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Abstract: The author considers an elliptic analogue of the Knizhnik—Zamolod-
chikov equations — the consistent system of linear differential equations arising
from the elliptic solution of the classical Yang—-Baxter equation for the Lie algebra
sly. The solutions of this system are interpreted as traces of products of intertwin-
ing operators between certain representations of the affine Lie algebra sly. A new
differential equation for such traces characterizing their behavior under the vari-
ation of the modulus of the underlying elliptic curve is deduced. This equation is
consistent with the original system.

It is shown that the system extended by the new equation is modular invariant,
and the corresponding monodromy representations of the modular group are
defined. Some elementary examples in which the system can be solved explicitly (in
terms of elliptic and modular functions) are considered. The monodromy of the
system is explicitly computed with the help of the trace interpretation of solutions.
Projective representations of the braid group of the torus and representations of
the double affine Hecke algebra are obtained.

Introduction

In 1984 Knizhnik and Zamolodchikov [KZ] studied matrix elements of products
of intertwining operators between representations of the affinization g of a finite
dimensional simple complex Lie algebra g at level k. These matrix elements are
analytic functions of several complex variables, and it was found that they satisfy
a certain remarkable system of linear differential equations which is now called the
Knizhnik—Zamolodchikov (KZ) system:

v - Q;;
Ke—= Yy — 9, (1)
0z j=ijeiZi— %

Here ¥(z,,. . ., z,)is a function of n complex variables with values in the product
W=V, ®V,®" - ® V,of nrepresentations of g, x is a nonzero complex number,
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and

Qij = Z(Xp)i(xp)j s

()i =1d; @ - ®Id; -1 ®x,1d;1,®" - - ®Id,€End(W), ()]

where the summation is over an orthonormal base {x,} of g with respect to the
invariant form, and Id; denotes the identity operator in V.

Solutions of the KZ equations are very interesting special functions which
generalize the Gauss hypergeometric function. By now explicit integral representa-
tions of these functions have been found [M, SV], and their monodromy has been
completely computed [Koh, Dr], [TK] (for g = sl,), [V]. It turned out that the
monodromy of the KZ system expresses in terms of the quantum R-matrix — the
quasitriangular structure of the corresponding quantum group U,(g), where
q = exp 2m .

K

Cherednik [Chl] considered a general consistent system of differential equa-

tions of the “factorized” form
n
LA ()
0zi  j=1lj+i

where r(u) is a meromorphic function with values in g ® g, and r;;(#) denotes the
action of r(u) in W: the first factor acts in ¥; and the second one in ¥V}, and the
unitarity property r;;(u) = — r;(— u) is assumed (this condition is equivalent to the
invariance of solutions of system (3) under the simultaneous translation of all
variables z; by the same constant). It was observed in [Ch1] that system (3) is
consistent if and only if the function r(u) is a classical r-matrix, i.e. if it satisfies the
classical Yang—Baxter equation:

[rij(zi — zj), rulzj — zi)] + [ri5(z5 — zi)s Tju(zk — 2:) ]
+ [ra(zx — zi), rplzi — 2;)1 = 0. C))

Therefore, a consistent system (3) is called a local r-matrix system.

Clearly, the KZ system is a special case of a local r-matrix system, for a simplest
r-matrix r(u) = Q/u, @ = ) x,® x,, (the summation is over an orthonormal base
{x,} of g). This gives rise to a question: what other r-matrix systems are possible?
This question was essentially answered by Belavin and Drinfeld in 1982 [BeDr].
They classified all solutions of (3) satisfying the nondegeneracy condition: r(u) is
invertible as a map g* — g for at least one complex number u. This classification
states that all such solutions are unitary and, in terms of dependence on u, up to an
equivalence relation, there are only three types of functions r(u): rational, trigon-
ometric, and elliptic. For instance, the function r(u) = Q/u which is involved in the
KZ system is a rational r-matrix.

Trigonometric and elliptic nondegenerate unitary solutions of the classical
Yang-Baxter equation are completely classified [BeDr]. On the contrary, a satis-
factory classification of rational solutions is unknown.

The Belavin-Drinfeld classification suggests a two-step generalization of the
KZ system: KZ equations (rational r-matrix equations) — trigonometric r-matrix
equations — elliptic r-matrix equations. One should expect that these local
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r-matrix systems should have remarkable properties and provide new interesting
special functions as their solutions.

Cherednik [Ch2] found an interpretation of solutions of nondegenerate unitary
r-matrix equations in terms of representation theory of affine Lie algebras. It was
proved in [Ch2] that the general solution is the coinvariant (or the so-called
7-function) of the Lie algebra of g-valued rational functions on a rational or elliptic
curve with singularities at designated points z4,. . ., z, with respect to a certain
representation of this algebra. This interpretation has found many applications.

The properties of the trigonometric r-matrix equations are now fairly well
understood. Let g = n* @ ) @ n~ be a Cartan decomposition of g, and let 2, Q~,
Q° be the orthogonal projections of Q to the subspaces n* @ n~,n” ® n*, and
b ® b, respectively. Then the simplest trigonometric g ® g-valued r-matrix has the
Qe + Q

e —1
a transformation of coordinates which maps the n + 1-point KZ equations to the
n-point trigonometric r-matrix equations with the above r(u) (which are called the
trigonometric KZ equations), which allows one to carry over to this case all the
results about the KZ equations, including the integral formulas.

Trigonometric r-matrix equations with more general r-matrices were studied by
Cherednik [Ch2], who gave an explicit integral formula for the general solution.

Nondegenerate unitary elliptic r-matrices exist only for g = sly. They were
found in the case N = 2 by Sklyanin and in the general case by Belavin [Be] (note
that the N = 2 elliptic r-matrix is the quasiclassical limit of Baxter’s quantum
R-matrix which arises in statistical mechanics):

form r(u) = , where Q* = O* +1Q,. It turns out that there exists

plz]7) = QL(z) + Y 1® ﬁny_m)(g)<c<z _m+n T)
Osmn<N—1,m2+n2>0 N
‘C<‘m;m T)) 5

where f,y are two commuting inner automorphisms of sly of order N with no
common invariant vectors, 7 lies in the upper half of the complex plane, and {(z|)
is the Weierstrass {-function. The properties of the corresponding r-matrix equa-
tions are not very well understood. For example, integral formulas (or any other
explicit representations) for solutions are unknown.

It has been anticipated that some progress in the elliptic case can be achieved by
using the intertwining (vertex) operator language which was originally used by
Knizhnik and Zamolodchikov [KZ]. Frenkel and Reshetikhin [FR] conjectured
that if one takes traces of products of intertwiners rather than matrix elements, one
should be able to obtain solutions to the elliptic r-matrix equations. The same idea
occurs in the paper of Bernard [Ber] who studied expectation values for the
Wess—Zumino—Witten model on an elliptic curve and was led to consider trace
expressions of a similar sort. Bernard deduced some differential relations for traces,
but they were not a closed system of differential equations since the two commuting
inner automorphisms did not enter the game. The idea to consider traces is also
suggested by the aforementioned theory developed in [Ch2] which states that
solutions of an elliptic r-matrix system should express in terms of the z-function for
the corresponding elliptic curve, which is basically a trace expression involving
vertex operators.
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This paper is devoted to making this idea work (at the price of a few modifica-
tions). More precisely, we represent solutions of the elliptic r-matrix equations in
the form

F(zis. .. 20|q) = Trla, (P (z1). . . 9"(z)Bg ™), (©)

where M, , is a Verma module over (a twisted version of) the affine algebra Sly,
®'(z;): M;, ,— M;,_,,®V, are intertwiners for Sy (the action of sly on Vi
(a® t")v = z™av,a€ g,ve V;; the hat denotes a completion of the Verma module),
qeC,|q| < 1, 0is the grading operator in M, ,, and Bis the map of Verma modules
induced by an outer automorphism of sl of order N (rotation of the affine Dynkin
diagram, which is a regular N-gon, through the angle of 27/N). This representation
helps to compute the monodromy of the elliptic r-matrix equations. It is still
unclear how to deduce integral formulas for solutions similar to those existing for
the rational and trigonometric KZ equations.

Remark. The recent paper [CFW] studies generalized hypergeometric functions
on the torus — integrals over twisted cycles of products of powers of elliptic
functions. These functions satisfy certain linear differential equations with elliptic
coefficients, but it is not clear how these equations are related to the elliptic
r-matrix equations.

In Sect. 1 we introduce a realization of an affine Lie algebra twisted by an inner
automorphism and twisted versions of Verma modules and evaluation modules.
This twisting is necessary to eventually produce solutions of the elliptic r-matrix
equations.

In Sect. 2 we define twisted intertwiners and deduce a differential equation for
them. Then we define twisted correlation functions and show that they satisfy
a twisted trigonometric KZ system. This system, however, can be reduced to the
usual trigonometric KZ system by a simple transformation.

In Sect. 3 we study trace expressions of the form (6) and prove that they satisfy
an elliptic r-matrix system of differential equations in the variables log z;. (We call
this system the elliptic KZ equations.) We also deduce one more differential

. . . .. OF, .
equation which expresses the derivative 5, 0 terms of F. Thus we get a consistent

system of n + 1 differential equations — the extended elliptic KZ system.

In Sect. 4 we show that the elliptic KZ equations are modular invariant — they
are preserved under the action of the congruence subgroup I'(N) of the modular
group. The n + 1™ equation involving the derivative by g is “almost” invariant — it
undergoes a very minor modification under the action of an element of I'(N). This
implies that the fundamental solution of the extended elliptic KZ system changes
under the action of the modular group according to a certain representation of this
group. In other words, the functions F(z,,. . ., z,|q) yield nontrivial examples of
vector-valued automorphic (modular) forms.

In Sect. 5 we consider a few simple special cases of the extended elliptic KZ
system for sl, in which it can be solved in quadratures. In this case, solutions are
expressed in terms of elliptic and modular functions.

In Sect. 6 we compute the monodromy of the elliptic KZ equations. According
to the results of [Ch1], this monodromy yields a representation of the generalized
braid group of the torus. We compute this representation and show that local
monodromies (around the loci z; = z;) are the same as for the usual KZ equations
and can be described in terms of the quantum R-matrix — a known result from the
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theory of r-matrix systems [Ch1]. Global monodromies (around the z-cycle of the
elliptic curve) are described in terms of ordered products of R-matrices, of the type
occurring in the quantum KZ equation (see [FR]). In the special case when for all
j Vjis the N-dimensional vector representation of sly, the monodromy representa-
tion is a representation of the double affine Hecke algebra recently introduced by
Cherednik [Ch3]. As an aside, the examination of monodromy helps to prove that

if kK = N where M is an integer then the elliptic KZ equations are integrable in

elliptic functions.
A generalization of the results of this paper to the case of a quantum affine
algebra will be described in a forthcoming paper.

1. A Twisted Realization of Affine Lie Algebras

Let g be a finite dimensional simple Lie algebra over € of rank r. Denote by <, ) the

standard invariant form on g with respect to which the longest root has length ﬁ

Let b denote a Cartan subalgebra of g. The form (,)> defines a natural
identification h* — b: A+ h; for Aeh*. We will use the notation <, > for the inner
product in both b and h*.

Let A* be the set of positive roots of g. For xe 4%, let e, f,, h, be the standard
basis of the sl,-subalgebra in g associated with o [h,,e,] = {a, a)e,,
[he, fo] = — L&, 0> fa, [€4s fo] = h,. Let |a| denote the number of summands in the
decomposition of o in the sum of simple positive roots.

Let N be the dual Coxeter number of g. Let p = ) e 4+ The elements p and

h, satisfy the relations p(h,) = a(h,) = |«|. snith
nilhp

Let y be an inner automorphism of g: y(a) = AdC(a), aeg, where C=¢ N
leZ,1 <1< N, and I, N are coprime’. This automorphism is of order N.

The action of y on root vectors is as follows: y(e,) = €!*le,, y(f;) = ¢~ !*!f,, where
¢ = e?™!N is a primitive N'* root of unity.

Let x;, 1 £j < r, be an orthonormal basis of h with respect to the standard
invariant form.

Let § = g® C[t,t '] @® Cc be the affine Lie algebra associated with g. The
commutation relations in this algebra are

[a(®) + Ac, b(t) + uc] = [a(t), b(t)] + 5% § d @byt dt-c (1.1
|

t|=1

for any two g-valued Laurent polynomials a(t), b(t), and complex numbers A,

[Ka]. The elements ¢, ® t™, /, @ t™, x; ® t™, ¢, for meZ,xc 4™, form a basis of §.

Define the subalgebra g, of § consisting of all expressions a(t) + Ac with the
property a(et) = y(a(r)).

Lemma 1.1. (see [PS], p. 36) The Lie algebra g, and § are isomorphic.

733

! Note that throughout the paper we denote the complex number i = \/ —1 by a roman “1”, to
distinguish it from the subscript i, which is italic.
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Proof. The elements e, ® t!**™N £ @t~ 141*"™N x. @ t™N, ¢, for meZ, o A™, form
a basis of §,. Define a map ¢: g, — g by:

Ple,® 1™ ) = ¢, @ 1™,
P(f@t7 1Ny = f @ 1™,
¢(xj®me) =x;®t", m#0,

B = %= PN B =% (12)

It is easy to check that ¢ is an isomorphism of Lie algebras.

Thus, the twisting of § by 7y does not create a new Lie algebra. However, the
twisted realization g, of the affinization of g will be very convenient in further
considerations.

Let us translate some well known results about representations of § into the
“twisted” language.

First of all, define the polarization of §,: §, = §,” @ §, ® b @ Cc. Here g, is the
set of polynomials a(t) vanishing at 0, and g, is the set of polynomials a(f)
vanishing at infinity.

Next, define Verma modules over §,. This is done exactly in the same way as for
the untwisted affine algebra. Let A€ h* be a weight, and let k be a complex number.
Define X ; , to be a one dimensional module over §,;” ® b @ Cc spanned by a vector
v such that §, annihilates v, and cv = kv, hv = A(h)v, hel. Define the Verma
module

Mye=Indd, o\ o0 X, . (1.3)

Now define evaluation representations. Let 7 be a highest weight module over
g. Define the operator CeEnd(V) by the conditions: Caw = y(a)Cw for any
weV,aeg, and Cw, = wy, where w, is the highest weight vector of V.

Let V(z) denote the space of V-valued Laurent polynomials in z, and let V(z) be
the space of those polynomials which satisfy the equivariance condition
w(ez) = Cw(z).

The natural (pointwise) action of g on V/(z) restricts to an action of g, on V¢(z).
For this twisted action we have an analogue of Lemma 1.1.

Lemma 1.2. The isomorphism ¢ transforms the §,-module Vc(z) into a g-module,
isomorphic to V(z).

Let us introduce the twisted version of currents. Set

Jea(Z)= Z ea®t|a|+mN.Z—|a|—mN—1 ,

meZ

Ji(2) =Y f, @t It lal=mN =t
meZ

W)=Y h@™N.z7"N "1 pep. (1.4)
meZ

Thus by linearity we have defined J,(z) for any aeg.
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Define the polarization of currents:

JQ:(Z) — Z ea®t|a]+mN.Z—]al—mN—1 ,

m<0
J}-ﬂ(z)z__ Z fa®t—|a|+mN.Z|a|—mN—1 ,
m=0
J,,*(z)=%h®l-z’1+ Y h@t™.z7"™N"1 heb. (1.5)

m<0

This defines J, (z) for all aeg. Now set
Jo @) =Jd (@)= J(2) . (1.6)

Note that this polarization is not quite the same as the standard polarization of
currents for the untwisted § [Ka], i.e. the isomorphism ¢ does not match up these
two polarizations.

The Lie algebra g, has a natural Z-grading by powers of ¢. Thus every Verma
module M, , is naturally Z-graded: the degree of the highest weight vector v is zero,
and for every homogeneous vector w deg(a®t ™w)= deg(w)— m. Let
deEnd(M; ;) be the grading operator: if w is a homogeneous vector then
dw = deg(w)w. The operator d satisfies the commutation relations
[d, a(t)] = ta'(¢), [d, c] = 0.

Let us find an expression for d in terms of elements of g, — a twisted version of
the Sugawara construction. We assume that k + — 1.

Proposition 1.3.

1 12
- _ . |a| + mN —la]—mN. - oyl mN . -mN.
d ——k+1mez(a§+.ea®t f®t .+2j§1.x,®t x;®t )
A, A
2k +1)° (17)

where : : is the standard normal ordering:

) n . Ja®"f,®t™" n<0
e, ", ®t '_{fa@)t‘"ea@f' o

h@t"h@t™ n=<0

h®t™7"h®t" n>0" heb . (1.8)

:h®t"h®t"":={

Proof. Let M, x be the Verma module over § with highest weight A and central
charge K. Lemma 1.1 implies that the isomorphism ¢ transforms the module
M, , over §, into the module .#,  over g, with K = Nk, A = A + kp. Let D be the
grading operator in .#, x which is associated with the grading of § by powers of ¢.
Then, according to Lemma 1.1, ¢(d) = ND + h,. Therefore,

d=¢ '(ND + h,) = N¢~*(D) + h, + {p, pk . (1.9)
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For the standard affine algebra g, the operator D is given by the Sugawara
formula:

1 m -m. 1 ¢ . m —-—m.
D=—K+N"§Z<a§+.ea®tfa®t .+5j§1.x,~®tx,-®t )
A A+ 2p)
2(K+ N)’ (1.10)
where the normal ordering is defined by (1.8) and
1
:e,,f,:=§(eafa+faea). (1.11)

Substituting (1.10) into (1.9), after some algebra we get (1.7).

Let us now extend the Lie algebra §, by adding a new element 0 satisfying the
relations [0, a(t)] = ta'(t), [0, c] = 0. Denote the obtained Lie algebra by g,. Then
the action of §, in every Verma module M, , extends to an action of §,: one sets

A4
2(k+ 1)

. ) . d
defined in evaluation representations Ve(z): 0 = zd—. Thus V¢(z) becomes
z

(to get rid of the free term in (1.7)). The action of @ can also be

a g,-module.

2. Twisted Intertwiners and Knizhnik—Zamolodchikov Equations

We will be interested in g, 1ntertw1n1ng operators ®(z): M, ;- M, , ® 24V (2),
where the highest weight of V'is 4, ® denotes the completed tensor product, and
A is a complex number.

Lemma 1.1 and the results of the untwisted theory imply the following state-
ment:

Proposition 2.1. Operators @ are in one-to-one correspondence with vectors in V of
weight A — v. This correspondence is defined by the action of ® at the vacuum level.

Let z, be a nonzero complex number. Evaluation of the operator @(z) at the
point z, yields an operator @(zo): M, , — M, ; ® V, where M denotes the comple-
tion of M with respect to the grading.

From now on the notation @(z) will mean the operator @ evaluated at the point
ze C*. This will give us an opportunity to regard the operator @(z) as an analytic
function of z. This analytic function will be multivalued: ®(z) = z4®°(z), where ®°
vy =<4, 4

20k +1)

Let u belong to the restricted dual module }J*. Introduce the notation
D,(z) = (1 ® u)(P(2)). Pu(z) is an operator: M, , > M, ;.

The intertwining property for @(z) can be written in the form

[a® ", D,(2)] = 2" Dyu(2) . (2.1)

It is convenient to write the intertwining relation in terms of currents.

is a single-valued function in €*, and 4 =
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Lemma 2.2.
N
L (0. 20 = 5 L ZN Oul@), heb;
N—1—|a| ,|a|
720, 20] = Pould), wed.
gla[—lZN—IaI
[J}—L(C), D,(2)] = N—CN qu.u(z)’ aed, . 2.2)

The identities marked with + make sense if | z| > |{|, and those marked with —
make sense if |z] < |{].

Now we are ready to write down the twisted version of the operator
Knizhnik-Zamolodchikov (KZ) equations.

Theorem 2.3. The operator function ®,(z) satisfies the differential equation

d
(k+ 1)~ uld) = Z+ (Ve @) Ps,u(2) — P1.u(2) ] (2)
+ Z+ (J;,(Z)¢e,u(z) - Qe,u(z)'}f_,(z))
+ Z J5(2)x,u(2) — D1,u(2) T (2)) - (23)

Proof. The logic of deduction is the same as in the untwisted case (see e.g., [FR]).
Equation (2.3) is nothing else but the intertwining relation between &(z) and 0:

z —d— D,(z)=—[0,D,(2)] . 2.9
dz

Substituting the expression for d (Eq.(1.7)) into this relation, after some calcu-

lations we obtain (2.4).

Now let us define the twisted correlation functions. Let V3, . . ., Vy be highest
weight representations of g, and let . (z;): M, , > M;, , +, 1 < i < nbe interwin-
ing operators. Set 4, = 1 and 4, = v. Let v; be the highest weight vector of M, ,,
and let v¥ be the lowest weight vector of the restricted dual module to M, ,.
Consider the correlation function

'qu, ,u,.(zl, et Zn) = <U:’k’ ¢&1(Zl)' .. ¢:n(zn)vl>, u; € I/l s (2'5)

which makes sense in the region |z;| > - - - > |z,|. The function ¥ can be regarded
as taking values in the space V; ® - - - ® V.

The function ¥ satisfies a twisted version of the trigonometric KZ equations.
Before writing these equations down, let us recall the definition of the trigonomet-
ric classical r-matrix [BeDr].

Let Q=Y,c4.® fi+fi®e)+Di-1%®x;, Qeg®g. For 0<p=
N — 1, let g, be the eigenspace of y in g with the eigenvalue e*™P/N. Let QF be the
orthogonal projection of £ to the subspace g, ® g, of g ® g. The trigonometric
r-matrix has the form

N—-1 szp

0
r@z) = &+ - 2.6)
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Introduce the convenient notation.
a=Idy,g v, ®a®ly,,0 ov. a€U(@@, 1=zizn;
ifr=Ya®b, a, b'eUg), then ry=2) (a)(b");. (2.7)

The main properties of the trigonometric r-matrix r(z) are the classical Yang—
Baxter equation and unitarity:

[rij(zi/2;), rn(zi /2i) ] + [1i(2i/25), T (25/2) ] + [razi/zi), ru(z/2)1 = 0,

rijlz) = — ji(Z_l) . (28)

Theorem 2.4. The function W satisfies the following system of differential equations:
oY 1

(k + 1)Z,-—= Z rij(Zi/Zj)'Ip‘i'_(h)’ + hv)gl . (2.9)
az,- j+1 2

Proof. The proof is analogous to that in the untwisted case (see [FR]). It is based
on the direct use of relation (2.3).
Since the twisted intertwining operators are obtained from the usual ones by
a simple transformation, we should expect that system (2.9) should reduce to the
untwisted trigonometric KZ equations. This turns out to be the case. Indeed, set
(=2, and ¥((y,...,0) =) . .(28)¥(z15. . ., 2,). Then the function
¥ satisfies the trigonometric KZ equations:
A . ~
N(k+1) {ia_qr/ =y Qulit Xl 1(h; +hy+20)¥,  (210)
o 5 L= 2
where Q* are the half Casimir operators defined in the introduction, and
A=A+ kp,V = v+ kp. Therefore, the standard theory of the KZ equations can be
applied to the study of the properties of (2.9).

3. Traces of Intertwiners and Elliptic r-Matrices

From now on the letter g will denote the Lie algebra sly(C) of traceless N x N
matrices with complex entries. The dual Coxeter number of this algebra is N, and
the rank is N — 1. The Cartan subalgebra [ is the subalgebra of diagonal matrices,
and the element C is the matrix diag(l,¢" %, ¢7%,...,¢"¥"1) (up to a factor).

Let B be the N x N matrix of zeros and ones corresponding to the cyclic
permutation (12. . . N). Note that BC = ¢CB.

Define a new inner automorphism g of g: f(a) = BaB~ !, aeg. This automor-
phism has order N and commutes with y: foy = y0 .

The action of the automorphism B naturally extends to g and g,. Note that on
a,, unlike g and g, B is an outer automorphism: it corresponds to the rotation of the
affine Dynkin diagram of g, (which is a regular N-gon) through the angle 2n/N.

The action of f in §, preserves degree, hence, it preserves the polarization.
Therefore, it transforms Verma modules into Verma modules. In other words,
we can regard B as an operator B: M, ,— M), where by convention
B(2) (h) = A(B~*(h)). This operator intertwines the usual action of , and the action
twisted by f: f(a)Bw = Baw,a€§,, we M, ;.
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Let v='(J), and let &} (z;) be as above (cf. Sect. 2). Let ¢ be a complex
number, 0 < |g| < 1. Following the idea of Frenkel, Reshetikhin ([FR], Remark
2.3) and Bernard [Ber], introduce the following function:

Fu, unz1s o 209) = Trly, u(@uy(21). . @l (2,)Bg™°) . (.1

This function takes values in V; ®...® Vy. From now on it will be the main
object of our study.

It turns out that the n-point trace F(zy,...,z,|q) defined by (3.1) satisfies
a remarkable system of differential equations involving elliptic solutions of the
classical Yang—Baxter equation for sly. Let us deduce these equations. The idea of
the method of deduction is due to Frenkel and Reshetikhin.

Differentiating by z;, we get

0
(k+ 13- Flei,. . 2l4)
z.

J

- Tr<¢.}1(z1)' Y (T ) By (2) — P (@) ). .<1>:n(z,,>Bq*a>
+ Tr(asz,(zl)- Y ) P (z)) — PLau(z)I 1)) .cbzn(zn)Bq-@)

-1
+ Tr(@fl(zl)' ’ 'NZ (J;r(zj)@{cru,(zj) - qj{cru,(zj)‘]x—r(zj))' . -‘pZ"(Zn)Bq_a> .
r=1

(32)

Now let us pull the currents J*, J~ around: the currents J~ will move to the
right up to the end, then jump at the beginning and continue to move to the right,
and so on; the currents J* will move to the left up to the beginning, then jump at
the end and continue to move to the left, and so on. As we do these permutations,
we will need relations (2.2) and also the following identities:

q @) =aJi(q2)q7°, (33)
BJE(z) = Jf(2)B . (34)
After J* and J~ have made M complete circles, Eq. (3.2) will have the form

(k + 1)£F(zl,. > Znlq)

J
= Tr<¢:}1(zl)' ’ Z (qMJEM(ea)(qMZj)éj}u,-(zj)
- ¢51u,(zj)q_MJﬂ_‘“(e,)(q—MZj))- . ~‘p3,.(zn)3q_a>
+ Tf(‘pa}l(ﬁ)' Y AGMT e (@M 2;) B (25)

- qj{'auj(zj)q_MJﬂ—"M(f,)(ngZj))' . “pzn(zn)Bq—a>
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N-1 .
+ Tr<d§,}1(zl)‘ e z (qMJEM(x,)(Zj)d’fcru](Zj)
r=1
— ¢{cruj(zj)q_MJﬁ_‘M(x,.)(q_MZj))' . .<D3n(z,,)Bq—a>
+ 3 X¥F(@y,. .., 2zlq),
i=1
where
" Zﬁi-MX.ﬁ-"” i%]j
Xij = ”
Zp=—M,p¢0Xz'Lp l=J
and
VG A
X =L gy oy (Be(fo)
-4 1 Jj
qp(qui)lal-lzlfl—lﬂ
LT gy (B(fe)le),
a i j

L@z +7
DR S LI

1

P 1. Etingof

(3.5)

(3.6)

(3.7)

Now we want to pass to the limit M — oo. Right now we cannot do so since the
limit does not exist. In order to be able to pass to the limit, we should write down
Eq.35)for M=L,L+1,...,L+ N — 1, add these N equations together, and

divide by N:

0
(k+ 1)—671;‘(219' .. sznlq)
J
1 L+N-1

- [Tr<q‘)’}’(2 1) 2 (@M e (qM2) @50, (2))

=

- ¢5‘,uj(zj)q_MJﬂ_‘M(e,)(q—MZj))' . -<15Z"(Zn)Bq“’3>
+ Tr(@h(zx)‘ : 'z(qMJEM(fZ)(qMZj)Qéauj(zj)

= lu(z)a M g-nir @ Mz)). -<PZ..(Zn)Bq_a>

N-1
S (@0 (23) Bl 2)

r=1

+ Tr<¢;1(zl)' N

— @ u(2))q M g (@ Mzy)) - - -tDZn(z,,)Bq_a)
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+ ) X?}]F(zl,...,mq), (3.8)
i=1

In the obtained equation it will already be possible to take the limit. Moreover,
since ) N=J BP(h) = 0 for heb, the part of the right-hand side of (3.8) involving
currents associated with the Cartan subalgebra elements will disappear as M — 0.
The same will happen to the currents associated with the root elements e,, f,
because these currents do not contain a term of degree — 1 which is the only term
that could possibly have given a nonzero limit. Thus, in the limit we get a simple
equation:

6 n
a—ZjF(zl,...,z,,lq)=<Z )F(zl,...,z,,lq), (3.9)

where X = limy,, ,— Z“N XY

The function X2 admlts a simple descrlptlon in terms of elliptic functions.
First of all, it is easy to check that X} = 0 for any M.

. . 1
Next, the function X }f '/ can be represented in the form X = — p?f (zi/z;), where
Z

pM(2) is a rational function with values in g ® g:

M P, \N—|a]
M= Y (Z O ® e

p=—-M acat 4 2

Py)lal
vy e

acat 4

N-1 pN N 1
+ Z *;Wnijxr@)ﬁ”(xr)). (3.10)

1
Therefore, XY = — p;;(2:/z;|q), where p(z|q) is an elliptic function of log z with
Zi

values in g ® g (we have used notation (2.7)). We can tell what this function looks
like by looking at its residues.

From (3.10) we see that the only poles of p(z|q) are at the point ¢"g”, and all
these poles are simple. The residue of p(z|q) at z = e"g” is equal to that of p™(z) for
M = |p], ie. it equals

Res|z=equp(Zlq) = qﬁ( Z (8_""“'}2 ® ﬂp(ea)
aecdt

N-1
+ e"vle, ® BP(f,) + ) xr®/3"(xr)>
_a —mgp
= N(l SR S [() (3.11)

. . oF .
Because of the obvious homogeneity property Y ;z; PP 0, we have the unitar-

ity relation p;i(z) = — pji(— 2).
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Let g = ™, Let

g(x|z)~1+ lim ¥ [ ! X ] (3.12)

2
M>0 ~Msmp<M,m2+p2>0 [ X — M — pT (m+p‘c)

be the standard Weierstrass function. Equation (3.11) implies that

Q logz
p(zlg) = —c( 2 Nr>
: S 1ermme
- Y
27N o< p<N 1 m2+p2>0
logz m m
—_———— - —-—=- . 3.13
| (55 - - e )= o= - e | 6.13)
Thus, we have proved
Theorem 3.1. The function F(z,, . .., z,|q) satisfies the system of differential equa-
tions
(k + l)z, = Z piizi/zjlg)F, 1<iZn. (3.14)
aZi jEi

The function p(z|q) is a solution of the classical Yang—Baxter equation. It is
easy to see that this function is nothing else but the elliptic r-matrix for sly due to A.
Belavin [ Be]. Thus, we have given a representation-theoretical interpretation of the
local system associated with the elliptic solutions of the classical Yang-Baxter
equation.

Remark. A Belavin and V. Drinfeld [BeDr] showed that elliptic solutions exist
only for the simple Lie algebra sly, and every nondegenerate elliptic solution
is equivalent (= conjugate) to const- p(z|q) (for a suitable primitive N root of
unity ).

Observe that Egs. (3.14) transform >mto the KZ equations (2.9) as ¢ — 0. This
was to be expected since lim,¢q~ 2(k+1)F (z|q) = ¥(z). We will call Egs. (3.14) the
elliptic Knizhnik—Zamolodchikov (KZ) equations.

There is one more equation satisfied by the function F — a differential equation
involving the first derivative by ¢. Differentiating F by ¢, we obtain

—4 %g = Trl, (i, (z1) . - - Pu,(24)Bg %0lrs,,) - (3.15)
Plugging the Sugawara expression for 0 in (3.15), we see that in order to obtain the
differential equation for F, it would suffice to express the traces
Trly, (Ph,(z1). . . P2 (2,)Bq °f, @ t1*1"mNe, @ glal+mN) |
Tr|p, o (@, (21)- . - P2 (2,)Bg %€, @ 1*I"mN £, @ ¢ ~lal+mNy
Tr|p,, (Pi,(z1). . . DL (z,) B~ °x, ® t ™ x, @ t™V) (3.16)

in terms of the original trace F(z|q). This can be done as follows.
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Take the expression for the first trace in (3.16) and move the factor e, ® t!*/*™N
from left to right. When it has made N full circles, we will have

Tt (Do (21).- - - D, (22) B2 £, @ 17117V e, @ £l*1¥mY)
n N-1

- Z Z Z}“Hqu—p(I“'+mN)Tr‘MV_k(‘pil(Zl)- . ~¢fg—p(e,)u,~(2j)

j=1p=0

... @ (z,)Bq f, @t I=lmN)

+q NI Ty, (B4, (21) - - - B (20)

X Bq~(hy + (la] + mN)k) + ¢~ NN Tr |y (D5, (21)

D (2,)Bq @ tTIMITmN e @ flaltmNy (3.17)
It is easy to see that for any heb,

Trly, (®L,G1). . . ®o(z0Bg 2h) = — (1 — B~ YWF(zlg) . (3.18)
Similarly we have

TrlMV.k(¢1}l(Zl)' .. @ (z,)Bq of, @t~ lelmN)
= — Zn: zj_lal—mN(l — B_lqlaHmN)‘l(ﬁx)jF(Zlq). (3‘19)
j=1

Thus, we obtain the following expression for the first trace in (3.16):

Trlm, ,(Pu,(21)- - - Pr(2,)Bg ™S, @ ¢ 71417V e, @ tl*1+ W)

n
= Z Zi—lal—mNz;aHmN(l _ﬁ—lqla|+mN)—1
i,j=1

X (L1 = B~ g7 7mN) " e,); F(zlq)
+ (1 — g N1 — BT (= hy)
+ (laf + mN)k)F(zlq) . (3.20)

The second and the third trace in (3.16) are treated quite similarly, and finally
after some calculations we obtain:

aF i Z;
(k + 1)‘15“1‘ = ~z=1 Lij<_

iJj Zj

q>F , (3.21)

where

e T e R AL L A A
aedt m2
+ Y X ATNA = g T e ) @ (1 — BT ()

aed* m>0

YT - ™) ) @ (= B ™) ()

p=1m>0

F3 2 0B )@ - ) ) 622)
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is a function with values in g ® g (once again, we use notation (2.7)). Note that
L;j=Lj. If i=j, then by L; we mean u(L);, where u: U(g) ® U(g)— U(g) is
multiplication: u(a ® b) = ab.

The form of Eq. (3.21) can be simplified. Indeed, the consistency of (3.21) and
(3.14) for all k implies that

dp(zlq)
oq

=2 D@l +LE ), e
Z

L(zlq) + Lz Y|q) = 2L(1, q) + }gﬁpgquq) dz . (3.23)

Therefore, we finally get the theorem (in the formulation we use notation (2.7)):

Theorem 3.2. The function F satisfies the differential equation

n Zl
ij= i<j \Zjil Jij
z z
s(z|q) = fﬂ "(g 9 4, . (3.24)
12 q
Corollary.
Trlyo (Bg ™) = 1. (3.25)

Proof. Apply Theorem 3.2 to the case of a single intertwining operator 45(2)
Moy > My, ® V 2(z), where V'° is the trivial representation of g. In this case it is
obvious that @(z) = Id. Therefore, (3.23) simply follows from the fact that (3.22)
acts by zero in V.

4. Modular Invariance of the Elliptic KZ Equations

Let us now discuss the modular invariance of the elliptic KZ equations. Introduce

Nlogz; 1
new variables y; = 2(:52’, T= ;iiq' From now on let us use the notation
k = k + 1. Rewrite Egs. (3.14) and (3.24) in the new coordinates:
oF
K-—= ZP:(Y:*J’;“)F, lglén: (41)
8y,- j¥i
K—= Z L (t)F+ Z Su(yl yj]T)Fs (42)
i,j=1 j<i
where
P*(¥ID) =2 p(elg),
(9p*xlD)

s*(ylt) = 2n1$(2!q)—§ 5 4%

L*(t) = 2miL(1]q) . (43)
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Let I'(N) be the congruence subgroup in SL,(Z) consisting of the matrices
equal to the identity modulo N. We have the following almost obvious property.

Proposition 4.1. Equations (4.1) are invariant with respect to the group I' (N). That is,
Vi P +b

they are preserved under the change of variables y; = w1d T otd if
A= (“ b)eF(N).
c d
Proof. Partial derivatives with respect to the new coordinates are given by
0
= d) —
09 e+ )0)’i ’
——(cr+d)2i+Zc(cr+d) 9 4.9
aA - 6‘[ - y; Byl . X

Thus we only have to prove that p*(y|f) = (ct + d)p*(y]7). To do this, it is enough
to observe that both sides of this equation

(i) have simple poles at the points of the lattice m + pt with the same residues
1
N1 ®77"F")(Q), and

(ii) satisfy the unitarity condition: pi,(y|t) = — p3i(— y|7).

Now let us study the invariance properties of Eq. (4.2). First of all, it is easy to
see that
op*(91%)

a(yp*(yl7)
pr =2 (4.5)

= (ct + d)? o

E3
0 N | cer + ay?
ot

Integrating this equation against dy, we get

x—=0

s¥(9, 1) = (ct + d)?s*(y|7) + clct + d) <yp*(y|t) — lim xp*(x|1)> . (4.6)

Q .
By our definition, lim,_,oxp*(x|7) = N Thus, under the change of variable

71— 1,y - J, Eq. (4.2) transforms into the following equation:

oF OF
(ct + d)zvc:a? + c(ct + d) Z Ky —

0y
= Z (ct + d)s*(y; — y;l0) F
+ Z cler + d)((yi = y)P*(yi — yilt) — 2, >F + ZL.,(T)F 4.7)

Combining (4.7) with (4.1), we can get rid of the derivatives by y; and reduce (4.7) to
the form:

cQ,
E_ ) (s.,(yl ) — (_?i)—N>F + (et + d)’ZZL (?)F . (4.8)

i<j
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Now we need to find the law of transformation of L*(z).

Lemma.
L) = (ct + dP L*() + ST D2 (4.9)
2N
Proof. Let C(1) = L*(%) — (ct + d)? L*(z) — ﬁciz-;[—d)geg ®g. We know that

both Egs. (4.2) and (4.8) are consistent with (4.1). Therefore, we have

clet + d)(24; + Q35)
N

l:Cu(T) + 2C12(7) + Coa(7) + ,p’fz(ylr)] =0. (4.10)

Observe that Q,;;, =4® 1,2,, =1 ® 4, where 4€ U(g) is the Casimir element.
Since the Casimir element commutes with the Lie algebra action, (4.10) reduces to
the relation

[C11(7) + 2C15(0) + C32(2), pT2(ylr)]1=0. 4.11)

This relation has to hold for all y, which implies that the expression
C(t) = Cq1(1) + 2Cy5 (1) + C,,(t) commutes with all y-invariant elements in g ® g,
i.e. with all elements of the form x; ® x;, e, ® BP(f,) and f, ® pP(e,).

We are going to prove that C(t) = 0. Let

C() =2 a;j(Dxi @ x; + ), bup(D)(ea ® B7(f) + /(f) ®ea) . (412)

Pick arbitrary two elements X and Y in f. Consider the expression
Crr=[X®L[1®Y,2C]]1=[X®L[1®Y,C]]
= =2 by(a(X)a(B72(Y))e, ® B7(f2)
a, p

+ a(Y)a(f77(X)) f, ® B(e.) (4.13)

(for brevity we do not specify explicitly the dependence on 7). This expression has to
commute with x; ® x; for all i, j. This immediately implies that Cyy = 0 for all
X, Y, ie. b,, =0 for all «, p. Therefore,

C=Za,-j-x,~®xj. (4.14)
ij

Let X;=1®x; + x; ® 1. Then C = Yija;j X X;. Therefore,
[C, e, ® BP(f)] = Y (1 — B~2)(x:))ai(X e, ® B(f,)

ij

+ & ® BP(f) X)) - (4.15)
In order for (415 to be zero for any o,p, we must have
Y 0((1 — B7P)(x;))aijx; = O for all o, p, which can only happen when all a;; are
zero (because the roots span the space h*). Q.E.D.

The lemma we just proved implies
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Proposition 4.2. Under the change of variables (y, 1) = (J, ) system of equations
(4.1), (4.2) transforms into a system of equations equivalent to the combination of (4.1)
and the following equation:

cd;

a ”ZI Ly (T)F+]§ si(yi — i1 0)F + Z m (4.16)

where A; is the Casimir operator in the i factor of the tensor product
Vi@V, ®...8 V.

Thus, the system of equations (4.1), (4.2) is almost invariant under I'(N): the first
n equations are unchanged under the action of this group whereas the last equation

gets a very simple extra term.
Consider the fundamental solution & (y|7) of the system (4.1), (4.2) — a solution

with values in End(Vl ‘®V, ) defined by the condition: if v = v; ® - - - @ v, s
avectorin Vi ®- - ®@V,,v;€V;,1 <i<n,and hv; = y;(h)v;, x;i€h*, hel), then
Fv =Ty, (@4 50(z,). . @ni=i(z,) Bg ), (.17)

where /; are defined by the formula
n J
/1;=(B—1)_‘<in>+2xi, 0<j=n, (4.18)
i=1 i=1

and @"*"(z) is the intertwiner M, , > M, ®z V(z)< M) such

20+ 1)
that (v*, @' *"(2)v,> = v;.
Let Ae'(N).

Theorem 4.3. (on the modular invariance of solutions of the elliptic KZ equations).

1
F (Do Dalt) = (T + DTEAF (.., y,|1)2(4) (4.19)

where y(A) is an operator in V, ® V, ® . . . ® V, dependent only on the 2 x 2 matrix
A (i.e. independent of y; and 7).

Assume that the representations V; are irreducible. Then 4; are simply complex
numbers. In this case the function y(A) is a projective representation of I'(N):

2(A1)x(42) = a(Ay, A2) (41 4,) - (4.20)

The 2-cocycle g(Ay, A,) is very easy to describe. Let 4 = <j €SL,(Z) be

d
called positive if either ¢ > 0 or if ¢ =0 but d > 0; otherwise, let A be called
negative. Then

1, A is positive

0(Ay, A2) = (A1) + 9(42) — (41 4,), @(A4) = { iy, 4;
e 2N« | A4 is negative

4.21)

By definition, this cocycle is a coboundary, so the action of I'(N) in the projectivi-
zation of V1 ® V, ® - - - ® ¥V, comes from a linear action.
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Thus, the theory of the elliptic KZ equations gives us a natural method to
assign to every set of irreducible finite dimensional representations Vi, . .., V, of
sly an action of the congruence subgroup I'(N) of SL,(Z) in the tensor product of
these representations, V; ® - - - ® V.

In fact this construction allows us to obtain a representation of the entire
modular group SL,(Z). For this we need to assume that V; are finite dimensional
representations of GLy(CT) for all i. For brevity we will also assume that N is odd
(this assumption is not very essential, but in the even case one has to be a little bit
more careful).

We will need to use the Weil representation of the group SL,(Z/NZ). This
representation is defined as follows. Take the N-dimensional vector space U = C¥
and define an action of the Heisenberg group Hy = (x, y|x¥ = y¥ = 1, xyx "'y~ !
commutes with x, y) in this space by x — B, y — C. This is the basic irreducible
representation of Hy. Now observe that SL,(Z/NZ) acts by automorphisms of Hy:

if A= : Z , then A(x) = x%’, A(y) = x°y’. Moreover, the representation U4
of Hy obtained from U by twisting of U by A is isomorphic to U. Therefore, the
group SL,(Z/NZ) projectively acts in U in such a way that Azu = A(z)Au,
AeSL,(Z/NZ), ze Hy,ue PU, and this action is unique. The space U with the
constructed projective action of SL,(Z/NZ) is referred to as the Weil representa-
tion. This representation defines a homomorphism W, : SL,(Z/NZ)— PGLy(C).
Since the group SL,(Z/NZ) for odd N does not have non-trivial central extensions,
this homomorphism lifts to a map W: SL,(Z/NZ)— GLy(CT).

Z €SL,(Z), and let the change of wvariables

(y, 1) = (P, ?) be defined as in Proposition 4.1. Then

Proposition 4.4. Let A= (j

1
F (D1, Dalt) = (et + ATLAYAF (yy,. ., yal DA, (422)

where y(A) is a prajective representation of SL,(Z)in Vi ® - - ® Vy, and 0 is the
composition of the three maps:

mo me © @n~
SLZ(Z)—dN>SL2(Z/NZ)'—V+ GLN((E);————aAut(VI ® @ W),

4.23)

where m;: GLy — Aut(V;) are the homomorphisms defining the action of the group
GLN in I/i.

The proof of this statement is simple and similar to the proof of Theorem 4.3.
The Weil representation of SL,(Z/NZ) arises naturally when we consider the
transformations of the lattice L of poles of p*( y|7) which do not preserve the lattice
of periods NL.

The function y(A) satisfies Eq. (4.20) with the 2-cocycle ¢ still being defined by
(4.21) (now for the entire SL,(Z)). This cocycle is a coboundary, so x(4) comes from
a linear action of SL,(Z).

Remark. 1t is not clear how to compute the representation y(4) for any nontrivial
example. A good example to start with would be N =2 n= 1, and V; is the
4-dimensional irreducible representation of sl,. In this case it seems that ¥ will be
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a direct sum of two irreducible 2-dimensional representations of I'(2), and the
solutions of (3.24) will be some nontrivial vector-valued modular functions.

5. Some Examples

Let us consider the special case N = 2, g = sl,. In this case f acts as follows:
Ble) = £, B(f) = e, B(h) = — h. Therefore, we have

p(c1a) = 5 Lalela)le ® ¢ + [®1) + blela)(e ®F +/® ) + cClah ® AT, ()

21')] + ao(q) ,
21)] T bo(@) .

where

1 [ [logz 1 logz 1
=— | 282 _ o) - -
ael) =7 _C< 2ni 2‘ ’) g( i 2 "

log z
)‘4%"

1 [, /logz
b(ZIQ)—%hC< i |2

_ 1], (logz log z logz 1
clzlg) = R_C< 2m 2’) + C( m 2’) - C( om 2%
- C(log.z B 21)} +co(q) (5.2)
21 2

and the constants ag, by, ¢o are chosen to satisfy the condition p(z|q)= — p( — z|q).
We also get from (3.22),

2m+1 1 4m+2
2nil(l)g)= — Y, i Ingz)z )(e®e+f®f)

m20 1-gqg

2q4m+2
- Y € ®f+f®¢)
mgo(l q )

1 1 q2m
o= 9 __\h@h. .
+2(8+,,.>o(1+q2'")2>h® G

Now let us calculate some nontrivial 1-point traces.

Example 1. Let &(z): M_;,—» M, ® V &(z) be an intertwining operator, where
V'1is the two-dimensional irreducible representation of sl,. Then we must have
A = + 1. Denote the corresponding operators by #*, and introduce the notation:
T.(q) = Tr(®*Bq ). 1t is clear that these traces do not depend on z. Let us
compute them.

We have proved that T.(g) satisfy the equation

oF
kg o= LAIguF. (54)
q
In the case the matrix L we are considering turns out to be a scalar 2 x 2 matrix:
. 1 1 q2m 2q4m+2
2miL(1|g)lys = — > (5.5)

+ = — .
16 2,51+ q2m)2 m20 (1 —q*m*2y?



492 P.I. Etingof

Therefore, we can explicitly integrate Eq. (5.4), which gives us the following answer.
Let v, be the basis of V!, such that hvy = + vy, ev_ =v,, fo, =v_,
ev, = fo_ = 0. Let #(q) be the Dedekind function:

ng)=q"* ] A —q™. (5.6)
m=1
Then
Ty (q) = n(g*fvs . 5.7)

Since the Dedekind function is a modular form of weight 1/2, the function (5.7) is
a modular function of weight 3/8k, which is by no means a surprise in view of
formula (4.16).

Example 2. Let ®(z): M_, ,— M k@ Vé(z) be an intertwining operator, where
V2 is the three-dimensional irreducible representation of sl,. Then we must have
A =0or +1. Denote the corresponding operators by ®°, ®*, and introduce the
notation: To(q) = Tr(®°Bq~?), T+(q) = Tr(®* Bq~?). These traces are computed
similarly to Example 1. The matrix L(1]|q) is now no longer scalar, but it is
a diagonal matrix, so Eq. (5.4) is still easy to integrate. Here is the answer:

Let v, , vg, v_ be the basis of V2, such that hv, = 2v,, hv_ = — 2v_, hvy = 0,
ev_ = fo, = vo. Then:

To(q) = n(@Fn(@*) *vo .

T:(q) = %n(q")%n(qz)%[(n?iq;)y e +vo) % <”f1;1;1)>K s — v-)] . (59

Let us now calculate a simplest 2-point trace (a part of this computation is due
to A. Kirillov, Jr.).

Example 3. Consider intertwining operators: ®*(z): M, , — M 1416 ® V(2). We

can combine four traces out of these operators:

Ts1(zlg) = Tr(®* (z,) @ (z,)Bg ™), z= j— . (59)

It is possible to calculate these traces explicitly using the elliptic KZ equations.
We have proved that the traces (5.9) satisfy the equation

JoF
KZE = p(z|q)F . (5.10)

In the case under consideration, the traces take values in the four dimensional
space V¢ ® V¢, and this equation can be explicitly solved. Indeed, let us seek the
solution in the form

9(z1q) = g+ + zlqQ)v+ vy + g+ -(zlq)v+ D V-
+9-+(zlgQ)v- @v+ +g-_(z]g)v- v . (5.11)
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Consider the functions

1) = 39+ + 1) + 9 0).
1

h,(zlq) = §(g+ +(zl9) —9--(z,9),
1

hs(z|q) = 5(g+ -zlg) + g9-+(z,9),

ha(zla) = 30+ 1) — g +(2, ) 6.12)

We have
9(zlg) = hi(z|@) v+ + —v--) + ha(zlq) v+ + + v--) + ha(z|q) (Vs - —v-+)
+ ha(z|g)ws - +0v-4) . (5.13)

Equation (5.10) yields a separate first order linear differential equation for each
of the functions hy, h,, hs, hy:

ohy 1 oh, 1
Koo (Tt Ok, wzgr=g@t ok,
Ohs 3 1 oh, _ 1
e N L 19

These equations are easily solved. To write down the solutions, it is convenient
to use the function

1 logz
E(ZIQ)=——£9'< 210

2 27i
1, _3
—s9'(20= ) (y—m—2p1)>. (5.15)
2 m,peZ

In terms of this function, the solutions of (5.14) can be written in the form:
ha(zla) = C1(@)E(— 2|}
ha(zl) = C2(@)E(— gzl f
ha(zlg) = Cs@)E(zlqF™

ha(z1q) = Cal@)E(gzlq) . (5.16)
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The coefficients C;(q) are easily found from Eq. (3.24):
1

R 1
C1 = C1 ) %)x ’7(_ CI)>" )
(@) n(q*)<n(q*) ( @

I ( 1@ )
C2(q) = Can(q*)<n(q”) -0

Cs(q) = Cs,

Ca(@) = Can@yn(g®) =, (5.17)

It remains to say what values of constants C; correspond to the traces (5.9). This
information is given below:

T:+:Ci=Cy=1,C3=C,=0;
T__:C;i=-1,C,=1,C3=C,=0;
T-,:C;=C,=0,C3=—-1,C,=1;
T,-:C;=C,=0,C3=C4=1. (5.18)

In general, solutions of the elliptic KZ equations cannot be expressed in terms
of classical elliptic and modular functions. Their components are more complicated
special functions associated with an elliptic curve.

Example 4. (T. Kojima, private communication). Consider the elliptic KZ equa-
tions with coefficients in V! ® V3. Let v;, v_; be the basis of V! introduced in
Example 1 (earlier we used the notation v, v_ for this basis),and let w_3, w_, wy,
w; be a basis of V'3 in which fws = wy, fw; =2w_y, fw_; =3w_3, fw_3 =0,
ew_3=w_y, ew_; = 2wy, ew; = 3w;, ewz = 0. Let us look for solutions of the
elliptic KZ of the form:

F(z|q) = h(z|g)(vy @ wy + v @ W_1) + f(z|q)(v; ®W-3+ v_; @ W3) .
(5.19)

The functions h and f can be found from the following 2 x 2 linear system of
differential equations:

oh 1 1
KZ — = <§c+ a)h+§bf,

0z
of 3, 3
KZ& = Ebh '—ECf, (520)

System (5.20) is defined on the elliptic curve €/{1,27) and has four singular
points — the points of order < 2. Therefore, if we make a change of variable

logz

w= go( i 2t ) then system (5.20) will become a system with rational coeffi-

cients and four regular singularities at E, = p(1/2|217), E, = p(z]|27),
E; = p(t + 1/2|21), and 0. Using Egs. (5.20) and (5.2), we find that the leading
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coefficients of the right-hand side of (5.20) are equal to k! times the following four
matrices:

34 0 1/4  1/2 -5/4 0 1/4 — 12 (5.21)

0 3/4)\32 -—-3/4) 0 3/4)°\ —32 —3/4)° ’
at E{, E,, E;, oo, respectively. We see that the E; coefficient is a scalar matrix,
which means that this singular point is removable, so our system reduces to
a system with three singularities, and therefore its solutions can be expressed in
terms of the Gauss hypergeometric function. It has been shown by T. Kojima that

the same is true for all solutions of the elliptic r-matrix equations with values in
Vi ® Vs.

6. Monodromy of the Elliptic KZ Equations

In this section we will study the monodromy of the elliptic KZ equations with
respect to the lattice of periods, and compute the monodromy matrices. Although it
is difficult to compute the solutions, the calculation of monodromy is fairly
straightforward.

Let us first describe how to 1nterchange the order of intertwining operators.

Let @™ *(2): M 3, = M, ® z4V(z) be the intertwining operator such that
(¥, B4V (2)v, > = z4w, we A", Suppose that zy, z, are nonzero complex num-
bers, and we have a product diw"’“"1°(zl)<15‘“’“”“(zz): M, ;> M;, @V, ® Vs,
where V; and V, are finite dimensional representations of g. The question is: can
this product be expressed in terms of products of the form @(z,)®(z,)? Of course,
we can only talk about such an expression after analytic continuation, since the
former is defined for |z,| > |z;|, and the latter for |21| < |z,|. However, if we apply
analytic continuation, the answer to the question is positive, and given by the
following theorem.

Theorem 6.1 (see [FR, TK]). Let x;, be a basis of V™%, and let y;, be a basis of
V4~ Then

¢xm,,11,lo(zl)(p,vs;, ,lz,ll(zz)

= Ai z Rursll v('IZs j'O)VIVZO.QJ”“v,;LO(ZZ)QDW“Az,v(zl) ) (61)
v,i,j
where A* is the analytic continuation along a path in which z, passes z, from the
right ( for plus) and from the left ( for minus), respectively, R(A, u)” ¥ is a matrix, and
o is the permutation: Vi ® V, - V, ® V;.

Clearly, the matrix R* (A, u)”*¥? represents a linear operator (V; ® V,)* ™* —
(V> ® V1)*~*. Therefore, if we define

RE()V2 = @Riu, vz, (6.2)

then R*(1)"1V2 will correspond to an operator: V; ® V, —» V, ® V;. This operator
has the property: R* (1)"*V2R~(1)"?"* = Id.

The operator R*(1) has been computed [Koh, Dr, TK, SV], and it turned out
to be proportional to the product of the quantum R-matrix of the quantum group
U,(g) and the permutation o (the order of this product depends on the sign, plus or
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minus), where § = e2™/"*, Hereafter we will assume that the matrix R*(1)"'"2 is
known.

Let us now compute the monodromy of solutions of the elliptic KZ equations.
Again, we will need to assume that V7, . .., V, are finite dimensional representa-
tions of GLy.

The elliptic KZ system is a local system with singularities, %, on the space E",
where E is the elliptic curve €*/I, and I is the multiplicative subgroup in C*
generated by g". The fiber of this local systemis ¥; ® - - - ® V,. Such an interpreta-
tion, however, is not very convenient for computation of monodromy since % has
too many singularities: they occur whenever z;/z; = ¢"g®. It would be more natural
to regard the elliptic KZ system as a local system on the n'™ power of a smaller
elliptic curve E = C*/I', where I' is generated by g and & In this case, the
singularities would occur only on the loci z; = z;. But unfortunately, the elliptic
KZ system is not a local system with singularities on E": its right-hand side
is not ¢, e-periodic. Therefore we would like to produce a local system on E”
starting with #. For this purpose we will use the fact that % has a finite group of
symmetries.

Recall the notation of Sect. 4: Hy denotes the Heisenberg group of order N>.
Let H denote the n™ Cartesian power of Hy. Since the group Hy is naturally
embedded in GLy (it is generated by B and C), we have a natural representation
of Hy in V; and hence a representation of Hy in V; ® - - - ® V. On the other hand,
the group Hy operates on E: Bz = qz, Cz = ¢ 'z, so the group H naturally
operates on E". These two actions can be combined into an action of H} in the
trivial bundle over Ey with fiber V; ® - - - ® V,. This action has the following

property.
Lemma. The group HY preserves the local system .

Proof. The lemma follows from the definition of the elliptic r-matrix (formula
(3.13)).

Now we can create a new “local system” & = #/HY. The fiber of this local
system is no longer the space V; ® - - - ® V,, but rather the quotient of this space by
the action of the center of H} (which is, of course, not a vector space). In this section
we will describe the monodromy of this local system. This monodromy will be
a linear representation of a suitable central extension of the fundamental group of
E"\{diagonals}, and it obviously contains all the information about the mono-
dromy of the elliptic KZ equations.

As before, we will use the fundamental solution & (z4,. . ., z,|q) defined by
(4.17) (now we prefer to use the z, g variables rather than y, v variables). This
solution takes values in the spaces End(V; ® - - - ® V).

Below we study the monodromy of the fundamental solution. This is equivalent
to studying the monodromy of the local system .

We will use the representation of E as a parallelogram on the complex plane:
1-(2—)7%—; = ]—)\C]— +y1, 0=x,y<1, and write z=(x,y). We choose a base point
@y, .., 2= %,...,x% 1% on E, such that 1>x9>--->x%>0,
1>y0>+ >y9>0.

It follows from the definition of #(z4,. .., z,|q) that it can be represented in
the form Fo(zy, . . ., 2,|q)z2 22>, . . zP», where &, is a single-valued function, and
D,,...,D, are operators in V; ® - - - ® V, defined as follows. Let vectors v;eV;
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satisfy the condition hv; = y;(h)v;, heb, x;eb*. Let

S ($4)+ $a 0sizn

Then

Cymrs hyr> = g Bgd

2 1 ® v, (6.3)
K

Dj(Ul®."®vn)=

(from this definition of D; it immediately follows that [D;, D;] = 0 for any i, j).

The fundamental solution has a defining property: if u is a vector in
Vi ®: - ® V, then #;-u is the solution of the system (3.14), (3.24) which tends to
uas q— 0and z;/z;4, —> 0.

This observation helps us find the monodromy of the function & around the
e-cycles on E”. It z; is rotated around the origin anticlockwise, through the angle
2rnil/N, with the rest of the variables fixed, the function & multiplies by the matrix
e*™Pi/N from the right, and undergoes a conjugation by C; — the action of C in V;.
We denote these monodromy operators by E;:

E{(F) = C; ' FC;e?mPiN (6.4)

The monodromy of the fundamental solution in the neighborhood of the locus
z; = z;41 can be found with the help of Theorem 6.1. Using this theorem and the
representation of solutions as traces of products of intertwiners, we immediately
find that the monodromy of the function & around the locus z; = z;,; (in the
anticlockwise direction) is

bij+1(F)=FS; +1, (6.5
where
Sii+1 =R (Vs Vi Vistse o S VR (Vis oo, Vinr, Vis oo 5 V) s

and the linear operators

REVL,.... V) i@ ®V,®@V;s1®  ®V,

>VN® Vi ®V,® &V,

are defined as follows: if v;e V;, 1 <i < n, and hv; = y;(h)v;, x;€bh*, heb, then

REV,.. .. V)0:1®  ®0;@ 051 @ ®,)

=0 ®  ®R* ()" (0, @ 04 1) ® @ 0n,

where 4; are defined by (4.18).

The monodromy is obviously the same as for the usual (trigonometric) KZ
equations, whose solutions are given by matrix elements of intertwiners rather than
traces (see Sect. 2) — a known fact which was first observed by I. Cherednik [Ch2].

Let us now find the monodromy of the function & around the g-cycles.

Consider the cycle on E" in which Z; Passes zjiy,. . ., Z, from the right, hits the
circle |z| = |gq| (which is identified with the circle |z| = 1 through the map z qz),
jumps over to the circle |z|] =1, and then passes z;,...,z;_; from the left,

returning to its initial position (this corresponds to the path y;(t) = y;.’ —tmod 1,
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with the rest of x; and y; remaining unchanged). Using Theorem 6.1 and the
expression of & in terms of traces, we find the monodromy matrices Q; for the
described g-cycles. Indeed, we have to interchange @(z;) in the trace expression
with &(z;+4),. . ., B(z,), then with g% and B, and then with &(z,),. .., ®(z;_,).
This results in an expression of Q; as a product of R-matrices. To write this
expression down, introduce the following notation: if s€ S, is a permutation of
n items then set R} (s) = Rf V1), - - - » Vaw)- Let ¢; be the elementary transposi-
tionS (],]+1), and let Sjm=tm_1...tj+1tj,j<m§n,5jm=tm...[j_ztj_l,
1<m<j (we make a convention that for two permutations ay,0,
010,(j) = 01(0,(j)), 1 £j < n, i.e. the factors in a product of permutations are
applied from right to left). Also let Rf(s) = s~ t;Rf(s)s. Then R} is a linear
operatorin V; ® - - - ® V,.
Now the operators Q; are expressed as follows:

Qi(F) = B;FR; (5;j+1)Rj+1(5jj+2). - - Ra—1(8;a) Bf "R{ (5;2) %
. Ri=5(s55-1)R;~ 1 (1d), (6.6)
where B; denotes the action of B in V.

Remarks. 1. Expressions similar to (6.6) (ordered products of R-matrices) occur in
the theory of correlation functions for quantum affine algebras. Such correlation
functions satisfy a quantum analogue of the Knizhnik—Zamolodchikov equations —
a system of difference equations discovered by Frenkel and Reshetikhin [FR]. The
structure of the right-hand side of this system resembles (6.6). It is not clear if it is
merely a coincidence or not.

2. It is seen from the definitions of E; and Q; that [E;, E;] = [Q;, Q;] = 0 for
any i, j.

As we have already remarked, the monodromy of the local system & defines
a representation of a central extension of the fundamental group of the complement
of the diagonals z; = z; in E, — the pure braid group of the torus. To describe this
representation in more detail, let us assume that V; = V for all i, where V' is some
finite-dimensional GLy-module. This does not cause any loss of generality since we
can always set V=V, @ - - @ V, to include the previously considered case. But
now the elliptic KZ system (and the local system %) has an additional symmetry —
the symmetry under the simultaneous permutation of the variables z; and the
factors in the product V® V® - - - ® V. Therefore, the monodromy representa-
tion can in fact be regarded as a representation of a certain (in general, not central)
extension of the full braid group of the torus.

The braid group of the torus, B7,, is generated by the elements
T,,1<i<n-1,X,, Y, satisfying the defining relations

I.T.s1Ti=T1 T:Tivy; TT;=TT, j>i+1;
(T1X,)> =X, T)*; (TY{') ={'T)*;
TX,=X,T, T,Y,=YT, j>1;

X, Y7 X51Y, =T2, where X;i,=TX;T;:;

X0Y1= YIXO’ Where X0=X1X2...X". (67)
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It is also convenient to define the elements Y., =7;'Y;T;' and
Y0= YIYZ"')/n'

To picture the braid group of the torus geometrically, one should imagine
n “beetles” crawling on the surface of the torus CAZ + tZ) starting from some fixed
positions zy,. .., 2z, (Z;= N7 X;+ 1y, Xy >X2> ... > X, Y1 > Y2 > ... > Y,)
so that at no time two beetles can be at the same point and after some period of
time (say 1) the “beetles” return to their original positions, possibly with some
permutation. Then the beetles will trace out some collection of curves in
Torus x [0, 1] — a braid diagram. Such diagrams can be composed by attaching the
bottom of one of them to the top of the other. Under this composition law, braid
diagrams form a group — the braid group of the torus B7,. The element
T; corresponds to the intertwining of the j™ and j + 1" braids (the j® and j + 1™
“beetles” switch, the j™ “beetle” passing the j + 1" one from the right), and the
elements X; and Y; arise when the j® “beetle” crawls around the x-cycle and
y-cycle of the torus, respectively, in the negative direction of the x-axis (respectively,
y-axis), with the rest of the “beetles” unmoved.

Now we are in a position to formulate the result about the monodromy of the
local system &.

Theorem 6.2. The monodromy representation of an extension of BT, associated to
the local system & is defined as follows:

XjHe_zﬂiDj/ch_l ,
Y;—R;...R;_B;i'Rf...R},R},,
Tj—R; . (6.8)

Remark. Since all the spaces V; are the same, we have dropped the permutations
labeling the R-matrices.

Proof. The theorem follows from Theorem 6.1 and formulas (6.4)—(6.6).

The extension of BT, involved in Theorem 6.2 is very easy to describe. Consider
the quotient of the group BT, by the relations 77 = 1. Then we will obtain the
group S,><(Z"@® Z"), where S, acts on both copies of Z" by permutations of
components. Let H be the Heisenberg group — the central extension of Z ® Z by
Z by means of the 2-cocycle w(x,y) = x;y, — X,¥;. Then we can construct the
group S,><H" (H" is the n'™ Cartesian power of H) which is a rank n abelian
extension of S,><(Z" @ Z"). Let us denote the pullback of this abelian extension to
BT, by BT,. The monodromy representation of & is thus a representation of B7, in
V- V.

Now assume that V'is irreducible. T,@ instead of the group B/ﬁ we will have to
deal with a rank 1 central extension BT, of BT, which is constructed as follows.
Take the group S, ><(Z" @ Z"), construct a rank 1 central extension of this group
by adjoining a new central element ¢ satisfying the relations
XY, =Y. X;c,X;Y;=Y;X,;,i +j, and then pull this extension back to BT,. It
follows then that the monodromy representation of & is i}/)rojective representa-
tion of BT, which comes from a linear representation of BT,.

The group BT, is closely related to the double affine braid group of type
A, -1 defined by I. Cherednik in his recent paper [Ch3] — the group generated by
the elements T;, X;, Y; and a central element ¢ satisfying modified relations (6.7):



500 P.I. Etingof

the relation X, Y7 X5 'Y, = T'{ has to be replaced by X, Y7 ! X; 1Y, = 6T1. Let
us describe the connection between them.

Observe that the elliptic KZ system commutes with the diagonal action of the
Heisenberg group H$®¢ generated by X, and Y, in V' ® - - - ® V. Decompose
V- ---®V into a sum of irreducible representations of H§?:
V®: - ®V= (—BP ® W;, where P; are distinct irreducible representations of
Hy, and W are multlprl\l_cjlty spaces. Then each summand P; ® W, is a subrepresen-
tation of BT Let ¢;: BT, » End(P; ® W;) be the corresponding homomorphism.

Assume that n and N are coprime. Then we can define a homomorphism
£ BT — Hy by &(X;) = CY" E(Y;) = B, E(T;) = 1. (Here 1/n is regarded as an
element of the ring Z/NZ.) Composing this homomorphism with the diagonal
action of Hy in V® - - - ® V, we get a projective representation y;(+) of BT, in
End(P; ® W;). Notice that y;(g) = ¢i(g) if geH%*®. Let us write ¢; as
o; (g) Vi(g)-¥i(g9)" ¢di(g). Because the elliptic KZ system commutes with
H$®*2  Yi(g9) commutes with  ;(g)” '¢i(g), which implies that
Vi (g)‘ ¢:i(g) = Id ® y:(g), where y;(+) is some projective action of B7, in W,. We
also have y;(g) = V:(g) ® 1, where ; is an action of the group in P;. Therefore, we
have ¢; = z/7,~ ® y;. Therefore, we can easily compute the 2-cocycle on BT, corres-
ponding to y; as the difference of the 2-cocycles for ¢; and . This cocycle is the
pullback from S, ><(Z" @ Z") of the 2-cocycle given by:

n

o((s1, x5 yY), (52, X4 y2) = Y (xi y?F — xi y,)—— Z (xiy:—xiy}),

i=1 lj 1
sy.,€8,, xV%y“leZ". (6.9)

The extension of BT, by means of this cocycle is exactly the double affine braid
group. We denote this group by BT,

The special case when ¥ is the N-dimensional vector representation of GLy is
especially interesting. In this case, we are getting a representation of the double
affine Hecke algebra hi. This algebra was recently defined by I. Cherednik [Ch3] as
the quotient of the group algebra C[BT,] by the relations (7; — 4)(7; + 4~ i) =0
Indeed, tlhe matrix Rj“ is diagonalizable and has the eigenvalues 4!~ 2% and

— ¢~ 172N, (recall § = €*™/N*). This statement easily follows from the fact that this
matrix 1s a monodromy matrix of the elliptic KZ equations. Therefore, the matrix

Rj‘ = q2NR satisfies the equation
(R —§)(R7 +471)=0. (6.10)
Thus, the correspondence

X e 2MPNCT Y RTRy...R, B!, Tj—R;, (6.11)
~ 1
where R; = 2NR;, defines a projective representation of BT, in the space
V® V®:---® V which can be written as P ® W, where P is the N-dimensional
irreducible projective representation of BT, obtained by composing the homomor-
phism ¢ defined above with the standard action of Hy in €%, and W is a representa-
tion of the double affine Hecke algebra $i.

The element § acts in the representation W by multiplication by 4~ !/Ne~1/",



Representations of Affine Lie Algebras 501

Remark. In fact, the monodromy of the elliptic KZ system (3.14) extended by
Eq. (3.24) yields a representation of the semidirect product SLZ(Z)1><BT in the
space End(V® - - - ® V). As we have already remarked in Sect. 4, it is not clear
how to compute the modular part of this monodromy, i.e. the action of SL,(Z).
This computation, at least for one nontrivial example, is a very interesting and
challenging problem.

As a conclusion, let us note that the study of monodromy helps us to find out
for what special values of k the elliptic KZ equations are integrable in elliptic
functions.

Proposition 6.3. If k = 1/MN, where M is an integer, then the matrix elements of the
fundamental solution F (z4, . . . , z,|q) are finite products of rational powers of theta
functions of expressions q"¢?z;/z;,0 Sm,n < N — L.

Idea of Proof. If k = 1/NM then § = 1. Therefore, R* is a scalar matrix times the
permutation of factors, so S; ;+; = ald, and bj ;4 ;(F) = aF. Let a = €™ (s is
rational). Then we have

Fe,..omle)=11 Y  O@"ez/zlq"Vexp(fw),  (6.12)

i<jO0=m,psN-1

where w is a matrix-valued elliptic differential form on E" and
O¢lg) =[] 1 =g 21 —¢g" 'z 1)1 —¢""). (6.13)

m=0

Remark. A similar result holds for the trigonometric KZ equations (1): if
k + hY =1/M, where M is an integer then solutions of the KZ equations are
algebraic functions.
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