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Abstract. We study the quantization of the moduli space of flat connections on a
surface of genus one, using the real polarization of this space described in [10]. The
quantum wave functions in this formalism are exponential functions supported
along the integral fibres of the polarization. The space of wave functions obtained
in this way is isomorphic to a space of theta functions. We use our construction to
construct part of what may be a topological field theory in genus one, and to
compute the associated invariants of some three manifolds. These computations
agree with those of Witten [12], but the invariants are expressed as sums of
quantities computed at a discrete set of connections with curvature concentrated
on a link in the three manifold. A similar prescription is used to produce knot
invariants. :

I. Introduction

In [10] we showed that the moduli space S, of flat SU(2) connections on a two-
manifold 29 of genus g possessed, in addition to the standard Kéahler polarizations,
a real polarization. One motivation for this study was that the quantization of this
system in this real polarization may give some new insight into the structure of the
conformal field theory related to this system, and may be a useful method to study
Witten’s quantum field theoretic interpretation of the Jones polynomial, with
which it is intimately connected.

In this paper, we continue this program by studying the quantization of this
system, where SU(2) is replaced by any compact Lie group G, on a two-manifold of
genus one. In this case the quantization may be carried out explicitly, and indeed is
almost trivial. Nonetheless it exhibits many of the expected properties of
topological quantum field theory, as axiomatized by Atiyah, and gives a number of
other results. These are briefly as follows.
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First, the quantum Hilbert space #¥, where ke Z is the power of the relevant
prequantum line bundle, and G is a compact lie group, may be taken to consist of
sections of the line bundle supported on certain Lagrangian subvarieties of the
moduli space. This space is seen to have a natural linear isomorphism with the
space H#¢.,, Obtained by quantization of this system in a holomorphic polari-
zation. Of course, the space #¢.p,,; depends on a modular parameter 7, which
specifies the Kahler polarization of S, used to obtain it; and so, the linear
isomorphism with #% is also t-dependent. This isomorphism with a fixed linear
space exhibits the independence of the space #%,,, of the choice of polarization
[3,9] in a natural way. The quantization in a holomorphic polarization may be
shown [4] to yield a Hilbert space isomorphic to the space of Weyl-Kac characters
for the affine Lie algebra associated to G; in a real polarization these are replaced
by certain exponential functions supported on Lagrangian subvarieties of the
moduli space. They exhibit the well known Kac shifts for the weights of
representations of the affine lie algebras [6].

Second, the modular group SL(2,Z) acts on # (as it does on #¢.,,), and in
fact ¥ gives a natural projective representation of SL(2, Z)-isomorphic of course
to the representation given by the Weyl-Kac characters referred to above.
However in our formulation the action of the modular group has a simple
geometrical interpretation. The standard generators S, T of SL(2, Z) have different

. 11
behaviors on the real polarization of [10]. The generator T= <0 1) preserves
the polarization, and acts on #% as a diagonal matrix; while the generator

0 1 .. . .
S =< 1 0> does not preserve the polarization, and its action must be

constructed using the BKS pairing. This yields a priori only a projective
representation of SL(2,Z), which we verify is in fact a true representation.

Finally, we come to topological quantum field theory. We construct part of
what we expect to be a topological quantum field theory by associating to a two-
manifold of genus one the space # described above. In view of the isomorphism
described above between the quantizations obtained from the real and holo-
morphic polarization, this choice is equivalent to that of [12]. However, the close
association between elements of our quantization and Lagrangian subvarieties of
the moduli space enables us to take a step towards constructing another important
constituent of topological field theory, which is the assignment of an element
V(Y)e #¥ to a three-manifold Y with boundary dY=X. This is obtained roughly
as follows. Any presentation of the surface X! as the boundary of a three-manifold
Y3 obtained by a Heegaard splitting of a three-manifold gives rise to a natural
Lagrangian subvariety Ly of §;. The space Ly is related to the Lagrangian
subvariety Lg: , p2, corresponding to the standard solid torus, by the action of an
element of the modular group SL(2,Z). On the other hand, we shall see that
corresponding to the presentation X!=49(S! x D?) there corresponds a natural
element V(S* x D?) e #¥ Hence, we may use the action of SL(2, Z) described above
to obtain an element of #¥ corresponding to Y. In fact, we can use the action of
SL(2,Z) to obtain such an element (up to a multiplicative constant) for any Y with
0Y3=2X", so long as the (isotropic) subvariety LyCS, is Lagrangian.

Of course, to check that these results actually correspond to a topological
quantum field theory would require the construction to be generalized to higher
genus. This we are not able to do. We do however have the following suggestive
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application. Let M= Y2?U; Y2 be a Heegaard splitting of a three manifold M
along X'. The axioms of topological field theory [1] show that the number

Z(M)=<V(Y,), V(Y2))

obtained from a topological quantum field theory is an invariant of the manifold
M. We use our explicit formula for V(Y) to compute the putative invariant for

M=S83*=8"xD?*Ug,5: St x D2.

We reproduce Witten’s result [12] for the three sphere; but as V(M ), V(M _) are,
as sections of a line bundle over S, supported on transverse Lagrangian
subvarieties, we see that this invariant is simply the sum of torsions computed at a
finite number [in the case of G=SU(2), two] points of §,.

To apply our results to produce invariants of knots in S3, we note that our
methods allow us to assign an element of #% not only to a three manifold Y
bounding X*, but also in some special cases to a pair (Y, L) consisting of a bounding
three manifold Y and an embedded circle L C Y, labeled by a representation of the
group G. We obtain an invariant of a knot in $* by producing a splitting of S3
along the knot torus, thus obtaining two elements of #: one corresponding to the
“interior” pair (S x D2, K), and the other corresponding to its complement Y,
which in this case is guaranteed to correspond to a Lagrangian subvariety Ly CS,.
The inner product of these two elements yields our knot invariant, which is again a
sum of torsions computed at a finite number of points of S.

These results raise a number of questions. First, it would be interesting to know
whether the knot invariants defined above could be extended to links; and if so, to
determine their relation to known invariants, and in particular to those associated
with known conformal field theories. More generally, we see that the use of a real
polarization gives an interesting point of view on the conformal field theory
associated to current algebra. It would be interesting to know whether real
polarizations arise in connection with other conformal field theories, and whether
the associated moduli spaces give rise to interesting topological invariants.

II. A Classical Integrable System in Genus One

Let (N?", ) be a compact symplectic manifold, and let L— N2" be a complex line
bundle, with unitary connection «, such that du=p*w; then c¢,(L)=[w]. The
system (N, o, L, «) is a classical integrable system if there exists a fibration 7: N—»B
whose fibres are Lagrangian submanifolds of N; that is, manifolds =~ (b) of
dimension n such that |;-14=0.

Now let S; denote the space of equivalence classes of representations
0:7,(2')> G, where X is a two-manifold of genus one and G is a compact, simple
group. It is well-known that the space S, is equipped with a 2-form » which is
generically non-degenerate [2]. In [8] it was shown that the Chern-Simons 3-form

may be used to construct a complex line bundle & SN S,, with a unitary

connection a, so that generically du = p*w. Furthermore, in [10] we constructed a
fibration % :S; —B, whose fibres were Lagrangian subvarieties of ;. Hence we
have the basic elements described above for classical integrable systems — except
for the degeneracy of w and the corresponding degeneracy of the fibres of #. For
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our purposes however it will be convenient to have a more concrete description of
this integrable system, which can be obtained by considering some integrable
systems associated to line bundles on complex tori. This description is self
contained; in Proposition 2.1 we show it indeed corresponds to the structure of [8]
and [10].

2.1. Line Bundles on Complex Tori

Let UCR" be a lattice, and let UC=UQCCR"®C=C". Let there be given a
nondegenerate, skew symmetric real form E:C" x C*—IR, which is integral on
U®x U%; we may as well take E|gn,g-=0. Let a: UT—>S ¢, € satisfy

oluy +uy)= emr uZ)“(ul)“(uz) (2.1)

Then, following Mumford [7], we define a line bundle L(E, ) on the complex torus
C"/UT as the quotient of €" x € by the action of U® given by

Ouz, 2)=(z+u, e(u)e'™E="]) 2.2)
The metric on I(E,«) is simply
lo@)?=le@)?, (2.3)

which is clearly invariant under the action of U®. (Note that in [7] the metric is
given by |¢(z)|; =e™?PRHED| o(z)|, where H(z,y)=E(x,iy)=iE(x,y); this ac-
counts for the apparent discrepancy in (2.2).) This metric gives rise to a unitary
connection 4 on L(E, «), whose curvature is precisely the constant 2-form & given
by the skewsymmetric bilinear form E. To obtain a classical integrable system, we
let 7: C"/U®-IR"/U be the projection onto the real part; that is, z is the map
induced on C*/U® by the map #: C"—>IR" given by

Uzys .- 2g)=(Imzy, ..., Imz,). (24)
It is clear that the fibres of & are of dimension n, and since E|g. x g»=0, we have

®,-15=0. Hence the system (C"/US E, L(E,«), A), with the fibration =, is a
classical integrable system.

2.2. Cartan Tori of Lie Groups

Now let G be a compact, simple Lie group and let T'C G be a Cartan torus. We will
use the construction of Sect. 2.1 to produce an integrable system on T'x T.
First, by exponentiation, it is clear that

T x T~t%/UC,

where t€is the complexification of t = Lie(T), and U% is the complexification of the
root lattice U Ct. Now on t there exists the natural inner product <, ) appropriate
to the root system of G. This inner product isintegral on U x U;if G is simply laced,
the inner product is even on U x U. We use {, )4 to produce a skew symmetric real
form E;:t®x t®>R by letting

Eglp+iq,p’' +iq)=<p,q>6¢—<4q, P ¢- (2.5)
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Now suppose G is simply laced; we may then choose =1, and obtain a line
bundle L(Es, 1)— T x T, with a unitary connection whose curvature is Eg. Likewise
we have a fibration & : T x T- T whose fibres are Lagrangian submanifolds of
TxT

2.3. The Space S,

Now recall that S, was the space of equivalence classes of representations ¢ : 7,(2?)
=Z®Z—-G. Any such representation is in fact a representation ¢: Z@Z—-T,
where T is a Cartan torus of G. Since all such tori are isomorphic, S, may be
described by

glzT'>< T/u/;liag,

where W, is the Weyl group of G, acting diagonally on T x T. It was on this space
that were defined the symplectic form w, the line bundle .#, and the fibration &
described in [8] and [10]. On the other hand we have the following result. Let
n: T x T-(T x T)/W, #: T-T/W denote the projections.

Proposition 2.1. (i) There exists a line bundle #—T x T/W such that n*%
=L(Eg,1). .

(ii) There exists a function & :(T x T)/W—-T such that the following square
commutes

TxT -2 T

|, e

(T x TYW—o T/W

(iii) Let #—T x T/W denote the line bundle of [8]; then £ =2.
(iv) Let #:T x T/W—T/W denote the fibration of [10]. Then ¥ =%.

Proof. Parts (i) and (ii) are immediate: The existence of the line bundle .Z follows
since the inner product {, )¢, and hence the skew form E, is W-invariant. Likewise
F exists since 7 o F(x) =1 o #(y) whenever n(x) = 7(y). It remains to show (iii) and
(iv). (i) Let o/ denote the space of flat G connections on 2', and ¢ = Maps(2?, G)
the group of gauge transformations. Then «/,/% =~ T x T/W, and by the results of
[8], the bundle ¥ —.s7;/% is given by the unitary cocycle 6: o/, x ¥—S* given by

0(A, g)=exp—tr | Ag~'dg+ ——tr [ (5 'dg)?, 2.6)
4r 31 12xn Y

where Y is any 3-manifold whose boundary is 2, and g is an arbitrary extension of g
to Y. On the space &/S=T x T of constant gauge fields, the remnant of the gauge
group is precisely U x W; then S, = o#/$/U® x W, For g e U%, we may choose Y so
that g extends to Y as a map g: Y—T; then the second term vanishes, and

G(Aa g) =€Xp 7'CiE(;(X, u) >

where x e T x T corresponds to 4 and ue U® corresponds to g. For g e W, we may
choose g and g to be constant; then 6(4, g)=1. Hence the line bundle .# coincides
precisely with 2.
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Remark. The line bundle .# exists by [8] for any group G, and 7n*.% must be of the
form L(Eg, o) for some a. However, if G is not simply laced, E; is not even, and a =1
is not a solution of (2.2). It would be interesting to construct « in this case.

(iv) We recall the construction of the fibration & :§, - B,. First, B, was defined
quotient of G by the adjoint action of G on itself; it is clear that

Bl =G/G8d]=T/W'

Second, we had R, & G x G as the zero set of the function R(a,b)=aba"'h~1—1.

Then the fibration &# was the map % : S, - B, induced by the projection onto the
first factor

1,:Gx GG

and completing the diagram

R, &  GxG X G

l l |

(T % T)/W=5,— (G X G)/Gog;—> G/Gpa;= T/W

It is then clear that the following square commutes

T x T—— (T x T)/W
.| »
T 2 T/w

proving (iv).

ITI. The Quantized System in Genus 1

Let (N?", w, L, o), along with a fibration 7 : N2"— B, be a classical integrable system
as described in Sect. IL. Let S, denote the sheaf of local sections of L which are
covariantly constant along the fibres of 7. The quantization of this system is then
the vector space H*(N, S,), which, as we shall see below, may be provided with a
natural Hilbert space structure.

In [11] Sniatycki has shown that the sheaf cohomology H*(N, S,) may be
computed explicitly. We summarize his results in Proposition 3.1. Let b € B, and let
ry:m” Y(b)—>N be the inclusion. The fibre n~!(b) is said to satisfy the Bohr-
Sommerfeld condition if the holonomy of rfx about any closed loop in n~!(b) is
trivial. Since the curvature of rfu is zero, any such fibre is equipped with a global
covariant constant section s, : 7~ !(b)—r¥L, unique up to a constant multiple. Let
B, denote the set of points b e B such that ™ !(b) satisfies the Bohr-Sommerfeld
condition; for b € By, let S, denote the one dimensional vector space generated by
Sp-

Proposition 3.1 (Sniatycki) [11].
(i) H(N**S)=0if i+n.
(ii) There exists a natural isomorphism H'(N*",S,)~ @,.5,.S5
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Now the space H*(N, S,) has a natural Hilbert space structure given by the
inner product
<Sb,Sb:>=0, b=|=bl,

$8p Spy = lIsp(M)11?,

where x e~ (b) is arbitrary; since s, is covariant constant, the inner product is
independent of the point x. Heuristically the sections s, may be looked upon as
distributional sections of L concentrated on n~!(b).

(3.1)

3.1. Quantization on Complex Tori

We may apply Sniatycki’s method to the complex torus €"*/U€, with line bundle
L(E, ) and fibration n: C"/US~R"/U. The Bohr-Sommerfeld condition for the
fibre 7~ 1(b) then reads

a(u)e™EE =1 (3.2

for all zen~!(b), ueU.
Now for ue U, we may choose a linear functional Ae(C")*, real on R"CC",
such that
o(u) =expinA(u)
for all ueU.
In terms of 4, (3.2) reads

Mu)+E(b,u)e2Z (3.3)
for all ue U. Thus there will be precisely |/det E points in (IR"/U),,; and the global
covariant constant section on the fibre =~ !(b) is simply

sy(z)=expinE(b, z) + miA(z). (3.4

The above considerations take a particularly simple form for the complex torus
t®/U%, and line bundle (L(Eg, 1))®*, considered in Sect. 2.2. In this case the Bohr-
Sommerfeld fibres are those located at points bet/U satisfying

kE(b,u)=k<{b,uye2Z (3.9
for ue U; that is

1
(t/U)ys= © U. 3.6)

. .1 .

The section s, at the point % u=>b is simply
o1

Sp.(2)=expink <--u,Rez>. (3.7

k

3.2. Relation to @-Functions

The dimension }/detE of the cohomology H"(C"/US,S,) is precisely that of the
space of f-functions associated to the torus €"/U® and line bundle L(E, ), and
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obtained by quantizing this symplectic manifold in a Kédhler polarization. In fact
the isomorphism between the two spaces may be given explicitly. Let us do this for
the case of the complex torus t/UT.

The holomorphic sections A(z) of the bundle (I(Eg, 1))®*—t€/U are given by
[7.6] 2
7, 5 (z)=exp (nkz ) LY @k + 2aiklat y/k)z (3.8)

2 aelU

for ye U.
Now recall that these sections are defined with respect to the standard metric
on the line bundle (L(Eg, 1))®*, which is

Is(z)|>=e™ ™1 |s(2)|2 . (3.9)
Thus, to compare them to our sections, we write
gv/k, 2)=e™128,, (2). (3.10)

A computation establishes the following result.
Proposition 3.2. Let y,y' e U. Then
§ Sy/k,k(z)*gy’/k,k(z) =C-9,,,

F=1(y/k)

where C> 0. Hence the quantization of the classical system is seen to be independent
of the polarization.

3.3. Quantization on §,

We now turn to the quantization of the integrable system constructed on
S, =T x T/W. In this case, due to the degeneracies of the fibres of &, we are not
able to apply Sniatycki’s theorem. This is best illustrated in the case G=SU(2) (see
Fig. 1). In this case the moduli space is a two-torus with identification of points
differing by reflection about the origin; in the figure, each point on an edge of the
triangle shown is identified with its image under reflection about the midpoint of
that edge. The Bohr-Sommerfeld subvarieties (shown here for k= 3) are located at
y=0/2k, 1/2k, ..., k/2k. Most of these subvarieties are circles (because of the edge
identifications). The exceptions are the degenerate fibres at 0 and 1/2, which are
copies of the interval [0, 1].

We quantize this system as follows. The sheaf S is defined as the sheaf of local
sections of the line bundle ¥ which are continuous everywhere, smooth (with
respect to the smooth structure obtained from the smooth structure on T x T)
away from the fixed points of W, and locally covariantly constant at the
nondegenerate fibres of #. Such sections automatically come from W invariant
sections of Sz on T x T. Hence we obtain the following result.

Proposition 3.3.
(i) H(Tx T/W,S4)=0 if i+n.
(ii) There exists a natural isomorphism HT x T/W,Sz)~@®, 1 .Sy .

Here S, is the one dimensional vector space generated by the section

% = Y (=1)"Sus,
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Fig. 1. The moduli space S, for G=SU(2), along with the Bohr-Sommerfeld fibers of & in the case
k=3. The fibers marked supps;;; and supps;; are circles, and correspond to elements of
H*(S,,S5). The other two fibers are copies of the interval [0, 1]

where, for we W,
Swp(X)=sy(wx), xen” '(wb).

The space HT x T/W, Sz) is clearly a Hilbert space, with the inner product
induced by the inner product on H(T x T, Sz). To compute its dimension, we first
remark that some of the sections s, are zero; these sections correspond to
degenerate fibres of #. Those which remain are in one to one correspondence with

1 . .
theset P= {Q + % y}, where g is one half the sum of the positive roots of G, and y is

a positive weight of G. The cardinality of P is in fact precisely the number of
integrable, level k, representations of the affine lie algebra G. This is more than a
coincidence; the Weyl-Kac characters of these representations are related to the
f-functions by

1 _ 1 w
Xi+ok+h= Hei.+e,k+hE ﬁZ(“l) 0w().+q),k+h’

ZZ
where 0, ,,=€Xp— <n(k+h)?> G, +k+nand H(z_)=0,;,,(z).

As a consequence of Proposition 3.2, we have the following
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1
Corollary 3.4. Let A, Alek—-f—h' U,, where U, is the intersection of U with the

positive Weyl chamber. Then
2 2

Xa+ok+n 1T -expm(k+ h)z— expn(k "‘h)ﬂ “Sptqr+nt=const-d,;..
F1( +0) 2 2
In conformal field theory the characters x, . , . + » appear as conformal blocks of
the current algebra of G at what is denoted as level k [4]. We see here that they are
related to the quantization of the line bundle #®**® where k>0. The shift
k—k+ h will reappear in our computations of manifold invariants in Sect. V. It
would be interesting to know what role the s;, , play in the representation theory
of affine Lie algebras. :

IV. Action of the Modular Group

The construction of the quantum Hilbert spaces H"(S, S&) involved the choice of a
polarization & of S,; and this, in turn, depend upon a choice of generators for
n,(Z1). This choice cannot be fixed by diffeomorphisms of Z!; so we must now turn
to investigating the behavior of H*(S|, Sz) under the diffeomorphism group.
First, it is clear that on the symplectic vector space H,(Z',Z), the map ¢,
induced by a diffeomorphism ¢:2X'—Z! is a linear symplectic map; in other
words, an element of SL(2,7Z). As generators of this group we choose

S= (_01 (1)>, T= <(1) i) The action of SL(2,Z) on T x T is the induced action
on H,(Z', T). This action can be described explicitly as the action induced on

T x T by the following action of S and T on the complexified torus ¢°:
T(z45 ..., 2,) =2, +Imzy, ..., z,+Imz),
S(zyg5 - 2) =21, ..., 2,/i).

Asis plain from (4.1), the generator T preserves the polarization &, whereas the
generator S does not. So we must review the construction of the induced group
action in each of these cases.

4.1)

4.1. Group Actions and Quantization

Let (N?", w, L, ), along with a fibration , be a classical integrable system, and let
H"(N, S,) be its quantization. Suppose we are given a transformation G: N—»N
such that G*L=L as line bundles with unitary connections. Let us first consider
the case where G preserves the polarization ; that is, suppose

G(x))=n(x)

for all xeN.
Let us choose a basis {s,}yc3p,, for H(N,S,), as provided for by Sniatycki’s
theorem (Proposition 3.1). We define the induced action of G on H*(N, S,) by

(G55 (%) = 55(G(x)) = 1383(x) - 4.2)

It is then clear that, given a group of such transformations, the induced action
on H"(N, S,) results in a representation of this group.
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On the other hand, suppose G: N— N is a symplectomorphism, preserving L
and « as before, but not preserving . Suppose instead that the fibres of the map
ng=m°G:N— B (which are of necessity Lagrangian submanifolds) are transverse
to those of =. It is then clear that a fibre 7~ !(b) satisfies the Bohr-Sommerfeld
condition if and only if ng }(b) does. Thus we may identify the cohomology spaces
H"(N,S,) and H"(N, S,_), via a map G, :H*(N,S,;)—»H"(N, S, ) defined by

G 4(85) (%) =54(G(x))

for xeng 1(b).
We use this map to produce an action of G on H*(N, S,) by using the BKS
pairing [13], defining
(G*Sp) (X) = Z Z <Sq(y)a G#sp(y)> ° Sq(x) > (43)
a€Bps yen~ 1(g)nng'(p)
where the sums in question are finite since the fibres of n; intersected those of ©
transversely.

If we are given a group of transformations of this type, there is no assurance
that this pairing will indeed produce a representation. This is however the case in
many examples; as we shall see, the action of SL(2,Z) on the complex tori (and on
S)) fit into this category.

4.2. The SL(2,Z) Action on the Torus

It is now straightforward to compute the induced actions on S, T on HYT x T, S ).
We have the following result.

Proposition 4.1. The induced actions of the symplectomorphisms S,T on
H"(C"/US, S 3) are given by

(T, )_,, L,,—5,w exp(inu, v)/2k),
(S*)%",%v =exp(in{u ,v)/k)

for u,ve U. The matrices S, T, induce a representation of the group SL(2,Z) on
HYT x T.S3).

To compute the induced action on H'(S,,S), we use the description in
Proposition 3.3 of the elements of H™(S,,Sys) as W-invariant elements of
H'(T x T, Sz). We then have the following result:

Proposition 4.2. The induced action of the symplectomorphisms S, T on the space S,
are given by

(TL,, L, =0, exp(indv,v>/2k),
(S‘*)Lu,lv= Z (—1)WCXP(in<“, l)>/k)
k 7k weW

1 1
for U, Ve {Q-l— % U} The matrices (T,), —= — S, =S, induce a representation

of SL(Z,Z) on H(S,,S4).

1/ AR
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Remark. Let G=SU(2). Then, for k=2, we have

in
(T pjp,an= 5p,q expﬁpZ )

1 .
(S ok, qc= —ﬁ sinzwtpq/k .

These are the results of [6]. In general the representations described here are
(not surprisingly) simply the representations of the modular group appearing in
the theory of level-k 0-functions.

The proofs of Propositions 4.1 and 4.2 are simple computations; to verify that
the relevant matrices induce representations of SL(2,Z) it suffices to check that
SZ=—1,(S,T,)*=1. This follows immediately from the formulas.

V. Topological Quantum Field Theory
5.1. Axioms for Topological Field Theory

We now wish to try to use our construction to obtain a topological quantum field
theory in dimension 3 — or as much of it as we can. Let us recall the axioms for
topological field theory [1]. A topological quantum field theory is an assignment Z
of smooth oriented 2-manifolds to finite dimensional Hilbert spaces and
difffomorphisms to linear isomorphisms satisfying the following axioms:

1. If 2* denotes the smooth manifold X with orientation reversed, there exists a
canonical isomorphism

(Z@)*~Z(z¥),

where (Z(2))* denotes the dual vector space.
2. If ¥,uZX, is a disjoint union, then

Z(2,0Z,)=Z(2)®Z(Z)).

3. Let Y3 be a smooth, oriented 3-manifold with boundary Y3 = X. Then there is
an element V(Y)e Z(Z); if @: Y3—Y? is a diffeomorphism of pairs,

V(Y*)=Z(®loy:) (V(Y?) € Z(0Y).

4, Let 0Y3*=X,0X,, 0Y¥=X%UX,. We may consider
V(Y?)eHom(Z(Z,)*, Z(Z,), V(Y?)eHom(Z(X,), Z(Z3)),

and

V(YUY )eHom(Z(Z))*, Z(Z,));
then, as linear maps,

V(Y30 Y?)=V(Y¥)e V(Y?).

5. Let Y3 denote Y3 with opposite orientation. Then V(Y>")={¥V(Y?3),-), where
¢, is the inner product on Z(Z=0Y?3).
6. The set {V(Y?)|0Y3=2X} spans Z(2).

As a consequence of these axioms, we have the assignment of an invariapt
V(M?)eC to a three manifold M*® with empty boundary. And if we write
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M3*=Y3U,Y?¥, where Y3 and Y* are three manifolds with boundary X, then
V(M3)=<{V(Y?3), V(Y*)). It remains to produce an example of the assignments Z
and V.

Now let X be a Riemann surface of genus g. Then the space S, of
representations ¢:7,(2?)—G contains a large open cell S, which is a Kahler
manifold; and the line bundle # — S, is a holomorphic line bundle. Then Witten
has proposed [12] that the assignment Z9— Hp(S,, #) induces a topological
quantum field theory. For this it is necessary to show that this assignment is
independent of choice of holomorphic structure; this was done in [3,9]. What has
not however been provided is a geometric prescription for the assignment
V(Y)e Z(2) for Y such that Y= 2. We propose here a different construction of the
space Z(X) which will enable us to make some progress towards constructing the
element V(Y).

Specifically, we suggest that the vector space Z(2) be taken to be

Z(2%)=H*(S,,5%),

where & is the foliation of [10], and S is the sheaf of local sections of ¥ S,
which are covariantly constant along the nondegenerate fibres of #, smooth on §,,,
and continuous everywhere. We now turn to see how this works in genus 1.

5.2. Topological Quantum Field Theory in Genus 1

In this case the space H*(S;, S&) has been shown to be isomorphic to H¥,(S;, %),
and hence our construction coincides with Witten’s proposal.

However, the specific use of the polarization & allows us to make a guess
concerning the assignment Y— V(Y). Given a presentation 0Y=2, we obtain a
natural isotropic subvariety Ly of S, given by those representations ¢:7,(X%)—G
which extend to representations §: ,(Y)—G. We will from now on concentrate on
the case where this isotropic space is maximal, and therefore Lagrangian. In the
case g=1, the space Ly is the image of S, of a Lagrangian vector subspace of
H,(Z',R). Any such Lagrangian vector subspace is related, via an SL(2,7Z)
transformation vy, to the “standard” Lagrangian vector subspace associated with
the presentation of ¥ as the boundary of the solid torus S* x D2. Hence if we can
produce an element V(S* x D?)e Z(Z), we will have an element V(Y) e Z(Z), defined
b

y V(Y)=1yy V(S! x D?). 5.1

We note that there will be more than one possible choice of element yy;
different choices will differ by right multiplication by T™ for some integer m, where
T is the element of the modular group described in the beginning of Sect. IV. We
shall see that different choices of element w, will correspond to different
normalizations of the element V(Y).

So let us consider the case where X! is presented as the boundary of the solid
torus S* x D? in the standard way. It would be natural to try to assign to this three
manifold an element of Z(2) corresponding to the Lagrangian subvariety Lg: , p2
=% ~1(0) of §,. Unfortunately there is no nonzero element of Z(X) corresponding
to this Lagrangian subvariety, which is degenerate; in other words, 0¢ P. Hence
this first guess cannot be right.

Let us however, try instead the assignment

V(S x D¥) =5, (5.2)
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where, as in Sect. 3.3, ¢ is half the sum of the positive roots of G. This is a nonzero
element of Z(X). We use this element and (5.1) to define the element V(Y) for any
three manifold bounding ¥ (and with L, Lagrangian) by Eq. (5.1) above. We note
that the ambiguity in the choice of yy gives rise to a multiplicative constant in the
definition of V(Y), with different choices related by powers of exp(in/k), as a
consequence of the formula for the action of T on Z(ZX) given in Proposition 4.2.

We can use this guess for the assignment V(Y) to compute ¥(S3) and obtain a
check of our results with those of Witten. To do so we form a three-sphere by
gluing two solid tori via the diffeomorphism of X=5!x S!=4(S! x D?) which
exchanges the S* factors. This diffeomorphism clearly induces on Z(X) the action of
the element of SL(2,Z) denoted in Sect. IV above by S. Therefore, V(S?) is given,
using axiom (4) for topological field theory and the assignment (5.2), by

V(Ss) = <SQ_/k’ S*Sa—/k> = (S*)Q/k,e/k . (53)
In the case G=SU(2), this is equal to

a1 . (n)
V(S°) VE sin{ |-

This agrees with the results of [12]; note that one must make the substitution
k—k+2 asin Sect. III, where we saw that the expressions corresponding to what is
usually called current algebra at level k arise from quantization of the line bundle
#®*2 Using (5.1) and (5.2) we can now compute the putative invariants V(M) for
a wide class of three manifolds M. The computation of these invariants is
particularly simple when M is given by a Heegaard splitting along a torus. In this
case, there is no ambiguity in the choice of element of SL(2, Z), since the manifold
M is defined in terms of such an element v e SL(2,Z). Using (5.1) and (5.2), we
obtain immediately the formula V(M)= (), ;x> Which is in agreement with the
results of [12].

We may perform further computations by noting that the topological
quantum field theory we are considering admits the following generalization of
axiom (3):

(3") Let Y3 be a smooth, oriented 3-manifold, with boundary 0Y*= . Let L be
a (framed) link in Y3, and let A be a weight of a level-k integrable representation of
G. Then there is an element V(Y3 L)eZ(2); if ®:(Y3 L)—»(Y*,L) is a dif-
feomorphism of pairs,

VAY™, L) =Z(®|ys) (Vi(Y, L)).

So let us generalize our guess for the assignment V above by assigning to the
solid torus S* x D?, with an unlinked circle in marked by a representation A along
its meridian, the element s, ;,, € H*(S,, S ). We may form a three-manifold S°
with embedded links by giving two solid tori as before, and then the resulting
element V(M)e C is given by

<S(; + A)/k> S*S(;+ }.’)/k> = (S*)(Q +A)/k,(e+A)k "
In particular, for G=SU(2) we reproduce the entire table (4.39) in [12]:

V(S3 L,uL,)= 1 gin™4.

‘/E k

for the invariants associated to S* with two unknotted, linked circles labeled by
integers p,q=<k.
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Fig. 2. The moduli space §; for G=SU(2), with the support of the sections s7;; and S#sm The
invariant V(S3, L), where L is an unknotted circle, may be computed as the sum of the inner
products of the values of the two sections at the points where their supports meet

The computation of V(M, L) for M given by a Heegaard splitting along a torus
gives rise to an interesting interpretation of these objects. The sections s, , 5 and
S #S+ 1k are supported on transverse Lagrangian subvarieties of S;. We take
their inner product by formula (4.3), so that the invariant V(M, L) is obtained by
taking the inner product (in %) of the values of the sections s, , 5, and S5, 1y
at each point where their supports intersect, and summing over intersection points
(see Fig. 2). Thus the invariant is the sum of quantities computed at a discrete set of
connections in §,. In the case of M =53 and G=SU(2) there are precisely two
connections which contribute to this sum. In this way the invariant would seem to
be analogous to the invariants of Casson and Johnson. However, the connections
in question, rather than extending flatly to M, extend to M as connections with
singular curvature along two linked, unknotted circles. This behaviour and the
analogy with the Casson invariants are obscured in the holomorphic formulation.
However, while the set of flat connections on a three manifold M, which appears in
the computation of the Casson invariant, can certainly be characterized without
resorting to a Heegaard splitting, I do not know of any way of producing a similar
invariant characterization of the connections appearing in the expression for
V(M). It is therefore not at all clear from this formulation that the V(M) are
independent of the Heegaard splitting.

We can however use our construction to produce true invariants of knots in S3.
For convenience we restrict our attention to the groups SU(n), though this is by no
means essential. We label the knot by an integral element 4 of the root lattice of
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SU(n), corresponding to a choice of a representation. Let K C S be a knot, and let
X € S® be a neighbourhood of K diffeomorphic to S* x D2, Let Y=5%\X; we will
write S® = X U, Y, noting that when K is a nontrivial knot this will be a Heegaard
splitting. Let PYyCSL(2,Z) be the set of elements of SL(2,Z) carrying the
Lagrangian vector subspace of H(Z!=0Y,R) corresponding to LyCS,; to the
standard Lagrangian subvariety corresponding to Lg: x p.. Any two elements of ¥y
differ by multiplication by T™ for some integer m. Given an integer k, we have
defined in Sect. IV a representation of SL(2, Z); so given a choice of element yp € Py,

we define
Pw(k) = ((WYS)*)g/k, (e+A)k*

A different choice of v’ € ¥y will yield an invariant P,(k) differing from P (k) by a
factor of g™, where q=q(k)=exp(in/2k), and m is an integer. To make a precise
statement, we will use the following definition. Let f:Z—C be a function. The
balance class of f is defined as the set of functions f:Z—C satisfying f(k)
=q(k)"f(k) for some integer m. By the previous remarks we see then that the
elements of ¥, CSL(2,Z) define functions lying in a single balance class; let us
denote this class by Py,. We may summarize this construction in the following
proposition.

Proposition 5.1. The balance class Py, is an ambient isotopy invariant of the knot K.

We note that in this case the splitting of S* into two three-manifolds with
boundary is given directly by the knot, and that therefore the issue of independence
of choice of such splitting does not arise.

It would be interesting to understand the relation between these invariants and
standard knot polynomials. A first step would be to generalize the invariants
defined above to links.
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