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Abstract. We consider global solutions of the nonlinear Schrodinger equation
iu, + Au= A|lu|*u, inR", (NLS)

/N2
. In particular, fora > oy = 2= N+ N+ 12N+ 4,
N-2 2N
we show that for every peH!(RY) such that x¢(x)e L?(R"), the solution of (NLS)
with initial value ¢(x)e"®*"/® is global and rapidly decaying as t — oo if b is large
enough. Furthermore, by applying the pseudo-conformal transformation and study-
ing the resulting nonautonomous nonlinear Schrodinger equation, we obtain both
new results and simpler proofs of some known results concerning the scattering

where AeRand 0 < o <

theory. In particular, we construct the wave operators for

<o <—i—. Also,
N

we establish a low energy scattering theory for the same range of « and show that,
at least for A <0, the lower bound on « is optimal. Finally; if 1 >0, we prove

asymptotic completeness for oy < a < N_3

1. Introduction

In this paper we study solutions in RY of the nonlinear Schrodinger equation
iu, + Au = Alul*u. (1.1)
Here u = u(t, x) is a complex valued function defined for ¢ in some subset of the real

4
numbers and all xeR", 1eR, and 0 <a < N5 We frequently write u(t) for the
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spatial function u(t, ). One natural point of view in studying solutions of (1.1) is to
study the associated Cauchy problem, where the initial value ¢ = u(0) is specified.
As is well known (see for example [18,4]), this Cauchy problem is formally equivalent
to the integral equation

u(t) = S)u(0) — i j’ S(t — s)|ul*u(s)ds, (1.2)
0

where
S(t)=e"

is the unitary group determined by the linear Schrédinger equation, i.e. when A =0.
S(z) is given by the well-known complex Gauss kernel,

St)p(x) = (4nit) ™2 | =70 p(y)dy. (1.3)
RN

We are primarily concerned with (positively) global solutions to (1.1), that is solutions
which are defined for all t = 0; and our goal is to study the decay and scattering
properties of such solutions. In particular, we define below a solution u to be rapidly
decaying if a certain space-time integral of u is finite; and we give (for « in a certain
range) a sufficient condition on the initial data ¢ for u to have rapid decay. In the
case A <0 and a = 4/N, this yields a new global existence result and gives some
insight into finite time blow up. Also, we improve (on the lower side) the range of
o for which certain scattering properties of solutions to (1.1) are known.

Before describing our results in more detail, we recall some basic facts about

4
solutions to (1.1) and (1.2). For 0 <a < ) the Cauchy problem corresponding

to (1.1) is well posed both in H!(R¥) and in the space
X = {ueH'(R"); ||u(-)e L*(R")}.
One first proves local existence and uniqueness of solutions to (1.2), and then shows

that the solution satisfies (1.1) in an appropriate sense. For precise statements see
[10,4]. Moreover, these solutions satisfy the following conservation laws:

lu@®) 2= lu(0)] .2, (conservation of charge) (1.4)
E(u(t)) = E(u(0)), (conservation of energy) (1.5)
and
d —N
E( I (x + 2itVyu(t) |2, + 7;%) 2“1 lu@ 32, (1.6)
where E is defined by

E(u(t)) =~ j |Vu(t, x)|? dx+T | lu(t, x)|**2dx.

Conservation of charge and energy hold for all H!(R¥) solutions, while (1.6), the
“pseudo-conformal conservation law” is valid only for solutions in X. Note that
this law is a true conservation law only if o = 4/N.
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If 2 = 0, then all solutions of (1.2) are global and bounded in H!(R¥). As well, if
4 <0 but « <4/N, all solutions are global and bounded in H!(R"). If A <0 and
o = 4/N, then all solutions with small initial data (in H'(R")) are global and bounded
in H'(R"), but some solutions blow up in finite time [10, 15,24, 4].

Concerning the scattering theory, several results are available. If « > 4/N and
A >0, then a scattering theory can be constructed in H!(R"), provided N = 3. If
A <0, a similar theory can be constructed, but limited to small solutions [12,13].

If o« > a,, where
2—-N N2+ 12N +4
_ + /N + +4 17
2N

)

and A >0, then the scattering theory can be constructed in X [26, 17]. The same
holds for small solutions if A <0 [22,23]. Note that 2/N <« <4/N. On the other
hand, ifa > 2/N and A > 0, then every solution with initial value in X has a scattering
state in L>(R"), that is S(— t)u(t) has a strong limit in L?>(R"), as t — co [27]. Finally,
if « £2/N, then no scattering theory can be constructed since for any nontrivial
solution u of (1.1), S(— t)u(t) does not have any strong limit in L*(R") as t > + oo
[14,21,22,1,27]. However, there still remains a gap between 2/N and «, for the
scattering theory in X and between 2/N and 4/N for the scattering theory in H!(RY).
The main result of this paper is the existence of a scattering theory in X, i.e.
asymptotic completeness, for (1.1) in the case A >0 and a = &, (Theorems 4.9 and

for which a low energy scattering

4.10). Also, we extend the lower limit of « to

theory in X exists (Theorem 4.2 and Corollary 4.3); and we prove that for these new
values of « the wave operators are defined on all of X (Proposition 4.6). Our proofs
make use of the pseudo-conformal transformation for (1.1), which has previously
been used by Yajima [29], Tsutsumi and Yajima [27] and Tsutsumi [26] to study
the scattering properties of Schrodinger equations.

In connection with the decay properties of solutions to (1.1), we make the
following definition.

4
Definition 1.1. Suppose 0 <a < m(O <a<oo, if N=1,2). A positively global
solution u of (1.1) has rapid decay (or is rapidly decaying) if

FHu@ 115+ 2rmydt < 00, (1.8)
0
where
_ 200 + 2) . (1.9)
4—o(N-2)

In principle, the decay of u(t) could be measured by || u(t) || .- g~ for any r with

2N
2<r<N—. We choose r=a+ 2 since the energy of the solution explicitly

involves the L**?(R") norm, as well as the fact that the nonlinear term in (1.1) is a
mapping from L'(R") into its dual precisely when r = + 2. The value of a is



78 T. Cazenave and F. B. Weissler

determined by (1.1) in the following manner. If u is a solution of (1.1), then for all
>0, u, is likewise a solution of (1.1), where u(t, x) = y**u(y*t,yx). We would like
the parameter a to be chosen so that the space-time integral (1.8) is invariant under
the transformation u—u,. A straightforward calculation shows that the correct
value of a is given by (1.9). 4

One of our principal results (Proposition 2.4) is that if aq <a < N3 and if

2]
peX is such that [ [ S(t)¢||...dt is sufficiently small, then the corresponding
0

solution of (1.1) is positively global and has rapid decay. We deduce from this that
if b > 0 is sufficiently large, then the solution of (1.1) with initial value @ (x)e'®*I*/4
is positively global and has rapid decay (Corollary 2.5). In particular, if 1 <0 and

% Sa< NL2’ finite time blow up of solutions to (1.1) can not be deduced solely
from properties of the modulus of the initial value.

Much of the recent work on (1.1) makes use of space-time estimates for the linear
homogeneous and inhomogeneous Schrodinger equations. These estimates go back
to Strichartz [25] and were first used systematically to study the nonlinear Schrodinger
and Klein-Gordon equations by Ginibre and Velo [11-13]. Since then, these in-
equalities have been extended and generalized, for example in [28,5,6,8,9,19]. In
this paper we use the following results of this type [11, 5, 4].

Definition 1.2. An admissible pair in R¥ is a pair (q,r) of real numbers such that

2N .
(1) 2§r<N—2(2§r<oo,ifN=2;2§r§oo,1fN=1);

In particular, the pair (o0, 2) is always admissible. Note that, if (q,r) is an admissible
pair, then qe(2, 0](qe[4, ], if N =1).
Proposition 1.3. The Schridinger group S(°) satisfies the following properties.

(i) If peL?(RY), then S(-)peC(R, L*(R¥))n LA(R; L'(RY)) for every admissible pair
(g, r). Furthermore, there exists a constant C depending only on q such that

ISC)@ | Lar,tr = Cll @l 25 (1.10)

for every pe L*(RY).
(ii) Given0< T < oo and feL'(0, T; H™'(R)), let #,eC([0, T1, H™'(R")) be defined

by
F(t)=[S(t —s)f(s)ds, forall te[0,T]. (1.11)
0
If (g, 7) is an admissible pair and feL¥ (0, T; L (RY)), then
F,eC([0, T], LX(RY)) N LY(0, T; L(RY))

for every admissible pair (y, p). In addition, there exists a constant C, depending only
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ony and q, such that
171 0,7, = ClLf Ml a0, 775 (1.12)

for every feL%(0, T; LI (R)), where ' denotes the conjugate exponent.

4
Definition 1.4. Suppose 0 <a < W(O <a< oo, if N=1,2). A positively global

solution u of (1.1) has linear decay if ue LA(0, co; L'(RY)), where (g, r) is the admissible

4 2
pair such that r = o+ 2. Note that q = (O;V+ ).
o

Note that linear decay and rapid decay coincide if and only if o = 4/N. Moreover,
for this value of a, Eq. (1.1) has some special invariance properties not shared by
the other powers. In particular, if « = 4/N and u is a solution of (1.1), then v, defined
by

o(t, %) = (1 + bt)-N/2u<L, L) ilblxI2/4(1 +b), (1.13)
1+bt 1+bt

is likewise a solution of (1.1). It follows that global and nonglobal solutions can be
transformed into each other. In [7] we used this transformation to study decay and
scattering properties, as well as finite time blow up, of solutions to (1.1) with & = 4/N.
Even though for other values of o, (1.1) is no longer invariant under the transformation
(1.13), this transformation still provides a tool for studying global solutions of (1.1).
As mentioned above, this idea has been effectively exploited in the works of Yajima
[29], Tsutsumi and Yajima [27] and Tsutsumi [26].

If u is a solution of (1.1), then v defined by (1.13) satisfies a nonautonomous
version of (1.1), namely

iv, + Av = A(1 + bty 2| pay, (1.14)

Taking, for example, b = — 1, one sees that u defined on [0, o0) corresponds to v
defined on [0, 1). The study of the asymptotic behavior of u as t— oo is thereby
reduced to studying the Cauchy problem for (1.14) at the (perhaps singular) point
t = 1. The local study of (1.14) is analogous to the local study of (1.1). The basic idea
is to use the linear estimates in Proposition 1.3 to effect a contraction mapping
argument for the corresponding integral equation. For Eq. (1.1) this theory has been
developed in the papers [11,18,6]. For (1.14), this theory has been developed
by Tsutsumi and Yajima [27] and Tsutsumi [26], and has been constructed for

4 . . . .
oy <a< N> where o is as in (1.7). In the present work, using a function space

motivated by [6], we are able to bring down the local solvability from «, to Ni2
See Theorem 3.4 for the precise statement, as well as Remark 3.5 (ii) for an explanation
of the choice of function space used in the proof of local existence.

More interesting than the local study of (1.14) is the global study of (1.14), in
other words the existence of solutions to (1.14), with b = — 1, on the closed interval

4
[0,1]. Up until now, it is known that if 1 =0 and oy <a < N 2 then all local

solutions are global. By combining lower bounds for nonglobal solutions obtained
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from the local existence theorem for (1.14) with energy estimates for (1.14), we are
able to prove that all solutions are global if 4 > 0 and « = a,, (Proposition 3.12). This
result is equivalent, via transformation (1.13), to asymptotic completeness.

We remark that any fact about solutions to (1.1) proved via the pseudo-conformal
transformation can be proved directly. Such proofs have been given by Ginibre and
Velo [10] and by Hayashi and Tsutsumi [17] for the previously known scattering
results; and in principle the new results presented here could be proved similarly.

The rest of this paper is organized as follows. In Sect. 2 we study rapidly decaying
solutions of (1.1). In Sect. 3, we study the Cauchy problem for the nonautonomous
Equation (1.14) with b < 0, which we can take for convenience to be — 1. In Sect. 4,
we use the results of Sects. 2 and 3 to study the scattering theory for (1.1). In Sects. 3
and 4, we develop the scattering theory in X in its entirety, rather than proving only
our new results. Indeed, our treatment gives the previously known results with no
extra work, and provides a unified exposition of the theory. In Sect. 5, we make some
additional remarks, including a heuristic interpretation of finite time blow up of
solutions to (1.1).

Throughout this paper we use the following conventions. All function spaces
are spaces of complex valued functions. The number o always satisfies

0<a<i.
N-2

It is understood that the second inequality means « < oo if N = 1,2. Finally, o,
always denotes the value given in (1.7).

2. Rapidly Decaying Solutions

We begin this section with a space-time inequality for S(f) that involves non-
admissible pairs.

Lemma 2.1. Let (q,1) be an admissible pair with r > 2. Fix a > % and define d by
1 1 2
—+-=-. (2.1
i a gq
If T>0 and fel¥(0,T; L' (R")), then F,eL*(0, T; L'(R")), where &, is given by
(1.11). Furthermore, there exists a constant C, depending only on N, r and a such that
“ gf ”L"(O,T;L") é C ”f”L“"(O,T;L"')a (22)
for every feL¥(0, T; L" (RY)).

Proof. By density, we only need to prove estimate (2.2) for feC([0, T], #(R")). It
is well known and follows easily from (1.3) by interpolation that

SOl w1y < |4me| ~NERZAM,

whenever 2 < r £ o0. Therefore,

| F,0) e < [ (e — )29 £(5) [ ds,
0
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and so (2.2) is an immediate consequence of the Riesz potential inequalities ([20],
Theorem 1, p. 119). O
Lemma 2.2. Let r =+ 2, let (q,r) be the corresponding admissible pair, and let a be

given by (1.9). Then a > q/2 if and only if a > oy, with o, defined by (1.7). For such
values of o and a, and for 0 < T < o0, we have the following estimates for & defined

by (1.11).
(i) If ueL*©, T; L'(R")), then %,,.,cL*(0, T; L'(R")). Furthermore, there exists C
depending only on N and a such that

i ‘g;hd“u ”L,a(o,T;Lr) <Clu ”Z«er((l),r;y), (2.3)
for every ueL*(0, T; L'(RY)).
(i) If uel®0, T; L'(RY))n L0, T; W' (R")) and if (y, p) is any admissible pair, then
Z €0, T; WHP(RY)). Furthermore, there exists C depending only on N, o and p
such that

| Z el o2y S C N o i 1 oo o (2.4)

for every ueL*(0, T; L'(RY))~ LA(0, T; W (RY)).
Proof. The first part of the lemma is a simple calculation, which we omit. For
assertions (i) and (ii) consider @ defined by (2.1). Since (« + 1)r' =r, (o + 1)d’ = aand

1 1 «

—==+

g q da

we see that

el a0, 7y = #1520, 70,

and (applying Holder’s inequality twice) that
” lulau “Lq'(O,T;WU") é C ” u ”Z"(O,T;L") ” u ”L‘I(O,T;Wl"‘)‘
The results now follow from (2.2) and (1.12) respectively. [

4
Proposition 2.3. Assume that ay <o < N2’ where o, is defined by (1.7). If ue
C([0, c0), H(RM)) is a rapidly decaying solution of (1.1), then ueL(0, co; W'*(R¥))
for every admissible pair (y, p). In particular, u has linear decay.

Proof. It is known [18,6] that ueL?(0, T; W!*(R")), for every T < oo and every
admissible pair (y, p). For a fixed T = 0, we set v(t) = u(t + T); and so

o(t) = SOU(T) — IAF yjep-

As before, set r = o + 2, and let q be such that (g, r) is an admissible pair. Let (7, p)
be any admissible pair, and let a be defined by (1.9). It follows from (1.10) and (2.4)
that

” [% ”LY(O,r;Wl»P) é Cl ” u(T) “H1 + C2 ” u ||z“(T,T+r;L') ” v ”LG(O,r;le')’ (25)

for every © > 0. Choosing T large enough so that C; [|u|far, .1 < 1/2 and letting
(v, p) = (g, 7), we see that

101 Lao,comwr o = 2C1 [ u(T) [l s
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for every > 0. Hence ueL’(0, co; W'"(R")). That ueL?(0, co; W!*(RY)) for any
admissible pair (y, p) now follows from (2.5). [

4
Proposition 2.4. Assume oq <o <—N——2, where oy, is defined by (1.7), and let a be

given by (1.9). There exists ¢ > 0 such that if e H'(RY) and | SC)@ || Lao.coix+2) S &,
then the maximal solution u of (1.1) with initial value ¢ is positively global and has
rapid decay.

Proof. Let ¢ >0 and set r = o + 2; let e H'(R") be such that || S()¢ || Lo, c0:1r) < &
and let u be the maximal solution of (1.1) with initial value @, with [0, T*),0 < T* < oo,
the maximal existence interval of u. Consider g such that (g, r) is an admissible pair.
It follows from (2.3),(1.10) and (2.4) that there exists K independent of ¢ such that

1]l oo, 7om < &+ KNl 50 700y5 (2.6)
and
1l oo, 7;w1my = Kl @ s + KNl Taio, 7300 I 4l oo, 7m0y 2.7
for every T < T*. Assume that ¢ satisfies
221K < 1. (2.8)
Since |||l a0, 1,1 depends continuously on T, it follows from (2.6) and (2.8) that
vl oo, rx,0my < 2. (2.9

Applying (2.7) and (2.9), we get
]l Lao, 751 = 2K [ @ [l - (2.10)

Applying now (1.10) and (2.4) with (y, p) = (00, 2), and using (2.9) and (2.10), we see
that

Il o, oty < 00
Therefore [18, 5], T* = oo, and the result follows from (2.9) and Proposition 2.3. []

4
Corollary 2.5. Assume that oy <o <———, where a, is defined by (1.7). Suppose
peX. N-2

(i) There exists by < oo such that for every b = by, the maximal solution of (1.1) with
initial value @,(x) = e'®** p(x) is positively global and has rapid decay.

(1) There exists sy < 0o such that for every s = sq, the maximal solution of (1.1) with
initial value ;= S(s)@ is positively global and has rapid decay.

Proof. Since peX, we have ¢,eX, for every beR. Let (g,r) be the admissible pair
such that r = a + 2 and let a be defined by (1.9). Using the explicit kernel (1.3), one
verifies that (see for example [7], formulas (3.2) and (3.3))

1/b

1SC)Ps 11 00,0050 = | (1 = bD*@ 4| S()e |7, dr.

0
. 2(a —
Since | @)l < CIS@ i < Cll @ s and 24 —2

> — 1, it follows that

},1712 I1SC)@5 Il Lao,c05r) = O-
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By Proposition 2.4, this proves the first assertion. To prove the second assertion, it
suffices to note that, since peX, | S()@ || a0, 0;1r i finite. [

4 4
Remark 2.6. Suppose that N <a< N3 and that 1 <0. If pe X is such that E(¢) <0,

then it is well known [ 15, 24, 4] that the maximal solution u of (1.1) with initial value
¢ blows up in finite time, for both ¢ >0 and ¢ <0. Corollary 2.5 implies that if b
is large enough, then the maximal solution u, of (1.1) with initial value ¢,(x)=
@(x)e'®**4) js positively global and has rapid decay. Of course, E(¢;) = 0 for such
b’s, and one may wonder if u, still blows up at a finite negative time. The answer is
yes, as the following argument shows. Changing ¢, to @, (which changes u,(t) to
u,(— 1)), it suffices to show that if E(¢) <0, then for all b > 0 the solution u of (1.1)
with initial value ¢@(x)e‘®*I*/* blows up at a positive finite time. Let T* be the
maximal existence time of u, and let f(¢) = || |"|u(t, ) || 2. It is well known [10, 4] that
feCX([0,T*)),

f(®=4Im | xiVudx,
RN

and

4(N o—

f"@)=16Eu(0)) + A——— I ul**2,

Therefore,
4(ch )Ls
f@®) = f(0) +tf'(0) + 8Em(0))t* + L ———— ” |u|**2dxdods, (2.11)
00 RN
for all 0 £t < T*. It follows that
f(&) £ f(0) + t£'(0) + 8E(u(0))t?, (2.12)

for all 0 <t < T*. Setting P(t) = f(0) + tf'(0) + 8E(u(0))t? for all ¢t =0, a straight-
forward calculation (see [ 7], formulas (4.3) through (4.7)) shows that

b b2 b
P(t) =l xoll}. +4t<F(<p)—EII xXQ Iliz) + 8t2<E(<p)+§ I xe 7. _EF(@)’

with
F(p)=1Im | x¢pVepdx.
RN

In particular,
8
P(1/b) = X E(p)<0;

and it follows easily from (2.12) that T* < 1/b. Hence the result.

4
Proposition 2.7. Assume that 4/N <a < N_7’ and set r=o+2. If ueC([0, ),

H(RY)) is a global solution of (1.1) such that ||u(t)]| v 0, then u has linear and
rapid decay. More generally, ue (0, co; W'?(R")) for every admissible pair (7, p).
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Proof. Let g be such that (g, r) is an admissible pair and let T = 0. We have
t
w(T + t) = S@Ou(T) — i [ S(t — s)|ul*u(T + s)ds.
0

It follows from (1.10) and (1.12), applied with (y, p) = (g, ), that

” u ”Lq(T,T+t;L') é C “ u(T) ”L2 + C ” u ”(:(;11))‘141"(1‘,1‘+t;1,(a+ Drry

T+t

1/’
éCIIu(O)IILz+C<I Ilu(S)II‘Li“""dS> ,

T

for every T > 0. Since a > 4/N we see that (o« + 1)q’ > g. Therefore, if 6 = (« + 1)g’ — g,
then

el Lagr, 4 52y = Clu()ll 2 + C sup{ | u(s) ;52 T} ||u ”?‘/f(lr,rﬂ;u).
Thus, if T is large enough so that
Csup{f|u(s)llpss = T (Cllu(0) ]l )2 < 1,
it follows easily that
lull o, 4550 S 2C [(0) [ 2,

for every t > 0. Therefore, ueL%(0, co; L'(R")), i.e. u has linear decay. Since o > 4/N
and ||u(t) || .- — O ast — oo, it follows that u has rapid decay. The last assertion follows
from Proposition 2.3. [J

3. The Nonautonomous Equation
We now apply the “pseudo-conformal transformation” (1.13) with b <0, and we

suppose for convenience that b = — 1. Moreover, throughout this section we syste-
matically consider the variables (s, y)eR x R¥ defined by

or equivalently,

t= , X= .
1+s 1+s

Given 0 < a <b < oo and u defined on (a, b) x RY, we set

v(t,x)=(1 — t)“"’/zu(—t ,—x )e““"'z/“““”, (3.1
11—t 1—t
N b . e .
for xeR" and n <t <H—. In particular, if u is defined on (0, 00), then v is
a
defined on (0, 1). Transformation (3.1) reads as well, using the variables (s, y),
o(t, x) = (1 + s)M2u(s, y)e "1/ +9), (3.2)

One verifies easily that, given 0 < a < b < o0, ueC([a,b], X)nC([a,b], H }(RY))
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ifandonlyifveC([ a ,—b—],X)nC’q: a ,—b—:,,H‘l(R”)).Further-
l+a 1+b 1+a 1+b

more, a straightforward calculation shows that u solves (1.1) on (a, b) if, and only if
v solves equation

iv, + Av = A1 — )N~ 2| p|%y, (3.3)

b
,—— |. Note that the term (1 — £)V*~ /2 i5 regular, except
1+a 1+b

possibly at ¢t = 1, where it is singular for @ < 4/N. One verifies easily the following

identities:

on the interval (

lo@N255 =1 + VP2 |u@) 1253, B=0, (3-4)
IVo@)117: = £1(y +2i(1 + s)V)u(s) 17, (3.5
IVu@) 172 = 11 (c + 2i(1 — )V)o(®) [ =- (3.6)

The point of view we take in this section is to consider Eq. (3.3) in its own right,
and study the associated Cauchy problem for any starting time in [0, 1]. Near the
end of this section, we interpret some of the results for solutions of (3.3) in terms of
solutions of (1.1). In Sect. 4, we will use the information gathered in this section
about solutions to (3.3) to deduce information about the scattering properties of
solutions to (1.1). Our proof of local existence of solutions to the Cauchy problem
for Eq. (3.3) is based on the following lemma.
.Let0=——4———(9=1,ifN=1;0> 1 and

N-2 4 —a(N—2)
(2—a)0 = 1,if N =2), and consider a real valued function he L? (R). Then, for every
YyeH(R"), there exist T, <0< T* and a unique, maximal solution veC((T,, T*),
H'RM)AWLT,, T*; H™*(R")) of equation

loc

Lemma 3.1. Assume 0 <o <

o(t) = SO — i [ St — h(s)|o*o(s)ds. G.7)
0

The solution v is maximal in the sense that if T* < co (respectively T, > — o), then
|u(t) | g1 — 00, astT T* (respectively t | T, ). In addition, the solution v has the following
propetrties.

() 1f T* < oo, then Timinf { |0 [ 1 hllve.ro} > 0.
t1T*
(i) If T, > — oo, then linTlTinf{ lo@ 15 I Bl Lor,.n} > O.
t "%

(i) ueL& (T,, T*; W"(R")), for every admissible pair (q,r).

loc

(iv) There exists 6 > 0, depending only on N, a and 0 such that if
155 § hs)°ds <6,

then[ —1,7) (T, T*) and || v || pa— . 1. = K | | 2 for every admissible pair (g, ),
where K depends only on N,a,0 and q. In addition, if ' is another initial value
satisfying the above condition and if v' is the corresponding solution of (3.7), then

” v—10 ”L“’(—t,r;Lz) SK| lp - lp/ ”LZ'
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(v) If yeX, then veC((T,, T*), X). In addition,
t
I xv@) 7. = I xy 2. +4Im | | v(s)(x-Vo(s))dxds,
0 RN

Sor all te(T,, T*).
vi) lo@) L= 1Y L2, for all te(T, T*).

Proof. For technical reasons, we suppose first that N = 3. Afterwards, we will indicate
2N

the modifications needed to handle the cases N =2 and N = 1. Let 2* = ,and
define r by N-—
2 a
l——=—. 3.8
r 2% (38)

Since (N — 2)a < 4, it follows that 2 < r < 2*. Therefore, there exists q such that (g, 7)
is an admissible pair. A simple calculation shows that

1 1 1
—=—+-. (3.9
g 0 ¢q
By Proposition 1.3, there exists K such that
ISCW N Logsmsy + ISOW Nl pamwrrny = K1Y g,
for every ye H!(RY). Given M >0 and T; <0< T, such that T, > T, let
E={veC([T,, T,), H'RY) " LTy, To; W' (RY));
o ”Lw(Tl,Tz;Hl) + 1 v"Lq(T,,Tz;Wl.r) =K+ I)M}

Endowed with the metric d(u,v)= ||v — u|l o1, 1,1 (E-d) is @ complete metric
space. Given veE, it follows from (3.8), (3.9), Sobolev’s and Holder’s inequalities
that h|v|*veL? (T,, T,; W' (R¥)) and that

101210 e, 2oy S U gary 1012wt 7snon 19 e, oo
SCollhllpor, 7K+ 11 M*4L, (3.10)
Furthermore, given u, ve E, one has as well
I h(lol*0 — [ul* W) | a7y, 75300
S Cllhl pory, ry U0 N Loy, 1oty + N8I ey msm) 10 — 8l oy 7yirryy B-11)
and so,
1 A(0170 = (410 |, ary S Cal e, (K + DEMPdGw0). (3.12)
Given veE and yeH'(R") such that || ¢ ||z: £ M, set

9, (1)=S@Oy — ii S(t — s)h(s)|v[*v(s)ds,
0

for te(T, T,). It follows from Proposition 1.3 and formula (3.10) that
9,eC(LTy, T,], H'(RY)) 0 LY(Ty, T,; W' (RY)),
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and that
1ol gocrs iy + 1 Bolliacr zawin S KM + Co(K + 1M b, 1
Therefore, if T, — T, is small enough so that
C3(K + 1" M| hll yor, 1y S 1,
then 4,€E. Furthermore, Proposition 1.3 and formula (3.12) imply that
A&, %) S ColK + 1M hll g, (05 0).
Consequently, if T, — T, is small enough so that
KMo\ bl yar, ry S 1/2, (3.13)

where K; =(K + 1)***max{Cs, C,}, then ¥ is Lipschitz continuous E — E with
Lipschitz constant 1/2. Therefore, ¢ has a unique fixed point veE, which solves
Eq. (3.7). In addition, the first part of property (iv) follows from (3.13), (3.10) and
Proposition 1.3, and the second part from (3.11) and Proposition 1.3. Uniqueness
in the class C([T,, T,]; H*(R")) follows from (3.11) and Proposition 1.3. (Note that
uniqueness is a local property and needs only to be established for T, — T; small
enough.) Now, by uniqueness, v can be extended to a maximal interval (T, T*),
and property (iii) follows from property (iv). Suppose that T* < co. Applying the
above local existence result to v(t), t < T* with T, =0, we see from (3.13) that if

Kl “ U(t) ”7.11 " h "Lf?(,,Tt) é 1/2>

then v can be continued up to and beyond T*, which is a contradiction. Therefore,
we have

Ky 100 1% 1A o oy > 1/2,

which proves property (i). Property (ii) is proved by the same argument. Finally,
since v solves the equation
iv, + Av = h|v|*v,

in LY (T,, T*; H™'(R") and h is real valued, property (v) is proved by standard
arguments. For example, multiply the above equation by |x|?e~*™**5, take the
imaginary part and integrate over R", then let ¢ |0 (see Proposition 6.4.2, p. 107 in
[4] for a similar argument). Property (vi) follows by taking the H! — H~! duality
product of the equation with v.

If N = 2, the proof is the same as in the case N = 3, except that we set r = 26 and

0
use the embedding H'(R?) =, [”(R?) with p = 5“_7

If N =1, the argument is slightly simpler. We let
E = {veC([Ty, T,), H'R)); 0]l Lo, 1yi) S 2M3,
equipped with the metric d(u,v) = ||v —u|l =, r,.a1, and use the embedding
H'R)=, L*(R). [

Corollary 3.2. Under the assumptions of Lemma 3.1, suppose there exists 6, > 0 such
that he L% (R). It follows that for every M > 0, there exists t > 0 such that if ye H'(RY)

loc
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verifies || | g1 < M, then [ — 1,7] = (T, T*), and such that v has the following continuity
properties.

@ If 1 llus <M, ¥, — ¥ in H L(RY), and if v, denotes the solution of (3.7) with
initial value Y, then v,— v in C([ —1,7], H'(RY)).

@) If [Yllg <M, x//,,n:; Y in X, and if v, denotes the solution of (3.7) with initial
value Y, then v,— v in C([ —,1], X).

Proof. We base our proof on arguments of Kato [ 18] used in the autonomous case.
We only prove the result in the case N = 3 (see the proof of Lemma 3.1 for the
necessary modifications in the cases N = 1, 2). Given M > 0, we choose 7 so that the
inequality in property (iv) of Lemma 3.1 is met whenever (| || 5: < M. In particular,

1 4-—
if | |lg <M, then [ —1,7] =(T,, T*). Next, observe that —> ; and so we

. 1 .
may assume without loss of generality that — > . Therefore, if we define by

1

4
1
L2t
o N 0,

2N
then 2 < ao < N_2" Let now p be defined by

2 1

p o

1 2 2N
Since ~ < N it follows that 2 < p < N—3 Finally, let y be such that (y, p) is an
a' —

admissible pair. It follows easily from Holder’s inequality that for every — oo <a <
b< oo,

b 1/64
NAWZ (| Lo iy = ( ()’ I w(s) H,’iL) 12 1| Lya,b;5)- (3.14)

Consider now ¥ such that ||y ||;» < M, and let ¥, be as in (i). Let v, v, be the cor-
responding solutions of (3.7). It follows from Proposition 1.3 that there exists C,
depending only on 7, such that

” vV—0, “L’(—t,t;W‘*”) + ” v—v, ”L‘”(—t,r;Hl)

SCIY = allg + 1AV — |00 L= g eswrtony- (3.15)
On the other hand, a straightforward calculation shows that
IV(lv]*v — |v,|*v,)| < C|v,]*| Vv — Vv,| + ¢(v, v,)| V), (3.16)

where C depends on «, and the function ¢(x, y) is bounded by C(|x|*+|y|*) and
verifies ¢(x, y) e 0. Therefore, applying (3.14), (3.15) and (3.16), we get

“ V=0, ”LV(_t,t;Wl") + H U Un ”Lw(_"“Hl)

< CIY il + 1 gos o9l oty 10 = Bl cion

b 1/64
+C(V@WHW&%M%> ] —— (3.17)
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Note that by property (iv) of Lemma 3.1, v, is bounded in H'(R"), hence in L**(R¥),
with the bound, for te[ — 7, 1], depending only on ||, | ;:, hence (for large values
of n) only on M. As well, the bound on || v | .y~ ,¢;w1.») depends only on M. Therefore,
it follows from (3.17) that

lv—uv, ”Lv(—r.r;W"") +lv—uv, ”L‘”(‘M;H’)

b 1/6,
=C ” lﬁ - ‘//n "Hl +C h ”Lﬂl(—t,r) lv— Un "Lv(—z,t;wl.p) + C(jh(s)"‘ ” ¢(U, U,,)“i‘,) )

where the constant C depends only on M. Therefore, if we consider t possibly
smaller so that C| k|| Loi(-en = 1/2 (note that 7 still depends on M), it follows that

” V—0, ”Lr(—r,t;wl.p) + ” V—10, ”Lw(—t,r;Hl)
b 1/84
SCIY =¥l +C<Ih(s"‘ I ¢(v,v..)|°L‘a> .

Therefore, property (i) follows, provided we show that

b
(I h(s)* || ¢(v, v,) Ilﬁ),:;o 0.
By the dominated convergence theorem, it suffices to verify that

1600 20— 0,

for all te[ — 1, 7]. To see this, we argue by contradiction. We assume that there exists
t and a subsequence, which we still denote by v,(t), such that || ¢(v(¢), v,(t)) || - = u > 0.
Note that v,(t) - v(t) in L*(R¥) and v,(t) is bounded in H*(R") by property (iv) of
Lemma 3.1. Therefore, by Sobolev’s and Hélder’s inequalities, v,(t) - v(t) in L**(R").
It follows that there exists a subsequence, which we still denote by v,(t), and a
function feL*(R¥) such that v,(tf) - v(t) almost everywhere in R" and |v,(t)| < f
almost everywhere in R¥. Applying the dominated convergence theorem, it follows
that | ¢(v(t), v,(2)) || .- — 0, which is a contradiction. Hence property (i).

Property (ii) follows from property (i) and Lemma 3.1 (v). Briefly, use Holder’s
inequality on the formula in Lemma 3.1 (v) to obtain a uniform bound in X on
the solutions v,. The integral term then converges along subsequences where xv,
converges weakly in L2(R¥) to xv, and the rest of the proof is standard. []

Corollary 3.3. Under the assumptions of Corollary 3.2, the solution v of (3.7) given
by Lemma 2.1 depends continuously on y in the following way.

(i) The mapping y— T* is lower semicontinuous H'(R¥)— (0, 00].
(i) The mapping Y+ T, is upper semicontinuous H'(RY)— [ — c0,0).
(i) If Y, —> ¥ in H'(RY) and if [Ty, T,1&(T,,, T*), then v, »vin C([T,, T,1, H'(R")),

where v, denotes the solution of (3.7) with initial value .. If in addition Y, >y in X,
then v,—vin C([T,, T,], X).
Proof. Let yeH(RY), let v be the maximal solution of (3.7) given by Lemma 2.1

1
andlet [T,, T,] = (T,, T*). Set M =5 sup [ v(t)| 4 and consider 7 > 0 given by
St=T>

Tysts

Corollary 3.2. By applying Corollary 3.2 m times, where (m — 1)t < T, — T; < mx,
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we see that if | — ¢ || 4: is small enough, then the solution of (3.7) with initial value
¥ exists on [T, T,]. Hence properties (i) and (ii). Property (iii) follows easily from
the same argument. []

We are now in a position to state our local existence result for Eq. (3.3). In order
to make the statement simpler, we introduce the function

f@O)=A|1 —¢t|"@-N2 - for teR,

and the equation
() =St —to ) — ijt"S(t —8)f(s)|v|*v(s)ds, (3.18)

where t,eR and yeH!(R"). Note that if 0 < T, <t, < T, < 1, then v solves (3.18)
on [Ty, T,] if and only if v solves (3.3) on [T, T,] with initial value v(ty) = ¥

4 4
Theorem 3.4. Assume <a< (2 <a < 00,if N =1). Then, for every t,eR
N+2 N-2

and ye H'(R"), there exist T, < t, < T* and a unique, maximal solution ve C((T,, T*),
H'(RM)) of Eq. (3.18). The solution v is maximal in the sense that if T* < oo (respectively
T, > — o), then | u(t) | g: = o0, as t T T* (respectively t| T, ). In addition, the solution
v has the following properties.

N
(@) If T* =1, then lin}inf{(l —1)°[[v(t) [ g1} > O with 6=—4L2—1 if N=3,6 any
t11 o

1 1 1
number largerthan1——ifN=2,and5=§——ifN=1.
o o

(i) If yeX, then veC((T,, T*), X).

(iii) [|o(®)ll2 = llv(to)ll 2, for all te(T,, T*).

(iv) The solution v depends continuously on s in the following way. The mapping
Y- T* is lower semicontinuous H*(R")— (0, 0o], and the mapping Y+ T, is upper
semicontinuous H*(RY)— [ — o0, 0). In addition, if , 2 YinH Y{RNyand if [Ty, T,]e

(T,, T*), then v,—v in C([Ty, T,], H'(RY)), where v, denotes the solution of (3.18)
with initial value . If in addition , > in X, then v,—>v in C([T, T,], X).

Proof. The result is a straightforward consequence of Lemma 3.1 and Corollary 3.3
with h(t) = f(t +to). O

4
Remark 3.5. (i) Note that even when o < No 2(oc <2,if N = 1) the nonautonomous

term in (3.3) is singular only at ¢ = 1. Therefore, by applying Lemma 3.1, one can
still solve Eq. (3.3) away from ¢ = 1. More precisely, since in this case all solutions
of (1.1) with initial values in X are global, it follows that for every Y € X and for every
to€[0, 1), there exists a unique solution ve C([0, 1), X) of (3.3) such that v(ty) = .
(i) Itis the choice of r given by (3.8) in the proof of Lemma 3.1 which enables us

<a< —4—— If instead
N-2

4
to prove local existence starting from ¢t = 1 for (3.18) if N1z

one uses r = a + 2, the range of « is restricted to ay < a <
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. . 2
(iii) The lower bound « > 2 in dimension N = 1 corresponds to « > N

4 4
Proposition 3.6. Assume <a< 2<a<oo,if N=1). Let ty,t,€[0,1
p TR if N=1). Let to,1,€[0,1]

and let & be the set of € X such that the solution v of (3.18) with initial value v(t,) =
exists on the interval J , ., = [min{to, t, },max{t,,t,}]. Then, & is an open subset of
X containing 0. Moreover, the mapping U:y—v is continuous & - C(J , ,,), X).

Proof. The result follows from property (iv) of Theorem 3.4. ]

4
<a<N—(2<<x<oo if N=1). Let & be the set of
YeX such that the solution v of (3.18) with initial value v(0) =y exists at t = 1, i.e.
T* > 1. & then has the following properties.

4
Corollary 3.7. Assume
N+2

(i) & is an open subset of X containing 0.

(ii) The mapping U:y+—v(1) is continuous & - X.

(iii) The set F = U(&)is an open subset of X containing0and U: & — F is one to one.
(iv) U™ is continuous F — &.

Proof. Properties (i) and (ii) follow by applying Proposition 3.6 with t, =0 and
t, = 1. The fact that U is one to one follows from the uniqueness property of
Theorem 3.4. The other properties follow by applying Proposition 3.6 with t, =1
andt, =0. [J

4
Proposition 3.8. Assume that 0 <a < N—>o' Let 0=<ty,<t, <1, and suppose that

veC([to,t,], X) solves Eq. (3.3) on [to,t,]. For te[ty,t], let

1 !
E,(t)= 5 [ Vo(e)[|2, + (1 — z)‘”a-“/zm lo()lI5+3,

Ey(t) = (1 — 4 2, (1) = (1 — 42 L v 12, + — ooy 222,
2 a+2
and

1 A
Es(0) = P 1Ge + 2i(1 = )V)o() 172 + (1 — t)”"”"a—;r—z lo@ 173

Then, EI’ E2, E3€C1([t0’ tl]) and

d 4—Na A
YEm=(1— (Na—6)/2____ H*r3, 3.19
it 1()=01-1) 5 Il v 17 (3.19)
d Na
—E,()=(1—0)@ N2 || Vu(r)| 2., 3.20
S E0=0-10 7 u(nu (320)
and
d
—E5()=0, (3.21)

dt
Jor all te[ty,t,].
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Proof. Let u be defined by (3.2). It follows from (3.4) and (3.5) that

A
o+ 2

Formula (3.19) now follows from the pseudo-conformal conservation law (1.6)
applied to u(- — 1). Formula (3.20) follows immediately from (3.19); and (3.21) follows
from (1.5), (3.4) and (3.6).

Remark 3.9. Consider yeX, t,e[0,1), and let veC((T,, T*), X) be the maximal
solution of (3.18). The following properties of T* and T,, are analogous to global
existence properties of the corresponding solution u of (1.1) given by (3.1).

1
E\(0)= Y Iy +2i(1 + 5)V)u(s) |12 + (1 + 5)° lu(s) 1%

(i) If @ <4/N, then T, <0 and T* = 1. This follows rather easily from formulas
(3.19) and (3.20), Gagliardo—Nirenberg’s inequality and conservation of charge or,
alternatively, from the fact that all solutions u of (1.1) are global in this case.

(i) If A= 0and « = 4/N, then T, <0 and T* > 1. The two inequalities follow from
formulas (3.20) and (3.19), respectively.

4
(iii) Note thatif 1 <0, then for any value of o, 0 < a < N_3 there exist initial values

 for which T* = 1. Indeed, if u(t, x) = e’ ¢(x) is a standing wave of (1.1) (see [3,2]),
then one verifies easily that the corresponding solution v of (3.3) blows up at ¢ = 1.

We will now investigate sufficient conditions for a solution v of (3.3) to exist at
t=1,ie. T*> 1.

4
Proposition 3.10. Assume a0<a<m, where o is defined by (1.7). Let ve

C([0, 1), X) be a solution of (3.18), and let T* = 1 be the maximal existence time of v.

(@) If (1 — )Na=922pe 50, 1; L**2(RN)), with a given by (1.9), then T* > 1.
@) If | v(t)]| a+2 is bounded as t 11, then T* > 1.
(iii) If A= 0, then T* > 1.

Proof. Suppose (1 — t)N*~ /22,150, 1; L** 2(R")). Set r = o + 2, and let (g, 7) be the
corresponding admissible pair. Given 0 <, <t < 1, it follows from Eq. (3.18) and
Proposition 1.3 that
” v ”L"°(to,t;H1) + “ v "L‘l(to,t;Wl,’) é Cc ” v(to) ”H1 +C “ (1 - S)(Na—4)/2lv|av ”Lq’(to,t;wl,r')-
Applying Holder’s inequality, we obtain
“ (1 - s)(Na—4)/2 l Ulav ”Lq’(to,t;wl,r')
SCl( =MD |p) | Larta-2t0,; 1.0+ 2072y 10 | Lageg 71,7

o .
4 _ a, it follows that

q—2

(1= ™92 ol

Since

< C ”(1 _ s)(Na—4)/2a

"L"'(lo,t;Wl"') = v ”;l.“(to,t;bz+ 2) “ v “Lq(yo_t;Wl,r);

and so,
” v ||L°°(to,t;H1) + “ v ”Lq(to,t;Wl"‘)

< Clloto) s + C I = ™ 9202, 10l gy



Rapidly Decaying Solutions of the Nonlinear Schrodinger Equation 93

Choosing t, close enough to 1 so that C||(1 —s)¥*~ 4% 7, . ... < 1/2, we get

” v ”Lm(to,t;Hl) + ” v ”Lﬂ(to,z;le') é 2C “ U(to) ”H"

It follows that v remains bounded in H*(R") as ¢11, and property (i) follows from

—4 .
a> —1; and so, property (ii) follows
o

from property (i). Finally, suppose that 1 = 0. If « < 4/N, it follows from (3.20) that
v is bounded in [**%(R¥). Therefore, T* > 1 by property (ii). If « = 4/N, it follows
from Remark 3.9 (ii) that T* > 1. Hence (iii). This completes the proof. O

Theorem 3.4. Since a > a,, we have

Remark 3.11. Note that in the proof of property (i) of Proposition 3.10 above, we
did not make use of the assumption a > «,. The same argument shows indeed that,

if——i——<a§a0(2<a§a0,ifN=l)andif
N+2

1
J (1 — 0 @==9729 | y(g) |2, dt < oo,
0

then T* > 1. However, in this case, we have ||0(t)[l.e2— [ 0(1) ]| avae If ©£0, it

< — 1. This is absurd; and

follows that the above integral is infinite, since a >
o

so, if

2<<x§oz0,then

1
(1 — e~ 129 (1) | 2. dt = oo,
0

for every nontrivial solution ve C([0, 1), H!(R")) of (3.18).

Proposition 3.12. Assume that N = 3 and that o. = o, where o, is defined by (1.7). Let
veC([0, 1), X) be a solution of (3.18), and let T* = 1 be the maximal existence time of v.
G If list{uplllog(l =) o) )|5+5 =0, then T* > 1.

t

(i) IfA=0, then T* > 1.

Proof. We first prove assertion (i). Suppose to the contrary that T* = 1. It follows
from Theorem 3.4 that there exists x> 0 such that

| Vo(e) 12, 2 (1 — 921V +272,

Therefore, applying (3.20) we get

d — No
—E,(t) — 1-07 4
" )= —u 2 1-19
and so,
4 — Nao
Ey()<EQ)—p 2 [log(1 —1)].

This contradicts the hypothesis of (i), proving (i). Property (ii) follows immediately.
]
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Rémark 3.13. The above argument does not apply to the cases N=1 and N =2,
since the lower estimate at blow up given by Theorem 3.4 is not good enough.

Finally, we will need the following results in the next section.

B

4
Proposition 3.14. Assume that 0 <a < N2 let ueC([0, ), X) be a solution of

Eq. (1.1), and let ve C([0, 1), X) be the corresponding solution of (3.3) defined by (3.2).
Then, S(— s)u(s) has a strong limit in X (respectively, in L(R")) as s — oo, if, and only
if, v(t) has a strong limit in X (respectively, in L*R")) as t11, in which case
lim S(— s)u(s) = e"*45(— 1)(1).

Proof. It follows from [7], formula (3.8) that

_ — gilxyag( _ S 5
S(—shu(s)=e S( 1+s>v<1+s>’

from which the result follows. O

4 4
Proposition 3.15. Assume that <a< , let ueC([0, 0), X) be a solution
N+2 N-2

of Eq.(1.1), and let veC([0,1), X) be the corresponding solution of (3.3) defined by
(3.2). Let T* = 1 be the existence time of the maximal extension of v as a solution of
(3.18).

(i) If T* > 1, then sV2@*D|iy(s)|| ... is bounded as s— co. In particular, u has

4
linear decay, and if ay < a < N_> then u has rapid decay.

@) If NLH <aZfa, (2<a=Zay, if N=1), u can not have rapid decay, except if
u=0.

(i) Ifog<a< ﬁ, and if u has rapid decay, then T* > 1.

. 4
(iv) Ifa0<oc<N

> and 2 = 0, then u has both rapid and linear decay.

Proof. If T* > 1, then | v(t) || ... is bounded as t 1 1; and so, property (i) follows from
identity (3.4). Property (ii) is a straightforward consequence of Remark 3.11 and
identity (3.4). Suppose now that o > a, and that u has rapid decay. Applying (3.4),
we get (1 — )™~ M20e 150, 1; [** 4(RY)), with a given by (1.9); and so, T*>1
by Proposition 3.10. Hence (iii). Finally, (iv) follows from Proposition 3.10 and
property (i). O

Remark 3.16. In fact, it is already known (see for example [4]) that if 1>0

ueC([0, o0), X) of (1.1).

4 . .
and a<m, then s¥/2@*2)|y(s)| ... is bounded as s— oo for all solutions
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4. Applications to Scattering Theory

4 . . .
Let 0<a< N2 Given ¢eX, let u, denote the maximal solution of (1.1) with

initial value u(0) = ¢. Let us set

9, = {peX;u, exists on [0, )}, 4.1)
%_ ={peX;u, exists on (— 00,0]}, 4.2
and
R, ={pe% .;S(— s)u,(s) has a limit in X as s— + co}. 4.3)
For pe# ., let
Ui(p)= s—l'iToo S(— s)u,(s), 4.4)

where the limit holds in X. Finally, let us set
L =Us(Z) 4.5)

We begin with the following elementary result.
Lemma 4.1. The sets 9 ., ., and & . have the following properties.

() 9_ =%, ={p;¢c%. };

(i) #2_ = @_— {o; PR+ };
(i) ¥ =S, ={p; 0L+ };
(iv) U_(9)=U (@), for every peZ _.
Proof. Note that u(t, x) solves (1.1) on [0, T) if, and only if w(¢, x) = u(— t, x) solves
(1.1) on (— T,0]. In other words, u,(s) = uz(—s). Hence (i). Furthermore, since
S(— s)z = S(s)z, we have

S(— S)uy(s) = S(s)u,(s) = S(s)uz(—s),

from which properties (ii), (iii) and (iv) follow immediately. [

The following theorem concerning the wave and scattering operators is the main
result of this section.

4
Theorem 4.2. If <a< (2 <a < 0, if N = 1), then the following properties
hold. N+2 N-2

(i) The sets # . and &  are open subsets of X, containing 0.

(i) The operators U ,: R, - 4 are bicontinuous bijections for the X norm.

(iti) The wave operators 2 = U . are bicontinuous bijections & . - R . for the X
norm.

(iv) Thesets O, =U (R, "R_)and O_ =U_(R,"R_)={zeX;zeO,} are open
subsets of X containing 0.

(v) The scattering operator S=U ,Q_:0_ - O, is a bicontinuous bijection for the
X norm.

(vi) S™Y(2) =S(2), for every zeO_.
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Proof. Let us first prove properties (i) and (ii). In view of Lemma 4.1, it is sufficient
to establish these properties for the sets and operators indexed by +. These two
properties now follow from Corollary 3.7 and Proposition 3.14 by interpreting the
results in terms of u given by the transformation (3.2). Property (iii) is a consequence
of (ii). The identity ¢_ = {zeX;Ze0, } follows from Lemma 4.1, and the open
character of ¢, follows easily from property (ii). Finally, (v) is an immediate

consequence of (ii) and (iii); and (vi) follows from Lemma 4.1. [J

The following result is an immediate consequence of Theorem 4.2.

4 4
Corollary 4.3. If —— <a<————(2 <o < 00, if N =1), then the scattering operator
y f N2 N 2( if ) g op

is defined from an X -neighborhood of 0 onto an X-neighborhood of 0. In particular,
a low energy scattering theory exists in X.

Remark 4.4. If A <0, then the lower bound on o given in Theorem 4.2 for the
existence of scattering states is optimal. Indeed, if « < N—+2 there exist initial data

¢ of arbitrary small X-norm such that the solution u of (1.1) with initial value ¢
does not possess a scattering state in X (or even in L*(R")). To see this, let peX be
a nontrivial solution of the equation — A¢ + ¢ = —i|@|*¢ [3,2]. Given a > 0, set
@.(x) = a**p(ax). It follows that — Ag, + a’¢, + A @,|*@, = 0. Therefore, u,(t, x) =
e, (x) solves (1.1), and S(— t)u,(t) = “**S(— t)¢p, does not have any strong limit
4
as t— oo, even in I?(R"). On the other hand, one verifies easily that if « < N2
then |lu, || x TS 0. The same example shows that for o < 4/N, there exist initial data

of arbitrary small H'-norm such that the corresponding solution of (1.1) does not
possess any scattering state (see Strauss [23]).

Remark 4.5. The conclusion of Corollary 4.3 was essentially proved by Strauss

. 4 .
[22,23] for a > a. Since Ni2 < 0, our result improves the range of a.

4 4
Proposition 4.6. Assume that 5 <a<-——QR<a<oo, if N=1). If 1<0,

N-2
assume further that o <4/N. Then, &, = X. Therefore, the wave operators are
defined on all of X.

Proof. By Lemma 4.1, we need only show that &, = X. By transformation (3.2)

and Proposition 3.14, it suffices to show that for every we X, there exists a solution

v of (3.3) that exists on [0, 1) and verifies v(t) ol in X. Now, given we X, it follows
t

from Theorem 3.4 that there exists a unique solution v of (3.3) on some interval
(1 — 7, 1) such that v(t) —> win X. By Remark 3.9, v exists on [0, 1). This proves the
result [ i

Remark 4.7. Note that when 4 < 0, the upper bound « < 4/N in Proposition 4.6 for
the existence of the wave operators is optimal. Indeed, by Remark 2.6 there exists
¢€X such that the maximal solution w of (1.1) with initial value ¢ has rapid decay
at + oo and blows up at the negative, finite time — 7. Let w* = lim S(— £)w(¢) (see

t— o0
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Theorem 412 below), and set u* = S(—t)w* and u(t) = w(t — 7). It follows that
u™ = lim S(— t)u(t). Since u(0) is not defined, it follows that 2, u™* is not defined;
t— o0

and so, &, # X.

Remark 4.8. Existence of the wave operators has already been proved by Tsutsumi

[26] (see also [17]) for o > o, in the case 4 > 0. Since

< o, Proposition 4.6
) 2
improves the lower bound on a.

We now study asymptotic completeness, and we begin with the case 1 = 0.

4
Theorem 4.9. If N =3,120,and ag S o< N3 where o is defined by (1.7), then

Proof. By Lemma 4.1, we need only show that #Z, = X. Let yeX. If follows from
Proposition 3.10 (if « > «,) and Proposition 3.12 (if « = «,) that the solution v of
(3.18) with initial value v(0) =y exists beyond t =1, i.e. T* > 1. The result now
follows from Proposition 3.14. O

4
Theorem 4.10. [fN=>3,A=20,and ey S a< N> where o is defined by (1.7), then

O, = X. In particular, the scattering operator is a bicontinuous bijection X — X.
Proof. This follows from Theorem 4.2, Proposition 4.6 and Theorem 4.9. [

Remark 4.11. (i) The previous two results are valid for N =1,2 if a5 < o.
(ii) The conclusion of Theorem 4.10 was previously proved by Tsutsumi [26]
(see also [17]) for « > ay. However, the case a = a, is new.

We now characterize the sets £ , in the case 4 <0 in terms of rapidly decaying
solutions.

4
Theorem 4.12. If A< 0and oy <o < N7 where oy is defined by (1.7), then # , =

{0eX;u, has rapid decay} and R _ = {@€X;u; has rapid decay}. Moreover, & , are
unbounded subsets of [*(R").

Proof. By Lemma 4.1, we need only show the result for %, . The first assertion
follows from Propositions 3.15 and 3.14. Consider now peX. For b = 0, let ¢,(x) =
1114 (x). It follows from Corollary 2.5 that ¢,(x)eZ ., , for b large enough. Since
l@ullo= @l it follows that £, is unbounded in L*(RY). O

5. Remarks

As noted in the introduction, Corollary 2.5 shows that whether or not a solution
to (1.1) blows up in finite time can not be determined solely from the modulus of
the initial value ¢. Indeed, appropriately modifying the phase of ¢ produces a global,
rapidly decaying solution. This suggests that blow up itself is a consequence of
rotational properties of the solution, rather than the size of the modulus of the
solution.
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We can make this idea more precise as follows. Consider ue C([0, T], HA(R))n

CY([0, TT, I2(R™)) with u(0) = ¢. Set

_ Reulmu, —Reuy, Imu

|ul?

h(t) (5.1)

It follows that
Tm dw, = |u|?h(t) (5.2)
and, if we write u = pe’?, then h(t) = 0,. In other words, h measures the speed of

rotation of u.
Suppose first that u is a solution of

iu, + Au =0, (5.3)
i.e. (1.1) with A = 0. Multiplying (5.3) by #, integrating over R", and taking the real
part, we get that
[ Imu,adx + || Vul||Z, =0.
RN

In other words, since || Vu(t) || 2, = || Vu(0) || 2, for solutions of (5.3), we see that
[ lu@)Ph(®dx = — |V 1. (5:4)
RN

Now suppose that u is a solution of
iu, = — |ul|*u, (5.5)

i.e. (1.1) without the dispersion and with A < 0, which we take to be — 1. Multiplying
(5.5) by u and taking the real part (without integrating) quickly yields that

h(e) = [u(®))". (5.6)

The competition between the two parts of (1.1), i.e. Egs. (5.3) and (5.5), is now
evident. The linear equation (5.3) produces, on the average, a negative rotation,
while the ordinary differential equation (5.5) produces a positive rotation at every
point.

Finally, we suppose that u is a solution of (1.1) with A = — 1 and o = 4/N. Also,
we suppose that pe X. Following the same steps as with Eq. (5.3) above, we arrive
at the formula

o

| lu(®)|?h(t)dx = — 2E(¢) +

u(t)||*+2. 5.7
3 a+2” 01N (5.7

If u is a global, rapidly decaying solution, then by Proposition 3.15, [|u(t) [|%5:3 -0,
as t — 0. Moreover, since E(¢) < 0 implies finite time blow up (see [11,24,4]) and
since u being a rapidly decaying solution is an open condition on ¢ (Theorems 4.2
and 4.12 above), we see that E(¢) > 0. Thus,

[ lu(®)*h()dx - — 2E(9) <O, (5.8)
RN

as t — o00. In this case, the negative rotation induced by (5.3) wins. If, on the other
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hand, u blows up in finite time 7, then |u(z) |23 — o0, as t1 T; and so,
[ 1u(@®)|*h(t)dx - oo, (5.9
RN

ast1T. Here, the positive rotation induced by (5.6) wins. Furthermore, we can easily
deduce the following information about h(t) near blow up:

” h(t) ”L“ ? 0,
T
JIR@) 1§52 = oo
0

T
The last identity follows easily from the property | ||ul|%)3 = oo (see [5]).
0

Finally, we prove a result about global solutions to (1.1) in X which are not
rapidly decaying. If « < 4/N, we know that such solutions are bounded in H?. If
o > 4/N, we can at least show that a certain time average of the solution is bounded.

Proposition 5.1. Assume that « > 4/N. Let ue C([0, ), H*(R")) be a global solution
of (1.1), and assume that u(0)e X. Then,

1t 4No
limsup = { || Vu(s) || 2.ds <
prt({” eIz =

E,
4

where E = E(u(0)).
Proof. With the notation of Remark 2.6, formula (2.11) can be written as
ts
f@© = f(0)+tf(0) + 2NaE(u(0))t* — 2(Noao — 4) | | { |Vu|*dxdods,
00 RN
from which it follows that

2Na— 4[| [ |Vul’dxdods < f(0) + tf0) + 2NaE@O)2  (5.10)
OOR

N

Note that

ts t t/2 t/2
V@72 | [ 1Vu(@) 17202 | 1 Vu(s) 17

t/2 0 0

Inequality (5.10) and the above inequality yield the result. [
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