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Abstract. For an irreducible representation of the g-analogue of a universal
enveloping algebra, one can find a canonical base at q = 0, named crystal base
(conjectured in a general case and proven for AnyBn, Cn and Dn). The crystal base
has a structure of a colored oriented graph, named crystal graph. The crystal base
of the tensor product (respectively the direct sum) is the tensor product (respectively
the union) of the crystal base. The crystal graph of the tensor product is also
explicitly described. This gives a combinatorial description of the decomposition
of the tensor product into irreducible components.

0. Introduction

The ^-analogue of a universal enveloping algebra introduced by Drinfeld [2] and
Jimbo [3] is a deformation of the universal enveloping algebra at q = L Since
q = 0 corresponds to the absolute temperature zero in the lattice model defined
by the R-matrix, we can expect that the ^-analogue has a simple structure in that
case. Some indications have been already observed in Date-Jimbo-Miwa [1],
where the Gelfand-Tsetlin bases become monomes in the tensor algebra of
the fundamental representation when q = 0. In this note, we shall clarify this
phenomenon. For an irreducible representation of the ^-analogue, we can find a
canonical base at q = 0, named crystal base (conjectured in a general case and
proven in An9 Bn, Cw, Dn). The crystal base of the tensor product is the tensor product
of the crystal bases. Moreover the crystal base has a structure of colored oriented
graph (called crystal graph). The crystal graph of the tensor product is explicitly
described.

We shall state our results more precisely. We introduce operators et and / , by
modifying the simple root vectors et and fi of the ^-analogue Uq (see Sect. 3). Let
M be an integrable representation of Uq defined over Q(q). We consider a pair
(L, B) of a lattice L of M defined over the ring of rational functions in q regular
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at q = 0 and a base B of the Q-vector space L/qL. Such a pair (L, B) is called crystal
base if it satisfies certain axioms (see Sect. 4). Although we do not write them here,
we only note the most important axiom: etLciL, JiLc:L,eiBciBκj{U] and
fiBaBκj{0}. Our conjecture is the existence and the uniqueness of the crystal
base and our main result is that this conjecture is true in the case of An, Bn, Cn and Dn.

1. The ^-Analogue of a Universal Enveloping Algebra

Let t be a finite-dimensional vector space over Q, and / a finite index set. Let
{/ιt et;ieJ} and {afet*; iel} be linearly independent sets, such that {<ft, ,α;>}£j is
a symmetrizable generalized Cartan matrix. Let us take an inner product ( , ) of
t* such that 2(<xhλ) = ((xi9<xi)(hi,λ) and (α£,α£) is a strictly positive integer for any
iel and any λet*. Let Pat* be a lattice such that </tt ,P>eZ for any i and
P 3 Q = £ Zα£. Then, we have

def £

(P,β)eZ/2 and (/U)-(μ,μ)eZ if /ί,μeP and λ-μeQ. (1.0)

Let P* c t denote the dual lattice of P.
Let Uq be the algebra over Q(q) generated by the symbols qh (ΛeP*), eh f{ (iel)

satisfying the following fundamental relations.

qh+h' = qh>qhf for h,h'eP* and q° = L (1.1)

qheiq~h = q<h*ai>ei and qhfiq~h = q<hy<Xi>fi for feeP* and ιe/ . (1.2)

Setting ί£ = qi**'****,

[ei9/,] = δu {aJl~ti_iΛiΛiy (1.3)

We have therefore

and
tifjt;

ι=q-1{ai^)fj. (1.4)

The comultiplication 4 : l/β -• t/β ® C/9 is given by

( l ) ί i i

and
^(/ί) = / ί ® ί Γ 1 + l ® / ί (1.5)

By this, the tensor product of C/9-modules becomes a C/g-module.
A l/g-module M is called integrable if Mλ = {«eM;ίίλM = ̂ ' I λ>u} is finite-

dimensional for any λeP, M = @Mλ and, for any f, M is a union of finite-
λeP

dimensional representations over the subalgebra generated by et and f x. An
element of Mλ is called a weight vector of weight λ. An integrable l^-module M
is called with highest weights, if there is a finite set F of P such that

M= 0 MA,
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where Q- = {Σmioci; m(GZ^0}. It is known (Rosso [5], Lusztig [4]) that the
category of integrable ί7g-modules with highest weights is semi-simple. For
λeP+ = {λeP; </i£, A> ̂  0}, let Jί(λ) denote an irreducible L^-module with highest
weight λ and uλ a highest weight vector of Jί(λ).

2. s/2-Case

Let us review the sl2 case. Let Uq(sl2) be the algebra over Q(q) generated by ί, t ~\ e9 f
with the fundamental relation: teΓι= q2e; tft~1=q~2/, [e, / ] = ( ί - 1 " x)/(q-q~ι\
Then Δ = q~ιt-\-qt~1+(q-q~1)2ef-2 = qt + q~1Γ1+(q-q~i)2fe-2 belongs
to the center of Uq(sl2).

An (/ + l)-dimensional irreducible representation Vx has a basis {uk}Oύkύϊ with

and

uk- μ-^JW/c+i, (2.1)

where [n] = {qn-q~n)/{q-q~ι). Then Δ\Vι = qι+1 -2 + q~ι~ι. Hence
operates on Vx by

= q-*(l-q l + 1)tt J k. (2.2)

Now define e and / by

e = {qtάy1J2e and 7 = ( g f - M ) - J / 2 / . (2.3)

Then we have

7«» = ( l - « 2 ( ' - * ) ) ( l - « 2 ) - 1 ( l - 9 i + 1 Γ 1 « * + i (2-4)

Since e and / operate on F^e and / operate on any integrable representation of
Uq(sl2).

Let ,4 be the ring of rational functions in q regular at q = 0 and L = ®Auk.
Then we have eLczL and /L c L. Furthermore, e and / have the property:

euk = uk_1 mod qL for 0<k^l

and

fuk = uk+ι mod qL for 0 <:&</. (2.5)

3. Operators <?. and /

Now let us come back to the general situation in Sect. 1. For ΐeJ, set q{ = qiai'ai\
A = q;ιU + qttΓ' + fe - Γ̂ 1 ) 2 ^/ ί - 2, β£ = (qSA)-1^ and /, - (q^Δ^2/,.
Since the subalgebra generated by ei9ft and ̂  is isomorphic to Uq(sl2) by î- ί̂jp
e^eft-+fi and ί i—>tf-, the operators eh ft operate on any integrable Uq-module.
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4. Crystal Base

Set K = Q(q) and let A be the ring of rational functions in q without pole at q = 0.
Then A is a discrete valuation ring and K is its fraction field. For a K-vector space
V, a lattice of V is, by definition, a free Λ-module L such that K (X)L ^ K

Let M be an integrable l/g-module. A crystal base (L, B) of M is, by definition,
a pair of a lattice L of M and a base £ of the Q-vector space L/qL satisfying the
following conditions (4.1)-(4.5):

L = Q)Lλ, where Lλ = LίλMλ. (4.1)
λeP

B=[_jBλ9 where Bλ = Bn (Lλ/qLλ). (4.2)
x

and J{L<^L for any isL (4.3)

and 7 4 BczBu{0} for any iel. (4.4)

For M, t eB and ie/, M = etv if and only if v=J(u. (4.5)

Now, we can state the conjecture.

Conjecture 1. Any integrable Uq-module has a crystal base.

More precisely, the crystal base of irreducible representations is described as
follows. For λeP + , we set

and

= {v=fh" Jikuλ mod q&iλ); v Φ 0} c &(λ)/q&(λ)

(see Sect. 1 for Jί{λ) and wλ). Here (i\,..., ik)(0 ^ k) ranges over the set of sequences
in/.

Conjecture 2. For any λeP + the following property holds:

is a crystal base of Jί{λ\

As we shall see in Lemma 2 and Proposition 4, the following conjecture is a
consequence of Conjectures 1 and 2.

Conjecture 3. For any crystal base (L,B) of any integrable Uq-module with highest
weights, we have

C(L,B):for any ueB such that e(u — ̂ for any i, there exists

u'eL such that u = ur mod qL and e-U = Ofor any i.

Note that C(L, B) is equivalent to the following condition:

C(L):for any ueL/qL such that e u = 0 for any i, there exists

u'eL such that u — u' mod qL and eψ = 0 for any i.

i

In the s/2-case, a crystal base of Vt is given by L = ©Auj and B = {Uj
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7 = 0,...,/} under the notation in Sect. 2. Therefore, Conjectures 1 and 2 are true
in the s/2-case.

One of our main results is the following theorem.

Theorem. Conjectures 1 and 2 are true for An,Bn,Cn and Dn.

We shall start by the following elementary property of crystal bases:

Lemma 1. // (Lj,Bj) is a crystal base of Mj (j= l,2,...,r), then ζ&(Lj9Bj) is a
crystal base of ®My Here 0(L, , Bj) = (L, B) with L=®Lj and B = \_jBj.

j

In the sequel, (L,B)φ ••• Θ(L,J5) (m-times) will be denoted by (L,B)φm.

Lemma 2. Let λeP+. // (&(λ\ Λ{λ)) is a crystal base of Jt{λ\ then C(X(λ), Λ(λ))
is true.

Proof Assume ue&{λ)μ and etu = 0 for any i. If λ = μ, then the assertion on u in
C{5£{λ\ @l(λ)) is evident. Otherwise, there exist ve$(λ) and i such that u =fiV, and
hence e(u = vΦ 0.

5. Polarization

Let (L, B) be a crystal base of an integrable l^-module M. A polarization of (L, B)
is a K-valued inner product of M satisfying the following conditions (5.1), (5.2)
and (5.3):

(etu, v) = (w, qitJiV), (/,iι, v) = (w, q{ι efc1 v)

and

{qhu, v) = (u, qhv) for any heP*, iel and u, veM. (5.1)

Hence (M λ,Mμ) = 0 if A^μ,

( L , L ) c ^ . (5.2)

Let ( , ) 0 be the Q-valued inner product on L/qL induced by ( , ).

(u, Ό)0 = όMjt; for any u, υeβ. (5.3)

By (5.1), we have

(eiu,v) = (ujiv). (5.4)

Remark that by (5.3), we have

{ ^ } . (5.5)

If we define <w, i;> = q{λ'λ)(u, v) for w, ̂ M A and extend this to the inner product
of M, then one has

<^u, i;> = <w, /£i;> and <^Λw, ϋ> = <u, ςfΛt;>

for heP*JeI and u,ι>eM. (5.6)

Remark also that, for any λeP+, J/(λ) has always an inner product satisfying
(5.1).
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Lemma 3. For λeP + , assume C{λ\ Then (£>(λ\@(λ)) is polarizable.

Proof. Let us take an inner product ( , ) satisfying (5.1) and (wλ, uλ) = 1. We shall
show

Λ, (5.7)

for u,ve@(λ)μ (5.8)

by the induction on μeP.
We may assume μ Φ λ and (5.7) and (5.8) are true for μ + αf for any i. Then,

one has

and hence J ^ O t y ^ Σ / ^ Wμ+flti implies (5.7).

Similarly, for ue@(λ)μ, there is i such that ^ M # 0 . Hence u^J{e{u and
M> »)o = ( W etv)0 = £ * M , = £„,„. Q.E.D.

The following proposition asserts that any crystal base is a direct sum of
when Conjecture 2 is true.

Proposition 4. Let λeP+ and assume C(λ). Let M be a Uq~module isomorphic to
Jί(λ)®m and N an integrable Uq-module such that Nλ = 0. Let (L, B) be a crystal base
ofM ®N.SetLM = LnM,LN = LnN,BM = Bn (LM/qLM) and BN = Bn (LN/qLN).
Then we have

(i) L = LM®LN and B = BM\jBN.
(ii) (Ljy, BN) and (LM, BM) are a crystal base of N and M, respectively.

(iii) There is an isomorphism M£ Jt{λ)em by which ( L M , B M ) φ

Proof Since LNnqL = qLN, we have LN/qLNczL/qL. Similarly, LM/qLMczL/qL.
Setting (Lo, Bo) = (Se{λ\ @(λ)Θm

9 we may choose an isomorphism M s Jί{λ)Θm such
that Lλ = L0A and £ λ = B0 A. By the preceding lemma, (Lo, Bo) admits a polarization
( , ). We shall show first that for any μeP

(LOμ,LMμ)<=A. (5.9)

Bj the induction we may assume μφλ and (5.9) holdsJor all μ + α;. Then
(/.•^oί.+«(.^Λfμ)c:(Uμ+ai.,eiLMμ+t[.)cr^, and hence L ^ " ! / , ^ ^ implies (5.9).
Since Lo c LM and that LM => Lo by (5.5), we obtain L0 = LM. Since BoczBm, we
have .Bo = BM. This shows (iii). Next, we shall show

Lμ = (LM)μ + (LN)μ. (5.10)

In order to show this, we shall prove

qLμ n({LM)μ + (LN)μ) c q(LM)μ + q(LN)μ. (5.11)

Let we(LM)μ, ve(LN)μ satisfies u + veqL. Let ΰeLM/qLM be umodgLM. Then there
exist a set J of sequences σ = (σ(l),..., σ(p)) in / and uσe(LM)λ such that

σeJ

where ΰσ is w^mod^L^ and fσ = 7r(i) 7«r(p) We may assume further that \J\ is
minimal among such expressions. In particular {fσΰσ}σ€j is linearly independent.
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Hence £σύλeΛ{λ), where ΰλ is uλmodq<£(λ). Hence, setting eσ = eσipyeσ(ί)9 we
have e°fσΰλ = ύλ, which implies

e*J*ΰσ = Qo. (5.12)

We have also

eτfσΰσ = 0 for σ#τ. (5.13)

In fact, otherwise eτfσΰλ = ΰλ and hence fσΰλ = fτΰλi which implies fσύ;=fτύσ.
Therefore, fσΰσ -f /τwτ = / ^ M , + wτ) and this contradicts the minimality condition
on J. Thus, we have

Σ Γe°u = Σ Σ f^"f%=Σ 7ff".=«•
σeJ σeJ τeJ a

Therefore £ fσeσu = umodqL. Because u + t eqL, one has

u = —

Now Nλ = 0 implies eσv = 0, and we conclude ueqL and veqL. Thus we obtain
(5.11) and hence (5.10).

Now it remains to prove

(5.14)

Let us prove, for any μeP

We may assume that μ is a weight of Jί(λ). By the induction, we may assume further
that (5.15) holds for all μ + αf. If μ = 2, (5.15) is trivial, and therefore we may assume
μΦλ. For uef?μ, if there is i such that etu^0, then M = / t ^ MG7 ί((5A ί)μ + α.u
(BN)μ+α.)\{0} c (BM)μu(BN)μ. Otherwise we have e{u = 0 for any i. Write u = uι + u2

with u^LMlqLu and u2eLN/qLN. Then £,1^ = 0. The condition
μ 7̂  A implies ux = 0. Finally we conclude ue(BN)μ. Q.E.D.

Proposition 5. Lei Λί, foe απ integrable Uq-module and (L, B) α crystal base of

with a polarization ( , ). If(Mj,Mk) = OforjΦk, then L = @(LnMj).
j

Proof Setting L} = LnMj9 it is enough to show

qLr\®Lj cz ®qLj. (5.16)

Let Uj-eLj and assume J] UjβqL. Then we have I J] *(/, Σ w y ) = Σ (w/»w/)e<7^ Hence

(Wj, w7)|0 = 0 because ( , ) 0 is positive definite on L/qL. Therefore UjβqL. Q.E.D.

6. Tensor Product of Crystal Bases

Let (L, B) be a crystal base of an integrable l^-module M with highest weights.
Then B has a structure of colored oriented graph. The colors are labelled by /.
For u, veB, u-^υ when v — Jtu. We shall call this graph the crystal graph of M.
Remark that, for any i, the crystal graph with only arrows colored by i has no
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branch points and hence a disjoint union of sequences of arrows. The following
proposition describes the crystal graph of the tensor product.

Proposition 6. Let (Lj,Bj) be a crystal base of an integrable Uq-module Mj (j = 1,2).
(a) Then (Lx,Bx)®(L2,B2) = (Lί®L2,B1 x B2) is a crystal base of Vx ® V2. Here

def

2/qL2) is given by (u,v)\-*u®v.Bx x B2a+L1®L2/q(Lί<g)L2)^(L1/qL1)(
(b) For ueBuveB2, we have

{JiU®v if there exists n ̂  1 such that f"u Φ 0 and e?t; = 0,

[ M ® / ^ otherwise.

if there exists n ^ 1 such that φφO and Jn

{u = 0,

(^ otherwise.

(c) // ( , ),. is έi polarization of(Lj,Bj\ then ( M 1 ® M 2 ^ I ® I ; 2 ) = ( W I ^ I ) I ("2^2)2
a polarization of(Lί,B1)®(L2,B2).

This can be visualized as follows.

Bγ

(6.1)

( 6 2 )

7. Proof of Proposition 6

Since (c) follows easily from (a), we shall prove (a) and (b). Since it is enough to
check for each i, we can reduce to the s/2-case. Then we can reduce to the irreducible
case by Proposition 4. Note that Conjecture 2 is true in the s/2-case. Set M1 = Vm

and M 2 = Kj (see Sect. 2). Let u o , . . . ,u m and vθ9...9vι be the base of M x and

M 2 given in Sect. 2. Then L 1 = XMJ, L2=(§)Avk and B1 = {ujmoάqLι),
j=0 k=0

B2 = {vkmodqL2}. Set L = LX®L2 and M = Mί®M2.
(i) First let us prove the case when m = 1. Then M = N1®N2, where Λ^ is generated
by w = u0®ι?0 and iV2 is generated by z = uo®v1-quλ ® v 0 . Setting

1

_ 2

/-fc H-l]iι0® »k + 9*

_ 2

1 - 2

for 0 ^ /c g / + 1 (with t>,+! = 0), we have

= w
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l + l

Hence!,! = @ AwkdindB1 = {u^modgL^O^/cg / + 1} form a crystal base of Nt.
k Q

Setting

zk = u0®vk + i-qk+1u1®vk

for O^/c^Z-1, we have

l - l

Hence L2= © Azk and B2 = {zkmod qL2;0 g k g / — 1} from a crystal base. Since
fc = O

w0 = u0 ® f0, wk = MX (x) t;k_ 1 and zk = u0 ® vk+x modulo #L, we obtain the desired
result.

(ii) The general case. Assuming that the statement is proven for Fm_ x ® F,, we
shall prove the statement for Vm ® Vx for m ̂  2. Let (Lh 5̂ ) be a crystal base of Mz.
By the hypothesis, {L^^B^^®^^ is a crystal base of Vm^ι ® Vx. Then by
(i), (LuB1)®(Lm_uBm.ι)®(LhBt) is a crystal base of Vγ ® Vm_x ® Vx. By (i) and
Proposition 4, we have (LuBί)®(Lm-uBm-1) = (Lm,Bm)®(Lm-.2,Bm-2). There-
for, (Lm,JBJ®(Lί,jBί)®(Lm_2,Bm_2)®(LhB t) is a crystal base of Vm®Vt®
Vm-2®vι Hence, its direct summand (Lm,5m)®(LhBf)Js a crystal base of Vm® K,.
This shows (i). Since we know the actions of e and f on Bm_xx Bt and hence
those on ^ x ^ . ^ x Bx and those o n ^ x ^ c ^ x ^ . j X Bt. Then explicit
calculations show (ii).

8. Proof of Theorem

In order to prove Theorem, we shall prepare

Lemma 7. Let λo,λιeP+. We assume

C(λ0) and Cfa) hold. (8.1)

dim J((λo)λ = 1 for any weight λ of Ji{λo\ (8.2)

Σ (8.3)Σ
μeS

where S is the set of weights μ of Jί{λ0) such that ue&(λo)μ satisfies eί

i

+<hiiλί>u = 0
for any i.

Then C(λx + μ) is true for any μeS.

Remark, (i) (8.3) is a consequence of Conjecture even without (8.2) (cf. the proof
below).

(ii) We have λx + S c P+ by the observation below.
(iii) Let (L,B) be a crystal base of an integrable l/g-module Mo. Then, for any

iel.μeP and n ̂  l,e"Mμ = 0 if and only if e?Bμ = 0. This can be easily checked
by reducing it to the irreducible representations of Uq(sl2).

Proof. Let M = Jt(λx)® Jί(λo\ L = <£{λγ)® &{λ0) and B = a(λx) x Λ{λ0). Since
(JSf (λv), &(λv)) is a polarizable crystal base of Jί{λy) (v = 0,1), (L, B) is a polarizable
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crystal base of M. Let M = φ M j be an irreducible decomposition of M. Set
Lj = LnMj and B} = Bn(Lj/qLj). Then, by Proposition 5 we have L = ®L3. We
shall show

B=\jBj. (8.4)
j

In order to prove this it is enough to show that for μeP,

if ueBμ satisfies e{u = 0 for any i, then ueBj for some j . (8.5)

Write U^U^QUQ with uve@(λv). Then, by Proposition 6, we have e ^ = 0 for any
i and g}+<Ml>i42 = 0. Hence Mi = wAl, where ΰλi = uλιmodq£f{λι). We have
therefore

{ueJ3; βfw = 0 for any i} = {wλl} x S. (8.6)

This implies that for any μeP,

{t;G(L/^L)μ;^t; = 0 for any i} c ΰ ^ ) ® J?(λ o ) μ - A l ,

and hence it is one-dimensional. Since we have

{Ό€(L/qL)μ;eiυ = 0 for any ί} = 0 {v€(Lj/qLj)μ;eiV = 0 for any Ϊ},

{ve(Lj/qLj)μ; etv = 0 for any ί] = 0

except one j . Thus we obtain ueBj for some . This shows (8.5) and hence (8.4).
This implies that (Lj9 B}) is a crystal base of My

Since ]Γ #{ueB J; ^M = 0 for any i} = #S and that this coincides with the number

of irreducible components, we can conclude that, for each j , there exists only one
ueBj such that etu — 0 for any L Q.E.D.

Lemma 8. Let λo,λ1eP+ and assume (8.2) and

efJΐ(λo) = 0 for any L (8.7)

Let us set

S = {μeP μ is a weight of Jt{λQ) such that e\
+ihi^ Jί{λQ)μ = 0}.

Then, (8.3) holds.

Proof. By WeyPs character formula, it is enough to show

= Σ Σ sgn(w)^+«+<». (8.8)
ξ JXweW J μ

Here, ξ ranges over the set Po of weights of Jί(λ0) and μ ranges over S. Since the
left-hand side of (8.8) equals £ ]Γ sgn(w)ew(λι+p+ξ\ it is enough to show that

ξePo weW

X sgn(w)e{λi+ξ+p) = 0 (8.9)
weW

for any ξeP0\S. For such a ξ9 there exists i such that eί+<hi'λl}u φ 0 where u is the
weight vector with weight ξ. Then <Λi,λ1> = 0 and (hi9ξy= — 1. They imply
si(λ1 -f ξ + p) = 0 and hence we obtain (8.9). Here st denotes the simple reflection

Q.E.D.
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Let us finish the proof of the theorem. One can check easily the conjecture for
the fundamental representation or the spin representations. In fact, the usual base
of the fundamental representation or the base of the spin representation in
Reshetikhin [6] gives a crystal base. Now, we can apply successively Lemma 7
with the fundamental representation or spin representations as Jί(λ0). Note that
the fundamental representation or the spin representations satisfy (8.2) and (8.7)
and hence (8.3) follows from Lemma 8 and Remark (iii) after Lemma 7.

9. Decomposition

Assume that Conjectures 1 and 2 are true. Let M be an integrable (7q-module
with highest weights. Then M is irreducible if its crystal graph (forgetting colors
and directions) is connected. Since the crystal graph of the tensor product is
described by Proposition 6, we can describe combinatorially the decomposition
of the tensor products. The following figures describe Π ® D = DD Θ D and
D ® p = pΠ Θ φ in the s/3-case. LJ

• > 1
1

y

L
1 2

. l >r 2 "

2

, 2

r 2 i

10. Final Remark

Let (L, B) be a crystal base of an integrable L/^-module M. Then one has

Proposition 9. Assume that λeP, iel satisfy I = {hi9λ} > 0. Thenf\:Lλ->Lλ-lai and

e\:Lλ_la. -+ Lλ are isomorphisms.

This is proven by reducing it to the 5/2-case.
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