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Abstract. We consider Yang—M ills fields in Minkowski space-time and prove that
all spherically symmetric solutions in the canonical gauge decay in time, provided
the initial data has finite conformal energy.

1. Introduction

We consider Yang-Mills equations in Minkowski Space-Time R3*!:
Fu?=0, (1.1)
*Fo? =0. (1.2)

F,: R3*1 - A2% is the Yang-Mills curvature tensor of a Yang-Mills potential
A: R3*!' - A'% and ¥ is the Lie algebra of the gauge group G. System 1.1-1.2 is
a non-linear hyperbolic system of partial differential equations after the choice of
a gauge. The question of global existence has been settled already and one obtains
global solutions in H* (cf. [4]) but no information about the asymptotic behavior
of its solutions was obtained. It was proved later in [1] (see also [2]) the existence
of global large solutions in the weighted Sobolev spaces H*° together with the
characterization of the asymptotic behavior in time. The major drawback though is
the strong fall-off rate of the Cauchy data, requiring for example that the electric
field decays like E(0, x) = O(|x|~*) as |x| = +oo. This excludes configurations
containing Coulomb charges and also dipole-type waves. In the special case of
small-amplitude solutions one can obtain estimates (cf. [3, 11, 12 and 13]) which
give the long-term behavior in time of the solutions.

The purpose of this work is to investigate solutions corresponding to dipole-
type Cauchy data and to provide the time-asymptotics in the large amplitude
sector. Our results apply to generic spherically symmetric Yang—Mills fields in the
so-called canonical gauge ([12]):

N
Ao = l;’ it 1) g0, (1.3)

* Work supported by Sonderforschungsbereich 256 of the Deutsche Forschungsgemeinschaft
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A= Z Wit r) o,

1 N Xn Xk
+ - Z A1 [T, 91)emin— + aul T, 011 | — T | i — - (1.4)
r = r r

Here a,; and a,, are functions of ¢, r alone, T; = A,(0) with &: SU(2) > G
a group homomorphism' and g, is defined in terms of su(2) representation
matrices:

m=l, X
m=—1;j r

The functions Y%,, are the standard spherical harmonic functions on the sphere
and %!, are a basis for an su(2) representation of dimension 2/ + 1 labeled by the
third eigenvalue.?

The theorem proved here extends a result, due to Glassey and Strauss (reference
[6]) concerning a particular class of SU(2) spherically symmetric solutions,
namely:

a=0, (1.5)

S/ ) (L6)

Af

This is a special case of Ansatz 1.3-1.4 and the Yang-Mills equations reduce

then to a single scalar wave equation. We shall extend this result for any group

G and when F is of general spherically symmetric type. In this case the field

equations cannot be significantly reduced and a more elaborate geometric analysis
is needed. The goal of the work is to prove the following:

Theorem. Let G be a compact semi-simple Lie group containing at least one SU (2)-
subgroup and let (E(0), A(0)) be initial data for the Yang—Mills equations 1.1-1.2
satisfying the constraint equation Div E = O and the spherically symmetric Ansatz
1.3-1.4. Assume that the conformal energy

Eo= | (1 +|x|*)|F(0, x)|*dx (1.7)
R3
is finite Eq < + o0 and the initial data satisfy the estimate

[F(0,*)|;:= sup <sup(1 + [x[)32 %1462 F (0, x)I) < 4+ . (1.8)

lal=1 x

It follows that the solution exists globally and satisfies the decay rate
|F(t, ) = Co(l +1¢)7* (1.9)

with C, depending only on the conformal energy E, and the norms |F(0,*)|;.

! One proves that all possible lifts of the action of the rotation group on the base space R® to
the total space of the G-bundle will be in one to one correspondence with homomorphisms
A: SU(2) > G, when G contains at least one SU(2)-subgroup. One says then that this mapping
determines the type of spherical symmetry of the gauge field F,. See [12] and referepces therein
2 ¢f. [8] for more details
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Remarks.

1. The constraint equation Div, E = 0 is preserved by the non-linear flow and it
will be automatically verified for later times.

2. The global existence part of the theorem follows from [4]. One has only to
remark that the Yang—Mills flow preserves the canonical class of potentials 1.3-1.4

(cf. [12]).

3. Due to the asymptotic behavior of the initial data, configurations containing
Coulomb charges cannot still be accommodated in the hypotheses of this theorem.
In that case the fall-off rate of the electric field is of order O(r~2).

The proof of this theorem consists of a non-trivial bootstrapping argument. To
clarify the proof we present here the main ideas. The basic notation and the local
energy estimates are presented in Sect. 2.

The decay estimates are obtained by a decomposition of Minkowski space-time
into two different regions: a small cone of aperture ¢ > 0 around the central line,
which we call the interior region X;, and its complement, X,, named by us the
exterior region. The number ¢ depends only on the initial data as Eg *, so that in
the case the initial data has very large energy our interior region will reduce to
a very narrow cone. The plan is the following: On Sect. 4 and its subsections we use
the spherically symmetric Ansatz and apply the method of integration along
characteristics. We are able to prove an estimate of the kind

Q@) = Co + c[F(1)]s (1.10)
where Q(t) and [F(t)], denote the norms?
[F(t)]ew =sup(l + [x)(1 + 1+ [x])| F(r, x)|, (1.11)

Zi(1)

0(t) = sup (Ix? p(t, )| + [x[|a(t, x)| + (1 + ¢ + [x)[x[*2|a(t, x)]
Ze(t)

+ 1x[(1 + |t = [x[Dla( x)]) - (1.12)

Here p, 0, « and « are the null components of F relative to a null frame (cf. Sect. 2).
This decomposition is the key to exploit (in the wave zone) an appropriate version
of the null condition of Klainerman.

The last term on the right-hand side of 1.10 is due to the fact that for one
component of F (namely the component ®) one can only integrate along the
outgoing direction. Here we integrate towards the central line, up to the boundary
of our interior region, where the field can be estimated in a different way. The
exterior estimates are independent of the choice of a gauge but rely heavily on the
spherically symmetric Ansatz. The second part (Sect. 5) concerns the interior
region. We follow the approach of [4] and use a local gauge here. By using the
fundamental solution representation of the wave operator we are able to obtain an
estimate of the type

[F(t)]ew = C+ Coe[F(1)]s - (1.13)

By choosing ¢ small enough we are able to close the argument.

3 Here we define Z;(t) = Z;n {s <t} and Z,(t) = Z. N {s < ¢}
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2. Notation

In this section we record the definitions used in the course of the paper. We shall
consider Minkowski space-time R**! with coordinates (¢, x) = (x° ..., x*) and
endowed with the flat metric # = —dt* + dr* + r*dQs.. We also use Einstein’s
convention of raising and lowering indices. The gauge group is a Lie group G and
we denote its Lie algebra by ¢ and the Lie algebra commutator by [., .]. The gauge
group G is assumed to be compact and semi-simple. In particular, the Lie algebra
% admits a Killing form, namely a bilinear symmetric positive definite form that is
invariant under the Ad action. In the sequel we will often write ‘-’ for this bilinear
form. Finally, we fix a basis T,, a= 1,2, ..., N of ¢ which is orthonormal with
respect the Killing form. The Yang-Mills potential is a %-valued 1-form
A=A,dx* =(A;T,)dx". The Yang-Mills field-strength of A is a 2-form
Fu R¥**1'—5 A’% defined as F,,=0d,A4,— 0,4, + [4,, A,]. D will denote
the covariant derivative D, =0, + [4,,-]. We will also refer to it by the
use of semicolon “;”. The gauge copies of A are denoted W4 = g4g~! — dgg ™1,
where g: R®**! — G takes values in the group G. The corresponding curvature

tensor and covariant derivative will change accordingly as @F = gFg~! and
@pWFE = gDFg_l‘
We shall introduce the null frame
{ei, ez, 3,64}, (2.1

1
wheree; =0, — 0,,e, = 0, + 0, and e, = - &4, &4 the standard orthonormal frame

tangent to the unit sphere. Associated with &, we consider the angular gradient
Y and the angular operators V-u = V, u,, YV xu = &,45(V 4up — Ypu,) defined for
every 1-form u tangent to the spheres r = constant.

In connection with 2.1 we shall use the weights

t_=1+t—r], t4=14+14+7r

and define the null decomposition of F as follows:

og = Fu3, oy =Fuq, (22)
1
P=5F34, o=Fy,. (2:3)

We will also need in the sequel a localized null decomposition of the curvature
tensor F. Denote by K, the backward light-cone of an arbitrary point p = (to, Xo):

K,={(t,x)[t —to = |x — X0} (24)
and by B, its intersection with the initial data hyperplane ¢ = 0. Introduce local

_xo

= | i so that we can write an arbitrary point in
X — X

coordinates r =t — ty, W
K, as

t=to+r, X=X9+rw.
We define the local null frame

(p)el, (p)ez’ (Pg , (p)e4 (2.5)
3
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relative to the vertex p as follows. The local null vectors are

xt— xt
0 Wey=0,+——20;.
[x — Xol [x — Xo]

i i
X — Xo

(p)e3 = at _

. 1
The tangent frame is Pe, = — P¢,, where P&, denotes the standard local
r

orthonormal frame tangent to the unit sphere with center x,. We will also use the
local light-cone coordinates

@3 — TT_r’ Oyt — TTH ,
and the local null decomposition
oy = F g3, oy = F a4, (2.6)
Wp=1/2F3,, Po=Fy,. (2.7)

When there is no risk of confusion we shall drop the superscripts (p).

3. Energy Estimates

In this section we shall recall some basic facts concerning the energy identities of

the Yang—Mills field. We also consider a local energy estimate which is used

together with the fundamental solution representation of the wave equation.
The energy-momentum tensor of the Yang—Mills field F is defined as

1
QuV=F“u'Fav—Zn#vF¢,1°Fa. (3.1)

If X, Y are vector fields in Minkowski space we write (X, Y) = Q,, X*Y". Itis
known* that the tensor Q is a symmetric traceless 2-tensor and that it satisfies the
positivity condition Q(X, Y) = 0 for any pair of non space-like future-directed
vectors X and Y. Computing its divergence we find

T, =0.

Now, if X is a conformally Killing vector field, i.e., X** + X¥V* = Ay*, for
some function 4, then defining the 4-momentum vector P, = Q,, X ¥ we obtain

8,Pr=0. (3.2)

We can now integrate this equation on a space-time domain 2 bounded by two
space-like hypersurfaces 2, 2, and by a null cone C. Letting B;, i = 1, 2 denote the
intersections of 2; and C, i = 1,2 and N denote the normal unit vector to 2 we
obtain

[(P,NY)=[(P,N)+[{(Pes) (3.3)
B Bo C

4 of. [7] for example
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in the case C is a backward light-cone and
J<P,N)=f (P,N>—[(P, e (3.4)
By Bo C

in the case C is a forward light-cone.

We shall consider the case when one of the hypersurfaces reduces to a point
p and C is either the forward or backward light-cone K, of the point p. In this case
N =T = 0, and we choose X to be the conformal vector field

0 9
X=K=(01+2+r)— P
1+t +r)at+2txaxl

Equations 3.3-3.4 give
| O(Pey, K)dz, = | Q(T, K)dx < Eq (1) (3.5
KP

T=1
in the case K, is the forward light-cone of p and
| 0(Pes, K)ydz, = | Q(T, K)dx < Eq(t) (3.6)
Ky =t

in the case K, is the backward light-cone of p. Here E,, is the total conformal energy
of the Yang—Mills field at the time t:

Eot)y= | (1 + >+ r})(|F > + |*F|*)dx . (3.7
T=t
We remark that Ey(t) = E, is a conserved quantity, as it can be seen from
integrating Eq. 3.2 in a slab [0, ] x R3. Our next result consists of using the energy
estimates to obtain some L?-bounds of the null decomposition of the tensor F. We
first consider the decomposition relative to the origin:

Proposition 3.1. If the Yang—Mills curvature tensor F satisfies Egs. 1.1-1.2, and
2.2-2.3 denote its global null decomposition, then the following estimates are verified

|22l + 2 (pl + |0*)dZ, < cEo 3.8)
Kp

for every backward light-cone K, with vertex p on the central line r = 0. Also
J 2l + 2 (1pl* + |o]?)dZ, < cEq 3.9
Kp

for every advanced light-cone K, with vertex p on the central line r = 0.

The proof of this proposition consist of computing the energy-momentum
tensor in null coordinates:

T(es, K)=12T33+ 15 T34,
T(es, K) =12 T34 + 7% Tas ,
where
Tss = |af’, Tsa=|pl* + 0’ Taa=laf*.

These energy bounds are sufficient in the exterior region. To estimate the field
in the interior region we need to estimate the energy on a cone with vertex p not
necessarily on r = 0. We are able to prove anyhow the following:
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Proposition 3.2. If the Yang—Mills curvature tensor F satisfies Eqs. 1.1-1.2, and
2.6-2.7 denote its local null decomposition relative to the point p, then for the
backward light-cone K, with vertex p the following estimate is verified:

[ 22(@)(al> + 1ol + |o]*)dZ, < cE, . (3.10)
Kp
The proof is similar to the previous one, with a few technical details added. In
local null coordinates we have

T34 =|pl* +lal?,

Ts3 =|af?,
Ty = ]oc]2 >
T54= —pras+ apeps0,
Tog= —p oy + 0gepy0 .

Computing further in local coordinates:
T(Pes, K) = K*|a|* + KA (—p- a4 + apepa0) + K*(p? + 0?).

Introducing the vector % = (¢4, %,,p,0) in the 4N-dimensional space
@ x...x% we can represent the last equation in terms of a quadractic form B:’
4

T(Pes, K)=<{U BU) ,
where (U, V") = Zi U;+v; and B denotes the 4N x 4N symmetric matrix

K3 0 —iK* —iK?
O I S LS
| _1pt1 _1pe2 4
3K 3K K 0
1K? —iK! 0 K*

The form B can be diagonalized by means of a unitary matrix P,ie., B= P~ 'AP,
with A = diag(4,, ..., A4), so that by setting ¥~ = P% and m = inf; A; we get

T(Pes, K) =V, AV ) = Y |Vl

2m|V[* =m|u* =m(|a]* + p* + 0%).

The infimum m is computed by solving the eigenvalue equation det(B — AI) =0
and estimating from below the eigenvalues. One finds

<ﬂ? — MK® + K*) + <K3K4 - %((Kl)z + (K2)2)>>2 =0.

The linear term in A is just 2K® = 2(1 + t% + |x|*) while the last term equals
—4K?% K? = —12 1% . From this it will follow that m = §t% and the proposition
will follow.

5 We shall drop here the dependence on the Lie algebra parameters
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4. Estimates of the Solution for |x| + 1 = &t

Let 0 < ¢ < 1 be a fixed real number. In this section we shall estimate the curvature
tensor F(¢, x) in the exterior domain:

1+ |x|=et. 4.1

The exterior region includes the wave-zone |x| + 1 = ¢, along which the curva-
ture tensor cannot decay better than t ~*. There we must take advantage of the
asymptotic behavior of the components of F to exploit the null condition in the
non-linearities. For that matter we shall use the representation of the Yang—Mills
equations in light-cone coordinates (see [12]):

1
<D4 + ;) %4+ Pap —e4pPpo =0, (4.2)
1
<D3 - ;) oy —Pap —e4pPpo =0, (4.3)
2
<D4+;>p+l)'a=0, 4.4)
2
(Da—;>p—19'o_<=0, (4.5)
2
<D4+;>O'+D><OC=O, 4.6)
2
<D3—;>O'+DXQ(=O. 4.7
Using now the relation
F'D,F+D,FF=0,F-F), 4.8)
we obtain from 4.2-4.7 the following equations:
da(lraql®) = —r*as*(Dap — €45P5o0) , 4.9)
03(|raal?) = rPoy (Dap — e45P50) (4.10)
04(r*p?) = —r*Pa-p (4.11)
03(r*p?) =r*Pa-p, (4.12)
04,(r*c*) = —r*(Dxw) 0o, (4.13)
03(r*c?) =r*(Dx o) o . (4.14)

The terms appearing on the right-hand sides of Egs. 4.9-4.14 can be estimated
by using the spherically symmetric Ansatz 1.3—1.4. The invariant connections can
be characterized infinitesimally by

Lo, F+ [T F1=0 (4.15)
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for alli = 1,2, 3, where T; = 1,(0y;,) denote the matrices appearing in the defini-
tion 1.3-1.4 of the spherically symmetric Ansatz.®

Our task now consists of estimating the right-hand-sides of Egs. 4.9-4.14 by
lower order terms. This is essentially achieved using Eq. 4.15.

Proposition 4.1. Let F 4: R3*! - A%% a spherically symmetric tensor. It follows that
in the exterior region we have

[rD qwp] < (1 + 1?00 o] (4.16)
for every component wg of F relative to the null frame and every derivative V 4.

Proof. Breaking up the covariant derivative and the gauge-covariant derivative we
have

D wp = D, wg + lower order terms

= ﬁACUB + [AA, C!)B] + lo.t. .

The lower order terms are directly estimated by r ~!|w|, while the others are treated
as follows. Applying the Lie derivatives £, we obtain for an arbitrary component
wg:
3 3
IT@ACUBP = Z Igo(l,wﬂz = Z |—[Ti>603]|2 < C|60|2 .
i=1 i=1

The last term requires a more subtle argument. To control the tangential
components A of the potential we look back to the Ansatz 1.3-1.4 and observe that
the normal component ¢ of the curvature is completely constrained by the tangen-
tial components of the potential. Indeed, computing the magnetic curvature:

1 N
0= Z (a3 + a3 — g, .
=1
This completes the proof of the proposition.
With this estimate one can prove the following result:

Proposition 4.2. There exists a constant C = cE3'*(1 4+ cE?|F(0)|,)'? + |F(0)|,
depending only on the initial data such that the following estimates for the null
components {04, 0.4, p, 0} of the Yang—Mills curvature tensor F are verified for all
points (t, x) in the exterior region |x| = 1, |x| + 1 = et:

lp(t, x)| = Clx|72, (4.17)
la(t,x)| < Clx|72, (4.18)
laft, )] < C(1 + ¢ + |x]) " x| 732, (4.19)
|t ¥)] < Clx|7 (A + [t = [xIDT' A + [F(1)]) » (4.20)

¢ They measure the isospin contribution to the total angular momentum whereas %o, measures
the orbital angular momentum. The operators o, = Lo, + [T}, '] satisfy the commutation
rules [Zo,,, Lo,] — &ixLo, = 0 when applied to the spherically symmetric tensors 1.3-1.4
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where
[F(t)]e =sup (1 + [x[)(1 + 7 + [x])| F(z, x)| (4.21)
Zi(1)
measures the curvature tensor F in the interior region Zi(t). 1 + |x| Zet, 1 St

The estimates of the curvature will be established in the next subsections. This
will be done in three separate steps.

4.1. Estimates of the Components p and o. First we shall estimate p and . Set
Q(t) = sup (| p(z, x)| + r?|a(z, X)) , (4.22)
Ze(t)
where X,(t) denotes the intersection of the exterior region |x| + 1 = et with the
region {t < t}.
Let now (o, xo) belong to the exterior domain. Integrating Eq. 4.12 along the
characteristic v = t + r = constant we get

r5lp(to, Xo)I> = Q(0)* + ¢ for“lp(u, vo)|*|Paldu , (4.23)

Uy

where
ro =IXol, uo=1to—|xXol, Vo =1to+|Xol, uy=—to—Ixol. (424)

Using 4.16 and the Cauchy—Schwarz inequality, we obtain

§ 1o, vo)l 1Pl du < ¢ [ relalr?|p| (1 + [r?a|?)du

u, U,

uo 1/2
< c<f r?lal?(1 + u)zdu>

Uy

.<ujor4|p|2(1 +u) 21+ |r20|)du>

Uy

1/2

The first factor can be bounded now by looking to the local energy of the field
F in the backward light-cones. One considers the backward cone K, with vertex
p = (v, 0, 0, 0) and applies Proposition 3.1. We remark that the surface measure is
dZ, = r*dudw and that for this particular cone t2 = (1 + u)®>. We get then

T 11 p(u, vo) |+ | Paldu < cES(Q + Q3/2>-<“j° 1+ u)‘Zdu>”2

u, Uy

S cEg*(Q + %),

where E, is the conformal energy of F. Henceforth

Ir3pI? < Q(0)* + cEo"(Q(to) + Q(to)*?) - (4.25)
Similarly, using now Eq. 4.14 we get
Irdal? < Q(0)* + cE4*(Q(to) + Q(t6)*?) - (4.26)

Using the definition of Q we obtain
Q(to)” = Q(0)* + cEg*(Q(to) + Q(26)*?), (4.27)



Asymptotic Behavior of Yang-Mills Fields 435

and by a trivial bootstrap argument we arrive at

Proposition 4.3. For any (t, x) satisfying |x| = 1, |x| + 1 = &t we have
lp(t, x)| < Clx|7%, (4.28)
la(t, x)| £ C|x|~? (4.29)

with some constant C = cE}'* + |F(0)|, depending on the initial data but indepen-
dent of t, x and e.

4.2. Estimate of the Component a. To estimate a(t, x) for 1 + |x| = et consider the
quantity

R(t) = sup(|x[>*(1 + = + |x])|o(z, x)|) - (4.30)
Le(t)

Integrating now Eq. 4.10 along the characteristic v = t + r = constant and repeat-
ing the argument used in the proof of Proposition 4.3 we obtain

Xo 2

(to + [xol)a <0, Xo + to>
[xo]

[roa|® <

+c [ rial-(I1Dp| + |Pol)du,

*

where again ry = |Xo|, Up = to — |Xol, e = —to — |Xo| and vy =ty + [Xo].
Applying the Cauchy—Schwarz inequality, estimate 4.16 and using the bound-
ness of the conformal energy on backward light-cones (see Proposition 3.1), we find

roa]* < CR(OY(1 + to + [xo]) 7

+ Cuforloﬂ(ml + o)1 + |20 |Y?)du

Uy

< CR(OP(1 + to + |Xol) ™ *|xo ™"

uo 1/2
+ cEL?(1 + Cp)'? (j la)?(1 + vo)'zdu>

Uy

< CR(0)*(1 + to + [Xol) ™ 2[xo| ™"

to+|xo| 1/2
+ CR(to)z(l + Uo)—2'< j r_3dr)

[xol
< (R(0)* + CR(to))(1 + to + |x0]) " *|x0l 1. (4.31)
Bootstrapping this inequality we obtain as before:
Proposition 4.4. For any (t, x) satisfying |x| = 1, |x| + 1 = &t we have
lo(t, x)] < C(1 + to + |x0]) " Hxo| 32 (4.32)

with some constant C = cE3'*(1 + cE3?|F(0)|,)Y? + |F(0)|,; depending on the in-
itial data but independent of t, x and e.
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4.3. Estimate of the Component a. The estimates for the component o are done
somewhat differently, since we have only the possibility of integrating Eq. 4.9 along
the ray ¢t — x| = uo = constant. The result is

r§laue, vo)[* < [ry 2 (ry, t) + ¢ forzlz[(llppl + |Paol)dv (4.33)

*

with v, = t, + r, and t,, r, being determined by the equations
t* - r* - uo s
re = —1+4¢t,,

if uo = /2 and

t*—r*=u0,
re =1,

fO<Zu £ \/5 The first term in the right-hand side of Eq. 4.33 can be estimated as
follows. Introduce the notation:

0(t) = sup[x|(1 + [z — [x[])]a(z, )| . (4.34)
Ze(®)

It follows that
[F 0Py, t4) S c[F ()15 (1 + ty +14) 72,

where [F(t)], is the interior norm of F appearing in Proposition 4.2. Now,
recalling that (1 4+ ¢, +r,) =1 4 |t, — rel =1 + ug, we have

rglaio, vo)* < c[F(O)1% (1 + Ito —rol) ™2 + ¢ (?rlgl(!pl + oD + [r?a]? dv>

Yy

Sc[FOIL +1to —ro) 72 + C<vj?r|@|(|p| + |6|d0> ‘ (4.35)

Uy

In the last inequality we used the estimates of the component ¢ which have been
already proved in Proposition 4.3. Now, applying Proposition 3.1 to the advanced
cone K, with vertex at p = (—uo, 0, 0, 0) we can bound one of the factors in the last
integral by the conformal energy of F and obtain the estimate

r§lauo, vo)* < c[F(t)I% (1 + [to — rol) ™2

vo 1/2
+ cEY(1 4 Co)M? <§ la]?(1 + u)'zdv> ) (4.36)

Uy

Multiplying 4.36 through by the appropriate weights and using the definition of
0 we get

0(t0)* < c[F(£)]% + CO(to) (T r'zdv)ll2

Uy

S c[F(6)]Z + CO(to) -
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Bootstrapping the last inequality we arrive at:
[l (1 + [ = [x[D]a(t, x)| = e[F(1)]s (4.37)

for all x and ¢ in the exterior region such that |x| < t. The case when |x| =t is
analogous and we get

x| (1 + [t —[x[D]a(t, x)| = C. (4.38)
Combining estimates 4.37 and 4.38 we arrive at:
Propesition 4.5. For any (t, x) satisfying |x| =2 1, 1 + |x| = &t we have
loe(t, )| < Clx| 7M1+ [t = [x])7H(L + [F(£)].) (4.39)

with some constant C = cE{*(1 + cE{?|F(0)[;,)'/? + |F(0)|; depending on the
initial data but independent of t, x and .

5. Estimates of the Solution for |x| + 1 < &t

In this section we shall estimate the curvature tensor F in a neighborhood of the
central line r = 0, namely on the region where

x| +1<e or [x|[=1.
Here ¢ is a fixed positive real number depending only on the initial data. If
05t < %, then the approach used in [4] shows that the L*-norm of the curvature
tensor F(t,, +) is bounded. Therefore it is only necessary to consider the case when
to = %, where ¢ is a fixed number to be specified later. The basic idea in the

subsequent estimates consists of using a wave equation for F. By straightforward
differentiation we get from Egs. 1.1-1.2:

DAFaB=2[FaZ>Fyﬂ] > (51)

where (0, = — D, D* denotes the wave operator relative to the Yang-Mills poten-
tial 4. Writing 5.1 explicitly in terms of the gauge potential, we find

DF“ﬁ = —26),([/1?, Faﬂ]) + [ayAya Faﬁ]
—[A"[A;, Fop11 + 2[F], Fpp] . (5.2)

. . . 2

Let us consider now a fixed point p = (tg, Xo) With |xo| + 1 < &ty and ¢ = I~

Following again [4] we use a Cronstrém gauge adapted to the point p, that is to
say:

(t —to)Aolt, x) + i (x) — xh)A;(t, x) = 0. (5.3)

J
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Using the fundamental solution representation of the wave equation we may
write (cf. [4]):

Fuplp) = FIf(p) = - | rdrdo(~20,[4", F.y])
Ky

+ [a}’A}U Fatﬂ] - [Aya [Ay’ Faﬂ]] + 2[Fa¥a Fy[}])

Fzi"(p) — —(11 thL+L+1), (5.4)
where F.{"(p)is the solution of the wave equation JF " = 0 with the same initial
data as Fa,;, and Iy, ..., I, denote the terms contalmng the non-linearities. The
bound on FL" is well- known:”

|Fai™(p)l < C(1 +t0)™ > (5.5)

for every |xo| + 1 < &ty with C depending on the norm 1.8.

In order to estimate the non-linear terms I, I, I3, I, in the right-hand side of
Eq. 5.4 we shall use the local null frame 2.6-2.7.

We will proceed now with the estimates of the non-linear terms in Eq. 5.4. Let
us estimate I, . Here one is better off if we translate the coordinates of the point p to
the origin (0, 0). Integrating in the angular variables:

I (to, xo) = tjo | rdrdw(0,[A*, Foul)(—r, rw)

0 §2

to
= [ [ rdrdw(d;P? + 0,P*)(—r,rw),

0 §2

where P* = [A4*, F,;]. Recalling that the gauge condition 5.3 implies x, P* = 0, we
obtain by differentiation with respect to x*:

Py + X,0,P* =0
Since on K, we have Px* = 0, then one obtains

P, +71d,P*=0,
and then

Ii(to, Xo) = — | [ drdwd,(rP4)

0 S2

— [ dwP4(0, xo — tow) .
SZ

Using the fact that |P(0, x)| < |A(0, x)|*|F (0, x)| and the decay of the initial data,
we get®

[ PO, x)| < c(l + |x])~7?
7 See [10] for example

8 Observe that in the class of canonical gauges the potential 4 cannot be made to decay faster
than r~!
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. . to
with x = xy — tow. Now, if |xq| < 5> then

4
[x] Z to — %ol tho,

and then
[1;(to, x0)| < c(1 + to)” %2 (5.6)

for all points in the interior region, provided we choose ¢ such that ¢ < 1/5.

The integrals I, and I5 are estimated similarly. It follows from the local gauge
5.3 that on the cone K, we can represent the potentials 4 in terms of the curvature
as

Ay(x) = }(‘”’X3F3v(p + A(x — p)))Ada

0

rF3,(to — Ar, xo + Arw)AdA ,

O ey

0"A,(x) = [ Px3[F3,(p + Alx — p)), A*(p + Alx — p))A%dA
4]

1
= jr[F3va Av] (tO - /lr, Xo + /lrw)/lzd/l
0

for all x in the cone K, (see [4]). Inserting these formulas in the integrals I, and I
we obtain

to 1 1
L= {rdrdo [ 2dA [ udul[[F3a((to — Ar, xo + Are),
o o

0 s

F? (tO — Ur, Xo + #rw)]a Faﬂ(tO —F, X + ra))] >

to 1 A
Iy= | [ Pdrdo [ 2dA | pdul[F34((to — Ar, xo + Aro),
0 0

0 52
Fi(to — ur, xo + pro)], Foup(to — 1, Xo + rw)] ,

and from the Cauchy—Schwarz inequality:

to
|L| + [13] < ¢ [ Pdrsup|F(to — 1, Xo + rw)|
)

w

1 1/2\ 2
. (j AdA <j dola((to — Ar, xo + /1ra))|2> > . (5.7)
0 52

We appeal now to the following lemma:

Lemma 5.1. If 0 < a < 1, then:

<}/1f(z)d/1)2 <2a j L (D)2A2dA + %} |f (D)2 A%dA.
0 0 a
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Proof of the lemma. Starting from

2

(} A f(l)di)z <2 (j A f(i)dl)z +2 <} A f(l)di) :
0 0 a

and using the Cauchy—Schwarz inequality

a

a 2 a
<Hf(/1)dl> <[l 2| f ()1 d,1~a§12|f(/L)| di .
0 0

0

(g mz)dx) < (I ‘;’—l) : <j If(i)lzl“di> <

This completes the proof.

Similarly

1
[1f(Q)2a%da .

Q=

We proceed now by dividing the region of integration in the right-hand side of
(5.7) into three parts and applying the previous lemma with a = 1/5. The result is

to/5 1
|L| + |I] <c | rdrsup|F(to —r,xo + ro)| [ A2dA | dola(ty — ir, xo + Arw)|?
» 0 s2

0
1o 1/5

+c¢ [ Pdrsup|F(to — 1, xo + rw)| | A2dA [ dola(ty — ir, xo + irw)|?
to/5 ® 0 s2

to 1
+c¢ [ Pdrsup|F(to — r,xo + ro)| | A*dA | dola(ty — Ar, xo + lrw)|* .

to/S w 1/5 S2

The first of these terms can be estimated as follows. Making the change of variables
7 = Ar we obtain

1 r
r3 [ A%dA [ dola(to — Ar, xo + Arw)* = [ F2dF | dola(ty — F, xo + Fo) |* .
0 52 0 52
Now we remark that for y = xy + o with |F| < /5, |xo| = to/5 we have
2
Iyl = gto s(to—1)/2,
and then

[72dF | dola(to —F,x0 +F)P < [ |alto — 1, y)*dy

0 52 yI=%lto—r|

é CE0t62 5

so that we obtain the estimate

to/5 1
| rPdrsup|F(to —r, xo + ro)| [ A2dA | dw|a(ty — Ar, Xo + Arw)|?
0 @ 0 52
to/5
S cEotg? | drsup|F(to —r, Xo + ro)| .
0 [}
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To estimate this last integral one must recall the definition of the interior norm 4.21
and observe that for the point t = t5 — r, x = X + rw, with [xo| < t/2,to = 1, we
have:

t+|x|=t0—r+|XO+VCL)|gto—r+r—|x0|=t0—xOgC(1+[0), (58)
so that

c(l + [F(to)]=)

(1 + o) (59)

sup|F(to — 1, xo + rw)|
w

We have made use here of the estimates of Sect. 4 valid for points in the exterior
region 1 + |x| = et.
Remarking now that for |xo| + 1 < &ty and t, = 1 one has
12 < Ce _
t6 (1 +[xol)(1 + to + [x0l)

We obtain the final estimate

to/5 1
[ ridrsup|F(to — 1, xo + ro)| [ A%dA | dola(ty — Ar, xo + Arw)|?
0 ® 0 52

Ce(1 + [F(to)]x)

< (5.10)
(1 + [xo[)(I + to + [xo0l)
with C independent of e.
The second integral is estimated in a similar fashion and we obtain:
t(_) 1/5
| rdrsup|F(to —r,xo + rw)| | A%dA | dola(ty — ir, xo + irw)|?
to/& o 0 S2
| .
L CO+TFwl) o
(I + [xol)(X + to + [x0l)
The third term is estimated directly in terms of the conformal energy
1
r> [ 22dA | dola(to — Ar, xo + Arw)|> < Eg < 4+ o0 .
0 S2
Remarking that for rq = t,/5 and ¢ < 1/5 one has the inequality
|Xo + 1| 21 —|xo] 2 (1/5 — &)to 2 cty .
One finally concludes that
Ce(l + [F(to)]w
L+ 11| s — LT )] (5.12)

(14 [xol) (1 + 2o + |xol)

Finally, let us estimate the term

to
Ly(to, xo) = | | rdrdw[F,,, F§1(to — r, Xo + ro) .
0 52
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We decompose the cone K, into two pieces:

K, =K,n{t/2<|x| <2t},
K, =K,— K, ,
and denote

I (to, xo) = [ rdrdw[F,,, F§1(to — r, Xo + re) .
K5

These two integrals consist of quadratic terms which are gauge-covariant. Both
integrals are estimated by examining the special structure of the terms that appear
in the commutator. This plays the role here of the null condition of Klainerman
([9])- The lower part of the integral is estimated by using once again the local null
frame (2.5) whereas the upper part is estimated by using a global null frame relative
to the origin.

Let us estimate I, . In the local null frame we can express the term [F,,, Fj ] as
a linear combination of terms

[®?F,,, PF], (5.13)

where o, v and ¢ denote the coordinates in the local frame. The important thing to
notice is that the coefficients of this linear combinations are all uniformly bounded

(cf. [41)

|[Fuu> F§1 < Csup |[PF,,, PF]] .
g, ¢

Now, for different choices of the null indices, the right-hand side of (5.13) will have
the form

[PFs4, PF{]l=[2 0],

[PFsp, "Fi]=[a 0],

[PFsq, PFi1=[p, o],

[(PFp, PFi]1 = [o 0],

[PF4, PFi1=[p, 0],
and zero for all other choices of o, &. Setting now

Fi =(ap,o0), F_=(p,0),
[Fil=lal+1pl+lal, [F-[=lal+|pl+]o].
Then each of the terms in (5.13) satisfies the estimate
[PF,, PFY]1 < c|F.|*|F-],

and then we obtain
171 <c [ |F+|"|F-|rdrdow .

Kp
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We remark now that F_ contains exactly the components which can be absorbed
in the conformal energy in K, so that at least one of the terms can be taken in the
L?-norm. Using the boundness of the conformal energy, we get

12 12
|I4_|§c<f VZTZ_IF_Izdrd(D> (f 1::2|F+|2drda))
Kp Kp

1/2
< cE}”? (f 1::2|F+|2drdw> )
Ky

The important thing to notice now is that on the part K, of the light-cone K,
the retarded time 7_ is equivalent to the advanced time 7, so that

‘E_=1+|t0—r——|x0+ra)”§C(1+to)

by using (5.8). Here | F . | is the component relative to the local decomposition of F.
It can be estimated by the invariant norm of F which by its turn can be estimated as
in (5.9) by the exterior norms (cf. estimate 4.2 of Sect. 4). We obtain this way

>”2,(1 + [F(%)]x)

t3

to 1
I, |Z¢ ——drdw
ez (sjzglﬂto—rlz

Ce(l + [F(to)]w)
T+ Ixol)(1 + to + |x0)

(5.14)

In the last step we have used the fact that |xq] + 1 < et,.

To obtain a similar estimate for I,” we use instead a null frame with respect the
origin and repeat the same arguments that led to inequality (5.14). The main thing
to remark is that if ¢ is sufficiently small (say ¢ < 1/2), then we have the inclusion
K, < K,n{|x] + 1 = et}. In particular, we are in position to apply the estimates
from Sect. 4 and obtain

C
[F . (t, x)] ém,
F o) < CO+IF01.)

(4 e = Ix[D@ + 2+ [x])

for all (¢, x) € K, . By restricting further the choice of ¢ (¢ < 3/8 say), one can show
that for points (¢, x) in K, , one has r > t,/2 and we arrive therefore at

fo 1 F
'I4+,§Cj' j’ 1 drda)'( +[ Z(tO)]oo)
§2102 L+t =1 —|x0 + rol| o

The last integral can be estimated by using a lemma due to F. John (see [10] also)
which exploits an integration over the angular variables:

i 1 aao= T 5[ e

52t0/21+|t0_r—lx0+rw“ t0/2r ly—xol=rl+lt0_r—‘y”
o 2n ("“’H' AdA )
- SR P
w2 T1X0I \ xoj=r) 1 + [0 — 7 — 4]

=C0
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The range of integration in the variable r avoids the logarithmic contribution
coming from the integral in A. The constant C,, is independent of the point (o, xo).
We obtain then

Ce(l + [F(to)lw)
+ xol)(1 + to + [Xol)
Combining now (5.6), (5.12), (5.14) and (5.15), we have
Ce
Fltoxo) 2 i s 7 (O F F001)

for all |xo| + 1 < et and ty, = 2/e. Choosing now ¢ sufficiently small that Ce < 1/2
we can bootstrap the last inequality and finally arrive at

[F(to)]o =C, (5.16)

which was the desired goal. This completes the estimate of the curvature tensor
near the central line. Combining (5.16) with the estimate (4.17-4.20) from Sect. 4, we
conclude the proof of the main theorem.

5] < a (5.15)
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