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Abstract. Umegaki’s relative entropy S(w, ¢)=TrD,(logD,—logD,) (of states w
and ¢ with density operators D, and D, respectively) is shown to be an asymptotic
exponent considered from the quantum hypothesis testing viewpoint. It is also
proved that some other versions of the relative entropy give rise to the same
asymptotics as Umegaki’s one. As a byproduct, the inequality TrAlogAB
>Tr A(log A +1og B) is obtained for positive definite matrices 4 and B.

1. Introduction and Motivation

The relative entropy is an information quantity attached to two states of a system.
In commutative (or classical) probability theory the states correspond to measures
on a measurable space. When v=(v,v,,...,v,) and p=(uy, 4, ..., 4,) are proba-
bility distributions, for the sake of simplicity, on an n-point space, the relative
entropy (called also information divergence) introduced by Kullback and Leibler
[17] is defined by

S(v, )= v, log - 1.1)
i Hi

In noncommutative (or quantum) probability theory the relative entropy of
normal positive functionals was first studied by Umegaki [33] in the case of
semifinite von Neumann algebras as the noncommutative extension of infor-
mation divergence. Later on Araki [1, 2] extended it to the case of general von
Neumann algebras by means of the notion of a relative modular operator. On the
other hand Uhlmann [32] introduced the relative entropy of positive functionals
of arbitrary *-algebras by a quadratic interpolation method. The importance of
relative entropy has been justified by the fact that one encounters this quantity in

dealing with a number of different problems.
In quantum theory the states of a system correspond to positive operators of
trace one. (These operators are called densities.) In particular, in the setting of
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matrix algebras Umegaki’s relative entropy of a state w with respect to another
state ¢ is defined by

S(w, ¢)=TrD,(logD,—logD,), (1.2)

where Tr denotes the usual trace on matrices and D,, the density of w with respect
to Tr. [Note that S(w, @) sometimes is written as S(¢, ).] This definition does not
seem to be canonical. Compared with (1.1) one could suppose that other
expressions like

S0, @)=sup {Z o(p;) log g:’; P1, ---» Py Ar€ projections, ). p;= 1}, (1.3)

Scp(@, @)=sup {Z w(a;) log zzzi; 4y, .. 0,20,% a;= 1} (1.4)
or
Sgs(w, p)=Tr D, logD}/*D, ' D}/? (1.5)

are as good as (1.2). The quantities S, and S, appeared in [8] and they may be
related to observations which are projection-valued or positive operator-valued
measures. The definitions (1.4) and (1.3) are of the form sup{S(woa, @oa):a},
where o runs over all positive (and multiplicative, respectively) unital maps of finite
dimensional commutative C*-algebras into the given matrix algebra. Given
as,...,a,20, Y a;=1, the inequality ¥ w(a))logw(a,)/¢(a;) < S(w, @) follows by

applying the monotonicity of relative éntropy [16, 32] to a positive unital map
(&)= Z &a;, (E)el?. See also [8,9] for this inequality. Thus the inequality

Sep(w, (p)<S(w @) holds, while S (o, ) =S ,(w, ) is trivial. But the equality here
is very restrictive. In fact, it is known [24] that if  and ¢ are faithful normal states
of a von Neumann algebra .#, then w must commute with ¢ whenever
S(w| A, ¢|A)=S(w, p)< + o holds for some commutative von Neumann subal-
gebra A" of /. The quantity Sgg was introduced in [5] (in a more general setting)
and it appeared in [12] in operator form. In this paper it will be shown that the
entropy quantities S, S.,, and S give rise to the same asymptotic mean in the
infinite tensor product system.

We want to deal with the question of the proper definition of information
divergence of two states in noncommutative probability theory. This question can
be approached from two essentially different points of view. One can search for
plausible postulates which should be satisfied by a good notion of relative entropy
and one can try to show that S(w, @) is the only functional which meets all the
desiderata. In this point it was proved in [27] that up to a constant factor only
Umegaki’s relative entropy satisfies a reasonable set of postulates. Our approach
in the present paper is more pragmatic. We consider the asymptotics of certain
probabilities and observe that Umegaki’s relative entropy naturally shows up.

In Sect. 2 of this paper we state the main results in the framework of finite
dimensional C*-algebras. Let &/ be a finite dimensional C*-algebra (i.e. a finite
direct sum of matrix algebras) with a fixed state ¢. As the reference state we take the

product state ¢, = ® ¢ on the infinite C*-tensor product <7 ® of. Let p be

a stationary (i.e. invariant for the right shift) state of /. Then one has the

. .1 "
mean relative entropy Su(y, @)= lim ES(IP,,, @,), where yp,=vp ‘@.}XZ and
n— oo 1
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n
Pp= (pwl &) /. The mean relative entropy plays an important role in classical as
1

well as quantum statistical mechanics and behaves as a rate function in limit
theorems of large deviation type (cf. [11, 25, 28, 297). Our first theorem says that

lim - Sco(tp”, 0,)=Su(p, ¢,) for every stationary state yp of o7,.. In particular we

n—oo

have lim — Sc,,(a),,, ) =S(w, p) for every state w of /. This has an interesting

corollary that Sps(w, ) = S(w, @) for all states w and ¢ of /.
Moreover for n=1 and 0<e<1 let us introduce the following quantities:

Bw,, @,)=1nf {log ©.(q): q is a projection in X) & with p,(q)=1 —e} (1.6)
1

and spr(w,., )

AC))
®4(q)

V()
?4(q)

:q is a projection in (X) d}.
1
1.7)

The quantity By, @,) has a natural meaning from the viewpoint of quantum
hypothesis testing (cf. [4, 7, 13]). More precisely, let us suppose two hypotheses H,,
and H, so that the system </, has states y and ¢, under H, and H,, respectively.

=sup {0 10g 240 11 o =220

A projection g in (X) &/ means a “quantum question” of size n, whose outcomes are
1

the eigenvalues 1 or 0. We decide that H,, (respectively H,) is true if the outcome of
q is 1 (respectively 0). Then ¢,(q) (respectively y,(1 —q)) gives the “probability” of
the error of accepting H,, (respectively H;) when H, (respectively H,) actually is
true. In this way we can consider the quantity exp {f(y,, ¢,)} as the bound of the
first error probability over all decision rules of size n such that the second error
probability does not exceed e.

Now assume that y is completely ergodic in the sense that it is ergodic for any
power of the right shift. (This is the case when y is weakly mixing.) Then our second

theorem says that lim sup — ﬁe(lp,,, 0= —Su(y,p,) and lim 1nf ,Bs(lp,,, @)

1 n— oo n— oo

=— 1 Sm(w, ¢,). Thus we can relate the mean relative entropy to a certain
kind of asymptotic error bound in the quantum hypothesis testing. It could be
mentioned that a desire for the visualization of noncommutative relative entropy
as the logarithm of certain probabilities was formulated in [8] in connection with

an interpretation of quantum theory. We finally establish that lim — Sp,(tp,,, @)

=S M(wa (poo) e
The proofs of these theorems are given in Sect. 3. The first theorem can be

proved by a direct combinatorial computation. The proof of the second theorem is
based on the Shannon-McMillan-Breiman theorem and the mean ergodic
theorem together with the first theorem.

In Sect. 4 we note that our theorems hold in AF C*-algebras or hyperfinite von
Neumann algebras as well. Furthermore we show that if p is a tracial ergodic state

of &/, then lim — ﬁz(lp,,, 0,)=—Su(y, ¢ ) holds for every 0<e<1.

n—+o
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2. Main Results in Finite Dimensional C*-Algebras

In this section we state our main theorems in the setting of finite dimensional C*-
algebras. Their proofs will be presented in Sect. 3. Although the theorems hold true
in the framework of AF C*-algebras or hyperfinite von Neumann algebras as will
be noted in Sect. 4, these extensions are very easy and our essential ideas consist in
the finite dimensional case; so we restrict our detailed discussions to this case.
First let us fix the notations. Let «/ be a finite dimensional C*-algebra. Then &/

L
is identified with @ M,(C) which is the direct sum of d, x d, matrix algebras
1=1
L
M,(C), 1 <1< L, canonically represented on the Hilbert space (® C*. We denote
=1
by &7, the n-fold C*-tensor product X) &/ for n=1, and by <7, the two-sided
1

[
infinite C*-tensor product (X) /. Then {/,} is considered as an increasing

sequence of (finite dimension—al) C*-subalgebras of &7, by the natural inclusions.
Let y denote the right shift automorphism of o/,.. A state p of &7, is said to be
stationary if y is y-invariant (i.e. w o y =v). For a state ¢ of &/ we denote by ¢, the

infinite product state (X) ¢ of o, and let ¢, = ¢ |, ( =K (p). We fix a state ¢
=% 1

of & in the following discussions.

Let y be a stationary state of &7, and p,=vy|/,, n=1. The relative entropies
S(i,, @,) are defined as (1.2). Then in view of the superadditivity of relative entropy
[23] and the stationarity of p we get

S(u)m+na (pm+n)%s(tpma QD,,,)+S(1P,,, (Pn)> m, ngi ’

so that lim %S(w,,, ¢,) exists; in fact (cf. [10, p. 274])

n—oo

.1
lim ~ S(py )= Sp ~ Sy, 0. 1)
n->oo N nz1 N

We denote this limit by Sy(y, ¢,,), which is called the mean relative entropy of v
with respect to ¢ . Note that if @ is a state of .7 then Sy(® o, @ ,,) = S(w, @) because
S(w,, @,)=nS(w, p),n=1.1In Sect. 1 besides Umegaki’s relative entropy we referred
to some other entropy quantities (1.3)~«1.5) and (1.7). The quantities S  (ip,, ¢,) as
in (1.3) are equivalently defined by

ScoWn @) =sup {S(w,|B, ¢,|B): # is a commutative C*-subalgebra of .«Z,} .
The next theorem shows that the asymptotic limit of S_(y,, ¢,) exists and
coincides with the mean relative entropy.

Theorem 2.1. For every stationary state v of of .,
.1
lim — Seo(¥m @u)=Su(W; @co).- 22
n— oo

A stationary state p of &7 is said to be ergodic if it is extremal in the set of
stationary states. For ergodicity in general C*-dynamical systems, see [10, 30] for
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instance. We say that y is weakly mixing if for every a, be o/,

hm -~ Z lp('(a)b)— (@) p(b) =0.
Obviously this is the case when v is strongly mixing (or strongly clustering), that s,
hm p(y"(a@)b)=wy(a)y(b) for every a, be o/ . As in classical ergodic theory it is

known [10] that if y is weakly mixing then it is ergodic. Note that the product state
., defined by a state w of </ is strongly mixing. In the following we say that v is
completely ergodic if it is ergodic for all y*, n=1. We know that a weakly mixing
state y is completely ergodic because it is weakly mixing for all y".

Let B.(v,, @,) be defined by (1.6) for n=1 and 0 <& < 1. The next theorem shows
that we have for large n

€xXp {% ﬁs(U)n’ q)n)} R EXp { - SM(w’ (poo)}

when ¢ is sufficiently small and v is completely ergodic. Thus exp { —Sy(y, ©.,)}
can be considered as the asymptotic error bound in the quantum hypothesis test

for {y, 9.}

Theorem 2.2. If v is a completely ergodic state of o/, then for every 0<e<1,

. 1
hm_)sup —ﬁ ﬁe(wm (pn) =- SM(wa (poo) » (23)
lim inf - o Bl 02 = 7 Sul¥, 9.0).- 2.4)

It may be possible that lim — Ba(w,,, @)= —Su(p, ¢ ) for every 0<e<1 and

n—oo
every ergodic state y. In partlcular when v is a tracial ergodic state, this will be
shown in Sect. 4.
The quantities S, (p,, @,) in (1.7) are also defined by

So(Wns @) =5up {S(y,|%B, ¢,|%): & is a two dimensional subalgebra of <7} .
Note that

SodWn @) = Sco(Wnr Pa) = Scp(Wnr 0a) = S0 @) (2.3)

by the monotonicity of relative entropy as mentioned in Sect. 1.
As for completely ergodic states we can make Theorem 2.1 extremely sharp as
follows. Indeed the method in proving (2.4) will work for Theorem 2.3 as well.

Theorem 2.3. If vy is a completely ergodic state of </, then
.1
lim ;1' Spr(wn’ (Pn) = SM(IPa (poo) .
As a special case we have for every state w of <7,

1 1
hm S pr(wm (pn) - hm S co(wns (pn) - hm S cp(a)m (pn) S (CD (P) (26)

n—oo n-—»oo
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This means that Umegaki’s relative entropy comes out when we first adopt any of
the quantities S, S, or S., and then take asymptotics.

The following examples show that the ergodicity assumption of i is essential in
Theorems 2.2 and 2.3. We are indebted to the referee for the first example.

Examples 2.4. (1) Let 0<e<1/2 and y be a stationary state of o7, with p+¢,.
Then Sy(2ep,+(1—28)p,p,)>0 because otherwise by (2.1) we get 2ep,
+(1—28)p=¢, so that p=¢,. On the other hand, since 2&e¢,(q)+ (1 —2¢)y,(q)
=1—¢ implies ¢,(q)=1/2 for a projection q in &/,, we have

ﬁs(za(pn + (1 - 28) Yas (pn) g - IOg 2.
Hence

lim — Bs(28(pn + (1 - 28)11)”, (pn) 0.
(2) Let o =CPC and w?, w?, ¢ be given with the densities (1,0), (0,1), (¢, 1 — ),
respectively, where 0 <a < 1/2. Let y = $(wL, + w2). By the affinity of Sy( -, @) (see
[28]) we get

Su®, ) =3 {S(@, )+ S(w?, ¢)} = — 3 {loga+log(1 —a)} .
But we easily see that S, (i, ¢,) is the maximum of

log —nlog{a"+(1—ay'}!/

1 —
+(1—a)
and

1

1 1 n 1 n
Elogi&; + Elogm = — Elogcx—alog(l—a )—10g2

Hence

lim © . So¥m @) =max {—log(l —a), =5 log a} <Su(w, 9x)-

In the rest of this section, using Theorem 2.1 let us establish the relation
between the relative entropy S(w, ¢) and the entropy quantity Sge(w, ¢@)in (1.5). The
expression (1.5) implicitly means that Sgg(w, @)= + co if the support projection of
o is not dominated by that of ¢. The main properties of Sgg follow from [12]
devoted to an operator-valued relative entropy. We here state the additivity and
the monotonicity of Sgg.

Proposition 2.5. (1) Sgs(0; ®w,, @1 ®@2)=Sps(®1, ¢1) + Sps(w,, ;) when w; and
@; are states of ( finite dimensional) C*-algebras of, i=1,2.
(2) Sps(@|B, 0|B) < Sgs(w, @) for any C*-subalgebra % of .

Indeed (1) is obvious from the definition. Although (2) follows from the
operator-valued version of [12], we brieﬂy recall the proof for the convenience of
the reader. We may assume that ¢ is faithful. Since X(logX *X)=(logXX*)X
holds for a matrix X, it follows that

SBS(CO, (P)= “Tr(D(pn(D‘; llszD(; 1/2)) ,
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where 7(t)= —t logt, t=0. By the operator-concavity of n we get
a(n(D; 2D ,Dy ) <n((D, 2D D, ),

where a(X)=E(D,)”'*E(DL?XD,*)E(D,)”'/* with the conditional expectation
E from o onto # with respect to Tr. Hence

E(D,*n(D, '*D,D, '*)D;/*) < E(D,)'"*y(E(D,) ' E(D,)E(D,)~ ") E(D,)'*.

Taking the trace of both sides proves (2).
Now Theorem 2.1 together with Proposition 2.5 has an interesting conse-
quence as follows.

Corollary 2.6. Sgs(@, @)= S(w, @) for all states w and ¢ of .

Proof. Since Sgg =S for commuting states, we have Sgg(w, @) = S.(w, @) by (2) of the
above proposition. In particular, for every n=1,

SBS(wm (pn) g Sco(wm (pn) >
so that by the above (1), |
SBS(CO’ (p) 2— ;l— Sco(wm (pn) .

Letting n— oo we infer the corollary due to Theorem 2.1. [
It is quite remarkable that the corollary is equivalent to the trace inequality
Tr A log AY?BA'? = Tr A(log A +1og B) 2.7

for nonnegative matrices A and B. In fact, (2.7) is immediate from the corollary
when B is invertible. Take the limit from B +¢l, ¢ >0, for general nonnegative B.
When A and B are positive invertible, one can define logAB by analytical
functional calculus or by power series and get the equality

TrAlogA'?BA'?>=TrAlog AB
because TrA(A?>BA'?)"=Tr A(AB)" for n>1.

3. Proofs of Theorems

In this section we present the proofs of Theorems 2.1-2.3. Let us keep the notations
fixed in the previous section. Let Tr denote the canonical trace of &/ such that
Tr(e)=1for all one dimensional projections ein .«¢. Let D, be the density of ¢ with

respect to Tr, and K be the sum of the sizes of simple summands of & |{i.e.

L K
K=Y d,).Taking the spectral decomposition of D, one can write D,= 3. Aey,
=1 k=1
where e, are one dimensional projections. Let n be an arbitrary fixed positive

K
integer. For each K-tuple (n,, n,, ..., ng) of nonnegative integers with Y, n,=n, we
1

k=
denoteby I, . .. thesetofall(is,i,,...,i,) suchthat # {j:i;=k}=n,for1 k<K,
and define the projection p, . .. in .27, by

pnl,...,nK: Z ei1®ei2®"'®ei,.‘

(P15 indelng, ..., nx
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Then Y p,,,... .=1and the density D, of ¢, with respect to Tr,= &) Tr is
ny,...,ng 1
given by

n K
D‘Pn= C>1<>D(P= n Z . (k];[l ﬂ'lnck) pm,...,nx' (3'1)

Let E, denote the conditional expectation from ./, onto

@D  DPu,.....nxPnPn,.....nx With respect to Tr,, which is given by
ni,...,nK

E)= ¥  DPupenc®Prss.ongs XEHy. (3-2)

Nyy,..., 0K

The (von Neumann) entropy S(w) of a state w of o/, is defined by
S(w)= —Tr,(D, logD,), where D, is the density of w with respect to Tr,.

Lemma 3.1. If o is a state of <, and & is the commutative subalgebra of <,
generated by {pnl,.,.,nKDcopn;,...,nK}nl,..,,nKU{pnl,...,nK}nl,.u,nK: then
S(, @) =S(w|%, ¢,|B)+ S(w ° E,) — S(w).

Proof. Let s(w) and s(¢,) denote the support projections of w and ¢,, respectively.
Since D, €% by (3.1), we have s(¢,)=s(¢,|%) e B. If s(w)<s(p,) is not satisfied,
then the desired equality holds because S(w, ¢,) = S(w|%8, ¢,|%B)= + co. So suppose
s(w) < s(p,). In this case we may assume that ¢, is faithful; otherwise consider the
restrictions of w and ¢, to s(¢,)«,s(p,) and Bs(p,). Since & is included in the
centralizer of ¢, the conditional expectation E 4 from <7, onto 4 with respect to ¢,
exists due to [31]. Hence we get by [14, 22, 23]

S(@, 9,) = S(0|%, ¢,|#B)+ S(w, w o Eg). (3.3)
Since E(D,)e % and #CE,(sZ,) by (3.2), we get for every ae <,
(@ Eg) (a)=Tr,(D,Ega))=Tr,(E,D,) E4(a))

= an(D(;,.l En(Dw) E.%(a)) = (pn(EBE(Dt;,,l En(Dw) a))
=¢,D,,'E,D,)a)=Tr,(E,D,)a),

so that E,(D,,)is the density of w o E 4 as well as w o E, with respect to Tr,. Therefore
woEg=woE, and

S(w,wo E,)=Tr,D (logD,—10gE,(D,))=S(w - E,)— S(w). (34
The desired equality follows from (3.3) and (3.4). [
Lemma 3.2. For every state w of £,
S(woE,)—S(@)=Klog(n+1).

Proof. In view of the joint convexity of the relative entropy [2, 16] it suffices by (3.4)
to show the case when w is a pure state. In this case D, is a one dimensional
projection and S(w)=0. Since each p,, ., .D.Pn,.... . 18 of rank one or zero, it
follows that the rank of E,(D,) is at most

K
#* {(nl, o) Hgy g 20, Y nk=n} (Z(n+1)5).
k=1
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Therefore
S(w e E,)<log(n+1)*=K log(n+1),
as desired. [
Proof of Theorem 2.1. For every n we have
Seo®Wn Pn) S S(W @) S ScolWr @)+ K log(n+1)
by (2.5) and by Lemmas 3.1 and 3.2 applied to y,. This proves (2.2). [

In the sequel of this section we assume that y is a completely ergodic state of
A .

Proof of (2.3) of Theorem 2.2. For any r> — Sy(p, ¢ ,,) let us choose h< Sy(y, ¢ )
and 6>0 with —h+d<r. By Theorem 2.1 there exists a commutative
C*-subalgebra 4% of <7, for some /=1 such that

S8, || B)z1h. (3.5)
We can consider 4, as a C*-subalgebra of o7}, k= 1,and &, as a C*-subalgebra of
ol . Let 6=9|%,, the right shift on & . Define u=@|B, v=y|B o, o= @ U

U= U |B, and v, =v|%B,. These states may be identified with the probability
measures on the corresponding underlying spaces. Since y is completely ergodic,
we can readily see that v is ergodic for o. In the following we work in the
(commutative) von Neumann algebra n (4% )" where =, is the GNS representation
of 4 ., associated with v. We denote the normal extensions of v and o to n (% )" by
the same v and o.
First suppose v, < p (i.e. s(v;) < s(u)) is not satisfied. Then there is a projection p
in # such that u(p)=0 and v,(p)>0. Since the ergodicity of v implies that
k—1 ko—1
nv< \/ o"(p)) —1 strongly as k— oo, there exists k, such that v( \ a‘(p)) =1—e
i=0 i=0
ko—1
Set g= \/ o'(p) and ny=k,l. Then q is a projection in o/, such that p(q)=1—¢
i=0

and
ko—1
Puo(D) = g ( i\=/o 6‘(17)) Skou(p)=0.

Therefore f(y,, ¢,)= — o for all n=n,, proving (2.3).

k
Next suppose v, < u. Then we see that v, <y, for every k because s(v,) < &) s(v,)
1

k
< & s(u)=s(u). Let m denote the trace of 4 such that m(e)=1 for all atoms ein #
1

(i.e. m is the counting measure on the underlying space of ). Let us consider the
selfadjoint operators H,, k=1, in n (% )" given by

1 dv d
Hi=7 {”v <1°g M) T (“’g ﬁ)}
k k

1 dv, Tel du
=™ <log d—mk> X i;O o <nv <log E;;i)) (3.6)
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By the Shannon-McMillan-Breiman theorem (cf. [3, 21]) the first term of (3.6)
converges v-almost uniformly as k— oo to the Kolmogorov-Sinai entropy k(o) of o
relative to v. On the other hand, by the mean ergodic theorem the second term of
(3.6) converges strongly as k— oo to vy(logdu/dm). Thus we see that H, converges in
v-measure to

1
hy= lim AL <logﬂ —log %>

k= oo dm, dm,
o1
= klim E S(vk’ ﬂk) = SM(vv y’oo) . (3.7)

Now for each k let p, be the projection in %, with p, <s(v,) such that m(p,) is the
spectral projection of H, corresponding to the interval (hy—9, hy+ 9). Then there
exists k, such that v(p,) =1 —e for all k> k. Since 7, (p,) is the spectral projection of
exp(kH,) corresponding to (ekho~9, gkho*9)) we get

nv(pk) é e ko= 6)nv(pk) cXp (ka)

_ dv du, \ 7!
— o~ kho—d) R I il
¢ o (pk <dmk> (dmk> >’
so that since p, < s(v,)

-1
p e Moy (ﬂ) (ﬁ) . (3.8)

dmy ) \dm
Therefore
P Se” ko=, <Pk %) =e "™,(py)
§e—k(ho-5)§e—k(lh"al)(, (3.9)

because hy = S(vy, ) 2 Ih by (3.7),(2.1) and (3.5). For each n = k! let n =kl 4 j, where
k=ky, 0<j<I, and put g,=p,. Then we have g, € &/, and y(q,)=1—¢, so that

1 1 1 k
l <= <—— L——h+$6
nﬁs(wm 0= nlog%(qn)_ =y log () < 1 +

by (3.9). This proves (2.3) thanks to —h+d<r. [

Proof of (2.4) of Theorem 2.2. First suppose Sy(y, ¢,,)=0. Then p=¢, by (2.1)
and hence B,(y,, ¢,)=log(1—¢), n=1, so that (2.4) is immediate. Now suppose
Smly, ©,)>0. For each n set f,=B,(p,, ¢,) and choose a projection g, in &/, such
that 1,(g,)=1—e¢ and @,(g,)<e*'. Letting 0<h<Sy(y, ®,), by (2.3) we have
B,< —nh for sufficiently large n. Hence ef»*'—0 as n—oo. Define %,=Cq,
+C(1—q,) which is a two dimensional subalgebra of .«,. Then by monotonicity

S(Wps 0) 2 S(Wo| B, 0u|Br) = F(w,(q1), 0:(41))
where

F(s,t)=slog;+(1—s) logi%:, 0<s,t<1. (3.10)
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Since for O0<t<s<1,
0F(s, 1) t—s
o t(1—1) =

we have for every n large enough

S @n) 2 F(p,(q,), € 1)
= —p,(q,) (B, +1)—(1 —p,(q,) log(1 —e~* 1)
+Wilds) 1081,(g,) + (1 — u(g,) log (1 —1,(g,)
2 —(1—¢)(B,+1)—log2.

Therefore

(1—¢)lim inf © L BaZ =S 0.0),

as desired. [
Proof of Theorem 2.3. 1t suffices by monotonicity to show that

1
hm lnf Spr(wm (pn)> SM(‘P! q)oo) (31 1)
We may suppose Sy(y, ¢,,)>0.Let 0<e<1and 0<h < Sy(y, ¢,). By (2.3) we have
Bw,, ¢,)< —nh for sufficiently large n. Hence for each such n we can choose a
projection ¢, in <7, such that w,,(q,,) >1—¢ and ¢,q,)<e ™. Let %#,=Cq,
+C(1—gq,) and F be the function in (3.10). Then we have as in the proof of (2.4),

SodWn 0 Z S(W,l B, 04l B,) 2 F(y,(dn)s 0:(d0))
2 F(wn(qn)s e -nh) = n(1 - E)h - log 2

for every n large enough. Therefore
Lo 1
h?l ionf ; Spr(V)m (Pn) = (1 - S)h .

We obtain (3.11) letting e—-0 and h—>Sy(y, ¢,). [

Indeed it is enough in Theorems 2.2 and 2.3 to assume that v is a stationary
state of &7, which is ergodic for y* for infinitely many n.

4. Extensions

In this section we observe that our theorems in Sect. 2 remain true in AF C*-
algebras or hyperfinite von Neumann algebras. When .o is a general C*-algebra
(always assumed to be unital), given two states w and ¢ of o/ one can define the
relative entropy S(w, @) of w with respect to ¢ as Uhlmann’s relative entropy [32].
But this is also defined through Araki’s one [1, 2] for normal states of von
Neumann algebras as follows: If n is a representation of o7 such that w and ¢ have
the respective normal extensions @ and ¢ to (/)" with den=w and pon=0,
then we have S(w, ¢)=S(®, @) (see [15, 26]).
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Let o/ be a C*-algebra with a fixed state ¢. As in Sect. 2 we take the C*-tensor
products &, = X) o, o, = X &, n=1, the right shift automorphism of .« , and
— o0 1

the product state ¢, of &/,. Moreover for a stationary state y of .« the mean
relative entropy Sy(y, ¢,) is defined as (2.1). To extend the theorems to the case
of an AF C*-algebra, we first give the following lemma.

Lemma 4.1. Let {</(j)} be an increasing net of C*-subalgebras of o/ such that
of =) oA(j). Let p be a stationary state of /. If (j)= |2 (j) and w(j) = | () o,

J
then Sy(w(j), ©(j)s) increases to Sy(y, @)
Proof. For each n, since o, = | ) #(j),, we have
J

sgp SWulA (s @l (7)) = S(Wps @)

by the martingale convergence of relative entropy [2, 16] applied under some
representation of o/,. Hence

1
Sm, 9) = sup S @)

1

The increasingness is immediate from the monotonicity of relative entropy. []
Now assume that'</ is an AF C*-algebra. Then there is an increasing net {.2/(j)}
of finite dimensional subalgebras of o/ such that «/ = | ) #/(j). Let y be a stationary

state of &/, and define S (p,, ¢,), n=1, as (1.3). Fojr each j and n we have by
Lemmas 3.1 and 3.2 applied to y,|<(j),,

Sl A (s Pul (D) = Scolr 90) + K log(n+1),
where K is the sum of the sizes of simple summands of </(j). Hence for every j,

N .1
SM(IP(])a ¢O)w) é 111'[_{ inf Z Scu(wn’ (Pn) H

so that Lemma 4.1 shows the equality (2.2). Furthermore by the above argument
we can choose, given h<Sy(y, ¢,,), a finite dimensional commutative subalgebra
2 of o, for some [ > 1 such that (3.5) holds. Hence the proof of (2.3) of Theorem 2.2
works well. Thus we infer that Theorems 2.1-2.3 remain true for every stationary
or completely ergodic state p of o/, when o/ is an AF C*-algebra.

Our theorems can be formulated in the framework of von Neumann algebras
too. Let ./ be a von Neumann algebra with a fixed normal state ¢. Let .#, be the

n-fold von Neumann tensor product () .# for n> 1, and .#,, the C*-completion of
1

U (@ Jl) Then {.#,} is an increasing sequence of von Neumann algebras

n=1

included in .# . We have the right shift and the product state ¢, of 4, as before.
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If {(j)} is an increasing net of von Neumann subalgebras of .# such that
M= () A(j)\" and if y is a stationary state of .4, such that y, =1|.#, is normal

J
for every n, then the same conclusion as Lemma 4.1 holds. Now assume that .# is
hyperfinite (i.e. approximately finite dimensional). Of course this is the case when
=B(s#), the algebra of all bounded operators on a Hilbert space . Then the
same results as Theorems 2.1-2.3 hold for every stationary or completely ergodic
state y of .#_, such that y, is normal for every n. In particular we have (2.6) for
every normal state w of 4.

Assume again that </ is finite dimensional with a state ¢. We finally consider
the special setting where v is a tracial ergodic state of o7 . In this case we denote
by ¢ and j the respective normal extensions of v and y to =,(</,)". Then §
becomes a faithful normal tracial state of n,(«/ ,)” with (po7=1. Let Tr be the
canonical trace of ./ mentioned at the beginning of Sect.3 and (<) be the
center of /. Although it is a challenging open problem to establish the
noncommutative Shannon-McMillan-Breiman theorem for general ergodic
states of &7, the special case of the following lemma was given in [20]. In fact,

thls follows from the classical case for v ® Z () because dy,/dTr, belongs to
®£” (<), the center of <7,

1
Lemma 4.2. Let o/ and vy be as above. Then —Enw(logdw,,/dTrn) converges

p-almost uniformly and in L}((p)-norm to a constant h. (h is the dynamical entropy
[6] of y relative to y.)

On the other hand the noncommutative mean ergodic theorem was given in
[18]. Based on these convergence results we have the next proposition which is a
stronger form of Theorem 2.2 and extends the classical results in [4, 7]. A similar
result is given in [19] when ¢ is the trace Tr and vy is a product state.

Proposition 4.3. Let y be a tracial ergodic state of o/ ,. Then for every 0<e<1,
.1
lim = B @2)= = Sul®, 0o).-
Proof. We shall show that

lim 1nf ﬂs(tp,,, 0= —Suw, 0,). (4.1)

n—oo

Our method in the following will allow the proof of (2.3) of Theorem 2.2 to be
adapted to give

lim sup — ﬁa(wm P = —SuW, 0)-

n—oo

When s(ip,) < s(¢) is not satisfied, we can see arguing as in the proof of (2.3) that
By @)= — oo for every n large enough. This proves the proposition because
Sm( 90) 2 S(wy, 9) = + c0.
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Now suppose s(y,) <s(¢). Then we have s(y,) = @ s(p1) = & s(9)=s(¢,) for
1 1
every n. Define the selfadjoint operators H,, n21, in (/)" by

1 dy, do,
H,= . {nw <log dTr,,> -, <log dTr,
1 dy, 4 do ))
Tl (10 dTr)—n,Zo <w<10ngr '

Lemma 4.2 and the noncommutative mean ergodic theorem imply that H,
converges in {-measure as n— oo to

1 d d
ho= lim — . <long —log aTr ) Smlw, 90) -

Let 0<d<1—c¢. For each nlet p, be the projection in <7, with p, < s(y,) such that
n,(p,) is the spectral projection of H, corresponding to (hy— 9, hy +6). Then there

exists ny such that y(p,)=1—4 for all n=n,. Since dy,/dTr,, d¢,/dTr, and p,
commute with one another, we get as (3.8),

_ dy deo, \*
> n(ho + 9) n n
paze ™" p, ( dTr,,) ( dTr") : (42)

For each n choose a projection g, in 7, such that y(q,)=1—¢ and

@n(q) <exp{B(wn, @n)+1}. 4.3)
Let q,=q, A p,- Then for n=n, we get thanks to the traciality of v,
v(1-g)=p(l—q,)+v(1—p)Se+d. (4.4)

Furthermore by (4.2)

do
> ’ — n
Ouldn) 2 0ulqy) =Tr, (qn ITr )

Ao,
> ,~nlho+0) < < dlp) )
Ze "7 OTr, ( q, Pn gy )

- n d n -n
e "0t ITy, <qn dfﬁ >= “o* V() - 4.5)

By (4.3)+4.5) we have for n=n,

exp {B(Wm @n)+ 1} Ze " " Il —£—0),
so that since 1 —&—6>0,

1 1
; {ﬂa(lpm(pn)-"i}g —h0—5+ Elog(i—ﬂ—é)
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Therefore

lim inf ;_lz‘ ﬁs(Wm (pn) g - hO —d.

n— o

This implies (4.1). O
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