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Abstract. We consider a class of exactly soluble topological quantum field theories
on manifolds with a boundary that are invariant on-shell under diffecomorphisms
which preserve the boundary. After showing that the functional integral of the two-
point function with boundary conditions yields precisely the linking number, we
use it to derive topological properties of the linking number. Considering gauge
fixing, we obtain exact results of the partition function (Ray-Singer torsion of
manifolds with a boundary) and the N-point functions in closed expressions.

1. Introduction

Topological field theories are highly interesting when quantized. On one hand,
they provide exact solutions of physical theories like 2 + 1 dimensional gravity [1].
On the other hand, they are related to a variety of topological invariants such as
the Ray-Singer torsion [2,3], Donaldson invariants [4] and Jones polynomials
[5]. More recently, Horowitz [6] considered a wider class of exactly soluble
diffeomorphism invariant theories which include 2+ 1 dimensional gravity as a
special case. The action is

S= [ BnadC, (1.1
M

where B is a p-form and C, an (n—p—1)-form on an n dimensional manifold M.
Using functional integration, the two-point function was shown to be equal to the
linking number of two submanifolds of M of dimensions p and n—p—1[6,7]. It
was conjectured that for manifolds with a boundary, there exist boundary
conditions such that the functional integral yields the same result [7].

In this letter, we consider the theory defined by action (1.1) on a manifold M
with boundary dM. In Sect. 2, we express the phase space as the sum of the relative
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and absolute cohomology groups of M and show that the theory is invariant under
difffomorphisms which preserve the boundary, provided that the equations of
motion are satisfied. We also point out the relation of Dirac quantization and
Ashtekar’s approach [9-11]. In Sect. 3, we incorporate the effect of boundary
conditions in the functional integral. Using the Hodge decomposition on
manifolds with a boundary [12,13] (see also [14]), we show that the functional
integral indeed yields the relative linking number of two submanifolds of M. In
Sect. 4, we derive several topological properties of the linking number [16,17]
using its path integral expression. In Sect. 5, we take into account the gauge fixing
procedure. The partition function is exactly the Ray-Singer torsion with natural
boundary conditions, which is a topological invariant of manifolds with a
boundary [13,15] (see also [3]). Furthermore, we write the N-point functions in
closed expressions. The torsion factor cancels; this confirms the naive calculation
of Sect. 3.

2. Canonical Formalism

For theories with gauge redundancy or symmetry, there is a covariant description
of canonical formalism which manifestly preserves all relevant symmetries [18].
The classical phase space is the space of solutions of classical equations modulo the
group of gauge transformations. The choice of ps and gs is then made according to
the natural symplectic structure on the phase space.

Applying this general formalism to the theory with action (1.1), the classical
equations of motions are

dB=0 and dC=0; 2.1)

the solutions are closed p-forms for B and closed (n — p— 1)-forms for C. The action
is invariant under the following gauge transformations:

B—B+du and C-C+dv, (2.2)

where u and v are arbitrary (p—1)- and (n— p— 1)-forms respectively. Hence, the
classical phase space is the sum of de Rham cohomology groups [6, 7],

P=H(M)®H""?""Y(M). (2.3)

If the manifold M has a boundary dM, then boundary conditions are required
to kill the boundary term in the variation of the action. A p-form is called normal*
at the boundary if it vanishes at M when contracted with any tangent vectors of
0M, or equivalently, it vanishes under the pullback of the inclusion map dM — M.
The space of p-forms satisfying the normal boundary condition is denoted by
QP (M). A natural boundary condition of the variation of action (1.1) is that either
B or C satisfies the normal boundary condition; we assume, without loss of
generality, that B does. Thus the space of classical solutions consists of closed
p-forms B with normal boundary condition and arbitrary closed (n — p—1)-forms
C. Notice also that if ue Q2 (M), then du € Q¥ (M), that is, the restriction of d to

nor

the forms normal at the boundary maps to those of the same type:
e Q8o (M) > Q0 (M). (24)

nor

! The nomenclature will become clear in the next section
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The cohomology group of this complex is isomorphic to the relative cohomology
group H?(M,0M), whereas the de Rham cohomology of d without boundary
condition is isomorphic to the absolute cohomology group H?(M). Modulo the
gauge transformations in (2.2) with ue Q2. *(M) and ve Q" 7~ (M), the classical
space is then

P =H(M,0M)®H""?~{(M). (2.5)

This space is not necessarily even dimensional even if M has no boundary [6].
However, if we make the standard choice M =X x R in the canonical formalism,
where X is an n— 1 dimensional compact manifold with a boundary 0%, then the
phase space becomes

P=HPZ,02)®H" 7~ 1(2). (2.6)
The even dimensionality follows from Poincaré-Lefschetz duality
HP(Z,02)=H"" V7P(%), 2.7

Recall that difffomorphisms are generated by vector fields on M. The
infinitesimal changes of fields under a vector field ¢ are given by the Lie derivatives

L.B=i.dB+di.B 2.8)
and

The first terms of the two formulas vanish if the equations of motion (2.1) are
satisfied. If the infinitesimal difffomorphism preserves the boundary, i.e., the vector
field restricted to dM is tangent to 0M, then the contraction i, : Q% (M)— Q2. (M).
Therefore, the second terms of (2.8) and (2.9) are gauge transformations generated
by u=iBe Q2 (M) and v=i,Ce Q" ?~*(M). This shows that the theory is
invariant on shell under diffeomorphisms which preserve the boundary.

Alternatively, we can take the Dirac approach: first quantize the theory, then
impose the constraints. Let t: X x R— R be the coordinate and t be a vector field
on M such that L t=1. Then

S={[dt[i(BAdC)
R z

=[dt[(—1)?BALC+iBAdC+dBAi,C. (2.10)
R X

So the spatial components of B and C are canonically conjugate variables, while
the time components i.B and i,C are Lagrange multiplies enforcing the constraints

Ci=fundC for ueQi '(M) 2.11)
z

and
C,=[d,cBAv for veQ" P"%M). (2.12)
3

As in the case of manifolds without boundary [6], the wave functions y are defined
on the p-forms B on X. The constraint C,yp =0 implies that v is supported on the
closed forms normal at the boundary and C,p=0 implies that p is gauge
invariant.
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Define the following operators on the wave functions y(B):

ﬂ'o(ﬂ)=exp<ijﬂ/\ C) (2.13)
z
and
T y)={BAy (2.14)
z
for fe QP (M), ye 2" P~ }(M). Here C acts as a differentiation —i %, hence
T (Byp(B)=y(B+B). (2.15)
We have a commutation relation
L7°B)., 7' (»]=— @ BA v) TAP). (2.16)

The procedure we followed is a dual version of Ashtekar’s approach [9, 10], where
the wave functions are complex-valued functions on homologically non-trivial
loops. The loop observables satisfy a similar commutation relation [10, 11].

3. The Two-Point Function with Boundary Conditions

We now calculate the two-point function of the theory defined on a manifold M
with boundary dM. Since our major concern here is the role of the boundary
conditions, we temporarily postpone the discussion of gauge fixing. We need to
introduce a Riemannian metric on M. The natural inner product on p-forms is

then
{B|B>=|BA*HB, (3.1
M

where * is the Hodge dual satisfying #%=(—1)?""P, This gives a measure of
functional integration. However the final result is independent of the measure. The
reason for this cancellation will become clear in the next section when we interpret
the choice of the metric as fixing the gauge.

Let U and V be two non-intersecting submanifolds of dimensions p and
n—p— 1 that represent trivial elements in H (M, dM)and H, _ ,_ (M) respectively,
that is, there exist two submanifolds W’ and W of dimensions p+ 1 and n— p such

that
(U\NOW"YU(@W'\U)COM and V=0W. (3.2)

The relative linking number of U and V is defined to be the intersection number of
Uand W

LU, V)= Y sign(p), (3.3)

peUnW

where sign(p)= + 1 depending on whether or not the orientations of the tangent
spaces T,U® T,W and T,M agree. It follows from conditions (3.2) that L(U, V) is
independent of the choice of W. We will show that it is equal to the two-point
function

[{[2B] [@C]ijCexp(i | B/\dC>

v v M

<£B£C>= {[ZB] [@C]exp“BAdc) ' 34
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We need a digression on Hodge decomposition theorems on manifolds with a
boundary [12, 13] (see also [14]). The adjoint of d%,* under the inner product (3.1)
is

5P =(— 1P+ L gnm P QF(M)— QP ~ (M) (3.5)

defined on arbitrary p-forms (such that their images are square-integrable).
However, the domain of the adjoint of d? ! is more restricted. A p-form is called
tangential at the boundary if any contraction with a vector field normal to the
boundary vanishes; the space of such forms is denoted by QF, (M). It is easy to see
that

*: Q7

tan

(M) Q2.7 (M) (3.6)

and vice versa. The adjoint of d? ! is

O =(— 1P " L xdi (P 5 QF (M) QN (M). (3.7
Now we have two notions of Laplacians, the relative one
AP =db  toP+ 6Pt (3.8
and the absolute one
AP =dP™ 18 4+ ORF1dr. (39

They are elliptic self-adjoint operators defined on the space of forms with the
relative boundary condition

Q2,(M)={w|w e Q2,(M) and b0 e Q25 (M) (3.10)
and that with the absolute boundary condition
Q2 (M)={w|we Q¥ (M) and dwe Q% (M)} (3.11)

respectively. Hence we have two Hodge decompositions on manifolds with a
boundary:

QY (M) =d,,, 255, (M)D QP+ (M)@ker A2, (3.12)
and
QY (M) =dQP~ (M)@®6,,, 25 (M) @ker A2, (3.13)

Furthermore, the space of harmonic forms with the relative (absolute) boundary
condition is isomorphic to the relative (absolute) cohomology group of M:

ker 47, ~ H?(M,0M); (3.14)
ker 42, .~ H’(M). (3.15)

We can write
B=B"+B"+B° (3.16)

according to the decomposition (3.12) and
C=CL+CT+C° 3.17)

according (3.13). Here B e d,, Q5. }(M), Ct € dQP~ (M) are called the longitudinal
parts, BTedQP* (M), CT€6,,,Q0 (M) are called the transverse parts and
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B eker4g,,, C°eker A%, are the harmonic parts of the fields [8]. Since only the
transverse parts contribute to [ B, [ C, and | B AdC, the longitudinal and the
U 14

M
harmonic parts cancel in (3.4). Hence we are led to calculate

([2BT1[2CT1BT(x)CT(y) exp< jBT/\dCT>

(BT(x)CT(y)y= (3.18)

[[2B"][2C"] exp( Aj{BT A dCT>

Let B, form an orthonormal basis of transverse eigenforms of the Laplacian
42, such that A2, =12B, (1,>0). The operators

*d?: QBT(M)— Qe P~ 1 T(M) (3.19)
and
wd P QP T (M) - QR T(M) (3.20)
satisfy
(e d" P ) (e d?)=(= 1) AR (3.21)
and
(xd?) (xd" "7 =(= 1" 1 ALT (322)

where the superscript T means the restriction to the transverse parts. So the forms
Co=(—1P*1A ' *dB,e Qi P~ (M) (3.23)

form a basis of normalized transverse eigenforms of the Laplacian A%, >~ ! with the
same eigenvalues.

The rest is almost the same with the calculation in [8]. Integrating over the
various modes in (3.18), we get

(BT(x)CT(y)y= i;l{ 'B(x)Ci(y)- (3.24)

Hence
<IBIC>=iZi{1ka§Ck
U 14 k U 14
—iY (B, [ *B,
kU w

=iL(U, V) (3.25)

is the linking number (times i) defined in (3.3). In the last step, we have used the
completeness relation

Y Bi(x) A * Bi(y)+longitudinal and harmonic contributions = (x, y), (3.26)
k

where J,(x) = 6(x, y) is the generalized n-form such that for any open subset EC M,

1 if yeE,
ﬁéy‘{o if y¢E. (3:27)
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4. Properties of Linking Numbers via Path Integral

We have shown

1 [[2B] [QC]IBjCexp<ijB/\dC>
LU, V)=~ vV M

i [[2B]1[2C]exp (i [ BA dC)

4.1)

The right-hand side is an alternative definition of the linking number which is
manifestly independent of the choice of W and W’. This is analogous to the fact
that path integral expression of the Jones polynomial is intrinsically three
dimensional [5]. Though we have not considered gauge fixing, we will see in the
next section that (4.1) is still correct if we have done so. We now use (4.1) to derive
mathematical properties of the linking number.
First, if we reverse the orientation of ¥, using | C=—| C, we have
-V | 4

LU, —V)=—L{U,V). 4.2)

Consider two disjoint submanifolds ¥ and V’ that do not intersect with U, using
[ C=JC+](C,
1 4 v’

vuv’
we get
LU, VuV)=L(U,V)+ LU, V. (4.3)

Similar properties hold for U.
Secondly, if we put the normal boundary condition on C instead of B, we have

([2B][2C,o] [ B| Cexp (i [ BA dcnor)
1 v v M

LV, U)= 7 [[2B1[2C.] exp (i | BA dcnor>
M

4.4)

Since BAdC,,,=(—1)""*"C,,. A dB up to a total derivative, by a field redefinition
B—(—1y""*"C, C .. — B, in the functional integral (4.4), we recover a well-known
formula [17]

L(U, V)=(_1)(dimU+1)(dimV+1)L(V’ U) (45)

It is worth noting that if we had used another definition L(U, V) of the linking
number as the intersection number of W’ and V, then the above formula would be

[16]
L(U, V)=(—1)fm0dimV 11y, V). (4.6)

This is also clear from the path integral point of view. If the action were replaced by
S'= [ dB,,, A C, then we would use dB,,, A C=(—1)"""1dC A B,,,, to deduce (4.6).
M

For example, let M=R?, U be the counterclockwise unit circle and V=(0,0)
—(2,0) be the 0 dimensional manifold of two points with opposite orientation.
Then W’ is the unit disk and W is the oriented segment from (2, 0) to (0, 0). It is easy
to see L(U,V)=L(V,U)=1 while L(U, V)= —L(V,U)=1, which are consistent
with (4.5) and (4.6).
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Finally, we show that the linking number is a cobordism invariant: if there is a
submanifold W, such that UnW, =0 and 0W, = Vu(— V"), then

LU, vy=LU,V"). 4.7

In particular, the linking number is a homotopy invariant, that is, if there is a
continuous deformation of submanifolds from V to V' away from U, then (4.7)
holds. The idea we use here is analogous to a hydrodynamical theorem that
vorticity is conserved along vortex tubes. Consider the expectation value

{[2B][2C]B(x)exp <i Ajl BA dC)
4.8)

(Blx)>= ([ZB1[2C]exp (i (BA dC)

For any (n— p)-vector ¢, the contraction i, is a p-form with normal boundary
condition. After a change of variable B—B+i.0,, we get

{[2B]1[2C] [B(x)+1i,(x, y]exp[ j(B+15y)AdC]
{[2B][2C] exp( jB/\dC)

(B(x)y =

{[2B][2C1B(x)expi [ [ BAAC+i, dC(y)]

B {[2B]1[2C] exp< Aj{ BA dc) — +iox,y). 49

Differentiating with the respect to ¢, we have
0=i{(B(x)dC(y)) +(x, y). (4.10)

Now integrated over x € U, y € W,, the delta term vanishes since Un W, =0. Using
Stokes’ theorem, we get

=<ijdC>=<§BjC>—<ijC>. (4.11)
U w; v v v v
This proves (4.7). Alternatively, if we integrate over xe U and ye W where W=,
then (4.10) yields
< [{Bf dC> =i-(intersection number of U and W). (4.12)
U w

This gives a quick but naive proof of (3.25). There is no simple gauge fixing
condition such that the shift B—B+i.0, is allowed. In the next section, we will
refine the derivation of Sect. 3 by considering gauge fixing.

5. Exact Calculation of the Partition Function and /N-Point Functions

Quantization of theories with degenerate quadratic actions was studied a long
time ago by Schwarz [2]. The general result was applied to the second order
systems of antisymmetric tensor fields [3]. Though such theories are metric
dependent, the ratio of two partition functions is the Ray-Singer torsion. We will
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show that the partition function of our theory with action (1.1) is indeed a
topological invariant of manifolds with boundary.

We begin with a review of the Ray-Singer torsion [13, 15] (see also [3]). For an
n dimensional Riemannian manifold M with boundary oM, we define its Ray-
Singer torsion

tor M =det'(8"d"1)/2 . det' (5"~ 1d";,2) 12 . det’ (5" 2d";3) V2 .., (5.1)

where det’ denotes the zeta-function regularization of the determinant with zero
modes excluded. Using the factorization

det'(4%,)=det' (67" 1d2,,) - det'(d2.; 167), (5.2)
we can also write
tor M =det’ (4" })/2 - det'(4"; %)~ L - det’ (A" 3)3/2 ... (5.3)
Since the * in (3.6) is an isomorphism, we have
det’ (67 1d2 )=det'(* 67 * 1dE, *)=det'(d" P 1o P)=det' (80,.2d" P 1). (5.4)
Hence another form of the Ray-Singer torsion is

tor M = [det' (97, d"~ )2 . det' (97 td"=2)~ 112

x det' (8 2d~3)1V/2 vt (55)
= [det (Aabs )1/2 . det,(A:b_sz -1, det’(A:b—s3)3/2 . '](— 1)n-1 .
(5.6)

We now calculate the partition function of the theory. We fix the gauge B-=0
and C'=0. Assuming that the Laplacians on M have no zero modes, these gauge
conditions are equivalent to

0’B=0 and 4,7 'C=0. (5.7
The standard Faddeev-Popov determinant factors
det'(67d%,;1)'? and det'(6", P 1d" P22

should be modified because closed (p—1)- and (n—p—2)-forms generate trivial
transformations. According to Schwarz’s general formula [2,3] on degenerate
functional integration, the partition function of the action (1.1) is

Z ,=det' (675, ")"/> - det’ (67~ 'd5 ;%)™ V2 - det' (67~ 25, %) 2 ...
x det' (88 2~ td" P~ 2) M2 . det' (6P~ 2dr P~ 3)"1/2
x det' (88 27 3d" P42,
X det [(* dn p— 1)1’(* dn—p—l)]—l/z
=det'(67d2;;*)}/? - det' (67~ 1d2;, %)~ /2 . det' (6P~ 2dE . 3)V2 ...
x det'(67+2dR 1) /2 . det' (67 F 3dR %)~ 12 . det' (6P T 4dR 312 ..
x det'(67*1a8, )~ 1/?
=(tor M)~ """, (5.8)
The topological invariance of the Ray-Singer torsion shows that the partition
function is independent of the gauge fixing conditions. If the cohomology groups of
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the manifolds are non-trivial, then we should integrate over the harmonic forms as
well. The result in (5.8) is interpreted as the partition measure on the space of zero
modes of the Laplacians [3]. It follows from (5.4) that if we had put the normal
boundary condition on C instead of B, the partition function would be

Z,=[(tor M)~ D" D" = (tor M) DT (5.9)

As a consistency check, we notice that Z,=Z, _,_,, since the two theories are
related by an integration by parts in the action.

To calculate correlation functions of the theory, we introduce two sources
X eQr (M) and Ye Q2 P~ 1 T(M). Define

Z,[X,Y]=[{[2B][2C] exp[i [BAAC+X A*B+Ynx c], (5.10)

with extra factors of determinants due to gauge fixing. Using an algebraic identity

BAdC+XA*B+YA*C=(B+(—1)"*""d ' +Y)Ad(C+d '+ X)

—(—=1)P* X Axd ™ Y, (5.11)
we deduce, by shifting the field variables in the functional integral, that
Z,[X,Y]=2Z, exp[—i(— 1)p"+"if4X/\ *(d2T) "1« Y] (5.12)

The correlation function of r B fields and sC fields is
(B(xy) - B)COr) .. C)> =25 ( d ) <—i 0 )(—i 0 )
1) PRI B ox(xn)) T\ oX(x) /Yy

I}
< 'SYO ))Z[X Y]x ormo

~(~tsxtey) - (st (svt) - (1535)

xexp[—i(—1)""+" f X/\ *(d?,T) I*Y] (5.13)
M X=0,Y=0
for x4, ..., %, Y1, ..., ys€ M. In particular, the two-point function is
0
B(x)C(y)) = — —i(—=1)P"* [ X Axd 1% Y
(B(x)C(y)> 3X(x) 3Y()° exp[—i(—1) Afl ]X:“:O
=i{x|(= 1) (dB )" x|y (5.14)
=i(—1 )"””Z (x| By {Bild™ ' *|Ci» (Cylyy
—IZ?»k )CWy)- (5.15)

Here, we have used (3.23) to show (B,|d ™! *|C,>=(—1)""""), ! in the last step.
This result is identical to formula (3.24) that was derived without considering
gauge fixing. Hence our exact calculation not only yields a closed expression of the
N-point function, but also confirms (3.25) that the two-point function is the linking
number.
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Finally, if we interpret (5.14) as the propagator under gauge conditions (5.7),
then (5.13) gives precisely the Feynman rule

(B o B)C() - COD =0 % [T IR 1P 2D * [y,
(5.16)

where S, is the permutation group on r letters. Integrating over submanifolds
U,,...,U,CM of dimension p and V,, ..., V,CM of dimension n—p—1 such that
U;nV;=0, we get

<g B..[BfC..]| C>=5,si' 5 [le(Uk,V,(k,). (5.17)

U, oceSy k=

Notice that if we had chosen the B and C fields to be fermionic, the above
correlation function would be

6rsir det [L(Uu V;’)]i,j= 1,..,r° (518)
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