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Abstract. We derive a universal formula for the exchange algebra in the Bloch
wave basis. The main tool we use is a lattice version of the Coulomb gas pic-
ture of conformal field theory, making its quantum group structure explicit
from the very beginning. Calulations are then reduced to a factorization prob-
lem in %,(s/,).

1. Introduction

There is an intimate connection between Liouville theory, conformal field
theory and quantum groups. As a unifying feature, we will take the Schroedin-
ger equation

@2—w)E=0. )
The relation to Liouville’s equation already appeared in Poincaré [1] and is as
follows. Let ¢! and £2 be two linearly independent solutions of Eq. (1) with
their Wronskian normalized to one. Setting
ede =g g,
it is straightforward to check that the field ¢ satisfies Liouville’s equation
0,0, = 2¢°.

The meaning of Eq. (1) in conformal field theory may be easily understood
by looking at the transformation properties of this equation under conformal
transformations. Let us change coordinates z — z(w). If ¢ behaves like a dif-
ferential of weight — § and % as a Schwarzian connection, i.e.

Ewydw 2 =¢(2)dz 74,
Uw)dw? = U (z)dz* + }{z,w} dz?,
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where {z, w} denotes the Schwarzian derivative
Z/// 3 Z” 2
{zw} = 7 5(7) ’
then the quantity (02 — %) & behaves like a differential of weight 3 [2]

dwi (02 — U (W) Ew) = dz3 (02 — U (2)) E(2).

This covariance property is strongly reminiscent of null vectors. More precise-
ly, let ¥, be generators satisfying the Virasoro algebra

[V;an]=(n-m) Vn+m+1_12‘c(n3_n)5n.—m' (2)

Consider a representation of ¥, acting on some Hilbert space #. Let

T =3z "2V,

neZ

As it is well known, on the set of operators @ (z) acting on # we may define a
representation V,(z) of the Virasoro algebra with the same central charge as in
Eq. (2) by writing the short distance expansion [3]

1) 0¢) = 3, D08

= (W _ Z)n+2 -

In this representation, the highest weight vectors are the conformal operators.
In fact

i t@1= 2" (x 5o+ (1 14) 0

translates into the highest weight condition on &(z),

W@ c@@) =0, n>0,
Wo(2) $(2) = 4¢(2).

If 4 takes one of the values given by Kac’s determinant formula, the Verma
module built on &(z) is reducible and there exists null vectors. Let us parame-
trize the central charge in Eq. (2) as

c=1+6<5+2+2), 3
b T

so that ¢ > 25 corresponds to y real > 0, while ¢ < 1 corresponds to y real
< 0. Kac’s dimensions are given by [4]

Aj,j'=—[j\/§+j’\/§][(i+1)\/%+(f’+1)\/§],

where j, j' are integers of half integers. For j = 1, j' = 0, the decoupling condi-
tion of the level two null vector reads

|:V_21(z) ¥ % V_z(z):| £(z) = 0.
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Working on the cylinder instead of the sphere, i.¢. setting z = e'*, &(x) = z4 £(2),
we get [5, 3]

02 &(x) —: U (x) {(x):=0,
where

%(x)=222 T(z)—1—12—3<3>2.

The double dots mean writing the operator ¥, on the left if n < 0, on the right
if n > 0 and sharing ¥} equally on both sides.
The semi-classical limit corresponds to y — 0. In this limit

Aj,O—')_j'

For j = 1/2, the corresponding null vector also has a finite limit: we simply
get back Eq. (1). So, the Schrodinger equation is the semi-classical limit of
the decoupling condition for the null vector of weight 4, o.

More generally, for arbitrary j the analog of Eq. (1) is a differential equa-
tion of order 2j + 1,

g2t L 5 g 5i) e = g 4
+ '§0 i é - ()

where the coefficients %; are local functions of the energy momentum tensor
% and its derivatives [21].

Finally, one has to explain the relation with quantum groups. Equation (4)
has a basis of 2j + 1 linearly independent solutions £”(x). These solutions
are functionals of . The semi-classical limit of Eq. (2) defines on % a Poisson
bracket

{U), U} =2yQUX) 0+ U (x) — 303) 6(x — ),

and we may compute the Poisson brackets of the &, (Poisson brackets are
calculated at time ¢t = 0. We assume x € S'.) For a suitable choice of basis this
Poisson bracket takes the simple form

{EPX)TEV0)} = 3P @ EV MO =T+ 0y =) r7], (9)

where the tensorial notation means that ¢ is a line vector of components
¢;” and by definition {£7(x) S & (3)} mm = {E: (), £ (3)} . The matrices
r* are solutions of the classical Yang-Baxter equation and are given by

r*=HQQH+4E,QE_, ©)
rr=—H®H-4E_QE,. )
They are expressed in terms of the generators H, E of sl,

[H, Ei] = i 2Ei’
[E + E —] = H .
In Eq. (5) one has to use the adequate representations of s/, in the two fac-

tors of the tensor product. A simple way to prove this formula is to use the
relation with Liouville equation and exploit its integrable structure [6]. One
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should stress that in another basis the result Eq. (5) may look quite different.
Moreover the basis where it assumes the simple form Eq. (5) is by no means
unique.

Since the coefficients in Eq. (4) are periodic functions of x there is one basis
which is quite natural and plays an important role. It is the basis of quasi-
periodic solutions (Bloch waves),

w(j)(x + 27.5) = w(j)(x) eZnPoH,

where B, is the Bloch momentum and H is a traceless diagonal matrix. The
Poisson bracket of the y’s can be computed and we find

WO YOG} = = @ O U(k)

[e=rse-n-EEBe e ®

A — eZnPo’ D — E—ZRPO.

where

Equations (5, 8) are universal formulae in the sense that Egs. (6, 7) give an
expression of r* in terms of the generators of s/, only, independent of the re-
presentations.

One purpose of this work is to derive the quantum version of Egs. (5, 8). It
is not difficult to write the quantum generalization of Eq. (5),

EP(x) &Yy = & () ¢ (x) Riz(9), ©)

where again we have used the now standard tensor notation

[P ) E D = &P ) EP (), (D) EP ) = & () &P ().

The sign + =¢(x —y) so that by consistency we must have Ri,(q) =
[R31(g)]™*. Now Ri,(q) are solutions of the quantum Yang-Baxter equation.
Their universal form is [7],

_i@+1)

[] qIHE1®q IHEI,

Riy(q) = g¥HeH 2 G—q LT —
i(i+1)

R - 1H®H 1) (g — 14 T 3H i ~$H i
2(@)=q"% 2( Vg —a ) T T E-®a T Es,

where now H, E, denote the generators of the quantum group %,(s/,),

[H,E:] =+ 2E,,
H —-H
9 —4q
[EL,E l="—T=—.
' g—q°"
The value of the parameter g which fits with the semi-classical limit is
g =e V. It is associated to the fields of dimensions 4; . Due to the symmetry

y - 7%y in Eq. (3) one could take also ¢ = e~*¥, and all we say would apply
to the fields with dimensions 4, ;.
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It is not so easy to guess what is the quantum generalization of Eq. (8).
The answer to this question is the main result of this paper. It is given by the
following

Theorem 1.
Y @) ¥ () =¥ O0) P (x) 2129, ),
where
v@fz(‘], R) = F2—11(q7 B) Rliz(Q) Fi1(q, )

and

© B _ 1)k
Fi,(q,P) = —q ! a
12(q 0) k§0 (‘] q ) [k]!
. 4" FH1+H2) pk ® E*

2k-1 q + -
]._.[ (AqH2+v _ Dq—Hz—v)
v=k

In these formulae, Fy is the quantum Bloch momentum
l//(j)(x +27n) = lﬁ(j)(x) p27PoH q%H2‘
As in all this paper A = e*™* and D = e~ 2",

For j = j = 1/2 this exchange algebra was first obtained in [5].
Once the y-basis is constructed, one can try to define the ¢-basis out of it.
One can do it using a change of basis depending only on £,

Theorem 2. Let

ED(x) =y (x) M(R),
where
(_ 1)m Amqal-n(n—l)-&-m(n—m)

M(P)= > EY Em gionemi,

n,m=0

! (! 11 (4"~ Dq ™)

then £Y(x) satisfies Eq. (9).

The &-basis and the -basis both have their own merits. The £-basis is best
suited to discuss the quantum group structure of the theory, while the y-basis
is important for the following reason. One can show that the Bloch mo-
mentum B, commutes with the Virasoro generators V,. Therefore one can
split the representation space # into a sum of subspaces #;, indexed by the
eigenvalues w; of R,

H=0 #,,
Jj

Each #,, carries a representation of the Virasoro algebra. The distinguished
property of the Bloch waves is that they simply intertwine between these
spaces according to the relation

R yO(x) =y ) [Po - H] .
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Let us now a briefly outline the content of this paper. One noticeable as-
pect of our work is the use of a lattice regulator [8]. This yields a new non-
ultralocal structure described in Sects. 2 and 3, which is at the basis of our
construction. Of course the introduction of a lattice cutoff breaks conformal
invariance, but the cutoff is introduced precisely in such a way that the ex-
change algebra, which is our main concern here, remains unchanged. The ad-
vantage of this method is that the quantum group structure is made explicit
from the very beginning. With this tool at hand, we give in Sect. 4 a precise
definition of the Bloch waves at the quantum level and we calculate their com-
mutation relations in Sect. 5. The £-basis is constructed in Sect. 6.

All we do with one chirality can also be done with the other chirality. In
Sect. 7 we construct the Bloch waves i (x) for the second chirality and we
give their exchange algebra. Finally, once the two chiralities are defined one
can combine them to reconstruct a set of periodic and local fields. This is
done in Sect. 8. In the conclusion, we discuss some implications of our results
for the quantum Liouville theory. We also give a free field representation of
the basic non-ultralocal algebra on the lattice which we will be useful in forth-
coming applications.

2. Classical Theory

In this section, we sketch the main steps of the construction yielding to the
Poisson bracket Eq. (8) for the quasi-periodic solutions of Eq. (4). We refer to
[9] for the detailed proofs. We first replace the single differential equation of
order 2j + 1 by a system of first order equations. A very convenient such sys-
tem is the Drinfeld-Sokolov system [10, 11],

0,0 =({P(x)H—-E,)Q. (10
Here P(x) is a periodic field. Poisson bracket is defined by
{P(x), P(»)} =70'(x — y). (1

Taking H and E. in a spin j representation of s/,, we find that the matrix ele-
ments of the first line of Q (x)

aP(x) = <A1 Q (%)

satisfy a differential of order 2j + 1 which is precisely our Eq. (4). For instance
in the spin 1/2 representation

10 0 1 0 0
R O T L

02 — %) o' (x) =0,

we get

with
U (x) = P*(x) + P'(x).
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Consider the solution of Eq. (10) normalized by the condition Q(0) = 1.
The monodromy matrix S is defined by
Ox+2m)=0x)S, S=002n).
To construct the Bloch waves we diagonalize S. Let

S =g letrhHy

the matrix g is uniquely determined if we require it to be strictly upper trian-
gular. Then we set

YO = A8 0(x) g7 e, (12)
where g is a diagonal matrix. These y ) (x) have diagonal monodromy
l,b(j)(x +27) = l//(j)(x) e2nPoH

The diagonal matrix g is chosen as follows

o =e K+H bl (13)

The constant K, is defined by

P .
jO"P(y)dyzKJr +Px+ Y ,—:l—e‘"",

+0 1

where we have introduced the Fourier decomposition of P (x)
P(x) =3 B ei"*.

The role of K, is to eliminate from ”(x) all the remaining dependence in
the normalization point x = 0. The variable 0 is the conjugate variable of R,

-7
{HSPO} —27'5'

With these choices, we have shown in [9] that y?(x) is a conformal object of
weight — j and the exchange algebra is the one described in Eq. (8). Here we
simply recall the following relations which will be used later. For 0 < x,
y < 2n we have

{0®)®0(N}=30X)RQM0(x—N[-r+ 0 '(»
®Q2'MNr-—HRH) Q(» 2]
+0(—-)[-r+0'"XRQ'(x)(r+ H®H)
QX)) ®Q)1}, (14)

where r is either r* or r~. We will need also the Poisson brackets of the ma-
trix g,

{30} =0, (15)
(0% =-10x)®eH®H), 0<x<2m, (16)
{(S®o}=—1[S®eH®H+(HR®H)S®q]. 17
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3. Quantum Theory on the Lattice

To generalize our analysis to the quantum case one has to define a suitable
ordering for operators. A natural choice would be normal ordering. It has the
advantage of preserving conformal invariance [5].

Another possibility, the one we will follow, is to go to the lattice and use
the lattice ordering [8]. Conformal invariance is lost (in fact it is only de-
formed [15, 18]), but this does not matter as far as the exchange algebra is
concerned. It has the advantage that the quantum group structure is made
explicit from the very beginning.

To go to the lattice, the first step is to discretize Eq. (10). As usual, we set

0n=L,Qp-1. (18)

The problem is to define a suitable Poisson bracket for the L,’s. We do it by
requiring that Q,, satisfies the lattice version of Eq. (14),

{0, 0n} =30.® 00
A0 —m) [~ 1+ 0, ® Q' (r —H® H) 0n® 0l (19)
+O0m-—m[-r+0,'®0,'r + HQH) 0, ® 0,1}
This condition ensures that the exchange algebra on the lattice will be the
same as in the continuum. Writing L, = 0,0, };, we find the Poisson bracket
algebra of the L,’s,
{Ln?Lm = %6nm[raLn®Lm]
—30mm1 Li®1HQH)1® L, (20)
+ %én,m-l 1 ®Lm(H® H)Ln® 1

Vice versa if L, satisfy Eq. (20) then
Qn=LnLn—1"'L19 n<N,

satisfy Eq. (19). The relations Eq. (20) constitute a non-ultralocal generaliza-
tion of the usual ultralocal formulae which are at the basis of the Hamiltonian
approach of the Inverse Scattering Method [12].

Next we consider a lattice with N sites and periodic boundary conditions.
We define the monodromy matrix S

S=LNLN_1...L1
so that
N+n = QnS s

remembering that {L, ® Ly} + 0 (in contrast to the ultralocal case), one can
show that

{0,985} =30,08[-r+0,'®Q, ' + HRH)0,® O,
~-H®S 'HS], (21)
{(S€S}=1S®S[-r+S'®@S'rS®S
+S 'HS® H—-—H® S 'HS]. (22)
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If we add to Egs. (19, 21, 22) the obvious lattice analog of Egs. (15-17), one
can repeat on the lattice the same analysis as the one performed in [9] and
we get the lattice version of Eq. (8),

WYY = =Ly @y

~[(r+ —r))e(n—m)— Ej ig;(f' + r‘)].

So the exchange algebra is the same on the lattice and in the continuum, as
expected.

To quantize the theory, all we have to do is to give the quantum version of
Eq. (20). Introducing the notation

L1n=Ln®Ia L2n=I®Ln’

a natural quantum generalization of Eq. (20) is
RiyLinLon=LyyL1,Ry2, (23)
LlnLZ,n+1 =Lz,n+1A1zL1m (24)

where

R12= 1 “‘%r‘,‘ 0('))2),
A, =1 +%H®H+ 0(?).

We will define the quantum theory by requiring that R,, is a solution of the
quantum Yang-Baxter equation

Ri;Ri3Ry3 = Ry Ri3 Ry,
and we take

Ay =q O g=e7

Let us call R, the two solutions of the Yang-Baxter equation whose classical
limits are r5 respectively. Applying the automorphism o¢(x ® y) = y ® x to
Eqgs. (23, 24) we also get
[RZI] -t LlnLZn = LZnLln[RZX] -1 5
LZnLl,n+1 = L1,n+1A12L2n-

Since Ry, =[R5;]™", we see that we may use indifferently Ry, or Ry, in
Eq. (23).

As in the ultralocal case, the crucial property of Egs. (23, 24) is that they

can be integrated. For this however, one has to change slightly the definition
of Q,. We define

Qn=LnBLn—1B”'BL19 (25)
where B is the diagonal matrix
B =g %1, (26)
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We also introduce the monodromy matrix S

S=LNBLN_1“‘BL1 (27)
so that if the lattice is periodic with N sites we have
Qn+N= QnBS (28)

Proposition 3.1. Let L, satisfying the relations Egs. (23, 24) and Q,, S be de-
fined as in Egs. (25, 27). Then

1) Ifn <N,
Ri201nQ2n= 02,014 R12- 29
2) If n > m, (n,m < N),
anQfmlAuRlemezm: szansz- (30)
3) Ifn=N,m<N,
SlQl_mlAllRIZQImQZmzQ2mA12S1R12' (31)
4) Ifn=m= N,
R,8141,8: = SzA1251R12, (32)

where by definition
Q"Q?;I = LnBLn-—lB e BLm+1B.

Proof. 1t consists in elementary manipulations based on Egs. (23, 24) see [8].
We also use the important property that

R1231A1232 =B1A12B2R12'
This is because
B1A12B2 — q—-}(H®1+1®H)2
and
Rys 4,(H) = A;(H) Ry,
A(H)=A,(H)=H®1+1Q H.

To derive the relations involving S, we have to remember that due to the non-
ultralocality of relations (23, 24) one has

LINLZI = L21 A12L1N-

Finally, we will need the diagonal matrix ¢ with the following properties:

21Q2 = Q201> (33)
A3 79810, 415 = 0251, (34)
anQZAfg =02 an' (35)

These commutation relations are straightforward quantum generalizations of
the classical formulae Eqs. (15-17). We have introduced a parameter «. It is
a freedom we have also at the classical level [9]. Equations (15—-17) corre-
spond to the choice « = 1/2. As we will see this parameter drops out in the
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final formulae. The choice « = 0 is simpler in many respects. We give an ex-
plicit realization of L, and ¢ in terms of a free field in the conclusion. It is
not needed to derive the results of this paper.

Projecting Eq. (30) on highest weight vectors, we get

Proposition 3.2. Let

ar(lj) = </11Snjle Qm
then we have.

fn+m o o
oill o4} = o¥h) ol R12(q), (36)
where + = g(n — m).
Ifn =m 110)) (") 3
qiim’.,'l.#. §1) (1 ) — U(”GH}RB((])- (37)

Proof. Start from Eq. (30) and use the fact that if R;, = R{,, then
I® </’{x(ri2x| A12R1+2 =I® </1:(n]zgx’

4. Definition of the Bloch Waves

The aim of this section is to give a precise definition of the quantum Bloch
waves on the lattice. For this purpose, we will have to diagonalize the mono-
dromy matrix Eq. (27). So let us start by giving a suitable parametrization
of S. At the classical level, the monodromy matrix is an element of the group
S/, and it is upper triangular. Therefore we can write

S = e2nPoH pZE+

From Eq. (22) we find that
{BR,Z} =0

At the quantum level we look similarly for an upper triangular solution of
Eq. (32) depending on two commuting operators P, and Z. The answer is

Proposition 4.1. Let By and Z be two commuting operators. Then the upper tri-
angular solution of Eq. (32) is

S = e2rhHp Z T q’HE (38)
where we used the notation
Y
l] =7
[ 9—q"

and
E1'=[1112]...[1.
Proof. From the relations
R12 Aq(Ei) = A;(Ei)Rlz,
A(Es)=E: ®q* + ¢ " QE.,
A(E) = g QE, + E. ®@q ¥,
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we also have
Ry, [Aq(Ei)]i = [A;(Ei)]iR12~

This gives a non-trivial identity if we insert the expansion

j=0

. iy J L i-j .
[4,(EL)]' = 3 [j]q"”E‘;’@qTHE’ ,

where we have introduced the g-binomial coefficient

H_ [i!
j1 =

Our proposition is a straightforward consequence of this identity.
Before going ahead, we give the commutation properties of the operators
P, and Z with the matrix ¢. Equation (34) translates into
Proposition 4.2.
Ao =09"4, Do=¢q "D,
QZ — ZanHQ,

where we recall that A = e?™% D = ¢ 27h,

Now that S is defined, we can diagonalize it. Remembering that
oy = 0" BS,
we look for a matrix g ! such that
BSg '= g le?rhHp2 39)

There is a factor B? in the right-hand side of this equation because the diago-
nal part of Sis e?"®H B, Then

O.I(lj)Ng—l — O',fj)BSg'l — O.'Ej)g—IBZnPoHBZ

and the vector o{?¢g~! has diagonal monodromy. Of course g~ ! is deter-

mined only up to a diagonal matrix, and we choose it to be strictly upper tri-
angular. It is interesting to have in mind the classical expression of the matrix
-1
g
4 A
Getas = SXP| — ZE, ).
Quantum mechanically, we have

Proposition 4.3. The solution to Eq. (39) is

g"'= 3 Z"X,(H)EY, (40)
n=0
1 "("H)A"q_;H
X(H) = (= )" o (41)

I_I (Aq—H+v_DqH-v)
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Proof. Equation (39) reads

g—l — eZnPoHBZ { hd Zl

i=0 [l]'
Using the form Eq. (40) for g~ 1, we get

qIHEl } —IB—2e~21:PoH.

k
Xk(H) — e4k1tPoq‘2kH+2k2 Zo [1]' q,_,HXk z(H 21) (42)

The solution of this recursion relation is unique once we impose the boundary
condition Xy(H) = 1. It remains to check that Eq. (41) does satisfies this re-
lation. Substituting Eq. (41) into Eq. (42), we arrive at (x = e*"Pog=2H*2k)

k k—i i(k—i)
S > [k] L_ 3)
JINCET ) n (1—g¢>"x)

This identity is easily proved by induction using Pascal’s triangle identity for
the g-binomial coefficient

1o e

We are now ready to give the precise definition of the Bloch waves:
Definition. The Bloch waves are defined by
Y=ol g o B (44
They have diagonal monodromy
Yl =y, B2, (45)

In Eq. (44) the parameter o is the one appearing in Eq. (34, 35), and the matrix
o satisfy the commutation properties of Proposition 4.2.

5. Universal Bloch Wave Algebra

Now that the Bloch waves are defined, we can compute their commutation
relations. The result will be Theorem 1 of the introduction. To achieve this
goal, we have to calculate the commutation relations of ¢{ with g~! and
0. The commutation relations of ¢ and ¢ are obtained by projecting out
Eq. (35) on highest weight vectors. We get

, 2 .
08:) 0,415 = on'ﬁ)~

To derive those of o{? and g~' we first determine the commutation of ¢/

and Z. (Remember that o{) commutes with P,.) Projecting Eq. (31), we get
S 0'(") = O'(J)Alzis:}.
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Substituting the explicit form of S and R{,, we obtain
Zto$ =09 3 (g g7V [k] Zvig R0} (DI B (a6)
i=0 1

For k =1 this gives
Zo=0[Zqg "+ (1 —q g *E].

Of course, iterating this simple expression gives back the relation for arbi-

trary k. From these results, the commutation properties of ¢\ and g~ ! are
derived by elementary calculations.
Proposition 5.1. We have
gitofh =l M,

where

hd k —INk—i k j ki) (k+itl) k _krip g

J”12=k20 Zo(q—q )t ; Z'q T X(H)EL®q TUET

<o i<

Writing

Myz = '=Zo Zi'//ll(i%s

one has in particular

k(k+1)

MP=E @—a )T NHEHIEL® g M E".

Finally, let us write the commutation of ¢{” with the product g~!g. One
has

-1 . .
g1 Q1 0'?:2; = 0'5’);[/12,

where
Via= //1291/1122“-

We are now in a position to start the calculation of the Bloch waves algebra.
We have

YD) = ol g1t 01085 97 02 BE* BE®
= oil) o¥i) V12 92 ' 02 B{* B3*.
If n > m we get using Eq. (36),
YDy = okl ot R, Via g2 ' 02 BI* B3

To reconstruct the product i) {#?, we introduce the matrix #;,(F) such
that

R Vi29: 02 BI*B3* = V31 91 01 BI* B3* Z,(Ry), (47)
giving

YU = v v R (R).
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Notice that Eq. (47) is really a definition of the matrix #{,(B,). From this
equation, it depends a priori on F, and Z. The remainder of this section is de-
voted to the proof that #;,(B) is indeed independent of the operator Z. The
main step will be to estabhsh the formula

Viags! 0, =4,(9" N M A5 010, (48)
In fact, using this result, Eq. (47) becomes
R{, Aq(g_l) M 435 010, BI* B3 = 4, (9_1) M3 A3 01 02 BlzaBzza%fz(Po)-

But
Rf, 4,(97Y) = 4(¢7 ") R,

and we can eliminate the factor 4;(g~') which contains actually all the Z de-
pendence. Commuting the factors A{SB%“B and ¢,0,, we are left with the
universal formula for #7,(F,) given in the introduction with

Fi2(q, By) = M{(Aq™ +H2, Dg™Hi7H),
We now turn to the proof of Eq. (48). One has to study
Viagz 'y =M201 41595 " 05
First we can push the factor ¢, 4%% to the right. We find

014159 02 = <‘Z'o Z'X,(H, + Hy) q—%H® El+> 415010,
Next we make the Z-dependence explicit by writing

Vi2 92_1 Q2= <Z VA "V(l)> A3 0102,
where
N = 3 Xl + Hy = 2)) M) g7 @ EL.
We now have to commute the factors £, to the left. This is done with the
help of the identity
Mg HRE, =q I {E.@q¥ + ¢ HQE,} MY
+ q~j—1[]'+ I]Dq%(H1+H2) {Aq—H1—H2+j+1 _ DqH1+H2—j—1} 'ﬂl({;.+l)7
the proof of which is elementary and uses the relation
Xe-1(H—2)=—[k](Adqg """~ Dq"~*) Dg* ™" X, (H). (49)

We can iterate the above identity and get
k
Mg R ELN = T [A,(E) T CPMH + Hy) MG, (50
=0

where the coefficients C/"*(x) satisfy the recursion relation

i1 () = g7 Ci*(x +2)
+ g7V + 11 Dg CiA () (4g ™1+ — Dg=i™Y)
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whose solution is

. 1 ._arn[Jj ! jok+21
Clj,k(x) = qix qu_k.l—‘-(‘[—)[/ +l] [];] l"[ (Aq—x+v_qu-v)‘

U v=j-k+1+1

Using this result, we can write (x = H; + H,).

7Y = Z {Z Xi—j(x = 2)) CY} ’(x—2l+2r)} [4(ED] A3 (51)

r=0 (j=0

For r = 0, the sum over j is simply equal to X;(x). For r = 1 we easily check
that it vanishes. We assume now r = 2. One has (z = 42q~*%)

Xioj(x = 2j) CI(x — 2i + 2r) = X;(x) (1 — zq*Y)
_r _ _ P [l]! P r i
o r x r r(2i-r+1) _ j jr—1) _ 2v
(=1D7q7*z7"¢q ——[l._r]!( 1)’q j 1 (A =zg™).
So the sum over j in Eq. (51) reduces to the evaluation of

£t T a-ae. 52

v=it+j—r+1

Expanding the product by means of the g-binomial formula
Ta-2=% (- 1){’3](;‘"-”% (53)
expression Eq. (52) becomes

but we have, again using Eq. (53)
£ /| o e =T - g
j=0 J u=0
which is zero for v =0,1...(r — 1). Therefore, only the term r = 0 remains
in Eq. (51) and we finally get
1Y = Xi(Hy + Hy) [4,(E)] M2

This is exactly what we had to prove.

6. The &-Basis

Since the Bloch waves are now well under control, we may try to construct
other basis from this one. In particular we can try to find a basis ¢ with the
exchange algebra given by Eq. (9). We have already defined the vectors ¢/ (x)
with this property, however since Q (x) is normalized to one at x = 0, they do
not have good conformal properties (in the continuum limit). We have shown
in [6] that for j = 1/2 there exists a change of basis depending only on F,

EV(x) =y (x) M(Py)
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such that ¢1/?(x) does satisfy Eq. (9). This result was later generalized to all
jin [13]. We give here the universal form of M (F,). Since M depends only on
P, and since P, commutes with the Virasoro generators, & (x) has the same good
conformal properties as y)(x).

Before studying the quantum case, it is worth giving the form of the ma-
trix M (Fp) in the classical case. Remembering that

WO, B} = -y V() H

the requirement that  (x) satisfies Eq. (5) gives the condition on M

A+
r++r"+A DM QM 't +r )MM
=z M~ 1d QM 'HM —M 'HMQ M} aM
T d dPo

We look for M in the form
M = em+P)E+ pm_(P)E-
Using that
ad(E. Q@I+ IQE)r=2(E.®H—-HQ®E,),
we find the relations

1 A+ D 1 1 A

’ ro_ ’

27T T4 pM ™"
So that

1
Meyas(F) = exp <A D E+> exp(— AE_).

At the quantum level, the equation one has to solve reads (we write M (4, D)
instead of M (F))

R1i2F12 M, (4 qHZ,Dq_Hz) M,(A, D)
= Fy My(Aq™, Dq™ ") M,(4,D)R,. (54)

Its solution is given in Theorem 2 of the introduction. This theorem is itself a
direct consequence of the following

Proposition 6.1. One has
FIZ MI(AqHZ’ D‘]_Hz) MZ(AaD) = Aq[M(A’D)]
Proof. The crucial identity is

Fale @ .1 = 3 [4,(E )1

C'lO,k(}I1 + Hz,Aqu+H2+2(k_”, Dq—Hl—H2—2(k—l))
'gﬂl(lz)(AqH1+H2+2(k_l),Dq_Hl_H2_2(k_l)).
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It is obtained by multiplying Eq. (50) on the left by g, ¢, and then moving
this factor to the right. With the help of this identity, we get

Fy; Mi(4q™2, Dq™ ") M,(4, D)
m| iy moig
= b};" j[Aq(E+)]"Ei {[]:I g ME"T I®@qTH EJ_}
. q§H1+nb+§b(b—1)+b(m—j)%(Hz +2(n — ) 4, [Mym(HD],
where the coefficients M, (H) are those entering the definition of M (F,)

M@E)= 3 ELE? My (H)

and
P e i ] qa}r(r+1)—r(s+j)
b(x)—g{;(— )@—q7) [r]T—-r]'_—}
. (_ 1)s 25) Aqx+2s_Dq—x-2s
b—st? “oes -
U(Aqx+v_Dq x v)
We use
n —1)? _ -y & v -y 20— v
WPy e T Aol [ PR

and the analog formula with ¢ — ¢! to show that

, i _] Srir+1)—r(s+)) 1
S=10@-a7" [r]q——

— —2sj

b—r! Y
So

(__ 1)s Aqx+2s_Dq—x—2s
Iy (x) = .
R T (=
[1(A4g™"=Dg™™)
Now, the proposition results from the fact that
Ty (x) = 0p,0-

Indeed, if 5 =0 then s =0 and Z,(x) = 1. let us assume b > 0. One has to
prove that (z = 4%2¢?*%)

b s—1 2b
3 (- 1)‘[1’] g V(A —z¢*") [T (1 —2¢*) I] (1-2¢*)=0 ¥z
s=0 s v=0 v=b+s+1
(56)
Using the binomial formula Eq. (53) we obtain
" s—1 2 2b 2
O—zg®™) [T —-2z¢*") II (1—-2z¢")
v=0 v=b+s+1

b+1

=ﬂ§0(— 1)“Z”§{F(u,v,3)+61“F(u- 1,v,8)}, (57
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F(u,v,s) = qBb+ugsu-3b+2)v [S} [b - s].

vifpg—v

To perform the summation over v in Eq. (57) we substitute for the g-bino-
mial coefficients the identity Eq. (55). We get

~gmmt)=2bm[ap 4 q
— 2bu - 1y—m 2sm—q———————
Eij(,u,V,S) q %(q a)"q [m]! [H‘m]

A m — 1)y’ v
Z(_ 1)v [v/]q(m 1) q2(b+1) .

where

The summation over v’ can now be done using again Eq. (55)
u b+ml[2b+1
— p2bu _ 1\m ,2sm ,~bm
;F(u,v,s) q mgo( D"q*"q [ b ][#_m].
Substituting back into Eq. (56) the summation over s can be done, again using
Eq. (55)

i (_ l)s [l;:l q(b—l)SZF(u, V,S) — (_ 1)"[b]'(q _ q—l)bq%b(b—1)+2bu
s=0 v

ml0+m—=11[b+m]|[2b+1
RO B
Similarly, we have

b
e I L e R R e R P
s=0 v

To+m+|[b+m|[ 2b+1
oo LI

Adding these two expressions as required in Eq. (56), the terms cancel two by
two.

7. The Second Chirality

In this section we define the various objects entering the second chiral sector,
and we list their basic relations. One can then reproduce the previous analysis.
The results are summarised in Theorem 3.

The Drinfeld-Sokolov linear system for the second chirality reads [9]

00 =—Q(PH—E.). (58)
Poisson bracket is defined by
PSP} =—7d'(x~y).
We discretize Eq. (58) as

Qn= Q_n—lzn'
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On L, we have the Poisson bracket

{L—n(?L_m} = _%5n,m[r’L_n®Em]
+%5n,m+1 1 ®L_m(H®H)En®1

— 16 m1 LOIHQH)1QL,.

Performing the replacement
[1=i{,},
we find the quantum formulae
RIZL_lnEZn = L_anlnRIZs
El,n+1E2n = L_2n212il,n+1
with
Ry~ 14+2r+ 0%,
A, 1+ZHRH+ 0(?).
So
Zu = A2,
Ry, =Ri5(¢™ ") = Ri3 (9)-
Finally, we introduce the constant ¢ with the properties
010, = 0,0;>
Q1n§2 = A%zaézéma
S, 0, = A}, S, 43§ - 9.

We consider now a periodic lattice with N sites and define

so that

‘We have

2) If n>m(n,m<N)
OomOimR1241201m O1n = R1201,02m-
YIfm=N,n<N
02101nR12412 01, St = Ry3 81 41,054
Y Ifn=m=N
R,54,8,=5,4,5 R,,.

O. Babelon

(59)

(60)

(61)

(62)
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We now define the projection on the first column of Q,
G = 0n |2,

then we have the exchange algebra

where the upper sign refers to » > m and the lower one to n < m.
We parametrize the solution of Eq. (62) as
_ Zi
— 27[P0HB
S=e" Z T

g :HE .

The equation determining g is
gSB = e~ 2mhHB2g,
The Bloch waves are defined as
TP = B3G50,
They have diagonal monodromy
T,y = B-2e R,

Reproducing the analysis from these data we arrive at the

Theorem 3.
G = R (g, B) U0,
gliz( ]3) 12(quO)R 2(q) szl(q,Po)
where
FIZ(qal.SO)

_ o _ —Ik(_1)k 4"
—kgo(q g9 ") !

g? 1 +H) k@ p
k
];[1 (Aqu—v_Dq—H1+v)

and

A=e-2h, D=e2th,

8. Local Fields

In this section we combine the two chiralities to construct a set of periodic
and local fields. In order to do it we have to impose the constraint B, = P,.
We choose to work with independent zero modes P, and B,. Their conjugate
variables are also considered to be independent so that y¥(x) and ¢ (x)
commute

Y)Y () =9 () Y7 ().
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The constraint Py = P, is then imposed on the states. If # and J are the
representation spaces of the two chiral halves of the theory, the physical space
F < # ® H is defined by the condition

(P —PR)F =0,

i.e. we have the decomposition
y = (‘B '-#wj ® ZDj’
J

where w; denote the eigenvalues of F,. The result is summarized in the
Theorem 4. The fields

®D =y B~
1) Admit a restriction to the subspace &, where By = Py or

(44 — DD)F = 0.

2) Their restriction to F is periodic.
3) Their restriction to F is local.

Proof. 1) Recall that
WA= AYgH, D = Dyq",
IPA=Ag"FP, §OD=Dg P,

then
& )(44 — DD) = (A4 — DD) &7,
and so
(44 — DD) ¢ F = ®(AA — DD) F =0,
therefore
VT < F.
2) We have
PN y=YA B Yy

= lﬁ,ﬁ’)ez"PoHB—zB*e"Z"FoHB“Z%(D

= yPB-1B-4eh-RHGGG)
but

B-4e2n(h— E,)Hé = gerh- RYH
So

®Y) = YL yB-1geh-HG GO, (63)

Now g and 6 do not contain the variables conjugate to B, or F,. So when
restricting to & we can set B, = B, in Eq. (63) and

‘ppfi)zvlgf:' ‘I’»Sj)lf-
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3) Let us prove now locality. We calculate (n > m)

(99, &1 = YW1 (R, By ' By ' R, — By ' By ) Yii il
but

‘@:-2B1_1B2_1'@r2 = F2_11 Iai‘-ZI:'12f112F_‘1212.1_217'2—11"41—21 Bl—lBZ—I

If we can show that

R Fia A By =14 Xy (44¢™ "2 — DDg™ 1712, (64)
F' R F AL =14 Xy (AAq™ 72 — DD g~ 11712, (65)
then
(27, &1 = Y& (X1 + B X1 Ry By A7) By By 45 i)
-(A4A — DD),

and this implies the desired result
[®, o F = 0.

We observe now that condition Eq. (65) is the same as condition Eq. (64). In-
deed Eq. (65) is equivalent to

R} B A By =1 — RS\ Fy XA, B (AAg" 1 H2 — DD g~ #1732,
Comparing with Eq. (64) we find the relation
/\712 = - F2~11 Ri> X34 F2_11 A1_21 .
To prove Eq. (64) we evaluate its left-hand side

- ® _ 1
R FAFa=3 (9—9¢ 1)k—, q
K=0 k]!

KTk oo e 1 (Z)*
. itk—i)+2i
{igo[i:lq 2i-1 k+i

IT (1-24") 1 a —2q7%")
g i B @ B,

—3k(k+1)

where we have introduced the notation
z=A2g?H 7= f2q%H:

We are thus lead to study the quantity in the curly bracket. We have to
show that this expression contains a factor (1 — zZ) (for k > 0), or else that
it vanishes if we set Z = 1/z. This conditon turns out to be equivalent to
Eq. (56).

9. Conclusion

We would like to conclude this paper with a few remarks. The various formu-
lae we have presented here are universal in the sense that they are expressed
entirely in terms of the generators H, E, of %,(s/,). This means that we have
been able to use the quantum group structure of the theory in its full power.



642 O. Babelon

In particular, we have been able to separate in our formulae the purely group
theoretical aspects from the representation theoretic aspects. This may be of
some interest as we may consider now highest weight representations with ne-
gative spin j as it seems to be necessary in Liouville theory or 2D gravity [14].

The main tool to achieve these results was a lattice version of the Drin-
feld-Sokolov linear system. This is by itself an interesting structure. One can
eventually use it to define a lattice version of the Coulomb gas picture of
conformal field theory. This is based on the following free field representa-
tion of the basic relations Egs. (23, 24). Let ¢, be a periodic free field on the
lattice and =, its conjugate momentum so that

nm

[, Q] = 17y P

where a is the lattice spacing. A realization of Egs. (23, 24) is given by

L L .
Ln = pa™nH {B Z []' q7H Ei}e%((ﬂn—l_(on)H_
i=0 |I]!

Moreover the constant g satisfying Egs. (33—-35) (with « = 0) is

o=e ovH,

We will analyse this interesting representation somewhere else.

A natural question which arises is: What happens to the Virasoro algebra?
Clearly, in the continuous theory, one can reconstruct the Virasoro generators
from the ¢ or the y fields. The same is true on the lattice and we get an inter-
esting lattice deformation of the Virasoro algebra [15-17, 19]. Let us sim-
ply mention here that this deformation is related to integrable systems (Toda
chain) [18].

Finally, it is well known that the Drinfeld-Sokolov linear system is a reduc-
tion of a more general system which we would obtain if we were working with
the WZNW model instead of the Liouville model. A discrete version of the
WZNW model was recently proposed [20]. It is likely to be closely related to
our construction.

Acknowledgements. 1 am very grateful to L. Bonora and F. Toppan for their encouragements
and help at various stages of this work.
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