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Abstract. The criteria-of integrability for the nonlinear Schrédinger-type systems
are obtained. One-to-one correspondence between such integrable systems and
the Jordan pairs is established. It turns out that irreducible systems correspond to
simple Jordan pairs. An infinite series of generalized symmetries and local
conservation laws for such systems are completely described.

Introduction

Let us consider a nonlinear system of (N + M) equations:

u=u +al, wvu”, i=1,..,N, 04)

vi= —vi, —ah,vulvt, i=1,.. M,
where w’, v depend on ¢, x; ak,,, a%,, are constants which may be assumed such that

i i si i
Ajym =Appj>  Ajm = Ay » 0.2)

without loss of generality. The number of u”s and v”s may vary. In (0.1) and
everywhere below the summation on repeated indices is assumed.
In particular among the systems of the form (0.1) there is the system

u=u,+u’v, v,=-—v, —vau, (0.3)
which may be reduced to the well-known nonlinear Schrédinger equation
iz,=2.+zz*>, z=1(tx).

The system (0.3) possesses an infinite series of generalized symmetries and local
conservation laws (see, for example, [1]). We'll call the systems (0.1) which have
similar properties the generalized Schrédinger equations. There are examples of
such systems different from (0.3) (see [2-4]). A wide class of generalized
Schrédinger equations is found in [4] by means of algebraic construction which



560 S. I. Svinolupov

assumes that the system possesses an (L-A)-pair of a special form. This
construction associates with each irreducible Hermitian symmetric space some
system of the form (0.1).

The goals of the paper are 1) to find the conditions on a,,, a4, for (0.1) to
provide generalized symmetries or local conservation laws; 2)to describe
constructively all such remarkable systems. In contrast with [4] we don’t make
initially any additional assumptions on the algebraic nature of the systems
considered.

The existence of generalized symmetries or local conservation laws yield
necessary and sufficient conditions which are found below. The conditions are the
set of polynomial relations on aj,,, aj,,, which one can easily check for every
particular system by means of computer algebra. For systems satisfying these
conditions the formal recursion operator is constructed.

The one-to-one correspondence between systems (0.1) having at least one
nondegenerate generalized symmetry or nondegenerate conservation law and
Jordan pairs (see [5]) is established. Moreover, we show that the most interesting
“non-triangle” systems correspond to simple Jordan pairs. An infinite series of
generalized symmetries and local conservation laws for such systems are
completely described.

1. The Algebraic Interpretation of Systems of the (0.1) Type. Jordan Pairs

It is naturally to expect that the system (0.1) has generalized symmetries or local
conservation laws only if aj,,a%,, satisfy some algebraic equations. It is
convenient to choose right now the appropriate algebraic objects in terms of which
the conditions on constants are formulated in the most simple and clear way. Let V
and V be two vector spaces over € of dimensions N and M, respectively. We define
the trilinear multiplications T and T:

VxVxVoV, Tx§,2)={xyz},

' T (1.1)
VxvxV-V, TRy 7)={xyi},

We assume for any x,yeV, %, 7€V the identities
{xXy}={yXx},  {Xxy}={yxx}. (1.2)

to hold. We call the above algebraic object a “pair of vector spaces with triple
multiplication” and denote it by (V, V).

Let e, e,,...,ey and &,,8,,...,&,, be bases of V and V, respectively. Then the
multiplication is given by

{efe, ) =a%,e, {€e8,}=a},8. (1.3)

It follows from (1.2) that the structure constants aj,,, a},, of the multiplication are
symmetric with respect to the first and the third subscripts.

Let us establish one-to-one correspondence between the pairs (V, V) and the
systems (0.1) by means of identifying the structure constants with the constants
from the right-hand side of a system. This correspondence is correctly defined.
Indeed the form of system (0.1) is invariant with respect to the transformations

u=Jiu,  vi=Jivi, (1.4)
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where J and J are arbitrary nondegenerate constant N x N and M x M matrices.
In more detail the result of applying the transformation (1.4) to (0.1) is the system

Ui=UL, + AL, UVU",  i=1,2,..,N,

. e 1.5)
Vi=—Vi —A, VUV",  i=12_..,M,
where the constants A%, Al are defined by the formulas
i‘km = (J— 1),‘:8;3 J"jstI:; s
! T (1.6)

~’j'km = (j N 1):§:tsp3;‘Jijr€l .
Two systems connected by the transformation (1.4) will be called equivalent. From
(1.6) it follows that in terms of the corresponding pair (V, V) the transformation
(1.4) of the system (0.1) is simply a changing of the basis E;=Jle;, E;=J/,.
It may happen that as the result of the transformation (1.4) we obtain a
“triangle” system (1.5), i.e. a system with subsystem of the form

U;'=Uix+Aj-kmeV"U'”, i=1,2,...,.N{,
Vi= Vi, — AL, VUV", =12, ,M,,

where N, + M, <N + M. If some transformation (1.4) bringing the system (0.1) to
the form (1.7) exists, (0.1) will be called a reducible system, in the opposite case, a
nonreducible one. A completely reducible system is the reducible one which is
equivalent to a “splitted” system of the form

Ui=U., + A}, U'VU™, Vi=—Vi, — A}, VUV™,
Wi=Wi, +ay, WZW",  Zi= -7 —&,, L'WZL"

(for the sake of uniform notation we denote U'*¥=W'if i=1,..., N—N, and
VitMi=7Ziif i=1,...M—M,).

The described correspondence between the systems (0.1) and the pairs of vector
spaces with multiplication allows us to reformulate the concepts of nonreduci-
bility, reducibility, and complete reducibility in the invariant terms. To do this we
recall the definition of an ideal. Let (V,V) be the pair of vector spaces with
multiplication, W and W are the linear subspaces of V and V. The pair (W, W) is
called an ideal of the pair (V, V) if for any elements x,yeV, %X, eV, weW, weW
the conditions

{wky}eW, {xWy}eW, {#xj}eW, {(ZwjjleW

hold. We shall call a pair of vector spaces (V, V) without ideals the simple one. It’s
easy to prove the next statement.

1.7)

Proposition 1.1. For the system (0.1) to be

a) irreducible,
b) reducible,
¢) completely reducible,

it’s necessary and sufficient that the respective pair of vector spaces with
multiplication

a) is simple,
b) has nontrivial ideal,
) is the direct sum of its ideals. []
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It is natural to expect that the algebraic properties of (0.1) such as the existence
of symmetries, conservation laws and so on are completely defined through the
structure of the corresponding pair of vector space (V, V). Let us demonstrate this
by an example. Consider the nonlinear Schrodinger equation. It possesses the
third order symmetry

u,=u,, . +3uu,, v =v_ +3vuv,. (1.8)

By straightforward computations one shows that the system (0.1) has a symmetry
of the form

) ) L
U, =W, + 3aj,0'vuy,

Py i ivkym (1.9)
vr3 = Vxxx + 3ajkmvjIl Vx
if and only if the constants a’,,, a5, satisfy the following constraints
i i oon i i oan
a;’kna:'nsp - amsnajkp - a:tspa;!km + a;nnpakjs =0 5 (1 10)

2~l;knii;lnsl_a - ﬁinsngi;!kp - ﬁ:’nspﬁykm + 5fnnpazjs =0.

These conditions mean that for any elements x,y,zeV, %,¥,Ze V the identities
{x§{yxz}} — {yX{xyz}} — {zX{x¥y}} + {y{§xX}z} =0,
{Xy{Ix2}} — {Ix{Xyz}} — {ax{Xy¥}} + {F{ykx}2} =0.
are fulfilled. A pair of vector space (V, V) with multiplication which satisfies (1.2)
and (1.11) is called a Jordan pair. This algebraic object is well known in the theory
of Jordan structures (see [6]). Evidently the name “Jordan pair” has been proposed
in [7] and was motivated by a close connection with Jordan algebras. One can find

the detailed and systematic presentation of Jordan pairs theory in [5].
To obtain the simplest example of Jordan pair one can choose the linear space

M,, (@) of p x q matrices over C instead of V and V and define the multiplication
by the formula

(1.11)

{xyz}=x'yz+z'yx, (1.12)

where a superscript ' means the transposition.

One can get the examples of Jordan pairs by means of the following
construction (see for instance [6]) associated with the graded expansions of Lie
algebras. Let G=G, + G, + G_ be the Lie algebra with [G;, G;]S G, ;. Then the
pair (G, G_,) of vector spaces with multiplication

{xyz} =[[x.§].2], {%yZ}=[[%.y].Z],

where x,y,2e G, X,¥,Ze G_, is a Jordan pair.

Any system (0.1) the constants i, a5, of which satisfy the relationship (1.10)
will be called a Jordan system. We shall show that all systems (0.1) with
nondegenerate generalized symmetries or conservation laws are exhausted by
Jordan systems.

2. The Necessary Condition for the Existence Generalized Symmetries

In this section we will obtain the conditions on the constants aj,,, &', which are
necessary for the system (0.1) to have the generalized symmetries.
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Let the system (0.1) have the symmetry of the order n
u =Fiu,v,...,u,v,),

. . 2.1)

vi =Fiwv,..,u,v,).

In accordance with the definition of j[hg‘symmetry this yields the flows defined by
(0.1) and (2.1) to be commuting, i.e. F;, F} obeys the following system of equations:

at(F:x) - atn(u;x + a‘i'lcmujvkum) =
0,F1) +0, (v, +ak,vutvm)=0.

Linearizing (2.2), i.e. taking the Freshe derivative we get the equivalent operator
form of this system

2.2)

[4D*+®,L]—d,(L)+0, (®)=0. (2.3)
Here A and @ are block matrices of the size (N + M) x (N + M)
- (Iy O (g h
=5 %) e=(5 Y 9

I and I, are unit matrices of the sizes N x N-and M x M, respectively, g, 8, and h
matrices of the sizes N x N, M x M, N x M, M x N with the elements defined by
right-hand side of the system (0.1) according to the formulae

(g):n = 2a§'kmujvk ’ (g):n = 253'kaij .
()}, =l i, (), =G, vivE

Here L is the differential operator

2.5)

L=y LD,
i=0

with the matrix coefficients L; which are written in block form

L s
“=@il>

where 1,1, s, 8; are matrices of the sizes N x N, M x M, N x M, M x N. Their
elements are defined by the right-hand side of the symmetry (2.1) in accordance
with the following formulae:

)k, =0F/our,  (s)k,=0F/ovr,
G, =0oF/our,  [)k=o0F/ovr.

Differentiation by ¢ is made according to (0.1) while the differentiation by 7, —
according to (2.1),

2.6)

def M

o= ¥ LD,
It’s easy to check that

n+2 .
[4D*+®,L]-0(L)+0,(®)= Y MDD,
i=0
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where M, are of the form
Mn+2=[A’Ln]a Mn+1:2AD(Ln)+[A5Ln—1]’
M, =AD*L,)+24D(L, )+ [4,L,-,]+[®,L,]—(L,)

and so on. Operator equation (2.3) is equivalent to the system of matrix equations
M;=0 (i=n+2,n+1,...,1,0) with respect to the undefined coefficients of the
differential operator L. Let us show that matrices L; may be successively defined
and let us explain how the conditions for ai,, and aj,, arise.

During the calculation it is convenient to use the block structure of matrices
A, L, ®. From the equation M, , ,=0 we get

s,=0, §,=0. (2.7
The equation M, , ; =0 is equivalent to
sn—lz()a §n—1=07 D(ln)=0> D(Tn)zo (28)

Therefore, 1, and T, are the constant matrices. Let’s denote I, =K, T, =K. It’s easy to
see that the matrices L; may be recursively defined, namely each equation M;=0
with i>2 is equivalent to

Si_2=Ki—2, §_,=Ki_,, (2.9)
D{;_)=n_1, D(Ei—1)=’7i—1: (2.10)

where K;_,,K;_5,1;—1,7;—; are already known matrices with the elements
depending on w', v' and on their derivatives by x. It’s clear that the equations of the
form D(X)=# are solvable not for any right-hand side #. Therefore, while solving
Egs. (2.10) we, generally speaking, will obtain the conditions for the constant of the
system (0.1). The constants of integrations arising from the solving of the previous
equations have the same form.

Proposition 2.1. Each symmetry of the order n for (0.1) has the form

u, =K +fiuyv, .. u,_,v,_,), o
vi =Kivi+Tiw v, ..ou, v, 1),

where K., K¢ are constants while functions f! and T} are polynomials of all their
arguments.

Proof. The right-hand side of the symmetry may be reconstructed by the
coefficients of L with the help of (2.5). It’s clear that if elements of all matrices L; are
polynomials then the right-hand side of the symmetry polynomially depends on all
of its arguments. Matrices k;_ ,, K;_ 2, ;- 1, ;- in (2.9) and (2.10) are polynomials
as they are obtained by differentiation and multiplication of polynomial matrices.
Therefore, all matrices L; are polynomials of their arguments. The matter that the
symmetry has the form (2.11) is the consequence of formulae (2.7) and (2.8). [

Let’s call the symmetry nondegenerate if K and K are nondegenerate matrices.
The system (0.1) is homogeneous, i.e. it is invariant with respect to the one-
parameter scaling group £,,

R=Ax, =A%, u=id, V=Av. (2.12)
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Let’s call the polynomial P(w, v, ..., u,, v,) to be homogeneous if Q,(P(u,v, ..., u, v;))
=A"P(u,V, ..., u, V). Here y is called the weight of P and denoted as y=w(P). The
concept of homogenity may be generalized up to the case of differential operators
by letting w(D)=1. It’s easy to check that

o@)=k+1, oV)=k+1, oPQ)=uw(P)+w(Q),
oDP)=0P®)+1, o@P)=wP)+2, 2.13)
o(PDY)=w(P)+k

for any homogeneous polynomials P and Q. Each non-homogeneous polynomial
is the sum of its homogeneous components, i.e. the polynomials with the fixed
weights.

Suppose the system (0.1) has the symmetry (2.1) with the polynomial right-hand
side. Let’s consider the system u’=H, v: = H', where H’, I are the homogeneous
components of polynomials F' and F‘ respectlvely, with the same weights.
With the help of (2.13) one can find that such a system is also the symmetry. Sym-
metry with homogeneous right-hand side we will call the homogeneous sym-
metry. Obviously the homogeneous symmetry (2.11) is invariant with respect to
the one parameter scaling group £,(n)

X=Ax, t=M1, =i, V=2V,
while polynomials f,, T, are of weight n+ 1. In what follows we can consider only
the homogeneous symmetries without loss of generality. In this case the matrix
elements of L; are homogeneous polynomials with the weight n—i. Generally
speaklng matrlces 1,1, with i<n are derived from (2.10) up to the additive

“constants of integration” being the constant matrices. Considering the homog-
eneous symmetry one should take them to be zero for the sake of simplicity.

Proposition 2.2. For the system (0.1) to have the symmetry (2.11) of the order n=1
it’s necessary and sufficient for the equalities
K'a},, —a, K, =0, Kaj,—a K,=0, (2.14)
Kia,,+(— 1., K=0, K&, +(-14,K,=0. (2.15)
to be held for any indices i, j, k, m.

Proof. From the matrix equation M, =0 we get
s,-,=1/2(Kh—hK), §,_,=1/2Kh—bK), [K,g]=0, [K,§]=0.

The last two equalities are equivalent to (2.14). It’s not too easy to get (2.15). Let’s
introduce the matrices A(j, k), A(j, k), which are defined by

(AG, ko=t (R, K= B - (2.16)

Moreover let’s denote B(j, k) KA( j,k))—A(j, kK. In terms of such definitions

_,=1/2B(j, k)wu*. Matrices s; which are recurswely defined by equations M;=0
are the homogeneous polynomlals Let’s denote via s} the quadratic part of these
matrices. From M, =0 one can get the recurrent formula for s withi=n—3,...,0:

s¥=1/2(C,"*D"™""%(g)+ (st ;) — 2D(s}, 1) — D*(s%: ).
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It is easy to check using induction that this formula leads to

S:‘—Zi— 2= 1/2( - l)lB(]’ k)ll{lll( + D2(§Dn —-2i— 2) > (217)
Sn—2i—1=1/2(—1)'D((B(j, k) — nKA(j, k))u] _ uf_ ;)
+ DX, 2i-1).

We will not interest in the explicit form of matrices o;
depending on u’ and on their derivatives by x. From M, =0 we obtain that s}
and s¥ should obey the following condition:

nD"~1(g)+ 0,(s¥) — 2D(s%) — D*(sF)=0. (2.18)
Using (2.17) we get that if n=2m then Eq. (2.18) can be rewritten in the form
D(2mKA(j, k) —mB(j, k), - u;, - 1) +D*(9)=0.
This yields 2KA(j,k)—B(j,k)=0 which in its turn is equivalent to the first
condition (2.15). If n=2m+1 then Eq. (2.18) is written in the form
B(j, k)uj,uy, +D*(¢) =0,

From here we get B(j, k)=0 which is just so the other form of the first condition
(2.15). The necessity of the second condition (2.15) may be proved in the same

way. [

Remark 2.1. One can check directly that the conditions (2.14) and (2.15) are
enough for the existence of the homogeneous symmetry of the first order having
the form

>

u =Kul, v =Ky. O (2.19)

Remark 2.2. 1t’s easy to see that conditions (2.14) and (2.15) hold for arbitrary
values of constants aj,,, aj,, if one takes K=1I, K =1, for the symmetries of odd
order and K=1I,, K= —I,, for the symmetries of even order. []

Let’s give the algebraic interpretation for the conditions obtained. Let K: V-V
and K:V-V be the linear operators defined by Ke;=Kle,, Ke -—K‘e Then
Egs. (2.14) and (2.15) mean that for all x,y,z€V, X, y,zeV the equatlons

K{xyz) = {x§Kz}, K{xyz}= {xsz} (2.20)
K{xyz} =(—1)""{xKyz}, K{Xyz}=(—1)""{xKyz} (2.21)
hold.

Proposition 2.3. Each system (0.1) possessing the degenerate symmetry of the order
n=1 is reducible.

Proof. Let the matrix K be degenerate and let VoeV be the eigenspace
corresponding to the zero eigenvalue. Then from (2.20) and (2.21) we get (V,, V) to
be the ideal, and hence according to Proposition 1.1 the corresponding system (0.1)
is reducible. [

The conditions obtained though aren’t enough for the system (0.1) to have the
generalized symmetries. Defining recursively the coefficients of the differential
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operator L we find that for the solvability of the equations M,,_,=0,M, _;=0itis
necessary to demand the existence of the solution o,(u,v,u,,v,), 6 (u,v,u,,V,),
o,(W, v, u, v, u,,,v..), 6,(u,v,0,v,,u,,v,,) of the system of matrix equations

K(0(g)—D(e,)=0, K(3,8)—D(,)=0, (2.22)

K(0(0))—[g0,]1-D(0,)=0, RK((5))+[&5,]-D@E,)=0. (2.23)

Note that the conditions (2.22) mean that each element of matrices Kg and Kg
should be the conservation density for the system (0.1).

Proposition 2.4. Equations (2.22) and (2.23) are solvable if and only if the following

equations ifal ah r n r n r o xn
Kr(ajknamsp - a'msnajky - anspajkm + amnpakjs) =0 ) (224)

K:'(ﬁ;'knﬁr:nsp - 5,;nsnﬁ;!kp - ﬁ:tspﬁykm + ﬁ:nnpaz js) =0 (225)
hold for all i, j, k,m,s, p.

Proof. For the sake of brevity it’s convenient to introduce the matrices
a(j, k), a(j, k) via the formulae

@, K= m s A, 5y =B - (2.26)

Then g=2a(j, kjwvk,  §=24(j, k)vu".
From the first Eq. (2.22) we get

Ko, =2Ka(j, k)(v'ul —uv*) + Kk,
where « is the solution of the following matrix equation:
KD(x) = 2K(@},,a(n, s) — af a(m, n))wu"viv*

This equation is solvable if and only if its right-hand side is zero, i.e. constants
satisfy the following constraint:

K(aj,.a(n, s) + a%,a(n, k) — a3 ;a(m, n) — a;,,a(j,n) =0, (2.27)

as we are considering the homogeneous symmetry k=0.
From the first Eq. (2.23) we get

Ko, =2Ka(j, k) (vVul, + wvk, — 2vkul) + Kk,
where the matrix x satisfies the equation KD(x)=H with
H =2K(2a},a(n, s) + d,,a(j, n) — a;;a(m, n)
+ [a(m, k), a(j, s))v*v'wul + 2K(24; a(m, n)
+al,a(n, k)—afa(n, s)+ [a(m, k), a(j, s)])uwu™v*vs, .

This equation is solvable if and only if for all indices j, k the following conditions
hold:

0*H/ow'out = 0’H/ou*ouwl.,  0*H/oviovk = 02 H/ov*ovi,
O2H/owov: = 6°H/ovkoul .
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One can check that they are equivalent to the constraints
K[a(j, k), a(m, s)]+K[a(j, s), a(m, k)]

= 5;c‘msKa(j’ n) - 5stKa(m> n) 5 (228)

K[a(j’ k)’ a(ma S)] - K[a(]’ S), a(ma k)]
=aj,Ka(n, s)—aj,Ka(n, k), (2.29)
K[a(j, k), a(m, s)] = a},Ka(n, s) — a;; Ka(m, n) (2.30)

for the constants. Writing the matrix equation (2.30) in its components we get
(2.24). Equations (2.27)+2.29) are its consequences. This follows from the matrix
form of (2.30).

Necessity and sufficiency of (2.25) is proved in the same way. []

Remark 2.3. Equations (2.24) and (2.25) were obtained supposing the system (0.1)
to have a symmetry of the order n=4. One may check by direct calculations that
conditions (2.14), (2.15), (2.24), (2.25) are necessary and sufficient for the system (0.1)
to have the symmetry of the order n=3. The homogeneous symmetry of the third
order has the form ' ' . ‘

u, =K, + 3K, wvuy,

c - _ (2.31)

vi, =Klv, .+ 3Kia, vutvy

[compare with (1.9)]. [

In terms of vector spaces with triple multiplication the constraints (24) and (25)
may be rewritten in the form

K({xy{yXz}} — {yX{xyz}} — {zX{x§y}} + {y{IxR}2}) =0,
R({xy{yxz}} — {yx{%yz}} - {Zx{%y¥}} + {F{y&x}2})=0.
For nondegenerate operators K and K (1.11) follows from (2.32), ie. the
appropriate system is the Jordan system. In the opposite case from (2.20) and (2.21)
we find the pair (KerK, KerK) to be the ideal in the pair (V, V). Then from (2.32) we

obtain that the factor pair (V, V)/(KerK, KerK) is the Jordan system. Thus we
proved the main statement of this chapter.

(2.32)

Theorem 2.1. Systems (0.1) with the nondegenerate generalized symmetry are
exhausted by Jordan systems. System (0.1) with the degenerate symmetry is reducible,
the factor pair (V,V)/(KerK, KerK) being the Jordan system. []

3. The Necessary Condition for the Existence Conservation Laws

Let’s recall that the local conservation law of the system (0.1) is the equation
0(@)=D(0), (3.1

where g, o are functions of u’, v\ and the finite number of their derivatives by x. The
function g is usually called the density, ¢ is called the flux. Let’s investigate the
question of what the constants should be to make the system (0.1) have the
conservation laws. As in the case of symmetries we find it convenient to transfer by
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the usual way from (3.1) to the equivalent operator equation. Let’s define the
variational derivatives dg/ou’, 6g/ov* in the following way:

do/ou' S ¥ (—1)DXGg/on),  So/6v = ¥.(—1)DX(do/ov).
k k
Then the vector-function
P =(dg/bu’, ..., 50/0u", 60/6V*, ..., 5o/OvM)

obey the equation
0(P)+(AD?*+ ®")(P)=0, (3.2)

where @° is a transposition of ® while 4 and ® are defined by (2.4). Linearizing
(3.2) we get the operator equation

3,(R)+R(AD? + @)+ (AD* + ®)R—S=0. (3.3)

Let’s explain the notations: R is a differential operator —
m .
R= Y RD’,
i=0

with the matrix coefficients written in the block form

Ri= <£l I:l> )
P I

with the matrices r;, T;, p;, P; being of the sizes N x N, M x M, N x M, M x N. Their
elements are defined by the density of the conservation law g as follows:

(r.), = 0(d¢/ou*)/ou",  (p)=0(S0/ou") OV},
(o) =(S0/0v*)/Ou", (¥:)y, = 000/ V") OV .

Here S is the differential operator of zero degree, i.e. simply the matrix the explicit
form of which doesn’t matter in what follows.

The degree of the differential operator R with the coefficients defined by (3.4) is
called the degree of the conservation law with the density ¢. Note that R satisfy the
relationship

(3.4)

RT—(—1)"R=0, (3.5)

as a consequence of its definition. Here R is a formally adjoint operator
R”= Y (—1)DR;.
i=0

Let’s call the conservation law with the density g to be the polynomial law if the
coefficients of the appropriate operator R are the polynomials of u’, v’ and their
derivatives by x. Using (3.4) one can check that the density of polynomial
conservation law may be taken to be the polynomial without the loss of generality.
Generally speaking the density of conservation law is defined up to the addition of
the function D(f) for arbitrary function f of w’,v' and their derivatives by x.

It’s easy to check that

m+2
0(R)+R(AD>+ @)+ (AD*>+®)R—S= Y MDD,
i=0
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with the matrices M; of the form
Mm+2=RmA+ARm7 Mm+1=Rm—1A+ARm—1+2AD(Rm)

and so on. The operator equation (3.3) yields the system of m + 3 matrix equations
M, =0 with respect to the unknown R;. From the equation M,, , , =0 we getr,, =0,
,,=0. The equation M,, , , =01is equivalent to f,,_, =0, D(p,,) =0, D(p,,) =0. Let’s
denote p,,= Q, where Q is a constant matrix with elements Q;;. Then from (3.5) we
get p,,=(—1)"Q".

We may define the matrices r;_, and F;_, explicitly from each of the equations
M;=0 with i=2. The matrices p;_, and p;_, are defined from the equations
D(p;_)=#;—1, D(;,_,)=7;_, Where ;_,,7;,_ are already known matrices with
the elements depending on w',v' and their derivatives by x. The technique for
obtaining the solvability conditions for (3.3) is the same as that of the previous
part. Applying the same procedure as in the case of symmetries we conclude that
all the conservation laws are polynomials. So we may restrict our consideration to
the conservation laws with homogeneous densities (for brevity we call them the
homogeneous conservation laws). Similar to Propositions 2.1 and 2.2 we have the
following statements.

Proposition 3.1. The density of homogeneous conservation law of the order m=2k,
k=0 has the form
Q2k=Qijuli¢vi+K(u9vs~'~auk—19vk—1)> (36)

where K is the homogeneous polynomial with the weight 2k +2. The density of the
homogeneous conservation law of the order m=2k+1, k=0 has the form

Q2k+1= Qij(u;c#- 1V£_“ivi+ DKy, L,V ), (3.7)
where K is the homogeneous polynomial of the weight 2k+3. [

Proposition 3.2. In order to have the conservation law of the order m=1 with the
density (3.6) or (3.7) for the system (0.1) it is necessary to have the relationship

ir8km — Qi =0 (3.8)
to be true for all indices i, j,k,m. []

Remark 3.1. The condition (3.8) is not only necessary but also sufficient one for the
existence of the conservation laws of first and second order. The homogeneous
densities may be written in the form

01 =Q,(u'v] —ulv’), (3.9)
0, =Quiv] —1/2Q,.a, wwviv™ . (3.10)

In order for (0.1) to have the conservation law of zero order of the system (0.1) with
the density ¢,=Q;u'v’ it is necessary and sufficient that the relationship

=r xr r roo_
i jem T Qi — Q@i — Qa5 =0 (3.11)

holds for all indices i, j, k, m. The identity (3.11) is the consequence of (3.8), but the
reverse statement is not true.

We shall give the algebraic interpretation for the relationship (3.8). The matrix
Q defining the main part of the conservation law determines the bilinear form Q
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on the appropriate pair of vector spaces (V,V): Q(e, €)=Q;;. Then (3.8) is
equivalent to the identity
Qx, {Xy§})=Q({x¥y}. %), (3.12)

for all x,yeV, %,¥eV. This means that Q is an invariant bilinear form. The
following chain of equalities:

Q(x, {Xy¥}) = Q(y, {Xx§}) = Q({x§y}, %) = Q({xXy},§) (3.13)

is a consequence of (3.12) and the symmetry of the multiplication with respect to
the extenor arguments. Let V, and V,, be the linear subspaces in V and V such that

VO = {er, Q(x,§)=0 for all eV},

Vo= {xeV, Q(y,%)=0 for all ye V}.
Let’s define KerQ (Vo, ¥,). From (3.13) we get that KerQ is an ideal.

The conservation law with the density defined principally by the invariant
bilinear form will be called nondegenerate if KerQ =0. Since KerQ is an ideal the
following statement holds.

Proposition 3.3. Each system (0.1) possessing the degenerate conservation law of the
order m=1 is reducible. []

Obviously the system (0.1) may have the nondegenerate conservation law only
if N=M.
Proposition 3.4. The system (0.1) with nondegenerate conservation law of the order
m21 is a hamiltonian system.

Proof. If the conservation law is nondegenerate if its matrix Q may be converted
P=Q™. The bilinear form Q satisfies the identity (3.8) providing the existence of
the conservation law of the first order with the density (3.10) because of the
Remark 3.1. This density plays the very thing for the role of hamiltonian if we take

the antisymmetric matrix
—P
T= < 0 ) (3.14)

P 0

as a hamiltonian operator. It’s easy to check up that because of (3.8) the system
(0.1) may be represented as

—P"60,/0v", Vi=P"5g,/0u". [] (3.15)

Let’s turn back to Eq.(3.3). One can check that for the solvability of the

equations M;=0,i=m, ...,m— 3 it is necessary and sufficient to have the following
equalities:

Qri(a;kna;'nsp - a:nsna;!kp - a:;spa;!km + a:nnpﬁz js) =0 B

Qir(ﬁgknﬁnmsp - ﬁ'r‘nsnﬁykp - ﬁ:tspﬁ;!km + ﬁ;nnpaz js) =0.

They provide the factor pair (V, V)/KerQ to be a Jordan pair. The relationships

(3.16) were derived under the suggestion that the system has the conservation law
of the order m=4. One can check that for the existence of the third order

(3.16)
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conservation law it is necessary and sufficient to have the conditions (3.8) and
(3.16). Thus we have:

Theorem 3.1. The systems (0.1) with the nondegenerate conservation laws of the
order m=3 are exhausted by the Jordan systems. The system (0.1) having the
degenerate conservation law of the order m=3 is reducible, the factor-pair
(V,V)/KerQ being correspondent to the Jordan system. []

4. Generalized Symmetries and Conservation Laws for Jordan Systems.
Irreducible Jordan Systems

In this chapter the questions dealing with the generalized symmetries and the
conservation laws for Jordan systems are discussed. The formal recursion operator
is constructed. The particular emphasis is made on the irreducible systems. The
symmetric algebra and the infinite series of conservation laws for them are

completely described.
Let’s recall that the system (0.1) is called integrable (see [1, 8]) if the solution L
of the following formal operator equation:

[4D*+®,L]—0,(L)=0, 4.1)
exists [compare with (2.3)]. Here L=} L,D'is the formal series with the matrix

coefficients L; depending on u’, v/ and the finite number of their derivatives by x.
The multiplication of the formal series is defined by

DD"=D*",  Di= Yy CLD"(f)D* ™, 4.2)

m=0

for all k,m where Ct =k(k—1)...(k—m+1)/m!.
Itis well known (see [ 1]) that nonlinear Schrodinger equation (0.3)is integrable.
The following formal recursion operator is given for it the solution of (4.1),

D+uD ly uD " lu
L= . .
< —vD™ly —D—vD_lu> *3)

The analogous operator does exist for any Jordan system.

Theorem 4.1. Any Jordan system (0.1) is integrable and has its own formal recursion
operator.

Proof. Here we give the explicit form of the formal recursion operator — the so-
called “reduced” formal series
L,, L
L=< H 12>. (4.4)

Ly, Lj
where blocks L;; are given by
L,,=I,D+a(j,kw’D ™ 'v*, L, =A(j, kW'D~ v,
L,,=—1,D—a(j,kywD v, L,,=—A(j,kvD 'v*.

We do not specify the way it has been obtained. Using (4.2) one can check up
directly that (4.4) satisfies the operator equation (4.1) with respect to (1.10). [

4.5)
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By means of formal recursion operator (4.4) it seems to be possible to construct
the symmetry for any Jordan system (0.1) of any higher order. Nowadays the
author does not know the proof of this fact restricting himself with the statement
of the hypothesis below.

Hypothesis. Each Jordan system (0.1) has the generalized symmetries of arbitrary
order. The right-hand side of the homogeneous symmetry u; =F,,u; =H;, may be
found by means of the recurrent formula

F,=D(F,_,)+wD ™} (@},(VF,_, +u"H,_))),

) . ) . 4.6)
H,=—-DH,_,)—vD" ‘(5}km(uka—  +VFi_y).

where Fi =u}, Hi =v.. [

It is proved directly by means of (4.6) that the symmetries of orders n=3,4, 5 may
be obtained. In order to prove that the right-hand side of (4.6) defines the
symmetry of n'™ order it is sufficient to show that all components of a(j, k)u'v¥,
a(j, k)v'u* are the densities for the conservation laws of the order n—1 and the
right-hand sides of them are obtained by that recurrent formula.

Now let’s proceed with conservation laws of Jordan systems. It is known (see
[8]) that whenever the formal series satisfy Eq. (4.1) the function tr(res(L)) with

res| Y sD d-—ffs_1 is the density for the conservation law (though it may be
for the trivial one). We managed to construct the homogeneous formal series of the
first order (4.4) with the matrix 4 being the coefficient of D. Along with it there
exists the formal series of the first order with the unit coefficient of D satisfying
Eg. (4.1). To obtain it one should find the square root of the series (4.4). Each
product of entire powers of such series will also satisfy Eq. (4.1). Thus for any m we
have two homogeneous formal series L™ and 1., one of which begins with the
matrix 4 and the other begins with the unit matrix. One may check that

tr(res(L2** 1) =(tr(a(j, 7)) — tr(@(r, j)uiv; +x,

tr(res(L2** 1) =(tr(a(j, 7)) + tr @(r, j)uv; + %,
tr(res(L?** %)) = (tr(a(j, ")) + tr(&(r, ), Vi —wiVir )+,
tr(res(L**2)) = (tr(a(j, 1)) — tr @, )], v —wiv; 1)+ &,

where k, %, ¢, ¢ are the homogeneous polynomials of w’, v' and their derivatives by
x with the orders lower or equal to k— 1. Thus we obtain two series of conservation
laws (usually they are called the canonic series). The densities for them are of the
form (3.6) and (3.7) with Q;;=tr(a(, j)) for the first seria and Q,-j=tr(ﬁ( j,9). If at
least one of these bilinear forms is nonzero then the system (0.1) has the nontrivial
conservation law of the order m.

Note that bilinear forms defining the quadratic parts of densities for canonic
conservation laws are canonic also from an algebraic point of view. Let the linear
operator M(x, §): V-V be defined by M(x, §)(z) = {xyz}. Then the bilinear form
Q(x, ¥)=tr(M(x, ¥)) is invariant, i.e. the identity (3.12) holds for it. Analogously one
can define the second invariant form Q(x,§)=tr(M(¥,x)), where the linear
operator M(§,x): V-V is defined by M(, x)(Z) = {§xZ}.

The above considerations leads us to the following statement.
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Theorem 4.2. The system (0.1) corresponding to the Jordan pair which has at least
one nonzero bilinear form tr(M(x,¥)) or tr(M(X,y)) has the infinite series of
nontrivial canonic conservation laws. []

Let’s consider in more detail the irreducible Jordan systems (0.1). First of all
note that the existence of classification for simple Jordan pairs over € enables us to
classify all the irreducible generalized Schrodinger equations and then describe
them constructively. Now we present the list of simple Jordan pairs which consists
of four infinite series and two special Jordan pairs. In each case V and V have the
same dimensions as vector spaces, i.e. Jordan pairs correspond to the irreducible
systems (0.1) of 2N equations.

Every simple Jordan pair over C is contained in the following list (see [5]):

I, M, (€),M, (C)), pxq matrices over €, where 1 <p=<gq. The dimension of
corresponding Jordan system (0.1) is pg x pq.
IL,. (A,(C), A,(Q©)), alternating n x n matrices over C, where n>5. The dimension of
corresponding Jordan system (0.1) is n(n+1)/2+n(n+1)/2.
I11,. (H,(C), H,(C)), symmetric n X n matrices over €, where n>2. The dimension
of corresponding Jordan system (0.1) is (n(n+1)/2+n(n+1)/2.
In these three cases, the Jordan pair structure is given by

{xyz} =x'yz+z'yx.
IV,. (C", C"), where n =4, the Jordan pair structure is given by standard quadratic
form on C". The dimension of corresponding Jordan system (0.1) is n+n.
V. (M, ,(C),M, ,(C°?)), 1 x 2 matrices over the Cayley algebra C over C. The
dimension of the corresponding Jordan system (0.1) is 16+ 16.
V1. (H;(C), H;(C)), the Jordan pair associated with the exceptional Jordan algebra
of 3 x 3 Hermitian matrices over C. The dimension of the corresponding Jordan
system (0.1) is 27 +27.

The following statement provides the full description of the structure of the set
of local conservation laws and generalized symmetries of the irreducible systems
(0.1).

Theorem 4.3. The homogeneous local conservation laws of the order m=1 of the
irreducible Jordan systems (0.1) are exhausted by the canonical series of nondegene-
rate conservation laws with the densities of the form

0ax=tr(ali, Vi +x,v, .. w1,V ),
0o+ 1 =tr(ali, )W, Vi — vl o )+ (W v, .. Wy, Vo).

The homogeneous generalized symmetries are exhausted by the symmetries written in
the hamiltonian form

wl,=—P7o0,/0v, Vi, =P"g,/ou, 48)

where P are elements of the matrix P, inverse with respect to the matrix of invariant
bilinear form Q;;=tr(a(i, j)) and g, are the densities (4.7).

4.7

Proof. For each simple Jordan pair the bilinear forms tr(M(x, §)) and tr(M(%, y))
mentioned above are nondegenerate and proportional each other (see [5]).
Therefore, for the irreducible Jordan systems (0.1) both canonical seria coincide
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and their densities has the form (4.7). Now we have only to check up the absence of
the homogeneous conservation laws of the order m = 1 different from the canonical
ones. In order to do this one may show that the invariant bilinear form Q(x, §)
defining the quadratic part of the density for any conservation law should be
proportional to the canonical invariant form tr(M(x, §)). If it is not the case then
there exists the conservation law defined by the degenerate but nonzero bilinear
form. This leads to the contradiction with Proposition 3.3 and the irreducibility of
the systems (0.1).

Thanks to the presence of the nondegenerate conservation law of the second
order each irreducible Jordan system (0.1) is a hamiltonian one and can be written
as (3.15). It is well known (see for example [9]) that if ¢ is the density of
conservation law for the system (3.15) then

ui=—P"o/6v",  vi=P"5g/ou"

is the symmetry of that system. We have only to show that irreducible systems
can’t have the homogeneous generalized symmetries different from (4.8). The
presence of the additional generalized symmetry leads to the existence of the
degenerate linear operator K (or K) satisfying the equalities (2.20), (2.21) which in
turn contradicts to irreducibility. []

For the conclusion note that all irreducible generalized Schrédinger equations
perhaps may be obtained by means of the construction from [4], too.
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