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Abstract. Quantum (difference) Knizhnik-Zamolodchikov equations [S1,FR] are
generalized for the R-matrices from [Ch1] with the arguments in arbitrary root systems
(and their formal counterparts). In particular, QKZ equations with certain boundary
conditions are introducted. The self-consistency of the equations from [FR] and the
cross-derivative integrability conditions for the r-matrix KZ equations from [Ch2] are
obtained as corollaries. A difference counterpart of the quantum many-body problem
connected with Macdonald’s operators is defined as an application.
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0. Introduction

In a recent paper [FR], the so-called quantum R-matrices (solutions of the Yang-Baxter
equations) were used to introduce certain systems of difference equations. Their quasi-
classical limits are the 7-matrix Knizhnik-Zamolodchikov equations defined in [Ch2]
(see also [Ch3]). To be more precise, the systems of differential equations from the
latter are connected with the root systems (A, B, ..., G) describing the structure of
the arguments. The construction from [FR] corresponds to the r-matrix equations with
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the arguments of type A (the values are in tensor products of representations of a
given Lie algebra of any type). The main purpose of this paper is to involve arbitrary
root systems and give a uniform proof of the self-consistency of the arising systems
of difference equations.

The equation from [FR] in 2 x 2-matrices and for a special choice of the difference
interval coincides with the Smirnov equation [S1] inspired by certain problems from
the quantum inverse scattering technique (Faddeev and others). However the approach
from [FR] is different. Frenkel and Reshetikhin deduced their system from a g-version
of the conformal field theory (for the basic trigonometric R-matrices). See also [S2]
where a similar construction was considered for the Yang R-matrices.

We note that the interpretation of the general R-matrix equations from [FR] and
the present paper (we call them QKZ) via either QIST or CFT is unknown. As for
the r-matrix KZ equations with the arguments of type A, a deduction from the theory
of Kac-Moody algebras was obtained in [Ch2, Ch6] for any 7. It is not purely formal
but gives a way of integrating these equations. For example, a generalization of
Schechtman-Varchenko theorem [SV] was found by means of this interpretation (see
[Ch6] for details). This approach is connected with the technique of vertex operators
for ordinary KZ equations [KZ]. Hopefully (affine) quantum groups could help in
integrating QKZ equations as Kac-Moody algebras do for the classical ones.

We will discuss here neither the interpretation nor the integration. Certain formulas
(and references) can be found in [S1, FR, S2]. It is worth mentioning that particular
cases of QKZ equations (and some other related difference equations) were obtained
by Aomoto, Kato, Mimachi as a development of the classic theory of g-special func-
tions (see e.g. [AKM)]).

Given an arbitrary quantum R-matrix in the sense of [Chl] (with the arguments
from any fixed root system — see below) we construct QKZ which is a set of difference
(or more general) equations. If R = 1 + hr + o(h) for a proper r then the quasi-
classical limit (h — 0) of QKZ is the corresponding r-matrix KZ equation from
[Ch2, Ch3]. One can obtain a formal version of QKZ by considering arbitrary (pairwise
commutative) automorphisms instead of the independent translations of the arguments.
The quantum R-matrices for the classical root systems (A, B, C, D) and for G describe
certain theories of one-dimensional factorizable particles on a segment with moving
endpoints ([Chl, Ch5]). It makes the definition of QKZ rather visual. As for E, F,
such an interpretation is unknown. We note that the corresponding QKZ are closely
connected with the so-called monodromy and transfer matrices from the theory of
integrable one-dimensional models.

The principal aim of the present paper is to define QKZ. We also give two con-
crete examples of R-matrices, based on [Chl] and [Ch3]. The dependence of the
arguments is rational and respectively trigonometric, the root system is arbitrary. As
an application, we define a difference counterpart of the Calogero quantum many-
body problem [C] and prove the commutativity of the arising difference operators
(“the integrability”). The comparison with Macdonald’s difference operators for the
g-Jacobi polynomials seems to be very fascinating (see [M]).

From an abstract point of view, the quantum R-matrix can be introduced as a
one-cocycle on the corresponding Weyl group. Our key construction is in extending
this cocycle to the affine completion of the Weyl group by means of the lattice of
the weights. It gives a more direct way to establish the connection from [Ch2, Ch3]
between quantum R-matrices and r-matrix KZ equations.

This paper is organized as follows. We give the necessary properties of affine root
systems in Sect. 1. The main purpose is to make the definitions quite constructive. Sec-
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tion 2 coritains the main theorems on the R-matrix cocycles on the affine Weyl groups.
The definition and the self-consistency of the quantum Knizhnik-Zamolodchikov equa-
tions from Sect. 3 result directly from these theorems. We discuss the formal theory of
the monodromy representation and consider examples (in particular, the quasi-classical
limits). The main application is in constructing difference Calogero operators. Sec-
tions 4, 5 are devoted to the classical root systems. We give a geometric interpretation
for the corresponding QKZ. A discussion of certain connections with Macdonald’s
operators can be found in the Appendix.

1. Affine Root Systems

We do not give (complete) proof if the statement is well-known (easily verified by the
tables of [B]). The main facts are valid for the non-reduced root systems as well. See
[L] for the necessary details (and [B] for the basic properties of affine root systems).
As for the dual roots and weights, our notations are different from those of [B]. We
use the letters A, B instead of QY, PV.

We fix a euclidean form (v,v’) on R™ 3 v, v’ and a root system X' = {a} C R"
of type Ay, By, ..., G,. Given & = [o, k] fora € X, k € Z,

sa@) v —(w,0) + k', o' =2a,a) (1.1)

is the orthogonal reflection in the affine hyperplane (o, v) + k£ = 0. The roots are
identified with the pairs [c,0]. We will use the Weyl chamber C and the set of

positive (o > 0) roots X' with respect to the set o, ..., a, of simple roots from
the corresponding table of [B]. Let
Qo = [—07 1] y S0 = Sag, Si= Sy (1<:i< n)7 (1'2)

where 6§ € X' is the maximal positive root.

Later on, & = [a, k] will be considered as vectors in R™ x Z with the natu-
ral addition and multiplication by numbers. The action of W on & is via the first
component.

The completed affine root system, its subset of positive roots and the affine Weyl
chamber are as follows:

st ={a=[o,kl€e ZxZ}, ¥¢={aeXk>00rk=0<a}, (1.3)

n
C*=()Li=CnLy, Li=0La,, La={veR" (a,v)+k>0}. (14
i=0
We use the same notation & > O for affine positive roots. One has:
Yy={a,CeL,} CX}={aC*C La}, (1.5)
Z=Z+U{—E+} C Ea=ZiU{—Zi}. (1.6)
The Weyl group W is generated by {s,,a € X'} and, moreover, by {s;,1 <i <
n}. The following relations are defining:
=1 (s;85)™=1 for m=2346, (1.7)

where m = 2 if o; and «, are disconnected (the corresponding indices are not
neighbouring) in the Dynkin graph I'. Otherwise, m = 3,4,6 when 1,2,3 lines
respectively connect «; and o in I
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The affine Weyl group W = (s, a € X?) is generated by {s;,0 < i < n}
with the same relations (1.7), where o is identified with the additional vertex of the
completed Dynkin graph I'* (see [B]). The number of the lines between o and o
in I'* gives the order m of s;sg or sgs; as above. We note that m coincides with the
order of s;s¢ or sys,, the number of the lines (and their direction) is the same as for
the pair {—0, a;}.

Let us introduce the dual simple roots and fundamental weights together with the
corresponding lattices:

a; = o =20;/(i, ),  (Byoy)=6;;, 1<4,5<n, (1.8)
A=@P Za; = (0", a € £) c B=EP Zb;, (1.9)
i=1 i=1

n
where 6;; is the Kronecker delta. In the sequel, we will use A, =@ Z,a,,
n i=1
B, = @ Z,b; and consider vectors z € R™ as the affine shifts (translations)

i=1
P =P +z, PCR". (1.10)

The group B > b acts on the set {Lg, & = [a, k] € X}, the set {ss} and
on X%

Lo,k — (b, a)]. (1.11)

V(La)=Lg, Vsa)'=s5, B=0)

The natural action of W on A, B coincides with the action of W on A’, B’ by
conjugations:

whw ' =w®), weW,beB. (1.12)

Proposition 1.1. a) The group W contains A’ and is isomorphic to the semi-direct
product of W and A':

a =s485 €W if a=a",a=[a,1], aclX. (1.13)

b) The group W generated by W and B' is the semi-direct product of these groups.
As an abstract group, it is generated by {s;, 1 < i < n} satisfying (1.7) and pairwise
commutative {b;, 1 <1 < n} with the following defining cross-relations:

sib;si = Si(bj)l = (bj - 6@'(1@)’, 1 S i, ] S n. O (114)

Let I be the subset of the vertices of I" (identified with «;, 1 < ¢ < n) which can
be obtained from « by automorphisms of I'®. This set is empty for Eg, Fi, G,. We
introduce Iy C Io: Iy = {ay} for A, B, Eg,= {ay} for C, Dypmy1, E7,= {a1, 0}
for Dy, 1 < m € N, = 0 otherwise. The numeration is from [B].

Corollary 1.2. The group W is generated by {¥,, p € I'}'} over W (as well as B
over A). The following relations (together with (1.14) and the commutativity of {bi,})
are defining for this extension.:

Sob;,S() = b; — t/, t=26" , (b;)u c A cwe. (1.15)

Here v = n + 1,4,3 respectively for Ay, Dym+1, Fs, and v = 2 in the remaining
cases when Iy # (.
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Definition 1.3. a) The length | = l(w) of w € W is the length of the shortest possible
(reduced) decomposition

W= 85 ... 8,8, 0<i.<n,l(Ed)=0. (1.16)
b) The length l(w) of w € W is the number of elements in the set (see (1.4))
Ao E{a e, wl(CY ¢ Ls} (1.17)
This definition coincides with ay for w € W¢.

The proof of the equivalence of a) and b) results from the following explicit
description of \,,. Given a decomposition (1.16),

Aw = {Ai)s 80, (Niy), 86, 85,(Niy), ooy w_lsil(/\il)}. (1.18)
This can be either extracted from [B] or easily proved by induction on [. [J
Proposition 1.4. The following conditions for x,yy € W are equivalent:
a) lay) =U2) +1Uy), b Ay Chay,  ©) Y () C Agy
If they are imposed then
Aoy =AUy Ne), ANy o) =0.

Proof. Let us verify that Ay \X, = y~'(A\z) N Xy for A, = Ay N Agy. Indeed, if
&€ )\zy\)\;, ie.
(@y)"'C* ¢ Ls Dy~ 'C* for a@>0,

then z7'C* ¢ Lys D C® and y(&) € ;. The converse is clear as well. Hence
Ay C Azys Y1) C Agys and Ay Ny~ A,) = 0 if U(zy) = U(z) + I(Y).

Let us suppose that A, C Ay and check that y~'(\;) C X}. If & € A\, and
y~ (&) < 0, then Ay 3 L_g = —L4 ¢ Xzy. This contradiction proves the equivalence
of a) and b). As for c), it is equivalent to b) for y = z7!, z = y~! [since A\,—1 =
—2(\z)] and therefore to a) because I(z) = I(z~'). O

Let wo be the longest element in W relative to the above length, wo{J} the
longest element in the subgroup W{J} C W generated by {s;, 1 <i <n,i ¢ J}
for J = {5}, {4,7'}, 1 <7, 7/ < n. These elements are involutive. We introduce

g; = ’LU(){j}’wo, T = b/JO'j for aj € Iy. (1.19)

Proposition 1.5. a) The sets S = {id,0;} C W, T = {id,7;} C W*, a; € I}, are
subgroups. They are generated by {c,} and {7,} for oy, € I'* and are isomorphic to
B/A with respect to the maps o, — b; — 7;. The group W? is the semi-direct product
of W and T.

b) The elements of S preserve the set {—0,a, ..., an} and may be embedded into
Aut(I'?®) after the identification of —6 with the vertex corresponding to o. The group
T leaves the set {ay,, ..., an} invariant and induces the same subgroup in Aut(I"®)
as S. In particular,

0j(—0) = a; = 1j(0) T ={we W l(w)=0}.

The multiplicities of ; € Iy in arbitrary o € X are 0 or 1.
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Proof. 1t follows from the tables of [B] that o; for a; € I takes the set {c;,1 < i <
n} except one element onto {e;, ¢ # j, 1 < i < n}. The image 3 of the excluded
element is a root having the same scalar products with a;, 1 < i # j < n as —6.
Hence 8 = —8 4+ mb; for a proper m € Z. The tables show that m has to be zero for
Es, E;. As for A, B, C, D, it follows from the direct description of ¢;. The invariance
of {-6, a4, ..., a,} and the formula 0;(—6) = a; = 7;(cyp) result from the same
considerations. It gives the corresponding properties of 7. The statement about the
multiplicities is clear, since a; are of multiplicity one in 6 and the latter is maxi-
mal. O

We will describe the following A-sets for later reference.

Proposition 1.6. In the above notations,

a) Ay, ={ae X}, (b;;a) #0},1<i<n;

b) )\b/—{a—[a kle X9, ae X, (b, a)>k>0}f0rb6B+—G9bl,
C))\—x—)\bl if a; € I, =1

d) )\t/ = As U [0,1] for t = 6Y;
e) sg = wo{l n}wy for An and s = oy,
for the other types, where o, is the unique vertex joined with oq in I'®.

Proof. The right-hand side of a) belongs to A, [see (1.18)]. The cardinality of A,
(the length of o;) is equal to the order of Y, minus the number of positive roots
written without «;. It gives a). Assertion b) is valid because & € \y iff —b ¢ closure
(Ls), where & € X'¢, b € B,. The coincidence of the sets from c) follows from a),
b). Statement d) is clear, since ¢’ = spsg [apply (1.18)]. As for e), it can be checked
by the tables of [B] (cf. the proof of Proposition 1.5). [

2. R-Matrices

We fix an arbitrary C-algebra % . Our aim is to introduce % -valued (abstract) non-
affine R-matrices like in [Ch1] (see also [Ch3], Proposition 3.3) and then to extend
them to affine ones. We use the notations from Sect. 1. Let us denote Ra+Rg C R™
by R{e, 8) for o, 5 € X.

Definition 2.1 a) A set R={R, € ¥, a € X} is an R-matrix if

RoRg = RgR,, 2.1
RoRoipRg = RgRoigRa (2.2)
RaRa+ﬂRa+2ﬁR,6 = RﬂRa+2ﬁRa+BRa s (2.3)

RoR3aypRoa18R30126RarsRg = RgRoy g Raav28 R0+ R30+5Ra s (2.4)
under the assumption that o, 3 € X and

R{a, B) N X = {x~},~ runs over all the indices (2.5)

in the corresponding identity.
b) An affine R-matrix R* = {Rs € %, & € X$} has to obey the same relations for

&, 3 € X% with the condition that
R(@,f) N2 = {+7}, (2.5%)
where {7} is the set of the indices in the corresponding relation ( (2.1)—(2.4)' for &, B).
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¢) A closed R-matrix (or a closure of the above R) is a set {R, € % ,a € X}
(extending R and) satisfying relations (2.1)—(2.4) for arbitrary (maybe negative) o, 3 €
X such that the corresponding condition (2.5) is fulfilled. Affine closed R-matrices are
defined in the same manner.

The condition (2.5) for identity (2.1) means that
(0, ) =0 and R{a,f)N X ={zxa, £}, (2.6)

i.e. there exists w € W such that o = w(a;), § = w(ay) for simple a; # o (1 <4,
j < n) disconnected in I" (check the equivalence). The same holds true for R®, when
0 <1, j < n, and for the closed counterparts of R, R® as well.

The corresponding assumptions for (2.2)—(2.4) give that «, 3 are the simple roots
of a certain two-dimensional root subsystem in X' (or X'*) of type A, By, G,. Here
a, B stay for o, a; in the notations from the figure of the systems of rank 2 from
[B]. One can represent them as follows: o = w(e;), B = w(c;) for a proper w from
W (or from W) and joined (neighbouring) o, a;.

Definition 2.2. a) Let us suppose that the R-matrix from Definition2.1 is closed and
RoRg = RgR,, for long roots such that (o, 3) =0. 2.7

In the case of G,, we add conditions (2.2) and (2.7) respectively for long o, 3 and
when « is short but 3 is long. We call such an R-matrix extensible.
b) If the group A > a (see (1.9)) operates on the algebra % > f (written f — a(f))
and

a(Ry) = R, whenever (a,a)=0,a€ A, a € X, 2.8)

then the extensible R-matrix is called to be of a-type. If
b(R,) = R, whenever (b,a)=0,be B,aec X 2.9
for a certain action of B (see (1.9)) on %, then it is of b-type. U

We note that condition (2.1) does not result in (2.7) since «, G in the latter are not
supposed to satisfy (2.6). However in the most interesting examples, (2.1) holds true
for arbitrary orthogonal roots without any limitations.

We will use the following formal notations for R, R® and their closed counterparts:
We=cforceC, N

w(CR&) = CRw(a) 5 w(CRdRB) = CRw(d)Rw(B), ceey (210)

where w is from W, W or W?, the roots &, ﬁ are from the corresponding system.
We do not assume here that either W or its affine extension acts on .% .
Mathematically, it is convenient to introduce the root algebra 7~ generated by
{R4, o € X'} considered as independent variables satisfying the relations from Def-
initions 2.1, 2.2, a). Then (2.10) can be uniquely extended to an action of W on.7".
The algebra .7 % and the universal action of W on it can be defined in the same
way.
Theorem 2.3. a) If R is an R-matrix then there exists a unique set {R,,, w € W}
satisfying the (cocycle) relations

Rey=Y"' R4R,, R, =R %R, Riu=I, (2.12)

k2
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where 1 < i < n, z,y € W, and l(zy) = I(z) + l(y). Given w and an arbitrary
reduced decomposition (1.16) with 1 < i, < n,

Ry, _wl sy, R ... iy Say Ri, iy R,R;, . (2.13)

The same holds true for R* if x,y € we z_znd 0<41i.<n.
b) Given invertible R (or R%), let R (or R®) be its unique extension as follows:

Rs¥ R, aex (or59. 2.14)

Then R is a closure of R. Moreover, it satisfies relations (2.12), (2.13) where x,vy are
arbitrary and the decomposition of w is not assumed to be reduced. The same holds
true for R®.

c) Let us suppose that a closed R-matrix is of a-type (Definition2.2) and put (see
(1.11))

def

“Ro=Ra E a(Ry), if &=d(@)=[a,—(e,0)] 2.15)
for arbitrary o € X, a € A with respect to the action of A on % (f — a(f)). Then
Rs are well-defined (depend on the corresponding scalar products (a, ) only) and
form a closed affine R-matrix. If (2.14) is valid for { Ry} the same is true for {Rs}.

Proof. The roots {A;, si;(Ay,), 83, 8i,(Xiy), -+ w‘lsil/\il)} [see (1.18)], which are
the indices of the R-factors in (2.13), appear positive since (1.16) is reduced. The
group W is a Coxeter group [see (1.7)], the right-hand side of (2.13) does not depend
on the choice of decomposition (1.16) due to Definition2.1. Hence {R,,} may be
defined by (2.13) and satisfy (2.8). The uniqueness of this set is clear because (2.13)
results from (2.12). This reasoning can be applied to R* as well.

As for b), the transitivity of the action of W (or W*¢) on the set of Weyl cham-
bers and a direct consideration of the root systems of rank2 prove that R (or R%)
is a closure of R (R®). Relations (2.12), (2.13) for R, R® follow from a). Let us
verify c). _

The elements Ry are well-defined by virtue of (2.8). Arbitrary elements &, 5 € X¢
satisfying (2.5%) can be represented as & = w(ay), B = w(oy) for (1 < i #j < n)
and a proper w € W¢. If ij # O then the corresponding relation [see (2.1)—(2.4)] is
valid because R is an R-matrix. Let us suppose that 55 = O and the root system is
not of type G».

If o; and «; are connected in I' then the conjugation by another suitable w will
give a pair ¢j # 0. These pairs have been already considered. Otherwise one may use
the conjugations by ¢ € A, t = " and sy to reduce the problem to the case when
a=40,[=aq;, @,qa;) = 0. It inmediately results in condition (2.7). The system G,
has to be treated separately. We arrive at the remaining relations from Definition 2.2.

The compatibility of the construction from b) and that from c) is clear. O

One may reformulate c) in a formal way by means of the algebras .7~ and .7 @
(see above). We obtain that .77 is the universal extension of .7~ equipped with an
action of A satisfying relations (2.8).

In the next sections we will use the following generalization of this theorem
involving a character (a homomorphism) x:7 ~ B/A — C*.

Theorem 2.4. a) Given a closure of an R-matrix R of b-type, let the set {R,,, w €
W} be from Theorem2.3,c). Then it can be uniquely extended to the set {R,,, w €
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Wb} satisfying relations (2.12) for arbitrary x,y € W° (I(zy) = l(z)+(y)) by means
of the pairwise equivalent conditions

Rb/j = X(Tj)Ro_]—l < R =x(1j) for oj€lp. (2.16)

b) Arbitrary R,, in the above set is the product of Rs when & runs over )\ (see
Proposition1.6). It does not depend on the choice of the closure of R if A, contains
no elements & = [a, k] with o < 0 (we call such w € W dominant). Moreover, the
elements R,, for non-dominant w vanish if the following closure of R is taken:

={Ra,Roa 0ifac 2,}. @.17)

If the closure R is from Theorem 2.3,b), then formulas (2.12) are valid for any
z,y € Wb .

c) The elements from B!, = @ Zb; are dominant. Given b,c € By, l((b + ¢)) =
1Y+ U(c) and i=1

Ryi¢ = °RyRy = °RuRy, (2.18)

Rel = R[G,I]Rse ; Rb’ = %Ro‘._l s 1 S 7 S n, ) (2.19)

where &, is a product of Rg for all & = [a, k] such that o € X, (b;, ) > k > 0.

Proof. If w € W then R, is a product of R4 for & € )\, in a certain order [see
(1.18) and (2.13)]. Arbitrary w € W? has a representation w = 7;% for an appropriate
a; € Iy, w € W It gives the uniqueness of {R,,, w € W’} and the statements
from b). As for c¢), formulas (2.17), (2.18) result from a) and the relations

Ay C Apae s )‘g_—l C /\b; (2.20)

(see Proposition 1.4,b) and Propos1t10n1 6,c)). The equivalence of the two formulas
from (2.16) is clear since b = T;0; 'and I(rj) = 0. The existence of {R,,, w € W’}
follows directly from

Lemma 2.5. As an abstract group, W is generated by W and T with the relations
TjS; = syTj, where ay=Ti(a;),0<14,i <n, o €y, 2.21)
(see Proposition 1.5). O

Given WP 5 w = 7;1, % € W¢, put R,, = x(7;)Ry. It gives (2.16). Let us prove
12y forz=T1;%, y=T1,0 € WP satisfying the condition I(zy) = I(z) + l(y). Here
2,9 € We, aj,0p € I'p. One has:

) =1@), ly=I1@, IEPH=I2+I®

for 2 & 7, '&7, € W, since I(7;) = I(7p) = 0. Hence,

Ruy = ReyryReg = x(1j7) " R:Ry = V'R, R,

because P R; = R; [use (2.21), (2.13), and (2.10)]. O

We will show that the constructions of the above theorems are compatible with the
embeddings of the Dynkin graphs. Let I" be a connected subgraph of I” with m > n
vertices (representing the simple roots &;, ..., &,). Then every «; (1 < ¢ < n)
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coincides with a proper &« (1 < i* < m). We will fix the notation i — ¢* for the
corresponding map I" — I". The set £ contains X in the natural way, 5, D X,.

Proposition 2.6. a) Given a closed R-matrix for X, the set
{Rs = R, when 6. € %, Rs = 1, elsewhere (2.22)

is a closed R-matrix for £ 5 &. If the initial R-matrix R is of b-type so is its extension
(2.22) for the following action of B:

bx(f)=bi(f), bi(fy=f if j#i* for 1<i<n. (2.23)
b) Let us suppose that the above character x on B/A is the restriction of a certain
character X on B / A with respect to the embedding b; — b(i) &f 3i* :B — B. Then
R, constructed as in Theorem?2.3 for R coincides with Ry, forw e We C We and
Ry = Ry & Ré'* for1 <i<n.

Proof. Let a, 3 be from . Given a certain formula (2.1)—(2.4), if there exists an
index v from 5 \Z, then not more than one index (among all the indices in the
considered formula) can be from Y. So the validity of the required relation is clear in
this case [see (2.22)]. Otherwise {7y} C X and we arrive at the relations for R only.
The compatibility of Definition 2.2 with extension (2.22) follows directly from (2.23).
As for b), the coincidence of R, and R, for w € W* is evident. The description of

the A-sets for b and b’ (z) = b’ gives the other statement (see Proiposition 1.6, b) and
Theorem 2.4, b)) O

For instance, let x = ¥ = 1 and I" C I" be the natural embedding of I" for E
or F; into I of type Eg. Then A = B and W = WP, Therefore Theorem 2.4 is
equivalent to Theorem 2.3 for Ejg (in contrast with Ej 7). There is no need to guess
formula (2.16) in this case. However the latter for Fg, F7 and arbitrary given R can
be deduced from Theorem 2.4 applied to R constructed by means of Proposition 2.6.
Let us check it.

One has A o)1 C Ag-1iy C Ay(iy» Where o 1(z) = G5 * , 6; is defined by (1.19) for
W (o, eWe W), 1 <7 < n. In particular, Rb/(z) = R_-1 when ¢ = 1,6 for Es and
1 =7 for F;7. We have arrived at formula (2.16) for E6,7Z.

The same deduction of Theorem 2.4 from Theorem 2.3 for a suitable bigger /" may
be applied for other root systems. Roughly speaking, formula (2.16) is necessary to
ensure the compatibility of the above construction with the embeddings of Dynkin
graphs.

3. The Definition of QKZ

We fix a .# *-valued R-matrix R (¥ * is the group of invertible elements in .%).

In this section, R= {Ru, o € X} is the closure of R from Theorem 2.3,b). Let us

suppose it to be of b-type in the sense of Definition2.2. We will denote its affine

completion (2.15) from Theorem 2.3,c) by R®. It satisfies (2.14). Let {Rw, w e Wb}

be the set from Theorem 2.4 [defined by (2.12) for arbitrary z,y € W?°]. In particular,
YRy = R‘
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Definition 3.1. The quantum Knizhnik-Zamolodchikov equation (QKZ) is one of the
following equivalent systems of relations for an element ® € F :

a) b;'(®) = Ry®, 1 <i<n; G.D

b) b 1(®) = RyP for any b € B; (3.2)
c) the cocycle {Ry, b € B} is the coboundary of &. [

We will not use c) in this paper and give this condition to connect our definition
with the regular terminology from the theory of cohomologies of abstract groups only.
The equivalence of a), b) follows from (2.18). Actually these relations are nothing
else but the self-consistency conditions for (3.2). The special choice of the closure
(Theorem 2.3, c¢)) ensures the validity of (2.18) for arbitrary b,c € B (not only from
By).

Theorem 3.2. a) Let us assume that the action of B is extended to an action of W° > w
on the algebra % > f (f — w(f)) by C-automorphisms and
w(Ry) = Ryq) for arbitrarya € X, w e W . (3.3)

Then w(Rg) = Rya forw € W, & € X% and Rs from R* (see above). In particular,
w(Rg) = Y Rg, where the latter is from (2.10), and Re is unitary: R:g = s5(Rg).
b) The C-linear homomorphisms

o) E R w(f) = wRuf), weW?, (3.4)
of F considered as a linear space form a representation:
0200y = 0oy for z,yeW’. 3.3)

Given a solution & and w € WP, (3.3) implies that 0.,(P) satisfies (3.2) as well.
c) In the above setup, 0,y (P) = 0,(P) for b € B. If ® is invertible then

Ty =To@ L w (@ HR® = Ty for we W (3.6)
and any b. Moreover, {T,} satisfy (2.12):
Toy =y (T)Ty for z,y€ WP 3.7

and belong to 7B xf {e #,b(f) = f}.

Proof. Relations (2.10) result directly from (3.3) and (2.15). Formula (3.5) is equiv-
alent to (2.12). Given a solution &, let b € B, b = w™'bw € B. One has:

b (w(Ry®)) = b w(Ry)wb™ (®) = b~ w(Ry)w(Ry®d)
= w(b ' (Ry)Ry®P) = w(R, 5 P) = w(Ry,®) = Ryw(Ry,P).

Hence p,,(®) satisfies (3.2). Relations (3.7) formally follow from (3.6) and (2.12)
(here & may be absolutely arbitrary). The B-invariance of each T, and the equalities
Ty = T,y result from (3.2) and b). O

We will call T = {Ty,, w € W} the monodromy cocycle. We notice that the
restriction of T onto W is enough to reconstruct its values for any w € W? because
of c). See e.g. [Ch2, Ch4] for the discussion of the classic definition of the monodromy
representation applied to KZ equations. The analogous notions based on the theory
of difference equations are considered in [AKM] and [FR]. In certain contrast with
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the monodromy of KZ, that of QKZ is trivial if .% is of matrix type. This property
was pointed out by Smirnov for the solutions of his equation and seems to be a rather
general feature of difference equations:

Corollary 3.3. Let 7 B be the matrix algebra My(9) for a field F with a faithful
action of W by C-automorphisms compatible with the action of W on % B :w(kf) =
wk)w(f) forw e W, k € &, f € F. We impose relations (3.3). Given an arbitrary
invertible solution ®, T is a coboundary, i.e. there exists F € F* = GLN(%) such
that

Ty=w ' (FYF, weW. (3.8)

The element & = ®F ! satisfies (3.2) and has the trivial monodromy cocycle T =
T(®) :
0w @)= for weW?. (3.9)

Proof. Indeed, W acts on # B = My (%) since B’ is a normal subgroup of W?.
The group W is finite. Hence we may apply a proper version of Hilbert theorem 90
(H'(W,GLn(%)) = {id}). O

The corollary does not mean that (3.9) should be imposed from the very beginning
without any reservation. Sometimes it is more convenient to consider ¢ with non-
trivial T(®) (e.g. for obtaining classical solutions as limits of quantum ones). Now
we will briefly describe the procedure of quasi-classical degeneration of QKZ.

Let us fix a W-invariant set {ko € C, @ € X}. The invariance means that
Ko = Ky for arbitrary w € W, a € Y. The assumptions will be as those for
Definition 3.1. We suppose that the action of B on .%¥ and a given R-matrix R
continuously depend on small i € C:

b(f) — f =hop(f)+o(h), bEB,feF, (3.10)
Ry =1+hry,+oh) for a€ X, r,e.7. 3.11)

Here 9, is a C-linear endomorphism of .%, which has to be a C-derivative of .%#
because f — b(f) is its homomorphism as an algebra.

Proposition 3.4, If ® = &(h) is a continuous solution of (3.2) (relative to h), then
¢ = D(0) satisfies the system

Op(¢) = Z Ka(b,)rop, where a€ X, be B, (3.12)

of “differential” equations.

Proof. One has: Op(¢) = rpp, where Ry = 1+ hry + o(h). Let us apply Theo-
rem 2.4,b). We see that 7, = > k(b @)ry. 0.

The connection of Eq. (3.12) and quantum R-matrices was establishes in [Ch2] (see
also [Ch3], Proposition 3.3). The cross-derivative integrability conditions for (3.12)
were deduced from the r-matrix quadratic relations for {r,}, which are the quasi-
classical limit of the identities from Definitions 2.1, 2.2. We note that the r-matrix
relations are better to consider independently without any reference to quantum R-
matrix ones because there are (many) examples when 7 has no quantum deformations
R(h). We do not supply this paper with the r-matrix relations (see the mentioned
papers). The above way of getting (3.12) from QKZ (when B acts by the shifts of
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the arguments of type A) coincides, in fact, with the corresponding reasoning from
[FR].

Examples. First, we put down system (3.1) in the cases Aj, By, Gy. Let a = ay,
0 = ag, a = by, b = b, (see Definition2.1). One has the following systems:

0N (®) = RoypRa®, b7 (®) = RorpRp?; (3.13)
a ' (®) = Ray2pRotsRa®, b (D) = Ria425,11RarsRar2sRe®; (3.14)

a ! (®) = Rpza+28,21Ri30+8,2 Rza+ 8,11 R3a+28.11 Ri3a+ 5,11
X RotgR3a128 R0+ R30+8Ra®, (3.152)

b 1(®) = Rizatp,1BsarsRoa+sR30+28 Ra+sRp® . (3.15b)

We remind that R x) = c(R,) for v € 2, c € B if (¢c,y) = —k. Imposing relations
(3.3) under the assumption that T operators on .#, one obtains:

Raip = sp(Ra) = sa(Rp) for A,
Rotp =sa(Rp), Raatp = sp(Ra) for By,

Ra+,@ = sﬁ(Ra), R2a+,8 = 5a+ﬂ(Ra)a

Riqip = sa(Rg), Rzay28 = S30+8(8p)
in the case of GG,. We notice that the order of the R-factors in (3.15a) is rather intricate.
Looking at this formula one can imagine how complicated the appropriate expressions
for Fy, Eg_g should be! The number of the R-factors in the fourth equation (for b4)
in the case Ej is equal to 270 (the multiplicity of a4 in the sum 2p of all positive
roots).

The following examples of R-matrices are from [Ch3], Lemma 3.5. Let us intro-
duce the algebras C[y] = Cly1, 2, .. , Yn] of polynomialsiny = (y1, ... , y») € C"
and C[Y] = C[Y[5, Y5, ..., V,E] for Y5 = exp(Zy;). We identify the roots o €
with the corresponding linear combinations y, substituting yi, ..., y, instead of
o1, ..., 0p (Yo, = y; and so on). It gives the following action of W? on C[y] and
CIy:

W) = Vo> bWa) =V Wa) E yo — b,)h, weW,  (3.16)

w(Yy) = Yw(a) 5 b(Yy) = b/(Ya) déf Y, eXP{—(b, a)h} beB. @3.17)

Here h € C is supposed to be fixed.

Let % be the algebra of endomorphisms of C[y] considered as a vector space,

A &f Endc C[Y]. We denote the composition of endomorphisms by “o”. The group

W? acts on .%,.% by conjugations with respect to the natural map W — S.1. We
identify C[y] or C[Y] with the corresponding subalgebras in %, A (Ya(P) = YaD:
Y, (p) = Yap for p € Cly], C[Y]). Let us fix W-invariant sets {k,} C C, {ga} C C*
(see above).

Proposition 3.5. The sets g = {go} C %, G ={Go} C A for a € X and
Jo =1+ Koy, o (1 —54), (3.18a)
Go=qat@a—q3")Ya— D" o(l—sa) (3.18b)
are R-matrices with the values in %, %A . Moreover,
(Ga 050y’ =1, (Ga0Sa—0a)o(Gaosa+q;)=0 (3.19)
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and the closure § = {go, 9-o &f 9!} satisfies (3.3), i.e. § can be defined by (3.18a)
forallace X¥. O

We note that {g,,G,} are actually from certain smaller algebras. They commute
with the action of the algebra Sym of symmetric (W -invariant) polynomials in y or
Y by multiplications. Hence, {ga,Go} C Endsym and they act in arbitrary quotient-
spaces of C[y] or C[Y] by ideals generated by symmetric polynomials.

Next we will use {g,} to introduce a difference counterpart of the Calogero quan-
tum many-body problem (see [C] and [Ch4] for the definitions and references). A
similar construction can be made for {G,} (the proof is somewhat different). We
obtain difference operators of Sutherland type [Su]. See the Appendix for certain
connections with Macdonald’s construction [M].

Let C(y) be the field of rational functions in Y1, ¥, ... , Yn,.% the subalgebra of
Endc C(y) generated by W and C(y). Arbitrary f € % can be uniquely represented
as follows:

f:waow, where fwegdzefC(y)oB’C%' weW. (3.20)

We denote V' o gy, by gy, where gy &f Ry for R = g [see (3.4)].

Theorem 3.6. Given an arbitrary finite W -invariant set X C B and m € N, let
B= (0w—1"=) Dyow, AR=Y D,, zeX, (320
T w w

where D, € &, w € W (see 3.20)). Then
wo AR ow™ ! = AR, Mo, = AL o AR (3.22)
for arbitrary w € W, [ € N and an invariant set Z C B.
Proof. First, (3.5) results in
owoLRog,1=L%, mol, =LL,oL%. (3.23)
Let us check that LZ(Sym) C Sym. Indeed,
{ow(@) =p forall w € W and p € C[y]} & {p € Sym}

because it is true for {gs, = 8; 0 ga,, 1 < @ < n} generating {0, }. Hence, the
relation 0,,(L'¢(p)) = L% (0w, (p)) = L'g(p) for p € Sym gives the desired inclusion.
We obtain that AR (Sym) C Sym and relations (3.22) are valid for the restrictions of
A% and Al, onto Sym coinciding with those for L¢ and LY. To deduce (3.22) from
its restriction on Sym we note that the operators on each side of these relations are
from & and use

Lemma 3.7. If D € & and D(p) = O for arbitrary p € Sym, then D = 0.

d
Proof. Onehas: D = 3" froc,, where f, € C(y), ¢, € B¢, #csforl <r,s <d.
r=1

There exists y° = (@Y, ..., ¥%) € R™ such that w(a) — a € h{w(c,) —cs, 1 < 7,
n

s<d}fora=>} y?ai and any w € W, w # id or, equivalently,
i=1

{w(yo) — 3% w#id} N hMwE") —2°,1<r,s<d}=0
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for 2" = ((¢r, b1), - (Cra bn)). If D(p) (y) = Z Fr@)p(y — hz") = 0 for arbitrary
p € Sym, y € R”, then Z &r@)py° — hz") = 0 for ¢, = f-(y°). We may assume

r=1
that ¢, # O for a certain 0. However the above conditions ensure that the numbers

p(y° — hz'), ..., p(y° — hz?) can be made arbitrary for suitable p € Sym. 0O

This theorem is a “quantization” of the corresponding Dunkl-Heckman way to
introduce Calogero-Sutherland operators (see [Ch4] for the references and details).
The latter can be obtained from {h~™A%}} when K, = hk,, h — 0 after a certain
conjugation. The properties of {AZ} and their trigonometric counterparts will not
be discussed here. We only mention that the equivalence of KZ equations and the
Calogero-Sutherland problem (established by Matsuo and the author — see [Ch4]) has
a quantum analogue (see [Ch7]).

The examples of Proposition3.5 were of constant type. Now we are going to
consider a functional generalization of (3.18). We introduce the linear functions v, =
(a,v), v € R™, a € X, the coordinates v; = (a;,v), 1 < i < n, the field C(v) of
rational functions inv = (v, ..., v, and the field C(V) of rational functions in

=(.., Vi=exp(v), ...). Let

F =FKw)=%HRCwW) or F=RHV)=%xCYV)
and the action of W° on .% > f be as follows:
W) =wo f@ '@W)ow ", (wb)(®)=mw)+hbd, (3.24)

where Wb 5 @ = wb' for w € W, b € B, 0 are considered as elements of Sp,1 due
to (3.16).(3.17). We fix a W-invariant set {k,} C C, a € X.

Proposition 3.8. In the notations of Proposition3.5, the sets

Jo = ¢;1(Ua) (9o + kavglsa)y Ya(z) =1+ kaz—l , (3.25)
Ga = Wojl(va)(Ga + (g — a;I)(Va - 1)_13a), where
Uo(2) = o+ (@ — ;N -1D', acX zeC (3.26)

are closed (and unitary) R-matrices satisfying (3.3) for the above action of W (see
324)). O

The proposition follows from [Ch3], Proposition 1.2 (and is connected with certain
identities of [L]). As for (3.25), this formula is, in fact, from [Chl], where there are
other examples (e.g. with an elliptic dependence on the arguments {v;}). Many R-
matrices with the arguments of type A can be found in the papers of the last decade.

4. Particles on a Segment

We will give a graphic interpretation of the above constructions for the classical root
systems of types A, B, C, D. Let us consider a rather big segment [Ir] C R with the
moving left endpoint:

It) =1lp+tan(6) < r =const, & <0 (|6] is sufficiently small). 4.1)
A particle is represented by a point « € [lr] moving with constant velocity:
z(t) = xo +ttan(g), —7T/2<P<w/2. “4.2)



124 I. Cherednik

We put o(t) = — if the continuation of line (4.2) backwards for the values t' < t
intersects first the line 7(t) = r. In this case, the particle is moving from right to
left and its angle is negative (the converse is true if § is infinitesimal). Otherwise
o(t) = +. We will call o the sign of the particle.

The symbol A,(¢,z) = A,(p,x); means by definition that we place a particle
with the angle ¢ and the sign o in the position x at the moment ¢. We suppose that
the particles are reflected in the endpoints as follows. If A,/(¢,z"); for ¢’ < t is the
symbol of the same particle just before the previous reflection then

#=@+1Dé—¢ and o =-0. 4.3)

This rule corresponds to the behaviour of the rapidities i¢ in the relativistic theory.
We prefer to use angles instead of rapidities in this paper. Here and further we assume
that (4.2) is fulfilled during the considered interval of time, i.e. transformation (4.3)
preserves the above inequality for ¢.

Let us take n particles of different types 1,2, ..., n or, equivalently, assign a
number to each particle. To distinguish them we use the symbols A!, A2, ..., A"
Particles never change their types. Given a certain permutation I = (31,4, ... , ip)
of (1,...,n), a set of angles u = (uy, ..., u,) in a general position and a set of
the signs € = (g, ..., €p), the corresponding set of the particles will be described
by the multi-symbol

Al(u, X) = Al (u, 1) o AR (Uny ) i X = (2 <22 <...<2y). (44)

Note that the ordering of the A-factors (and the numeration of u, e, X) is due to the
positions of the particles at the considered moment ¢ and has nothing to do with their
initial numbers (types). The order of the latter at ¢ is described by I. Multi-symbol
(4.4) may be connected only with the particles in a general position. Later on, we
assume that the particle move independently (are transparent for each other) and the
velocities (angles) are in a general position. So the multi-symbols are well-defined
for almost all ¢.

Turning to the quantum scattering, let us fix an algebra .% (e.g. the tensor power
MZ™ of a certain matrix algebra My ). To introduce the scattering of two intersecting
particles we set

AL, 2 AL($, Y )in = R (@ — V)AL(S, ©) AL, Yous » .5)

where the out-state (the suffix is “out”) is at the moment ¢, the in-state is at ¢’ < ¢
(written “in”) and between t' and ¢ these two particles (and only they) intersected
once. There are no reflections during the considered interval of time. Here R is a
function of one variable with the values in .%.

This writing means that the scattering “matrix” R;;" depends only on the types,
the difference of the angles and the signs (and does not depend on the other particles).
By the way, the combination of the signs 07 = +— is impossible because of the plain
geometric reasons. The considered particles are neighbouring in the complete set of
particles (between #' and t). So their symobls stand side by side in (4.4) and dropping
the remaining A-terms cannot lead to confusion.

To describe the scattering for the reflections we set

AL (@2 = Q7 (0 + 1)6 — 204) AL (S, our, (4.6)

where ¢’ is from (4.3) and the particle in the out-state has been reflected in the
endpoint 7 or | if 0 = — or o0 = 4 respectively. Here the values of the function
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Qii are in .% as well and do not depend on the remaining particles (of type j # ).
We leave out the unnecessary A-factors. Of course we suppose that there are no
other collisions (intersections or reflections) between the in-state and the out-state.
To ensure the desired reflection, symbol (4.6) of the considered particle has to be the
first (0 = +) or the last (0 = —) in Al(u, X).

One may omit the coordinates x, z’, y, ' in the above symbols because the scatter-
ing matrices [see (4.5), (4.6)] do not depend on them. As for more complicated pro-
cesses, dropping the coordinates of the particles involved is not safe. Certain changes
of the initial positions (even preserving the multi-symbols of the in-out-states) al-
ter the picture of the intermediate collisions during the considered interval of time.
However it can be done if the following conditions are imposed.

Given Ag(u) = Ai‘l(ul)...A?}l(un) for I = (i1,92, ... , in), U = (U1, ..., Up),
and € = (¢1, ..., €,) as the out-state and the corresponding A = Ai,/(u’ Yin, WE
postulate that

ALy = RS (u, ) AL (W)out @.7)

where the .%-valued function DR is the chronological product of the R, Q-matrices
over the intermediate “elementary collisions” (intersections and reflections) and does
not depend on the positions of the particles.

Here everything is in a general position so intersections of three particles (or more)
and simultaneous reflections of two or more particles are not considered. We note that
the R, Q)-factors are the same for any initial position of the particles but their order
depends on the latter. If the algebra .% were commutative there would be nothing to
check. We will not discuss a geometric description of the corresponding conditions in
full detail. When R is taken as the space (I = —oo, r = 4-00), these relations are due
to Yang, Baxter, Zamolodchikov and other physicists (see e.g. [ZZ]). The identities
for the general case were introduced in [Chl] and [Ch5]. We reformulate the main
postulate above in an algebraic way.

Let us introduce the following free .%-module .2 = > %Ag(u), where the

Iu,e
generators Al(u) are considered as independent letters (symbols) with the indices
I,u,e (u is continuous). Given meromorphic %-valued functions {Riiji(gz&), Qii(qﬁ)}
for $ € C, 1 < i # j < n, we define the quotient-module .Z by imposing the
R-relations
AL@) = R 7y —upi DAL @), wp—upin <0, 1<p<n, 48)

u =spu), € =sy), I =sp(I), where s,=(@p+1)€eS, (49
are the adjacent transpositions, and the Q-relations
ALW) = QF @) AL(w), Tp=(6p+ 16 —2u, <0, p=1n, (410
where &) = +, e, = —, U = ;7 (u), € = t;* (¢) for the automorphisms

to iy = uy = (0 + 1)6 — uy,

) (4.11)
Ep = —€p, U DU, E;Ej,  JFD,

defined for arbitrary 1 < p < n, 0 = =*. In these formulas, v is from a certain
connected neighbourhood of 0 € C™.
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Definition 4.1. The scattering “matrices” R do not depend on the initial positions
of the particles (the scattering theory is factorizable) iff the images of the following
elements

Ai(u) for 6<uj<up<...<u, <0, wuweR",

are F -linearly independent in % for all the indices I, , and u as above. [J.

Let us put down explicitly the corresponding fundamental relations (see [Chl,
Ch5]). We should note that the above definition provides the validity of these relations
only for rather small (and ordered in a special way) u = (u;). However R, (Q are
supposed to be meromorphic. So the relations hold good for any complex {u;} such
that the R, Q-factors involved are well-defined. The arguments in all the formulas
below are complex numbers from a certain domain.

Given pairwise distinct 1 < 4, j, k, [, < n, and arbitrary o,7,(,€ € {x},

(R (¢), Rz ()] =0 = [RY; <¢>, QI =1QF @), W),  (4.12)

R (PR (9 + YR}y L) = (¢)R S+ YR (@), (4.13)
RIT(PQ; 26 + )R] ] (<z5 +9)Q; (@)

= Q; MR (9 +V)Q; 26+ VIR ; (9), (4.14)
R;7(9)QF 26+ V)R; [(d+D)QT W)

= Qf WR; (@ +V)QF 26 +V)R; ;7 (4). (4.15)

We call that R do not exist and notice that there are no identities involving Q*
for the coinciding signs.

To calculate the scattering matrices R for arbitrary collisions we introduce the
group {2 generated by the symmetric group S,, > w and ti 1 < i < n with the
following relations:

=1 F=t7t7 if oi+7j£0, wifw =t (4.16)

where 1 <4,j < n, 0,7 € {£}. Formulas (4.9), (4.11) define a faithful action of {2
on R™ 5 u. This group is isomorphic to the affine Weyl group W of type C,, (or A,
if n = 1). Identify the above s, with s, from W* (Sect.1) for 1 < p < n, t; with
$n, and t with so to check this.

We will use this identification and a certain version of notations (2.10). Let

def

Ry(w,©) € R? 7wy —up), 1<p<n, (4.172)

Riu,) € Q' (@) if e =+, 4.17b)

Ri(u,e) E Qir(@n) if €n=—. @.17¢)

The values of R} or R. are not defined for the opposite signs of £ ,,. We do not im-
pose any other conditions on u = (U, ..., Up), € = (€1, --. , €n), L = (1, ..., Ip)

[cf. (4.8), (4.10)]. Setting ¢ (1) &I for any p, o, we obtain an action of {2 on {¢},
{I} [see (4.9) and (4.11)]. Finally, given w € §2, we put “c = ¢ for ¢ € C,

“"'Rl(u,¢) = RED(w(w), w(e))

“"(RI(u,©)R (v, 7)) = R¥D(w(w), w(e) R (W), w (7)) ,
for other {v,~, J, ¢}, etc. (4.18)
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We come back to the geometric pictures. The arguments {u;} are the angles again, in-
equalities (4.8), (4.10) are fulfilled. One can describe an arbitrary elementary colli-
sion by

a) either sp, 1 < p < n, when the points with the coordinates Zp, Tp+1 are inter-
secting,

b) or sp =t} when the point z; is reflected in the endpoint r,

C) or s, = t; when z, is reflected in . We remind that the points z; < ... < z, (the
positions of the particles) are numbered at the moment right after the corresponding
collision.

Yo =3 % A 3,

2 Y

Fig. 1. Basic transformations for QKZ with two particles

Given in-out-states Ai, Aow and a certain picture of the lines between them, we
arrive at the corresponding set of the elements Spys +++ 5 Spy, Sp, (see Fig.1). Here
0<p. <n1<r<lilIn particular, 8p, describes the last collision just before
Aout, Sp, is assigned to the first collision (the intersection or the reflection) right after
Aj . We introduce

W= Sp, ...8p,8p €2 4.19)

and claim (see [Ch1, Ch5]) that

a) this product depends on the multi-symbols A , Aoy only (the concrete choice of
the initial positions of the particles does not matter),

b) (4.19) is a reduced decomposition of w with respect to {s;, 0 < ¢ < n} in the
sense of Definition 1.3 [in particular, [ is equal the length {(w) of w],

¢) arbitrary reduced decomposition of w is associated with a proper set of the initial
positions (i.e. with a certain picture of the lines between A and Agy),

d) moreover, the element w can be uniquely determined by the vector w(u) =
(W(ur), w(uy), ..., w(uy,)) for generic u, ... , Up, 0.

Later on we will take I = I, oef (1,2,, ..., n) considering

Aout = Ale(u) = AL (wy)... AZ (uy)
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as the out-state, and use the simplified notations
R, =RDM(u,e), 0<p<n. (4.20)
The angles are supposed to be in general position (|§| is rather small).

Theorem 4.2. Let w € {2 correspond to a certain process A}, = RAow and relations
(4.12)—(4.15) be imposed. Then

s 9 Py = w™lsp, Ry, ...°n°n2 Ry PR, Ry, .21)

does not depend on the positions of the particles, i.e. on the choice of reduced decom-
position (4.19). Moreover,

Ray =V Ry if Uzy)=lUz)+1Uy), zyeR. 4.22)
b) The arguments (angles) of the R, Q-factors obtained in (4.21) by applying (4.18)
are negative. They are pairwise distinct for generic uy, ... , Un, 8 and belong to X

of type Cp, (or Ay for n = 1) with respect to the Z-homomorphism defined by the
relations

ap=Up —Upt1, L1<p<n, op=2u,, a=200—u). 4.23)

This homomorphism is compatible with the action of 2 on {u,} and that of W*

on {a, }.
c) Let us assume that u; < up < ... < up < 8§ and § — 0 (i.e. § is infinitesimal).

def .
Then € = €9y = (—, —, ..., —) and the above angles constitute the set of all roots

& = [a, k] € X such that a > 0, k > 0 (see (4.23) and Sect. 1).

Proof. These statements are easy to check geometrically (see [ChS]). A formal alge-
braic deduction of a) from (4.12)—(4.15) is the same as for Theorem 2.3. Assertion
a) gives that the arguments in (4.21) coincide with the indices of the R-factors from
(2.13) for R, (in the case of C,, or A;). This implies b),c). [

5. QKZ with Reflection

Now let us turn to QKZ. We keep the notations from Sect. 4 and fix I = Iy, € = ¢ (see

Theorem 4.2): Agw = Agg(u). The condition & = &, implies that {u;, ..., u,} <O0.
Let us introduce certain special elements w € {2 and the corresponding R-matrices
B

Given 1 < i < n, we suppose that the ith particle from the out-state intersected
the other one (each two times) and was reflected in the both endpoints with no other
interactions (intersections or reflections) of the particles. Let us denote the corre-
sponding element w by ~;. It takes uoy = (U1, ... , Up) to ujp = (U, ..., Uj—1, 20+
Ui, Uyt1, --- , Up). This description is equivalent to the above geometric explanation.
We remind that (2 acts on the angles (types, signs) of the out-state (not on those
of the in-state). Having associated the corresponding group element with this pro-
cess, one can forget about the geometric pictures and use the formal machinery from
Theorem 4.2. However the graphic interpretation is very convenient to see that

%% = R;:1(25 +u; —ui—1). .. Rz_l_(26 + u; — ul)QT(Z(S + 2u,)
X Ry T(us +up) ... Ry ¥ (ui + un)Q; Quy)
X Ry p(us — un) .o Ry n(us — uia) Ry (U — Ugyr) (5.1
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Here and further R; T = 1 by definition. Geometrically, the required chain of inter-
actions takes place 1f {uj, j # i} “almost” coincide and u satisfies the conditions
u; < u; for each j # i (see Fig. 1, where n =2, ¢ = u; — up, ¥ = up).
The next element 4 € {2 is the transition
(’u'ly ey un)out - (—Un, —Un—1y +++ _ul)in .

Assume that {u;} are close enough to each other to draw the picture. The formal
definition of the corresponding R-matrix is as follows:

s = [T BT +w) ... R + i 1)Q; Quy)) (5.2)

where the index i increases from left to right (%5 = Q75 ...).
The last set of elements {8;, 1 < i < n} C {2 geometrically correspond to the

conditions {up, ..., u;} < {Uit1, ..., Un}, where the angles in each of these two
groups “almost” coincide (see Fig. 1). The transformations are as follows:
Bi =y, ooy Updow — (26 + U, oov ) 26+ Uiy Uity ooy Updin - (5.3)

Here the corresponding R-matrices are:
7
P, = [ [ (B; 126 +u; +w)... R;H 26+ u; + uj1)QF (26 + 2u;)

X [Rih Wir1 +up) ... Ry (g 4wl
(R, (i1 + ui) ... Ry T (up + )]

xH(R;;?(uj-s-ul)... (g + u DQF (2uy)

X [Ry (up — up)... Ry (U — ug)] ...
(R, ,(ui —un)... By (up — uip1)].

We note that the elements {v;, 5;, 1 < 4,5 < n} do not change I = I and € = &.
They act as certain shifts of the arguments {u;}. Hence they are commutative. We
arrive at the following identities, where the arguments can be arbitrary real or complex
(from a certain domain).

Theorem 5.1. a) In the above notations, I(3;8;) = I(B;) + (B;) for 1 < 4,5 < n and

T8, (W) = Fp,(Bj(w) R, (W) = s, (Bi(w) Top,(w) . (5.4)
b) If the following (unitarity) conditions
R ;(PR; 7 (=) =1 forany ¢,i#j, (5.5)

are imposed, then R T($)RY}(—¢) = 1 due to (4.14) (or (4.15)) and
Prgiry; W) = Py, (VW) T (w) = Ty (Vi(1))- T, (u) (5.6)
86, (W) = oy (Yie1 - .. M1(W)) .. TBry (M) T8y, (),  1<4,5<n. (5.7)
¢) Let us assume that

Ri; (@) =RI{(®, R jD=R;j{¢, QH=Q @ (58
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for arbitrary ¢, i # j. We introduce the automorphism
Bo =0 (U1, ey Updou — (U1 + 6, ..., Up + Oin
and put Jo5,(u) = Foy,(u) = & % F2=(u). Note that vy # 2. The relations (5.4) are valid

for 0 < 4,5 < n. The same holds true for (5.6) if conditions (5.5) are fulfilled. One
has

g, (W) = Py (W) Py (W) = Ry, (V1 ... 71(W) ... By (W), (5.9)

where the second equality is valid for unitary R; ; only.

re .
(Qikz*ai G-.'?: R:ZQ.I) ( 0, R Qi R‘n.) =

1l

Fig.2. A graphic of the “commutativity” of .72, and .%2g,

Proof. The relation (3;5;) = I(8;) + 1(8;) is clear geometrically (the conditions for
u which ensure the corresponding processes are pairwise compatible for different
B; — see Fig.2). It can be deduced from Proposition 1.6 as well (cf. Theorem 2.4, c)).
Formula (5.4) results from Theorem 4.2. The particular case of this formula when n =
2 is in Fig. 2. This reasoning does not work for {+;} since I(y;7;) # 1(v:) + I(;) for
1 # j. Indeed, there is no graphic representation of 7;7; extending that of ;. However
%’W,j (u) can be obtained from %, (v, (u))%yj (u) by transformations (4.12)—(4.15)
together with cancellations of certain pairs R, (9)R; . (—¢) (see Fig.2). To check
c) we add vy to §2 (in the group of automorphisms of R™ or C™) and extend .72,
to this bigger group by the relation %, oy-! = 1 (cf. Theorem 2.4). Another (and the
most convenient) way is by means of the correponding pictures. [J
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Definition 5.2. The QKZ equation (or simply QKZ) with reflection is the following
self-consistent system for a S-valued function d(u):

P(Bi(w) = Fp,(WP(w), 1<i<n. (5.10)
If conditions (5.5) are imposed, then (5.10) is equivalent to the system
P(vi(w) = By, (wWPw), 1<i<n. (5.11)
One may add the equation
D(Y0(w) = I, (W)P(u)

to these systems if relations (5.8) (with (5.5) for (5.11)) are valid. O

To discuss the connections with QKZ from Sect.3 we postulate the following
symmetries [see (5.8)]:

R ;) =RIT®E Ry, RID=Ri@®DER;@.  (5.12)

The QKZ equations for the classical root systems of type A,_i, Bn,Cy, Dy, corre-
spond to the following four reductions of the above systems.
(A) Let us suppose that Rij =1=Q; =Qf for1 <i# j <n.Then R has
to satisfy the commutativity relations [R;;(¢), Rxi(10)] = O for the pairwise distinct
indices [see (4.12)] and the Yang-Baxter equations (4.13) without the signs. System
(5.11) in this case is, in fact, from [FR]. We should mention that it is self-consistent
only for unitary R [see (5.5) in contrast with (5.10)].
B) Let Q =1, [Ry; (), Rij(gb)] = 0. Relations (4.12)—(4.14) are also imposed.
Then (4.15) is fulfilled identically. Here (like in the previous case) %2, correspond
to Ry determined for B, when 1 <7 < n.

(C) We assume that Q; (¢) = Q7 (¢). This case was considered in Theorem 5.1, c).
The relations (4.14) and (4.15) coincide. System (5.9) with 0 < ¢ < n is a particular
case of (3.1) for C,. Substitute R, for rg, and Rb/i for J2g,, when 1 < i < n, to
see it. .

(D) This case is the intersection of B and C:Q* =1 = Q~, [R;;(¢), Ri;(1)] = 0.
Here R, corresponds to S Rb'n 1 to %2 , Rbi- to g, if 1 <i<n—1;
Rb/J are defined for the root system D,,. .

To be more precise, systems A, B, C, D can be obtained from (3.2) when the algebra
of .%5-valued functions of u with the above action of B by the shifts of the arguments
is considered as .%# from Definition2.2. To connect .%,, and R,, (e.g. %5, and Ry)

-1
507Yn S070

we replace R;;(u) by R’Yz_')'j’ Rij(u) by R%Mj, Q; (u) by either R, for B or Ry,
for C. Here we identify the union of {y; +7,, 1 <i < j <n}and {c¢y;, | <i < n}
with the set X, of positive roots either for B, (¢ = 1) or C,, (¢ = 2) or D,, (c = 0);
{7 —7j, 1 <i<j<n}=2X, inthe case of A,_; (see [B]).

As a certain application, we will prove the main property of the monodromy matrix
for the particles with reflection (it has nothing to do with the monodromy cocycle
discussed in Sect.4 and below). The definition is as follows:

Fw) = 773" w) € (QF 28 + 2u) Ry (w1 + 1) ™ Ry, ()

= Ry (w1 +ua)... R, | (w1 + un)Qy Qui)
X Ry, (uy — up) ... Ry5(un — u3), (5.13)
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where (5.5) is imposed. Then (5.6) for i = 1, j = 2 gives the relation:
Ry (u — w) I M WR; § (wi + )95 ™ (u)
=95 MWR,y T (w1 + u) M W)RT 5 (ur — o), (5.14)

where %> is defined by the right-hand side of the same formula (5.13) for the
index 2 instead of 1 in all expressions.

In case A (when R~ =1 = Q%, R;; =Ry = R;T";), (5.14) is the well-known
formula for the monodromy matrix (due to Yang, Baxter, Faddeev and others — see
e.g. [F]). Usually, ¥ = My, ®...® My, for Ny, ..., N, € N and R;;(¢) take
values in My, ® M N;- Then (5.14) immediately results in the commutativity relation
[T1(w), To(u)] = O for the transfer matrix T;(u) = Sp,(%(u)). Here Sp; is the trace
for the 4y, component My, i = 1,2, the function T; depends on u;,u3, ... , Uy, and
takes its values in the tensor product of the component 3, ... , n.

Relations (5.14) in case D were considered by Sklyanin [S]. They play an important
role in the recent paper [O] by Olshansky devoted to the construction of Yangians
(see [D]) for relation (4.14). See [CG] for some interpretation of the latter in terms
of open strings, [KS] about a generalization of the Pasquier and Saleur approach to
the Hamiltonian of the X X Z-model with certain linear terms (via the same relation)
and a recent Noumi paper on g-symmetric spaces [N]. We will not discuss these and
other applications here. However one point is worth mentioning.

Given R, |, R.;, Ri}, Q, for 1 <k, < n+m satisfying relations (4.12)—(4.14),
we can construct other (). Let us use the notations 1/,2', ... , m/ forn+1, ..., n+m
and put Qi_ = le'm/ (ui; Uty .., Upy), Where 1 < ¢ < n, I is replaced by
@i, 1, ..., m/). Then R}, Q; for 1 <i,j < n obey all the relations (4.12)-(4.13).
Here {uy, ..., u,y} are considered as some extra parameters. The same can be done
to produce new Q+ by means of the counterpart of (5.13) for Q* instead of Q.

Let us specialize the definition of the monodromy representation for the considered
systems [see (3.6)]. Given a certain action of S,, on .%;, we impose (5.12) and assume
that there are four .%-valued functions R, R, Q, Q of ¢ € C such that

Rij(9) = w(R@), Rij@#)=wR(¢) if w=0,j,...), (515)
Q; (@) = w(Q(#) QT () =w@Q@) if w=(,...). (5.16)
Here 1 < 14,5 < n and we use the so-called one-line notations for w € S,,.

Relations (4.12)—(4.15) for i« = 1, j = 2, k = 3, | = 4 imply those for the
other indices because of (5.15)—(5.16). We postulate them together with the unitary
condition Rj3(4)Ra1(—¢) = 1 [see (5.5)], ensuring the equivalence of (5.4) and (5.6).
Let @ be an invertible .%-valued solution of the latter. If QQ = @, [R(¢), R(3)] =0

(cases C or D) than ¢ = 0,1, ..., n. Otherwise 1 <1 < n.
Corollary 5.3. a) The monodromy functions

Tw@w) & w (6~ (ww) Ru(@)Pw) for w e S, (5.17)
are 26-periodic (i.e. Ty, (vi(u)) = Ty(u), ¢ = 1, ..., n) and, moreover, satisfy the

additional relation T,,(yo(u) = Ty(w) in cases C,D. The cocycle conditions Ty, =
y Y (T,)T, are valid for any z,y € Sy, (see 3.7)).

b) Let the algebra %% be semi-simple and finite-dimensional. Then there exists a %,
valued 26-periodic function F'(u) (Fy(yo(u) = Fy(u) for C,D) such that the trans-
formed solution & = ®F of (5.4)~(5.6) has the trivial monodromy: T,, = 1, for
weS, O '

*_
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We conclude this paper with the following general remark. One can extend the
construction of QKZ to any group G. Let us fix a set {s1, 82, ... , S, } of its generators
(maybe n = co). Given an algebra .%# with an action of G, we need a .# -valued R-
matrix that is a set {R,,, w € G} satisfying the conditions

Rpy =Y 'R,R, if I(zy)=I@) +Iy),

where the length is defind relative to {s;}. Then an arbitrary set {a;, a3, ... , am} € G
of pairwise commutative elements will give the corresponding QKZ if Il(a;a;) =
l(a;)+l(a) for 1 < i,j < m. One finds a lot of examples. For instance, coboundaries
{Ry = “’_IFF“, w € G} are R-matrices in the above sense for any F' € % *,

Practically, it is important to consider “homogeneous” G and R (this point could
be argued). The main requirement is as follows. Let “ R, = R, for arbitrary w € G,
1 <4 < n such that ws; = s;w and l(ws;) = l(w) + I(s;). The problem of getting
R-matrices of this kind is much more delicate. All the examples are connected with
remarkable mathematical (and physical) structures.

It was known for a time that the R-matrices in common use are cohomologically
trivial, i.e. are coboundaries (see [Chl]). Now we realize that the corresponding F’
are very important for many reasons. As for the basic examples, these F' appear to
be certain quantum counterparts of the n-point functions from the conformal field
theory. They are closely connected with the representation theory of Kac-Moody
algebras (and their g-deformations), the theory of g-special functions and (last but not
the least) with integrable lattice models.

Appendix: Macdonald’s Operators

We will apply the construction of Theorem 3.6 to the trigonometric R-matrix in the
case A,_1. In accordance with the notations from Sect. 5,

S={ayEyi—y,1<i#j<n}, ci=ouy, 1<i<n. (A

Let us fix ¢, € C*. We introduce the field C(Z) = C(Zy, ..., Z,) of rational

functions in Zj, ..., Z, equiped with the natural action of S, [s;; & @j) € Sy
transpose Z; and Z;]. Let

I(Z;) = 6i;2,§, 1<4,5<n. (A.2)

‘The elements {Z;} are identified with the corresponding linear operators Z;(p) = Z;
forpe C(Z2),1<i<n.
Formula (3.18b) can be rewritten as follows:

Gij =Gy @=q+@—-qVZZ;' =)ol —s), 1<i#j<n.(A3)
One has [see (3.19)]:
Gi'=Gj—(q—q s =Gij(¢"), 1<i#j<n. (A4)

Proposition 3.5 and formula (5.4) result in
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Corollary A.1. The operators (cf. (5.1))

1—1 n

Zi =[] Gjltolio [] Gij €EndcC(2) (A5)
j=1 j=i+1

are pairwise commutative for 1 <i<n. 0O

Let us introduce the operators

I =D AT M=) Ry R (A6)
1 |

i=1
I={1§i1<i2<...<ik§n},
where m € N, 1 < k < n. We can represent them as follows [see (3.21)]:

Fn=)_ Dymyow M=) D,kjow, weS,, (A7)

where Dy, (m), Dy(k) € & ¥ C(Z) o C[I'] € Endc(Z) for the algebra C[I'] =

ClIy, ..., I},] of polynomials in I, ..., I,.
Corollary A.2. The following operators
Lm=)Y Duym), My=)» D,(k)e€PD, weS,, (A.8)

are pairwise commutative and belong to 7™ < {D € &, wo Dow™! = D},
where w € Sy. If £ is not a root of unity, then {Ly} (or {My}) are algebraically
independent over C(Z) for 1 < k < n and generate the commutative subalgebra
{D € '™, D, L,] = 0}. Moreover,

Ly=Y Lol7+) lyoll;, 1<i,j<n,
i i<j
L= [[(Ziéd® - 2)(Ziq* — Z.)(Zi& — Z,) " (Zi - Z2) 7",
r#1
lij = @7(E = DE+ D~ OZiZj(Z& — Z;) (2,6 — Z0)™!
< [ @ - 224" - 2)(Z: — 2)(Z; — Z)™",
T#1,j
1<r<n. O

(A.9)

Conjecture A.3*. The operators My, for 1 < k < n coincide with Macdonald’s
operators (see e.g. [M]:

M= miIr, where I't1=T;...T;
I
I={1_<_Z'1<Z'2<...<ikfn},

(A.10)
my = ¢4 [[ . ¢ - 2)) (i, - 27",
,j

for j¢I,1<r<k. O

* Note added in proof. Proved.
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The cbnjecture was checked for m = 1,2 and for arbitrary m when n < 5
(by computer). The above construction can be extended to the .72-operators from
Sect. 5 in a natural way. One arrives at a certain family of invariant scalar difference
operators of BC-type depending on four parameters. We will give some formulas for
the coefficients of the (pairwise commutative invariant) counterparts of { My} in this
case without going into detail. They are verified for small n only. We consider the
rational case (like in Theorem 3.6) for the sake of simplicity. Let 6, k, k1, Ky € C.
Then

Mk=szr’ﬁ, V=) ()P, e={e, 1<r<p}, & ==I,
p,e,1
I={1<i1<ip<...<ip<n}, 0<p<k,

mip = k) = [ [ (i er + £1) 60 + K2) ier + 6) 7 (21,60) ™!

X H {(zi,er + 21,65 + 2K) (2.0 + 2i €5 + 2K + 26)
0<s<r

X (Zip&r + 2i,€5) (21,61 + 2iges +26) 7'}

X H {(zi,er — 25 + 2K) (25,67 + 2 + 2K)
i¢l
X (23, €r — Zj)_I(ZiTErp + zj)’l}).
If either k| = 6 or Kk, = 6, then (conjecturally) m§ = 0 when p = k— 1. The formulas
for m$,p < k — 1 seem rather complicated.

We mention that L, from (A.9) is expected to be radical part of the Laplace operator
on the g-symmetric space (GL,(R)/O,(R)), for a certain choice of £. As for L, the
corresponding statement was checked by Noumi. The trigonometric counterparts of
operators (A.11) should coincide with the invariant g-operators of BC-type for suitable
values of the parameters and be connected with a recent Koornwinder construction
[K]. The same conjectures can be put forward for arbitrary g-symmetric spaces.

We will conclude this appendix with the following formula for the “quasi-classical”

limit of L' & L, — 2L + n. Let £ = exp(h), ¢ = exp(hk). Then

lim (h2L) = N R+2KY (Zi+ Z)(Z - Z) 0 -0+, (A2

i=1 1<j

where 0; = Z;0/0Z; and the constant term c,, is equal to 2 (n;— 1) k2.
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