the
U,, which will be denoted by Uy, ..., U,. It is not difficult to see that, if we find
that for each j =1, ..., n, D(U;\S) is dense in D(U;) with respect to || - || 5, then
this implies that D(M\S) is dense in D(M) with respect to || - || 4. So we only have
to prove that for U open, with U C dom(¥), where ¥ is a chart with the property
(D.1), it holds that D(U\S) is dense in D(U) with respect to || - || . To show this,
we introduce a smooth function xy on M such that 0 < xy <1, xy =1 on U, and
X have compact support in dom(%). We shall use the usual notation ¥*f = f o ¥,
Wy = oWl write x := W, X, and define the following linear operator:

5:DRY) — LARY, dPx), e Ul AT ().

Notice how this operator operates: First, f € D(R?) is multiplied by y yielding a
function in D(Ran(¥)). This function is by ¥* mapped to a function in D(dom(¥)), on
which A'/2 is applied, which obviously makes sense since D(dom(¥)) C dom(A!/?).
The result is a function in L*(M,v), which after multiplication by y lies in the
domain of ¥, which maps it back into L*(R3, dz). This shows that X is well-defined.
To establish further properties of X' we introduce the following notation:

M
(fih)gs == /fhd3x; (D.3)
R3
notice that by the special property (D.1) of our chart we have
(T f, 0" h) pr = (f, h)gs (D.4)
and
(T, uth)gs = (@5 ¥) us (D.5)

for all f,h € L*(Ran(¥),d’r) and all ¢, € L*(dom(¥),v). We also define
0 :DR’) — I’(R*,d’z), [ xWy o0 Ao¥*(xf)
and denote by (., .) zrm)» M € R, the mth Sobolov scalar product on D(R?), defined
by
o) rm) = / FR R (K + D™ &k,
R3

where f stands for the Fourier-transform of f and the bar denotes complex conjuga-
tion. We denote by 7 the selfadjoint closure of the operator

—A+1:DR? — L’(R3, Px).

With this notation, it holds that:
1. X is symmetric.
2. (Zf, X fgs < (f,O0f)gs Vf € DR).
3.(f,0fw <Cf, fluqy =C{f,7flge  Vf € DR?), for some C > 0.
The properties 1 and 2 are verified by straightforward calculation using (D.4-5).
3 will be proved as follows: Write © = a¥ 0;0; + (70; + r (summation over the
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indices 4,7 = 1,2,3 implied) where o™/, 3/ and r are functions in D(R?). Now, given
a € D(R?) one finds for all f € DR?), 1,7 = 1,2,3,

(5,000, | = | [ Fad,8,1 ]
_ /@(af)ajfd%l
- / (B) f +ad; )0, f d%:‘

= /((5;5) *f+d*(5j7)) (f)]—;?)d%i

1@,0)  fll 1218 F 1l 2 + Nl * @, Pll 2 19, F1l 2
< 10;allp 112 105 Fll g2 + 16111 18,7l 22 18, 71 2
< (lI0,allpr + llal ) (”f||H(1))2-

The second estimate follows from Young’s inequality (see [RS]). Similarly, for g,
r € D(R?) one obtains for all f € D(R?), j =1,2,3:

1560wl =| [ B+ 1D
< 18% U2 10,112

<18l 1112218, 71l o
< 1Bl (Hf”H(l))2

IN

and R
(o firal < “THLco(Hf”H(l)) .
With these estimates, 3 is easily deduced. So we obtain by 2 and 3:

(S, 5 frs SCTV2 712 fles Vf € DR®) (D.6)

for some C' > 0. Since X' is symmetric, and 7, and thus also 7!/2, is positive and
essentially selfadjoint on D(R?), a result by Heinz (cf. Appendix E.2) states that (D.6)
implies
(1, Z el < U2 Pge = CUF P ray
for all f € D(R?) with some C > 0. Since xf = f for all f € DWW (U)), we have
<A1/4W*f,A1/4W*f>M - <g7*f, XlI/Al/2Sp*(Xf)>M
= (fa Ef>R3
= C(f, f>H(l/2)
for all f € D(W(U)) and therefore D(U\S) is dense in D(U) with respect to || - || 4 if

DW(U\S)) is dense in DW(U)) with respect to || - ||z, - This is known to be the
case under the assumptions made about S:

Lemma D.2. Let O C 2 be open subsets of R®, and S a smooth, closed, two-
dimensional submanifold in §2 intersecting O, and let f € D(O). Then there is a
sequence f, € D(O\S), n € N, which approaches f in || - || 1)
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Notice that if we have proved this lemma, then it holds also true if we only
k
assume that S is the union |J S, of finitely many smooth, closed, two-dimensional

1=1
submanifolds S, of {2. To see this, use induction over k: Fix O as above. For k = 1
the statement is proven by Lemma D.2. Assume that it is true for some finite number

k
k. Then the set O, := O\( U SZ.> is also an open set contained in {2, and if S,
i=1

is another smooth, closed, two-dimensional submanifold of {2, then D(O;\S, ) is
dense in D(Oy) with respect to || - || ) by Proposition E.1. But by assumption,
D(Oy,) is dense in D(O) with respect to || - || 712 and hence we can conclude that
D(O;\S)4y) is also dense in D(O) with respect o | - || 71 /-

Proof of Lemma D.2. A family F\, € D(0), 1 > X > 0, will be constructed such that
0 < F, <1, Fy =1in a A-dependent neighbourhood of S M supp(f), with supp(F})
shrinking to S for A — 0 and with ||F}[| g ) uniformly bounded for 1 > A > 0.
From these properties it then follows that the functions ¢, := (1 — F,) f are in
D(O\S) for all 1 > A > 0, and clearly for all » € D(R?) one has

(ex = fil ua = (FFx M gapm — 0

for A — 0, and ||, || 71 /o) is uniformly bounded for all 1 > A > 0 since multiplication

by D(R?)-functions is a continuous operation in H(1/2), the completion of D(R?)
with respect to || - || (1 2), cf. Appendix E.3. Whence (p,) converges weakly to f in
H(1/2). Then there is (cf. Probl. 4.25 in [Wei]) a subsequence (<p/\j) of (¢,) such

that the sequence

n
fn = Z‘{b\], TLEN,
Jj=1

converges for n — oo in || - [|gq/y to f, and clearly we have f, € D(O\S)
for all n € N. So all that is left to do is to construct a family F, with the
above stated properties. For each s € S there is a neighbourhood O, of S in
2 and a chart ¢, : O, — V, C R* such that O, NS = {Y;1(§,&,0) |
(¢,&,&) € V,}. We may cover the compact set S N supp(f) by finitely many
of such O, say O,, ..., O,, and we can choose functions x,, ..., x, € D(O) with
the properties: 0 < x; < 1, supp(x;) C O,, and X2, x, = 1 in a neighbourhood
U C O of Sn supp(f). Now choose a smooth function » : R* — [0,1],
(&1,&,&) — (&) with the properties: h = 0 outside of & € (—6,6), and
h =1 for & € (=6 + ¢€,6 — ), for some sufficiently small 6 > & > 0. Set
hy (&) = R(ATIE) for A € (0, 1). Then define Fy, := X,&;(h, o ,), A € (0,1).
One checks that these functions have the properties: F, = 1 in a neighbourhood
U, of S N supp(f), supp(F)) shrinks to S as A — 0, and F\, € D(0). What
remains to be shown is that ||Fy| s/ is uniformly bounded for A € (0,1). We
have
k
”FA”H(I/Z) < Z lIx;(hy 0 wi)“H(l/Z)'

i=1
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Since composition by diffeomorphisms is a continuous operation in Sobolev spaces
(see Appendix E.4) there is for each ¢ a C; > 0 such that

lIx;(hy o "'Z)i)“H(l/Z) = |l((x; © wfl)hx) ° ¢11|H<1/2)
< Gilltx, o ’/’i—l)h,\”H(l/z)'

Now x; 0, ! has compact support, so choosing some function ¢ € D(R) with p = 1
on a large enough interval, we find that

(i oy Dby = (0% N e®0® 0)hy,
and hence
l(x; © wi_l)h)\“H(l/Z) <cllle®o® o hyllua
<clle® Q“Hz(l/z)%”h,\||H1(1/2)

for some positive numbers ¢, and +y,, where H,(1/2) and H,(1/2) are the analogues
of H(1/2) in one and two dimensions, respectively, and we have used the continuity
of the multiplication again (cf. Appendix E.3) and also that

A+ +1<E+E+DE +1)

for all k; € R. So the proof is completed by observing that

Ul = / [RE)PAV (A~ 1kY? + 1dk

is uniformly bounded for A € (0,1). O

Appendix E

E.I. We summarize some results which we use in the second part of the proof of
Theorem 3.9.

Let B be a C*-algebra and 7 : B — B(H) a representation of B by bounded
linear operators on a complex Hilbertspace H. If some closed subspace K of H is
left invariant by all 7(A), A € B, then 7 possesses a subrepresentation 7', defined by

7'(A) :=71(A) | K VAe€B.
With this notation, we quote the following theorem (cf. Proposition 5.3.5 in [Dix]):

If the von Neumann algebra w(B)" is a factor, then every subrepresentation ©' of ™
for which K # {0} is quasiequivalent to .

Now let B be a sub-C*—al~gebra of B, and w a state of B with GNS-representation
H,,~7,,8,). Let © := w|B, and denote by (H, 7, {2,) its GNS-representation.
Then 7, can be viewed as a subrepresentation of the representation

n,|B:B— B(H,).
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To see this, recall that we have for all A € B,
O(A) = (2,7, (A 2,) = (2, (7 |B) (A) 2,) .

So if we denote by K the closed subspace of H,, which is spanned by all vectors
of the form (r,|B)(A)§2,, A € B, then, by the characterizing properties of the
GNS-representation, (H,, 7, {2;) can be identified with (K, 7, |B, £2,).

Now consider two states w;, j = 1,2, on B, with GNS-representations T and

restrictions @; := ijB to B, whose GNS-representations we denote by 7. If the

T, (5’)' " are factors, then, by the just quoted theorem, and since the 7?] are canonically

identifiable with subrepresentations of the T, |B, it can now easily be seen that the

following holds:
The T, |B are quasiequivalent if, and only if, the 7; are quasiequivalent.

E.2. Here we quote the following specialization of a result by Heinz, which is stated
and proved as Theorem 9.3 in [Wei] (however, we refer true connoisseurs of “operator
monotony” to the original article [Hei]):

Let ‘H be a Hilbert space, T' selfadjoint, non-negative operator and S a symmetric
operator in H with dom(T) C dom(S) and |Sf|| < ||Tf|| for all f € dom(T). Then

SO < (£, TF) Ve dom(T).

Observe that this result immediately generalizes to the case that 7' is essentially
selfadjoint, for which we employ it.

E.3. We quote a simplified version of Theorem 2.2.5 in [Hor] (to which we refer for
a proof) which states that multiplication by smooth functions with compact support
is a continuous operation on Sobolov spaces.

Letn € N, m € R, and denote by H,_(m) the completion of Do(R™) in the norm given
by

Ul om? = / FORAKR + D™ d™ VS € DeR™,

R"

where f is the Fourier-transform of f. Then for each h € Dc(R™) there is a constant
¢, > 0 such that

WAt emy < nllfliyamy V€ Hp(m).

E 4. In the notation introduced in E.3 we quote here, again in a simplified form,
Theorem 2.6.1 in [Hor], stating that the composition with diffeomorphisms is a
continuous operation on Sobolev spaces.

Let % be a diffeomorphism of an open set {2; C R™ onto another open set §2, C R",
and U C §2,. Then for each fixed m there is a C > 0 such that

B oYllg,omy < CliPlppony VB € D).
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