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Abstract. In this paper we consider the bosonic sector of the electroweak theory.
It has been shown in the work of Ambjorn and Olesen that when the Higgs mass
equals to the mass of the Z boson, the model in two dimensions subject to the ’t
Hooft periodic boundary condition may be reduced to a Bogomol’'nyi system and
that the solutions of the system are vortices in a “dual superconductor”. We shall
prove using a constrained variational reformulation of the problem the existence
of such vortices. Our conditions for the existence of solutions are necessary and
sufficient when the vortex number N =1,2.

1. Introduction

Instantons, monopoles, and vortices form a rich spectrum of topologically elegant
solutions of gauge field theories. Vortices arise in two-dimensional models in which
the gauge symmetry is spontaneously broken via Higgs bosons. Such solutions
represent string-like field configurations in higher dimensions and, in the context
of the abelian Higgs theory, were first discovered in Abrikosov’s poineering study
[1] of the magnetic properties of superconducting materials. In recent years, due
to their interesting roles in grand unified theories, especially in cosmology [10],
nonabelian vortices have attracted a considerable amount of attention. It is well-
known that one of the most important and successful nonabelian gauge field
theories is the electroweak theory of Glashow, Salam and Weinberg, where the
gauge group is SU(2) x U(1). In a series of papers, Ambjorn and Olesen [3-5]
proposed that a class of periodic vortex-like solutions similar to those of Abrikosov
occur in this electroweak theory (see also Skalozub [11,12]). They showed that,
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when the coupling constants satisfy a critical condition, energetically stable solutions
can be found from a Bogomol’nyi system. These solutions give rise to a distribution
of vortex-lines and the total energy is proportional to the quantized flux or the
vortex number. Moreover, the interesting structure of the equations allows one to
derive a magnetic anti-screening phenomenon relevant to the quark confinement
problem. Since the fermionic sector of the model is not responsible for the spon-
taneously broken symmetry, it suffices to consider the bosonic sector only. The
periodicity may be realized by the ’t Hooft boundary condition [13]. Ambjorn
and Olesen used a perturbation analysis and numerical experiments to support
the existence of such nonabelian vortices but they were unable to obtain a rigorous
proof [4]. The major difficulty is that the Bogomol’nyi equations now take a more
delicate form than in the classical abelian case [8, 14] due to the above mentioned
anti-screening of the magnetic field. (For the abelian case, the structure of the
Bogomol'nyi equations allows a complete resolution of the multivortex problem
over a periodic cell realizing Abrikosov’s solutions [14].) Indeed, such a significant
difference has already been exhibited in an earlier study of Ambjorn and Olesen
on the periodic vortices of a simplified SO(3) theory [2] in which the W-bosons
acquire masses through a Higgs mechanism but the Higgs fields are neglected
from the Lagrangian. Here a system of the Bogomol’nyi type equations also occur
but the reduced elliptic equation takes a similar form as those in the prescribed
Gaussian curvature problem for compact surfaces with a positive Euler character-
istic [9]. Hence in this situation one might only expect to find certain sufficient
conditions for the existence of multivortex solutions [15].

In this paper we will study the existence of multivortex solutions in the full
electroweak theory proposed by Ambjorn and Olesen. Our main strategy is to
use a crucial change of field variables to transform the system into a “lower
diagonal” form. Such an approach allows a multi-constrained variational solution
of the problem if the given data in the problem satisfy certain restrictions. Under
these restrictions, existence results will be established. When the vortex number
N = 1,2, our conditions for existence are both necessary and sufficient. Whether
or not these conditions for the case N = 3 may further be improved remains open.

The organization of the paper is as follows. In Sect. 2 we discuss the electroweak
theory in the standard unitary gauge with a residual U(1) symmetry and set up
most of our preliminary notation. In Sect. 3 we show that a convenient ’t Hooft
periodic boundary condition (for an arbitrary lattice structure) in the electroweak
theory is equivalent to that in the corresponding U(1) model. Section 4 gives a
characterization of the quantized flux by the vortex number, parallel to the situation
in the abelian Higgs model [ 14]. In Sect. 5 we prove our main theorem (Theorem 5.6)
for the existence of multivortices in the electroweak theory. Section 6 contains
some concluding remarks.

2. The Electroweak Theory in the Unitary Gauge

We shall use {7,},_, , ; to denote the Pauli matrices:

0 1 0 —i 10
"ol TG o) BT 0 1)
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Then t, = 7,/2, a=1,2,3 is a set of generators of SU(2) satisfying the commutation
relation

[tas tb] = isabctc'

Let ¢ be a complex doublet. The gauge group SU(2) x U(1) transforms ¢ as
follows:

drrexp(—imgt), w,eR, a=1,2,3,
drrexp(—itto)d, EeR,

t_1(1 0)
°72\0 1

is a generator of U(1) in the above matrix representation.

In the (1 4 3)-dimensional Minkowski space with the signature (— + + +), the
SU(2) and U(1) gauge fields are denoted respectively by 4, = A%t, (or A, =(45)
as an isovector) and B,. Both A} and B, are real 4-vectors. The field strength
tensors and the SU(2) x U(1) gauge-covariant derivative are defined by

F,,=0,A,—0,A,+ig[A,,A,],
G, =0,B,—0,B,,
D,¢=0,¢ +igAyt,¢ +ig B,to,

where g,g’ > 0 are coupling constants.
The Lagrangian density of the electroweak theory in the bosonic sector is

& = —{(F"F,, + G"G,,)— (D"$)"(D,$) — Mo3 — ¢'9)%, @1

i

where

where and in what follows,
are positive parameters.
The new vector fields P, and Z, are a Totation of the pair Ai and B,:
P,=B,cos0+ A}sin,
Z,= —B,sin0+ A, cos .

u —

always denotes the Hermitian conjugate, and 4, ¢,

In terms of P,,Z,, D, is written
D,=0,+ig(Ajt, + Alt,) +iP,(gsin Ot; + g cos Oty) + iZ (g cos Ot3 — g’ sin Ot,).
Requiring that the coefficient of P, be the charge operator eQ = e(t; + t,), where
—e is the charge of the electron, we obtain the relations
e=gsinf =g cosb,

’

e 99

@ g
A
(g2 +g)"

Such a 0 is called the Weinberg (mixing) angle. In the sequel, we will always assume

cosf = 2.2)
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that 6 is fixed this way. The D, takes the form
D,=0,+ig(A}t, + Alt)) +iP,eQ +iZ,eQ,

where Q' = cot 0t; — tan 0t is the neutral charge operator.
From (2.2), when we go to the unitary gauge in which

(2)

where ¢ is a real scalar field, there holds

i .
Eg(A,‘,—tAﬁ)q)
D,¢= .
ig Zoo
2cosf *

0,0 —
Define now the complex vector field

1 .

and 9, =0, —igA>. With the notation P,,=9,P,—0,P,,Z,,=0,Z,—0,Z,, the
Lagrangian (2.1) takes the form

L=- %(‘@” w?— @vW”)T(QMWV -9 VWM) - %Zﬂvzuv - 7:TP‘NPMV
— L ((WHWI? — [WEW, W W, 1Y) — ig(Z* cos 0 + P*sin ) W W,

920’22, — Mol — o). 23)

— %gZ(pZ WH WI — 6"(/)6,,(/) — Aot

Thus the model is reformulated in the unitary gauge. The W and Z fields
represent two massive vector bosons which eliminate the unphysical massless
goldstone particle in the original setting. These fields mediate short-range (weak)
interactions. The remaining massless gauge (photon) field P arising from the
residual U(1) symmetry mediates long-range (electromagnetic) interactions.

As in [4], we assume that the magnetic excitation is in the third direction.
Thus, we arrive at the vortex ansatz

Ay =A5=B,=B;=0,
A‘;=A;f(x1,x2), B;=Bj(x;,x5), j=12,
¢ = P(x1,x,). 24)

As a consequence, if the corresponding W, and W, are represented by a complex
scalar field W according to W, = W, W, = iW (this implies the relation 4} = — A2,
A2 = A}), the energy density associated with (2.3) takes the form

E=|D W +i2,W|*+1P%, +17%,—29(Z,,cos 0 + P ,sin0)| W|?

1
+2g%|W|* + (aj¢)2 + mgz‘Pzzf + g2 Q* | W + Ae) — 0*). (2.5)
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The residual U(1) symmetry of the model may clearly be seen from the
invariance of (2.5) under the gauge transformation

1
Wisexp(iQ)W, Pj—Pi+-0,{, Z;~Z;, oo, 2.6)
e

due to (2.2).

3. Equivalence of the ’t Hooft Periodic Boundary Conditions

In this section, we discuss the 't Hooft periodic boundary conditions. Since we are
interested in vortex-like solutions, only the two-dimensional case will be examined.
Namely, we assume that the field configurations are in the form (2.4).

Consider a fundamental domain € of a lattice in IR? generated by independent
vectors a; and a,:

Q={x=(x;,x,)eR?*|x =5,a, +5,2,,0<s,5, <1}.
Define
I, ={xeR?x=sa,0<s, <1}, k=12
Then 02 =T, ul,,u{a, +I,,}u{a,+ I, }uU{0,a,,a,,a; +a,}.

Let A;= ASt,, B;, and ¢ be the gauge potentials and the Higgs boson fields
respectively. The 't Hooft periodic boundary conditions are such that the triple
(4;, Bj, ¢) are doubly periodic in R? up to gauge transformations. For our purpose
we impose this periodicity as follows:

(exp (—i&i(ts + 1o))P)(x + &) = (exp (—i&y(t5 + £6))P) (%),

oy - oy -
<w,,A,-wk T ;wkajwk Dx+a,)= (kajwk ! —;wkajwk 1)(x),

(Bj + i,ajék>(x +a)= (Bj + 1,aié")(")’
g g

xe(Fy,ul,)— o, k=12,  (3.1)

where ¢, ¢, are real-valued smooth functions defined in a neighborhood of I',, U
{a, + I,,}, Ty, u{a, + Iy}, respectively, and

wy(x) = exp(—iu(x)t3)eSU(2), exp(—iu(x)to)eU(1).

Let us see what these conditions imply for the field configurations in the unitary
gauge. It is easy to verify that the first relation in (3.1) says that ¢ is periodic:

k=12 (3.2

To proceed further, we recall the following well-known Campbell-Hausdorff
formula

1]

(p(x + ak) = ‘P(x)a xe(]",‘ Uraz) - ra

K ?

exp(—A)Bexp(4) = B+%[B,A] +%[[B,A],A] +%[[[B,A], ALAl+ -,
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where A, B are n x n complex matrices. Therefore

wAjo™" =exp(—ilt;) Ajt,exp (ilt;)

1 1 1
— 1_ ~ 2 __ " 241 £33 42 Ve
_(A,. A =5 A+ AT+ )x,

1 1 1
2 . 1~ 22 42~ £3 41 .
+<A,.+1!5Aj AT A+ )tz
+ Ajts,
i1
—“wajw =—((7J§)t3.
9 g

Thus after some calculation we obtain, in the notation of Sect. 2,
exp (ili(x + a,)) W(x + a,) = exp (i, (x))W(x),

(Ag +$8j£,‘>(x +a)= (A; +$a,-c,,>(x),

xe(l,uly,)— T, k=1,2. (3.3)

Combining the above equation with the last relation in the boundary condition
(3.1) and using (2.2), we have

(Pj + é‘%’fk)(x +a,)= (Pj + %aié")(x)’

Zi(x+a)=Z;x), xe(l,ul,)—T,, k=12 (3.4)
We summarize the boundary conditions (3.2)—(3.4) we have obtained as follows:

o(x +a,) = ¢(x),
exp (i€ (x + a,)) W(x + a,) = exp (ii(x)) W(x),

(Pj + %ajék)(x +a)= (Pj + éai€k>(")’

Zix+a)=2,x), xe(Iyula)—Ta, k=12 (33

The relations (3.5) are exactly the 't Hooft periodic boundary conditions for
the reduced U(1) model (2.5) over the lattice with fundamental domain £2 (because
in such a situation a gauge transformation is defined according to the formula
(2.6)). Hence we have shown that the 't Hooft periodic conditions for the full
SU(2) x U(1) theory and the theory in the residual U(1) symmetry are in fact
equivalent.

For convenience, we momentarily denote the value of a function ¢ at a point
X =s,a, + 5,2, by &(sy,s,). Since W is a single-valued complex scalar field,
there must exist an integer NeZ so that

&(1,17) = &4(1,0%) +£,(0,0%) = £,(0,17)
+&6,0%,1) = 5(17, 1)+ £,(17,00 - £,(0%,0) + 22N = 0. (3.6)

K
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As a consequence of (3.5)—(3.6), there holds

2N (3.7)

@ =[P dx= [ Pjdx;=
a F1e]
Namely, the total magnetic flux through €2 is quantized and independent of the
size of £2. On the other hand, it is easily seen that the flux through £ induced by
the massive vector boson Z is zero.
Using (3.7) and the boundary condition (3.5), we see that the energy density
(2.5) leads to the energy lower bound as in Ambjorn and Olesen [4]:

E= [&dx
o)
: 1 g . 2
= £dx{|glw+192W|2 +5<P12—2—Sm(p(2,——2gsm0|W[2) }

+§dx 1 le—~—g—((p2—¢§)—2gcos€|W|z>2+<&Z.+s.kakgo)Z}
o (2 2cosf 2cos8 ' 7

2

2
9 2 2y2 9 4
ax{( 4 - — o -
+£ x{( 8cos20>(¢0 ¢) 8 sin? %0

2 2
9P gdPo g 2
+ P,,— Zi,— Ov(EnZ;

2sinf * 2cos@® ' 2cos HenZio )}

2 2
>g&(ﬂ_&,g,) for 1.2

2

“sinf\ e 8sind 8cos2 6’
In the critical case where
2
g
= 3.8
8cos? 0 38)

namely the Higgs mass equals to the mass of Z vector boson, the above energy
lower bound may be saturated by the solutions of the following Bogomol'nyi
system:

2,W+i9,W =0,

P=—9 24 2gsin0| WP,
2sin @

g
Zu=m(<p2—<p3)+290050|W|2,

2cos 6
Z,= -0 ano, (3.9)

subject to the 't Hooft periodic boundary condition (3.5).

It is straightforward to verify that solutions of (3.9) give rise to solutions of the
original electroweak theory. From the second equation in (3.9) and (3.7) it is seen
that the integer N in the relation (3.6) must be positive. The rest of the paper will
be devoted to a construction of the solutions of (3.9)
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4. Realization of Quantized Flux

This section discusses how the quantized flux is characterized by a smooth solution
quartet (o, W, P;, Z;) of the Bogomol'nyi equations (3.9). For simplicity, we assume
that the field W does not vanish on 0. The domain £2 may be viewed as a subset
in the complex plane €. A point in Q will be denoted by z = x; + ix, and the set
of zeros of W by Z (W).

Under the notation
1 1
a=§(61—162)5 8T=§(al+162), azA:l;‘{"lA;,

the first equation in (3.9) takes the form
o'W =ligaWw. 4.1)

Such a relation implies that, locally in £, W is the product of a holomorphic
function and a nonvanishing smooth function (see Jaffe and Taubes [8]). Let
z,€Z(W). Then we have the representation

W(z) = (z — 2o)"ho(x1, X3) (4.2)

in a neighborhood of z = z,. Here h, is a nonvanishing complex-valued smooth
function and the multiplicity n, of the zero zyeZ(W) a positive integer. This
description implies in particular that Z(W) is a finite set.

The unitary gauge assumption makes it necessary to impose that the real Higgs
field ¢ has no zero.

To proceed further, we let Z(W) = {z,,...,z,} and assume that the multiplicity
of the zero z=2zis >0, I=1,...,m. zy,...,z, are the vortex locations of the
solution and n,,...,n, are commonly called the local vortex numbers. Hence
N=n, + --- +n, is the total vortex number.

The first equation in (3.9) or (4.1) may be rewritten

9
a=—"3'InW, away from Z(W). 4.3)
9
Therefore, outside Z(W), Eqs. (3.15) may be reduced by virtue of (4.3) and
Z,,=2cosbl/g)AIn ¢ to
—Aln|W|* = g*p* + 4g°| W),

gZ

4cos? 6

(cf. [4]). Since W has the representation (4.2) in a neighborhood of a point e Z(W),
the substitution |W|* = exp (u), o* = exp(w) allows us to rewrite (4.4) in the full
domain  in the form

Alnep=

(@* — @2) + g*|W|? (4.4)

— Au=g?exp(w) + 4g*exp(u) — 4n Y, nd(z — z)),
=1
2

Aw =
2cos? 6

(exp(w) — @2) + 2g%exp(u), in £,

u,w are periodic on 0. 4.5)
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Conversely, if (u,w) is a solution of (4.5), then we can define the quartet
(¢, W, P,;,Z;) according to

@(z) = exp (3 w(2)),

W(z)=exp(luz) +i0(2)]); O@)=2 ) marg(z—z),
1=1

2cosf
Z(z)=— ——g—sijak In ¢(2),
Pj(z) = csc 043 (z) — cot 0Z;(z), (4.6)

where AJ? is determined through (4.3) (the definition of « may actually be extended
smoothly to the full 2; see [8]). It is not hard to check that (¢, W,P;,Z;) is a
solution of the Bogomol’nyi system (3.9) satisfying the periodic boundary condition
(3.5) so that the total vortex number in (3.6) is given by N=n, + --- + n,,.

In conclusion the quantized flux @ is characterized as in the abelian Higgs
model [14] by the vortex number and, to find a solution with flux 2zN/e, it suffices
to solve the coupled equations (4.5) with n, + --- + n,, = N. In the next section, we
will present a resolution of this system of equations.

5. Existence of Multivortices

Since the boundary condition in (4.5) is periodic, it will be most convenient to
view the problem as defined on the 2-torus T(£22) = R?/~ where x ~ y for x, yelR?
if x =y mod(a,) or mod(a,). In the sequel no mention of the domain 2 will be
made whenever there is no risk of confusion.

The following standard result will be useful for our background subtraction.

Lemma 5.1. For N =n, + --- + n,,, there is a function u, which is smooth in the
complement of the set {z,,...,z,} so that

m

Auy = —‘%4—411 Y nd(z —z). (5.1

142 151
Moreover, uy(z) —In|z — z,)>" is smooth in a small neighborhood of z = z,.

A proof of this lemma may be found in Aubin [7].
Now define v =u— u,. Obviously the function U, =exp(u,) is smooth and
nonnegative. Hence Egs. (4.5) become

4N
Av=T"m—92exp(w)-4gzuoexp(v),

gZ

T 2cos20

Aw (exp(w) — @) + 29> Uy exp (v). (5.2)
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It may be hard to treat the above system directly. To proceed further we
introduce the following transformation of dependent variables:

{11 =0+ 2w,
v=no. (5.3)
Then (5.2) is equivalent to

An= —H + g*tan? Oexp (L[ — v]),

47N
Av="o — 9" expGln— D) —4g*Usexp o) 64
where
_ 9’5 _4nN
cos?0 Q|

An integration by parts of the first equation in (5.4) yields a constraint for the
solution:

fexp(%[n—v]):C1 E%z;l(cotZB)H>0. (5.5)

On the other hand, using (5.5) and the second equation in (5.4), we obtain another
constraint:

gz(p(z)) >0. (5.6)

JUsexp(®)=Cy = 10 (4"N—

4g%sin? 6\ | 2|
These are constraints for both the solutions and the ranges of physical parameters.
For convenience, we extract the above constraints for the parameters as follows:

AnN  g*¢?

292 <— < 0.

%0 2] cos?f

Let W12 = W!(T(£2)) be the usual Sobolev space (the set of (a;,a,)-periodic

I? functions whose distributional derivatives are also in L?, equipped with the

standard inner product). Here L” = L["(Q)= I[”(T(£2)). The norm of L” will be
denoted by || |,

Lemma 5.2. The mapping W12 L' given by froexp(f) is well-defined and
compact.

Proof. See Theorem 2.46 in Aubin [7]). [

It will be seen that the modified system (5.4) leads to a variational reformulation
of the problem. Let us first define the functionals I,,J,,J, on W!? by the
expressions

5.7

4nN
1, v)=§{%|Vul2 +%|an2 + Tg—'u—aHn},

Jy(n,v) = [exp(3[n —v]),
Jo(n,v)= [ Ugexp(v).
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Lemma 5.3. Consider the following constrained minimization problem
min {1,(1,v)|(1,0)eW'?, J,(n,v) = Cy, k=1,2}. (5.8)
If 6 = cot? 0, then a solution of (5.8) is a smooth solution of Egs. (5.4).

Proof. Lemma 5.2 implies that J,,J, are well-defined in W2, Note also that the
Fréchet derivatives J), J), of the constraint functionals are linearly independent.

Given o > 0, let (17, v) be a solution of (5.8). Then by standard elliptic regularity
theory (1, v) must be smooth and there exist Lagrange multipliers 4, 1, depending
of course on ¢ so that

A 1
Ap=—-H+2 exp<~[n —v]>,
o 2

2
47N A, 1
vzﬁ_zexp<2[n—v]>+uderxp(v). (5.9)

Integrating the first equation in (5.9) and using J,(y,v) = C,, we obtain
A, =20g*tan?0,

which means that (n,v) verifies the first equation in (5.4) for any ¢ > 0.

To recover the second equation in (5.4), we choose o = cot? . Therefore, by
virtue of 4, = 2g? and integrating the second equation in (5.9), we have u, = —4g>.
In particular, (n,v) solves the second equation in (5.4) as well. The lemma is
proved. [

In the rest of this section, we fix ¢ = cot? § and suppress the subscript of I, for
simplicity. The admissible set of the variational problem (5.8) will be denoted by

S ={nveW"?|Jn,v)=C, k=1,2}.
When (5.7) is satisfied, C,,C, > 0, and thus & # (.

Lemma 54. For feW"? with | f =0 and given ¢ >0, there holds the following
optimal estimate:

fexp(f) < C(e>exp<[%+s]n v/ u§>, (5.10)
T

where C(e) >0 is a constant depending only on &.

The above lemma is a special case of a result in Aubin [6].
We now state our existence result for Eqgs. (4.5) as follows.

Lemma 5.5. If, in addition to (5.7), there holds the inequality
| 2| (4nN 5 2)
— , 5.11
gnsino\ [2] 0 7° G0

then for any distribution z,...,z,€Q and ny,...,n,€Z, withn + ---+n,, = N, the
system (4.5) has a solution.

Proof. It suffices to prove that (5.2) or (5.4) has a solution. However, by virtue of
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Lemma 5.3, it is sufficient to show the existence of a minimizer of the constrained
optimization problem (5.8)

We first prove that, under the condition (5.11), the objective functional I is
bounded from below on .%. For this purpose we rewrite each f e W2 as follows:

f=AH+T],
where ./( f) denotes the integral mean of f:.#(f)=({ f)/|£2| and #(f’) = 0. Hence
I may be put for (,v)e% in the form
1
I(n,v)=| {-2~ |Vv'|? + %IVn’lz} +4nNM(v) — cH| Q2| M (). (5.12)

Let us now evaluate

A, v)=4nN.M(v) — cH| Q2| M (n)

in (5.12) in terms of #',v’, and the constraints.
From (5.6), we have

exp (A (v)) [ Ugexp (v') = C,.
Thus
Mw)=1nC, —In([Uyexp(v')). (5.13)
On the other hand, (5.5) implies in a similar manner
M) = M@w)+2InC; —2In(fexp(G[n' —v'])). (5.14)
As a consequence,
An,v)=(4nN — cH|R2|).4 (v) + 20H|2|In(fexp G[7n —v'])) + Cs,

where C; = —20H|Q2|InC;.
The second term in the expression of A(#, v) above has a lower bound as may be
seen from the convexity of the exponential function and Jensen’s inequality:

1n<fexp<% 7 — v’])) > ln<|(2|exp<|?12—| f % 7 — v'])) =In|Q2|.

Therefore, using (5.13),
A(n,v) 2 C, M)+ C3+20H|2|In |02
=C,InC,+ C3+20H|2|In|2| - C,In(f Uy exp(v')), (5.15)
where
_ 1]

47N
C.= 41N —oH|Q|= N ez )50
4= dnN —oH| 2] sin20<|.(2| g(p0>

due to the condition (5.7).
We now estimate the last term on the right-hand-side of (5.15). Let p,q be a
pair of conjugate exponents: | <p,q< oo, 1/p+ 1/qg=1. From the Schwarz inequality
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and Lemma 5.4 it follows that

In(fUq exp(v'))gll)ln(j Us)+ }Iln(j exp(@)

1 1
<lln (Jup) +- lnC(s)+<F+a>q||Vv 2. (5.16)
By virtue of (5.15)—(5.16) we obtain the lower bound

o. ’
I(n,0)=3IIVv'|3 +5||V'7 I3 + A, v)
4
2 k(q, )| V'3 +5||V'1’II +C3+20H|Q2|In|2|

+C4(1nc2—11n [jUg]—lln C(s)), (5.17)
p q

where
(q,¢€) ! C< : +e>
Kk(q,e) =~ —
T9=5 t6r )4

T T
T2\ Tsinzel 121 7 %16 1

Using (5.11), it is seen that the constants g > 1 and ¢ > 0 can be suitably chosen
to make k(q,¢) > 0. Hence I has a lower bound on &.

Finally, let {(n;,v;)} = & be a minimizing sequence of the variational problem
(5.8). The inequality (5.17) implies that {(1,v)} is bounded in W*2. On the other
hand, the relations (5.13)—(5.14) and Lemma 5.2 say that {#(v;)} and {M(n;)} are
bounded sequences as well. Hence {(n;,v,)} itself is bounded in W1 2, For simplicity,
we assume that (17;,v;) —some (1, v)eW" 2 weakly as j— c0. As a consequence of
Lemma 5.2, there holds (n,v)e.#. However, the weak lower semicontinuity of the
functional I over W2 enables us to make the comparison I(y,v) < liminfI(n;, v;).
Thus (1, v) solves (5.8) and the proof of the lemma is complete. []

From Lemma 5.5 and the discussion of Sect. 4, we are immediately led to the
following existence result for multivortex solutions of the electroweak theory.

Theorem 5.6. For any z,,...,z,€Q2 and n,,...,n,eZ, with n,+---+n,=N
satisfying (5.7) and (5.11), the Bogomol'nyi system (3.9) subject to the’t Hooft periodic
boundary condition has a smooth vortex-line solution (¢, W, P;,Z;) so that ¢ > 0 and
ZW)={zy,...,2,}, the multiplicity of the zero z=z, of W is n,,l— 1,...,m, and
the total flux @=2znN/e.

Corollary 5.7. In the case that N = 1,2, (5.7) is a necessary and sufficient condition
for the existence of a vortex solution described in Theorem 5.6.

Proof. We may rewrite (5.11) in the form
0> 4n(N — 2sin* 0) — ¢g*| 2| p2. (5.18)
It is easy to see that (5.18) is contained in (5.7) for N=1,2. [
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6. Concluding Remarks

Remark 6.1. Our existence theorem is obtained through the transformation (5.3)
which reformulates the problem into a “lower diagonal” system so that a cons-
trained variational solver may be used. We do not know at this moment whether
or not the sufficient condition (5.11) may further be improved. At first glance, the
condition (5.11) seems to depend on our special choice of the change of variables
(5.3). For example, the transformation

v
=+ w,
{ 4 2cos%0 6.1)
w=w
also reduces the system (5.2) into a variational problem which makes one think
that a different set of sufficient conditions for the existence of multivortices of the
model might be worked out and a possible improvement upon (5.11) would result.

The following brief discussion provides a negative answer to this speculation.
In fact, substituting (6.1) into (5.2), we have

{ Ay = H' —2g*tan? U, exp(2 cos? 6[y — w]),
Aw = aexp(w) — @2) + 29> Uy exp(2 cos® Oy — w]), 6.2)

where

1 4nN g?
H = ———g?p2 ), a= .
2coszt9<|.(2] g (po> 2cos? 0

Integrating (6.2), we find the constraints for a solution as follows:

H'|Q
fUqexp(2cos?0[y —w]) = C} = cot* 2;2 ‘, (6.3)
, 121 g°¢5 4nN
fexp(w) = C2 = cot? 0?((:05200 — |—QT . (64)

It can be shown as before that, if ¢ = cot?#, a minimizer of the constrained
optimization problem

min {I(y, w)|(y, wle S}, (6.5)
1
1(y,w) = I{%IWIZ + EIVWIZ +oH'y — ﬂW}, B =),

& = {(y, w)e W'2|(y, w) satisfies (6.3)—(6.4)}

is a smooth solution of the system (6.2).
With the notation of Sect. 5, we have, for (y, w)e the decomposition

y=MO)+Y, w= MW +w.

Therefore we may rewrite I(y, w) in the form

ag
I(y,w)= LIV 15 +Z1VW 12 + Q@ H A () — Bs? (W)
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q

SIVY I3+ 31Vw 13 + B In(fexp(w)

N

—|12 |¢7H’2colSz . In(fUyexp(2cos? [y —w'])) + Cj,

where

12| <92¢3 47!N>
'=|Q2|(B—0oH')= — >0,
F=1216 ) 2sin?f\cos?0 |Q|

1
C,=—fInC,+———|2|cH'InC/,.
3 4 2 2c0520| | !

Jensen’s inequality again implies that In({exp(w')) 2 In|82].
Let p,q be a pair of conjugate exponents as in Sect. 5. From the Schwarz
inequality and (5.10) we obtain the following lower bound for I(y, w):

1wz VY13 + 6" VW15 + Cy, (6.6)

x’=a<%—2|Q{H’qcos20[lé—n+s:”:1 +%J),

K" = (1—2|.Q|H’qcos2 0[L+81|0’[1 +r]>,
2 167

r>0 is a constant,

C,=C,— 'Q"’H( In[fU2] +- lnC(e))+ﬂln|.Q|

where

2cos?0

Suppose now there is a suitable r > 0 to make

|Q|<4nN , 2)( 1>
TR ] i 14+-),
gr |2 7% r

>|Q—|<%—g >cot2 0(1 +r). 6.7)

As a consequence of this condition, it is immediate to see that we can choose
suitable ¢ >1 and ¢>0 so that x’,x”">0. Thus (6.6) implies that (6.5) has a
minimizer and the existence of multivortex solutions again follows.

However, the two conditions (5.11) and (6.7) are actually equivalent.

To see this, we first assume that (5.11) is true. Let r =tan2 6. It is seen that
both requirements in (6.7) are verified. Hence (5.11) implies (6.7). Suppose now
(6.7) holds for some r > 0. If r = tan2 0, then the second inequality in (6.7) implies
(5.11); while if r < tan? 0, or 1/r > cot? 6, then (5.11) follows from the first inequality
in (6.7). Thus (6.7) implies (5.11) as well.

Remark 6.2. Let T denote the temperature and T, > 0 a critical temperature. The
dependence of the electroweak theory on T may be switched on by adding the
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term 24¢p3(T/T,)*@* to the static energy (2.5) (see Ambjorn and Olesen [5]).
Therefore the vortex equations (3.9) become

D W +iD,W =0,
g

T 2
7 _p*1-| = 2gsin 0| W2,
2sin0"’°< [T] )+ gsim 01w
| g 2 T 2]) 2
Z,,= - 1—| — + 2gcos 8| W|?,
12 2coso(<p %[ (T> g |W|

0
Z'= —zci‘f‘;jkakln (p.
g

125

J

It is clear that for T = T,, this system has no solution, while for T < T, an N-vortex
solution exists provided that N satisfies (5.7) and (5.11) in which ¢} is replaced

by 051 — [T/T.1).

References

1.

2.

wn

10.

11

12.

13.

14.
15.

Abrikosov, A. A.: On the magnetic properties of superconductors of the second group. Sov.
Phys. JETP §, 1174-1182 (1957)

Ambjorn, J., Olesen, P.: Anti-screening of large magnetic fields by vector bosons. Phys. Lett.
B214, 565-569 (1988)

. Ambjorn, J., Olesen, P. A magnetic condensate solution of the classical electroweak

theory. Phys. Lett. B218, 67-71 (1989)

. Ambjorn, J.,, Olesen, P.: On electroweak magnetism. Nucl. Phys. B315, 606-614 (1989)
. Ambjorn, J., Olesen, P.: A condensate solution of the electroweak theory which interpolates

between the broken and the symmetry phase. Nucl. Phys. B330, 193-204 (1990)

. Aubin, T.: Meilleures constantes dans le théoréme d’inclusion de Sobolev et un théoréme de

Fredholm non linéaire pour la transformation conforme de la courbure scalaire. J. Funct.
Anal. 32, 148-174 (1979)

. Aubin, T.: Nonlinear Analysis on Manifolds: Monge—Ampére Equations. Berlin, Heidelberg,

New York: Springer 1982

. Jaffe, A., Taubes, C. H.: Vortices and Monopoles. Boston: Birkhduser 1980
. Kazdan, J. L., Warner, F. W.: Curvature functions for compact 2-manifolds. Ann. Math. 99,

14-47 (1974)

Kibble, T. W. B.: Some implications of a cosmological phase transition. Phys. Rep. 67,
183-199 (1980)

Skalozub, V. V.: Abrikosov lattice in the theory of electroweak interactions. Sov. J. Nucl.
Phys. 43, 665-669 (1986)

Skalozub, V. V.: The structure of the vacuum in the Weinberg—Salam theory. Sov. J. Nucl.
Phys. 45, 1058—1064 (1987)

’t Hooft, G.: A property of electric and magnetic flux in nonabelian gauge theories. Nucl.
Phys. B153, 141-160 (1979)

Wang, S., Yang, Y.: Abrikosov’s vortices in the critical coupling, preprint, 1990

Yang, Y.: Existence of the massive SO(3) vortices. J. Math. Phys. 32, 1395-1399 (1991)

Communicated by A. Jaffe





