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Abstract. We give the correspondence between instantons on S 4 and some repres-
entations of an associative algebra. For the given structure group, we get simultan-
eous imbeddings to C °° (the inductive limit) of the moduli spaces for instantons on
S4 of all instanton numbers.

In this note we show that instantons on S4 can be identified with some representa-
tions of an associative algebra.

Let A be the free algebra over C generated by two elements q, p. We define
a new multiplication * in A as follows:

/i */2 =Mpq - qp)fi> hJi e A .

Then (A, *) is an associative algebra (with no unit), which is an extention of the

Weyl algebra C \ q, —- . We consider finite dimensional representations of (A, *).

Let H^be the complex vector space of dimension /, and h be a linear map from A to
End W. Then h induces a linear map h: A®W'-+ A*®W defined by

We denote by H(l k) the set of all algebra homomorphisms h: (A, *) -+ End ίFsuch
that the rank of his k. If h is an algebra homomorphism from (A, *) to End W, then

so the linear map h is determined by hiq 'p1), i,j ^ 0.
Let P be the principal SU(l) bundle over S 4 = I R 4 u oo with c2 = k, and

M(SU(l), k) be the framed moduli space for anti-self-dual (ASD) connections on P:
{ASD connections on P } / ^ , where ^σj stands for the group of all gauge trans-
formations on P fixing the points in the fiber over oo . M(SU(l\ k) is a 4kl-
dimensional smooth manifold [1].
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Our main result is the following:

Theorem 1. The framed moduli space M(SU(l\ k) is diffeomorphic to H(l, k).

This gives an algebraic affine imbedding of [_jkM(SU(l), k) explicitly. We use
Donaldson's theorem [1] to prove Theorem 1. In Sect. 1, we give a criterion in
terms of linear algebra for the stability condition in Donaldson's theorem (Proposi-
tion 2). We prove Theorem 1 in Sect. 2.

1. Some Remarks on a Theorem of Donaldson

Let X = Mat(fc, k; C) x Mat(fc, k; C) x Mat(J, k; C) x Mat(k, /; C). We define the
action of G = GL(k, C) on X as follows:

p-(ccuoc2,a,b) = (pa1p~\pa2p~\ap~\pb)

for p e G, (α1 ? α2, a, b) e X. We call a point x in X stable when the map
G a p K p x e l i s proper. We denote by Xs the set of all stable points in X. Let

ω(α l 5 α2, tf, £>) = tr^o^ Λ Jα 2 + db A da) ,

μ = α ^ — α 2 α! + ba .

The 2-form ω is a holomorphic symplectic structure on X. We can show by easy
computation that

ω(pot1p~1,poί2p~1,ap~1,pb) = ω(ot1,a2,a,b) + tΐ(p~1dp A dμ)

+ iτ(p~ιdp A p~ιdp-μ) .

This means that G-action on X preserves ω and that μ is the holomorphic moment
map. (This is suggested to the author by H. Nakajima from the viewpoint of
hyperkahler structure.)

Theorem (Donaldson [1]). The framed moduli space M(SU(l), k) is diffeomorphic to
1

So we deduce from geometric invariant theory [4] that M(SU(l), k) is a non-
singular quasiaffine algebraic variety. Theorem 1 gives an affine imbedding of
M(SU(l), k) explicitly and simultaneously for all k.

Donaldson gave a criterion for the stability in μ " 1 ^ ) :

Proposition (Donaldson [1]). The point x = (α1 } α2, a, b) e μ~1(0) is stable if and
only if

rank α 2 + z2 | = rank( — α 2 — z 2 oc1 + zx b) = k (1)

for all zu z2 e C.

Here we seek a criterion for the stability in X.

Proposition 2. For any point x — (α1? α2, α, ft) e μ " 1 ^ ) , ί/zβ condition (1) fs equival-
ent to the following:

Π Kera/( a i,a 2) = 0, Σ Tm/(α1? α2)^ = Ck . (2)
feA feA
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Proof. It is clear that (2) implies (1). Suppose that the vector space generated by the
row vectors of α/(α l5 a2)b(f E A) is

According to the splitting <Lk = <Ej@<£k~j we set

/ « π α 1 2 \ / α 2 1 α 2 2 \ ,
aί=[ 1 α2 = 1 α = (fl' 0).

\ α i3 α 1 4 / \ α 2 3 α 2 4 y

Then for a n y / e 4̂,

α/(α l 9 α 2 ) = (α'/(α l l 5 α2 1) 0) ,

α 7 ( α 1 1 ; α 2 1 ) α 1 2 = 0,

« 7 ( α u 5 α 2 1 ) α 2 2 = 0 .

So we have α 1 2 = α 2 2 = 0, then

'* 0ba =
* %i4.0ί24. — 0L24.0ί14_

This implies α 1 4 α 2 4 = α 2 4 α 1 4 . Thus there exists a nonzero common eigenvector

x' e (£k~J of α 1 4 , α 2 4 . Then t I is a nonzero common eigenvector of α l 5 α 2

contained in Ker a. That contradicts with (1). It goes similarly in the case that the
column vectors of/(α 1 ? a2)b (fe A) does not generate whole C k. D

2. The Proof of Theorem 1

First we give the map φ from M(SU(l\ k) to H(l, k). Let

h(f) = φ(au α 2 j a9 b)(f) = af{ocua2)b

for (α1? α2, α, έ>) e μ~1(0)nXs. φ is G-invariant. Since μ(α l 5 α2, α, /?) = 0,

= af1(aua2)(cc2a1 - α 1 α 2 ) / 2 ( α 1 ,

= Hf1)h(f2).

We give i: Cfc -+ A*® <CιJ: A®(£1 -+ €k by

(ί(v)J) = af{aua2)v ,

f o r / e A, v e V, w E W. Then we have /ι = i°j. Proposition 2 implies that i is
injective and that j is surjective, so rank h = k. Therefore h e H(l, k).

On the other hand, the inverse φ: //(/, k) -> M(SU(l), k) is defined as follows.
For W E H(l k\ we set V = Im h^ <£k. Let

7 j'\A®W-> V .
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F o r / e A we define </ | e Hom(F, W\ | /> e Hom(ίf, V) by

</|(ι>) = < * » , / > , veV,

We set α' = <1|, b' = |1>. The multiplications by q,p in A induce linear maps

αi, αj> e End K respectively:

f o r / e A. If | / > = 0, then h(f'f) = 0 for al l/" e A So αi, ot'2 e End F are well-

defined. We get

by fixing the basis of V, W. Since

Π Kerα7(αί,αi)= f| Ker </| = 0 ,

X Im/(αi,αi)fc'= X I m | / > = K,

we deduce from Proposition 2 that φ(h') is stable. Since /z': (A, *) -• End MP̂  is an

algebra homomorphism, we have

= 0 .

Therefore ^(ft') e G \ ^ 1 ( 0 ) π I s .

Hence φ°ψ{h') = /ι'.

If fc' = φ(α l 5 a2, a, b), we can take ϊ = i,/ =7 by the stability. Then

1 > α 2 ) , | / > = / ( α l 9 α 2 ) 6 .

This implies that

= α 2 | / > .

Hence ^ ° φ = id. D

Acknowledgement. The author would like to express his thanks to Professor A. Hattori for much
help and encouragement.



Instantons and Representations of an Associative Algebra 485

References

1. Donaldson, S.K.: Instantons and geometric invariant theory. Commun. Math. Phys. 93
453 460 (1984)

2. Furuta, M., Hashimoto, Y.: Invariant instantons on S4. J. Fac. Sci. Univ. Tokyo Sect. IA Math.
37(1990)

3. Hashimoto, Y.: Group actions on the moduli spaces for instantons over S4. Master thesis
(in Japanese) 1987

4. Mumford, D., Fogarty, J.: Geometric Invariant Theory, 2nd Edition. Berlin Heidelberg
New York: Springer 1982

Communicated by A. Jaffe






