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Abstract. We prove the existence of stationary states for nonlinear Dirac equations
of the form

i i Y0¥ — My + Fpy)y =0, (E)

where M >0 and F is a singular self-interaction. In particular, in the model
case where F(s)= —s% for some 0 <a <1, and for every w > M, there exists
a solution of (E) of the form y(t, x) = "' ¢(x), where x, =t and x = (x,X,,X3),
such that ¢ has compact support. If 0 <a<1/3, then ¢ is of class C'. If
1/3 <a < 1, then ¢ is continuously differentiable, except on some sphere {|x| = R},
where |Vo| is infinite.

1. Introduction

In this paper, we study the existence of stationary states for nonlinear Dirac
equations of the form

i io Y0¥ — My + Fpy)y = 0. (1.1)

We consider here the case where F is a singular self-interaction.

The notation is the following. y:R*— C*, 0, = 9/0x,, M is a positive constant,
Yy = (%4, ¥), where (-, ) is the usual scalar product in C* and the y*’s are the 4 x 4
matrices of the Pauli—Dirac representation (see [14,15,17, 18]), given by

I 0 0 o
0= “= —3
y (0 _1) and vy (—o" 0 ), for k=1,2,3,



54 M. Balabane, T. Cazenave and L. Vazquez

01 0 —i 1 0
1 _ 2 _ 3=
S e Y S ).

Finally, F:R - R models the nonlinear interaction.
We are interested in standing waves (or stationary states, or localized solutions)
of (1.1). In other words, we look for solutions ¥ of the form

(e, x) = e p(x),

where x, =t and x = (x;, x,, x3). In addition we seek finite energy solutions; and
so we want ¢ to be at least integrable. The equation for ¢:R3— C* is

where

3
i Y Y0p — Mo +01°0 + F(Gg)p =0. (12)

Nonlinear spinor fields giving rise to equations of the form (1.2) with smooth
nonlinearities were considered first Ivanenko [8], Weyl [19], Heisenberg [7] and
Finkelstein, Fronsdal and Kaus [6]. Later, Soler [10] proposed the scalar fourth
order self-coupling as a model of extended fermions. A summary of such models
is found in Rafiada [13]. The mathematical study of (1.2) in the non-singular case
was initiated by Vazquez [17], who gave necessary conditions for the existence of
nontrivial solutions. Then Cazenave and Vazquez [4] established the existence of
solutions under certain hypotheses on F. Later, Merle [12] generalized that result
to a wider class of nonlinearities. Then, Balabane, Cazenave. Douady and Merle
[2] established the existence of infinitely many solutions to (1.2) (see also Balabane
[1] and Cazenave [3]). These results apply to the model case F(s) = |s|?~*, for p > 1.

In this paper, we study the case where F has a singularity at the origin. The
model example is F(s) = —|s|? ™!, for 0 < p < 1. Our motivation for this study is
the following. Mathieu and Saly [11] proposed the fractional power nonlinearity
as a model of strong interaction of particles. On the basis of numerical investigations,
they observed that the singularity of the self-interaction produces a strong
self-confining mechanism, in the sense that the solutions have compact support.
In addition, they recovered the MIT bag model (see Chodos, Jaffe, Johnson, Thorn
and Weisskopf [5] and Johnson [9]) as a limiting case. Later, Mathieu [10] clarified
the relation with the bag model in the framework of a semiclassical approximation.

Our paper is concerned with the mathematical problems related to the existence
of confined standing wave solutions to a class of nonlinear classical Dirac fields,
including the fractional power model. In this context, we provide a rigorous
mathematical solution to the confinement problem raised by Mathieu and Saly.
In particular, we prove the existence of solutions having compact support, for the
fractional power model. Furthermore, we extend the previous results to more
general nonlinearities by obtaining a necessary and sufficient condition for the
existence of confined solutions. A simple criterion is obtained, related to an integral
condition on the nonlinear term. Essentially, the nonlinearity needs to be singular
enough at the origin, in order to produce confinement. We also give a lower bound
on the radius of the confined solutions. On the other hand, the mathematical
analysis of the confined solitary waves is a basic preliminary step to study their
stability, as it happens in the Klein—-Gordon field.
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Following Wakano [18] and Soler [10, 11] (see also [17]), we seek solutions
that are separable in spherical coordinates, of the form

v(r)(?)
o(x) = cos B (1.3)
iu(r)( . ) )

Here r = | x| and (6, ¢) are the angular parameters. Equation (1.2) then becomes a
nonautonomous planar dynamical system in the r variable, which is (compare
[18,15,17])

u’+2—:= o(F(v? —u?)— (M — w)); (1.4)
v =u(F@? —u?)— (M + w)). (1.5)

2u .
In order to eliminate singularities at the origin, due to the term in (1.4) we
impose the condition r
u(0)=0, (1.6)

and since we are interested in finite energy solutions of (1.2), we seek solutions of
(1.4)—(1.5) that verify

Lim [u(r)l + |o(r)| =O. 1.7

We assume from now on that F:(0, c0) —(— 00,0) is C! and satisfies the following
assumption:

F is negative and nondecreasing; (1.8)

{F is integrable near the origin;
there exists ae(0, o) such that F(a?) = M — w and F'(a*) > 0.

Before proceeding further, let us indicate that we will construct solutions with
compact support, if F is sufficiently singular at the origin. Therefore, we must
define precisely the type of solutions that we will consider.

Definition 1.1. (u,v) is an admissible positive solution of system (1.4)—(1.7) if there
exists a real number 0 < R < oo such that the following holds;

(i) u,veC*([0,R));

(i) 0 <u(r) <uv(r), for all re(0, R);
(iii) u(0)=0;
(iv) o) >0

(v) (u,v) solves system (1.4)—(1.5) on (0, R).
Clearly, the number R is unique, and is called the radius of the solution (u,v).

Definition 1.1 deserves some comments. Assumption (iii) eliminates singulari-
ties at the origin, and assumption (iv) means that (u,v) vanishes as r{R. Finally,
in order that system (1.4)—(1.5) makes sense, it is necessary that (u, v) verifies (i) and
that v2 > u? on [0, R). That last property is equivalent to assumption (ii) (compare
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Remark 2.8) provided v(0) > 0, which we always may assume, due to the symmetries
of the problem.
Our main result is the following.

Theorem 1.2. Let 0 < M < w, and assume that F satisfies assumption (1.8). Then,
system (1.4)—(1.7) has an admissible positive solution.

Admissible solutions may have finite or infinite radius, depending on the
nonlinear interaction F. Let us define the function GeC([0, 00))n C(0, o) by

G(x)= — [ F(s)ds, for x20, (1.9)

and the (possibly infinite) number v by

1 ds
v= gb@ (1.10)

Then, we have the following result.

Theorem 1.3. Consider 0 < M < w, and assume that F satisfies assumption (1.8). Let
(u,v) be an admissible positive solution of system (1.4)—(1.7), and let R be its radius.
Then,

1
@) R>—;
0]
(ii) R is finite if, and only if v is finite.

Property (ii) of Theorem 1.3 gives a necessary and sufficient condition on F
that ensures that all admissible positive solutions of (1.4)—(1.7) have compact
support. Property (i) gives a lower bound on the radius of the solutions, depending
only on the frequency w.

So far, we have stated the existence of a solution of system (1.4)—(1.7), and a
criterion to determine whether or not that solution has compact support. We will
now specify in what sense we have solved the original equation (1.2). We begin
with the regular case when the radius of solutions is infinite.

Theorem 1.4. Consider 0 < M <, and assume that F satisfies assumption (1.8).
Assume further that v defined by (1.10) is infinite. Let (u,v) be an admissible positive
solution of system (1.4)—(1.7) (the radius of (u,v) is infinite, by Theorem 1.3), and let
@ be defined by (1.3). Then, pe C'(R3,C*), ¢ solves Eq.(1.2), and ¢ has an exponential
fall-off as |x|— 0. Furthermore, |Vo| is integrable on R3.

Remark 1.5. Note that Eq. (1.2) makes sense. Indeed, v2 — u? > 0 on [0, o0), which
implies that @ > 0 on R3; and so, F(¢¢) is well defined.

In the case when the admissible solutions have finite radius, we must extend
them for larger values for r. We proceed as follows. Given an admissible positive
solution (u,v) of (1.4)~(1.7) with the finite radius R, consider the functions
4, 0e C([0, 00)) defined by

ur), if 0=r<R; , or), if 0=r<R;
= = .1 1
) {o, it r>r, 0 {0, if r>R (L.11)
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an(o)

1

o(x)= cosd \ |- (1.12)
ia(r)( >

Let peC(R3,C*) be defined by

sin fe'¢
Finally, we define the function f by

_JF(@o)e, if ¢9>0;
flo)= {0, if gp=0.

Then, we have the following result.

Theorem 1.6. Consider 0 < M < w, and assume that F satisfies assumption (1.8).
Assume further that v defined by (1.10) is finite. Let (u,v) be an admissible positive
solution of system (1.4)—(1.7) (the radius of (u,v) is finite, by Theorem 1.3), and let ¢
be defined by (1.11)—(1.12). Then, e W*1(R3,C*)~C(R3,C*), f(p)e L"(R3,C*), and
@ solves equation

3
i ¥, 700 — Mo + 0 + f(9) =0, (1.13)

in LY(R3,C*). Furthermore, peC*(R3,C*) if and only if %(G(s))"’2 -0, as s}0.

Here, L'(R3, C*) is the space of integrable functions R —» C#, and W1(R3,C*)
is the Sobolev space of functions of L' whose first derivatives (in the sense of
distributions) belong to L!.

Note that Eq. (1.2) makes sense (see Remark 1.5). Furthermore, note that ¢ is
C! for |x| < R and | x| > R. Therefore, the possible discontinuities of V¢ are located
on the sphere {|x| = R} (see Lemma 4.4 for more information on the nature of the
singularity).

We will now apply our results to some model nonlinearities.

1
Example 1. Take F(s)= i and consider 0 < M <w < M + 1. Then, there

exists a solution peC!(R?, C*) of Eq. (1.2), such that ¢ has an exponential fall-off
as |x|— oo. It follows from the equation that V¢ also has an exponential fall-off
as |x|— co. In addition, ¢ >0 on R3,

Example 2. Let F:(0, ©0)—(— c0,0) be an increasing function such that F(s)—0,
as s — o0, and such that F(s) = Log(s), for s small. Consider 0 < M < w. Then, there
exists a solution peC!(R3 C*) of Eq. (1.2), such that ¢ has an exponential fall-off
as |x|— oo and VpeL!(R3,C*). In addition, ¢ >0 on R3.

Example 3. Let F(s)= —s™°% for some 0 < a < 1/3, and consider 0 < M < w. Then,
there exists a solution peC*(R3,C*) of Eq. (1.2), with compact support.

Example 4. Let F(s)= —s™% for some 1/3 <a < 1, and consider 0 < M < w. Then,
there exists a solution e W!}(R3,C*) of Eq. (1.2), with compact support. In
addition, ¢ is continuously differentiable, except on some sphere {|x| = R}, where
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Vo is infinite (see Remark 4.5). That property was observed by Mathieu and Saly
[11].

Note that these results are quite similar to those concerning the Klein—Gordon
field (see Stubbe [16]). However, the solutions of the Klein—-Gordon equation have
less singularities than the solutions of Dirac’s equation. For example, when
F(s)= — s~ % for 1/3 < a < 1, the solutions of Dirac’s equation have a discontinuous
derivate, while the solutions of the Klein—-Gordon equation are of class C? (see
Stubbe [16]).

The paper is organized as follows. In Sect. 2, we define the notation and we
establish preliminary results concerning the dynamical system (1.4)-(1.5). In
particular, we study the behaviour of the solutions near the diagonal {u = v} where
the system becomes singular. Section 3 is devoted to the proof of Theorem 1.2 and
Sect. 4 to the proof of Theorems 1.3, 1.4 and 1.6.

The authors wish to express their thanks to J. Stubbe for valuable discussions.

2. Notations and Preliminary Results

In all that follows, we consider 0 < M < w, and we assume that F verifies (1.8). Let
F,=1im F(s) < 0.

For convenience, we set
m=M—F_ =M,
and
¢(s)= —(F(s)— F,), fors>0,
so that ¢(s) = 0 for s > 0. We also set

P(s) = j'(b(a)da, for s=0.
0

Observe that (1.4)—(1.15) is equivalent to the following system:

u’+%=v(-¢(v2—u2)—(m—w)), @2.1)
v =u(—¢(0* — u?) — (m + w)), 22)

Remark 2.1. Note that by assumption (1.8), we have the following properties.

i) O<m<w,

(ii) p(a®) = —m;
(iil) @(s) = P(so) > w —m, for 0 <s < sy < a?;
(iv) &(s) =20

We define the continuous function H on the set {v? = u?} by

H(u,v) = —1®1? — u?) + (0 — m)(v? — u?) + wu?,
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and for 7> 0, we define the continuous function H, on the set {v? = u?} by

H,(u,v)= — %d>(v2 —u?)— %(m + %)(v2 —ud)+ %(w - %)(v2 +u?)

1
= H(u,v) —;vz.

For convenience, we set .
H,=H.
Note that H and H_ are C? on the set {v?> > u2}. Given x # 0, we write the system
2.1, 22
{M(O) =0, v0)=
in the integral form

1 r
u(r) = =z | s20(s)(— p(v*(s) — u?(s)) — (m — w))ds,
° (2.3)

or)=x+ gu(s)( — p(v*(s) — u?(s)) — (m + w))ds.

Since the integrand is a locally Lipschitz continuous function of (4, v) on the open
set {v2 >u?} where ¢(v*> — u?) is defined and C!, existence of a maximal solution
follows from the classical contraction mapping argument. It follows that there
exists a unique maximal solution (u,,v,)eC*([0,R,), R?) of (2.3), such that
v2—u2>0 on [0,R,). Moreover, for R<R,, (u,,v,) depends continuously on
x #0 in the C'([0,R],R?) topology. In addition, if R, < oo then u2—v2-0 or
|u,| + |v,| = o0, as r - R,. We define the orbit I', of (0, x) by

I, = {(ux(r), v:(r)), re[O, R }.
We will need the following straightforward properties of I'..
Lemma 2.2. Let x #0 and re[0,R,). We have

0) & Hul) 000) = 22 402 — )~ m + @) SO

(i) ‘%ﬁ (), v:(r) = 2u(— $(vF — uf) — (m + w))<u—" - vf—") in particular, if u 2 0,

then 4 g H (u.,(r), v(r) £0, if and only lf— — ?" >0.

In view of Lemma 2.2, several important properties of I', follows from the
structure of the sets {H(u,v) = C} and {H,(u,v) = C}. We will study those sets in
the following lemmas:

Lemma 2.3. Let

<1< 00. Then,

(i) there exists two constants C,>0 and A,> 0 such that
H(uv)=Cu*+v¥)—A, for v*=u%
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in particular, the set {ﬁ,(u, v) S K} is bounded, for every K;
(i) H,0,v) <0, for all ve(0,a];, _
(ili) there exists n,> 0 such that if H,(u,v) = 1 for some 0 Su=<v, then v=7n,.

Proof. (i) It follows from Remark 2.1 that

lim sup% P(s)=0.

s 0
Therefore, for every ¢ > 0, there exists a constant K, such that
D(s)<e+K,, foreverys=0.
It follows that

~ 1 1 1 1 K
> - - 2__ .2 - _ - 2 2y __ "¢
H (u,v) = 2<m+s+r>(v u )+2<w t)(v + u?) 2

1 2 K
>_ _ = _ 2 2y __ "¢
=2(w m—-— 8)(0 +u?) ok

(i) follows by choosing 0 <e<w —m — %

(i) Let 0<v=<a. By Remark 2.1, we have ¢ =w—m on [0,a4%]; and so
D(v?) = (w — mpv?. It follows that
~ 1 1 1 1 1 v?
< _ 2 _ 2 __ _ 2 d P 2. _ " <
H(0,v) =< 2(cu mjv 2<m+ 1:)v +2(co t)v - <0.
Note also that for v > 0, the first inequality is strict. Hence (ii).
(iii) follows from continuity and the fact that H,(0,0)=0. O

and let G,= {0 <u<v, H,(u,v)=0}. Then,

1
Lemma 24. Let —<1<
(4)]

(i) for (u,v)eG, such that u>0, we have H (z,v) <0, for 0 <z <u;
(ii) for (u,v)eG, such that u+ v > 0, we have u <v;
(i) G, is a connected unbounded curve containing the origin;
(iv) G, is tangent to {u = v} at the origin, if $(0) = oo;

(v) for (u,v)eG, such that u + v— oo, we have v—z_)_a)Te(O’ 1).

Proof. Note that
H(0,0)=0;

ﬁ,(v,v)=<w—%>uz>0, for v>0;

H,0,0)= —®1?) — (—f— +m— w)02 <0, for v>0;

d

d—(u—Z)ﬁ'(“’ )= %4;(02 —u¥)+ %(m + ).
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This implies (i), (ii) and (iii).
To prove (iv), observe that for (u,v)eG,,
D —u?) 1 1\0? +u?
0=~ v? —u? —m—;+ )

(iv) follows, since ¢ is singular at the origin.
To prove (v), observe that for (u,v)eG,,
D2 —u?) 2 2

u
0= ————+"—w+m+(w+m—.
v? T ( )vz

Note also that
2_ .2 2
0§q)(v - u )gtb(g)

v v v2-> 0

0.

Hence (v). O
We continue with two simple applications of Lemma 2.2.

Corollary 2.5. For every x # 0 we have sup {|u,(r)| + |v,(r)|,re[0,R,)} < oo, and if
R, < o0, then u2 —v2—0 as r—>R,.

Proof. By property (i) of Lemma 2.2 and the local existence argument, it is sufficient
to show that for any given C, the set { (4, v)eR?,v*> > u? and H(u,v) < C} is bounded.
This follows from Lemma 2.3 (i), applied with t=o0c0. [

Corollary 2.6. Let x> = a®. Then u?2 <v? < x? on [0,R,).
Proof. By property (i) of Lemma 2.2, we have

H(u,,v,)< H@O,x), on [O,R,).
On the other hand, note that

o LD =5 007 1)+ 50+ ) 20

and so,
H(O,v,) < H(u,,v,) < H(0,x), on [O,R,).

Since 2H(0, v) = (0w — mpp® — @(v?) is a nondecreasing function of v? on [a?, 00), it
follows that v2 < x2 on [0, R,). Inequality u2 < v2 follows from the definition of
R, O

Proposition 2.7. There exist a >0 and 56(0,1"—;—(1—)) with the following property.
For every x #0, we have

1
w—90

1
33 2 _ 2> 2 — .
(i) vZ—ui=ax* on [O’w—6>

Q) R, >
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Proof. Let 56(0 T) be such that
—(4w/m 3) 1 +

let
o= e“““”“’“”(l + é) _9 >0,
o) o

and

For 0 <r = p,, we have by Corollary 2.5,
d 2
(0% — ud) = 200, — u i) = 4(“—" - wuxvx>
dr r

2 4((w — 8)u2 — wv2) = dw(u? — v2) — 46u?
= 4o (u? — v2) — 46x2.
It follows that

d
o (e**r(v2 — u?)) + 46x%e**" 20, on [O0,p,).

Integrating the above equation yields

vZ—uZzoax? on [0,p,).

In particular, vZ —u2 >0 on [0, p,). When Corollary 2.5 is applied, this implies
that p, < R,. Hence the result.

Remark 2.8. Consider x >0, and assume that v,(r)—0, as rTR,. Then, (u,,v,) is
an admissible positive solution, with radius R,. Indeed, in view of Definition 1.1,
it is sufficient to verify that u, > 0 on (0, R,). Note that H(u,(r),v.(r)) >0, as rTR,.
It follows Lemma 2.2 that H(u,(r),v.(r)) >0 on [0, R,). Therefore, if u, (p) =0 for
some p€[0, R,), we have v,.(p) > a by Lemma 2.3, and it follows from Eq. (2.1) that
u,(p) > 0; and so, we must have p =0. Hence the result. Note that we must have
x>a.

3. Proof of Theorem 1.2

Consider x > a. It follows from (2.1) that (0) > 0. Therefore we have u, >0 and
v, > 0 for r small. Note that by Corollary 2.6, v, cannot vanish on [0, R,); and so
v.>0on [O,R,). Let

r,=sup{re(,R,),u, >0 on (0,r)}.

Clearly, we have 0 < u, < v, on (0,r,). Furthermore, either r, = R,, or else r, <R,
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and then u,(r,) =0 and v,(r,) > 0. Note that in the latter case, we must have
u'(r,) =0, which implies in view of (2.2) that

0<uo(r)<a. 3.1)
We define the set I, as follows:

I, ={xe(a,©),r, <R,}
= {xe(a, ©),0 <u, <v, on (0,r,), v,(r,)€(0, a), u.(r,) = 0}.

The strategy for proving Theorem 1.2 is the following. We will first show that I,
is a nonempty, bounded, open subset of R. The open character of I, is a simple
consequence of the continuous dependence of the solutions on the initial data, the
nonemptyness follows essentially from a result of Cazenave and Vazquez [4], but
the boundedness requires the rather delicate construction of a trapping region.
The next step consists in showing that if we set y =supl,, then |u,|+ |v,| >0 as
r— R,. Extending (u,,v,) by (0,0) in (R,, o) yields the desired solution. This result
relies also on the construction of a trapping region that prevents the solutions

with initial data in I, to come too close to the set {u = v} except at the origin. The
further properties of the solution follow from standard estimates.

Lemma 3.1. I, is nonempty. More precisely, every x > a such that H(0, x) < 0 belongs
to I,.

Proof. Consider x > a such that H(0,x)= —h <0 (such as x exists by Lemma
2.3(ii)). By Lemma 2.2, we have H(u,,v,) < — h on [0, R,). Since H(v,v) = wv* 20,
it follows that I', is bounded away from the set {u?> =v?} and the result is a
consequence of the following Proposition. []

Proposition 3.2. Let x > a. Assume that there exists ¢ >0 such that v2 —u2>¢ on
[O,R,). Then x€l,.

Proof. By Corollary 2.5, we have R, = co. Thus we only have to prove that r, < co.
We argue by contradiction and we suppose on the contrary that r, = co. It follows
that

O<u,<v,<x on [0,00),

where the last inequality follows from Corollary 2.6. Note also that by (2.2) v, is
decreasing. Therefore, there exists v such that

v lv>0, as r-— oo,

and v >0 since H(u,,v,) < — h. Note that by (2.1)-(2.2),
da , u,
7 (v —uf)=2u, (7— wvx).

) u . . .
Since wv, — wv >0 and —=—0, as r — o0, it follows that v2 — u2 is decreasing for r
x r x X

large; and since v2 — u2 = ¢ > 0, there exists I > 0 such that v2 —u2|], as r - o0. It
follows that u, also has a limit u = 0, as r —» c0. By (2.2), we have

v lr) > u(=¢() —m— ) < — (m + w)u.
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Since v, has a limit, we must have u =0. Now, by (2.1), we have
U(r) — o= $(0*) —m + o),

and so, we must have v(— ¢(v?) — m + w) =0, which means v = a. Thus,
(ux;0:)—>(0,0), as r—oo.

Let (U, V) = (u,, v, — a). By assumption (U, V)—(0,0) as r - o0 and U,V > 0. The
equations for U and V are

U= —gr2+(a+ V)(—@(a®> + V*+2aV —U?— m+ w),

V' =U(—¢(a*+ V? +2aV — U?)—m — o). 32)

We have V2 +2aV — U%?—-0,and | V2 + 2aV — U?| £ C(U + V). Therefore if we set
—d=¢'(a*) <0,
we have
da*>+Vi+2aV—-Ul=w—m—2adV +oU + V).

Equation (3.2) becomes then

U= —2TU+2a2dV+ o(U + V),

(3.3)
V'=—20U +o(U + V).

It follows that
V-Uy=wlV-U)— (a) — %)U —(w+2a*d)V+oU + V), for rlarge.

Therefore e~ “"(V — U) is nonincreasing for r large. Since e ™" (V — U) -0, as r —» o0,
it follows that ¥V — U =0 for r large. Thus we can replace o(U + V) by o(V) and
we get from the first equation in (3.3),

. 2 a’d
U=a dV—;U+o(V)g——2——V>0, for r large.

Thus U is increasing for r large, which is a contradiction since U >0 and U —0.
Hence the result. [
Lemma 3.3. I, is an open subset of R.

Proof. Let xqel,. We have 0 <u, <v, <xo on (0,7,,) and 0 <wv,(r,)<a on
[0,7,,]. It follows in particular that u, (r,,) <0; and so u,, becomes negative after
r.,- Therefore, it follows easily from the continuous dependence of (u,,v,) on x that
for x close enough to x,, we have xel,. Hence the result. []

Proposition 34. I, is bounded.

Before proceeding to the proof of Proposition 3.4, we will establish the following
preliminary lemma.
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Lemma 3.5. Let o and 6 be defined by Proposition 2.7 and let xel,. Then the
Jollowing holds.

1 .
w—08
o 1 ~ 1
@) if ry> oy then H,;,—5(u(r),v,(r)) £ 0, for every re(w — 5,rx>.

() If ax®>a?, thenr, >

Proof. (i) By Proposition 2.7, we have

vz

v

1
2 —u2>ax?>a? for 0§r§—5<Rx.

In particular, we have

vy,>a, for 05r<

1

R..

5=
(i) follows, by (3.1).

(i) Consider re ;,
[0

5 rx>. We have

00— 00,01 5 (0 — ) — ) S0,

since xel,. By Lemma 2.2 (ii), this implies that H, /w—-5{lx Uy) 1S nondecreasing

1
on < s ) Note also that, by Lemma 2.4 (i) and (jii), we have H, 1w-50,0) <0,
for every v > 0. In particular, H 1/@-8)Ux(ry), v:(ry)) < 0. Hence (ii). []
Proof of Proposition 3.4. Let « and 6 be defined by Proposition 2.7 and consider

.Let xel,. It follows from (3.1) and Lemma 2.3 (ii) that H (u,(r,), v.(r,)) <O.

>

Thus we can define the number p, <r, by
=inf{re(0,r,), H(u,,v,) <1 on [r,r,1}.
Note in particular that H (u.(p,), v,(p,)) < 1, and that & Au(ps), v4(p,))=11if p,>0.
Assume first that p, < 51_—5 Then, we have by Proposition 2.7 and Lemma 2.3

A,+1

ax? < vl(p,) — ul(p,) S v2(p,) + ul(p,) < Cc

1
which implies the desired bound on x. Therefore, we can assume that p, > priy

Then H (u,(p,), v.(p,)) = 1; and so there exists oe(p,,r,) such that

d ~
EHt(ux’ vx)(a) <0.

x(o) vx(d)

By Lemma 2.2 (ii), this implies that —~— .Since o <r,, we have 0 <u,(0) <v,(0);
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and so we must have ¢ < 7, which implies
Px<T. (34)
Let 5, be defined in Lemma 2.3 (iii) and consider the set
A={@v)u>0,0=n,H,,-sWuv)<0}.

It follows from Lemma 2.3 that A is bounded away from the set {u = v}. Therefore,
there exists K, such that

¢(u,v) <K, for every (u,v)eA. (3.5)

Note that by definition of p,, Lemma 2.3 (iii) and Lemma 3.5 (ii), we have
1

(u(r), v4(r))€ A, for every re(m px>. Therefore, applying Lemma 2.2 (i), (3.5)

and Lemma 2.3 (i), we obtain

d ~ u2
_Ht(ux(r)9 Ux(r)) ; - 2(¢(szc - ui) +m+ CO)—
dr r

— (@07 — ud) + m+ w)(w — S)uz
— 2K, + m+ w)(w — 8)(uz + v2)

v v

1\%

—Ci(K, +m+ o) — O)(A, + H,(u,,v,)).

= - ﬁti:it(ux’ vx) — Yo
for some constants §, and y, (independent of x). It follows that

d B £¥ B.r > __1—
E(e Ht(ux(r)’ vx(r))) + V€7 = 0’ on w—0 Px )

Integrating the above inequality and applying (3.4), we obtain

ﬁr<ux(w i 5>a v"(a) 1_ 5)) é e_ﬂ‘/(w—é)eﬂtp"(ﬁt(ux(px), vx(px)) + 2,l>

< e-"r/‘w—‘”e”v'<1 + };-) <L,

T

where L_ does not depend on x. It follows from Proposition 2.7 and Lemma 2.3 (i)

that
1 1 1 1 L +A
2<? —— V- ——— ) <p? 2 < T
xx =v"<w—6> u’(w—5>=vx(w—6>+u"<a)—5>= C, '

Hence the result. []

Lemma 3.6. Let o and 6 be defined by Proposition 2.7, let y = sup I, and let
A={(u,v;0=Su<v<y, min{ea® —©*—u?),H,,,_5u,v)} <0}
Then, for every xel,, we have (u(r),v.(r))ed for every re[0,r,].

Proof. Let xel,. Wehave 0 < u, < v, < x < yon[0,r.]. Furthermore, by Proposi-
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1 . . 1
tion 2.7, we have v2 — u2 = ax? =2 aa? on| 0, min{ ——, r, » |. Finally, ifr, >——,
w—29 w—94

we have Jo-a)(x V) S00n [Zol—é’ rx} by Lemma 3.5 (ii). Hence the result. []

Proof of Theorem 1.2. Let y=supl,. y is finite by Proposition 3.4. We claim that
0 <uy(r)<wvy(r)<y, foreveryre(0,R,) (3.6)

and
0,(r)|0, as riR,. 3.7

Indeed, by Lemma 3.3, I, is open; and so y¢1,. Therefore, r, = R, and (3.6) follows.

Furthermore, since y¢l,, it follows from Proposition 3.2 that there exists
(Sw)uew = [0, R,) such that s,TR, and vZ(s,) — u2(s,)~0, as n—co. On the other
hand, given 0 <r < R,, it follows from the fact that yel,, Lemma 3.6 and the
continuous dependence of the solution on x that (u,(r), v,(r))eA. Note also that by
Lemma 2.4, An{u=1v}={(0,0)}. Therefore, we must have v,(s,) -0, as n— co.
Since v, is nonincreasing on [0, R)), it follows that v, |0, as rTR,. Hence (3.7).

It follows that (u,v,) is an admissible positive solution, with radius R,. This
completes the proof. []

4. Further Results

Let (4, v) be an admissible positive solution of (1.4)—(1.7) of radius R, and let x = v(0).

Since u >0 on (0, R), it follows in particular from Eq. (2.1) that x > a. Therefore,

with the notation of Sect. 3, we must have R = R, =r,. Conversely, if x > a is such

that r, = R,, it is clear that (u,,v,) is an admissible positive solution of (1.4)-(1.7)

of radius R,. Therefore, studying the properties of admissible positive solutions is

equivalent to study the properties of (u,,v,), where x > a is such that r, = R,.
We begin with the following simple lemma.

Lemma 4.1. Assume that ¢ is bounded at the origin, and let x > a be such that
r.=R,. Then, R, = 0.

Proof. By Eq. (2.1), we have
lv;| = Cu, = Cv,, on (O,R)),
with C = ¢(0) + m + w. It follows that
v+ Cv,20 on (O,R))
Integrating the above equation, we obtain
v(r)=xe %, for re(O,R,).
Hence the result. [

Next, we consider the case where ¢ is singular at the origin. Let us introduce
the function y as follows. Let @~ 1 be the inverse function of &. Since @ is
increasing, positive, concave and @(0)=0, it follows that &1 is positive,
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increasing and convex, and that @~ 1Y(0)=0. Let

Y(s) = p(@ " 1s)), for s>0. 4.1)
It follows that y is positive and nonincreasing, and that y(0) = ¢(0).
Lemma 4.2. Assume that ¢(0)= oo, and let x > a be such that R, =r,. Then,

(i) Q—»l asrfR,;

ur)
(ii) for every e€(0,1), there exists p,e(0, R,) such that

4/(2(60 - R%)(l + B)vi) SPi—u) = l//(2<w - Rix)(l - B)v§>,

for all re[p,,R,).

=5
from Lemma 2.4 (i) that (u,,v,) is between the curves G, _; and the diagonal

1
Proof. By Lemma 3.5, H, Ho-8Ux(r), 1,(r)) £ 0, for every re< > It follows

{u=v}, for re(a)—%, r. |. Therefore, (i) follows from Lemma 2.4 (iv), since

u,+0v,—-0,as r-R,.
Let 0<7<r<R,. We have

ux(r) _ vx(r) - “x(r) - Ux(r) ( )< 1) <0.

r T

When Lemma 2.2 is applied, it follows that H (u,,v,)is nondecreasing on (t, R,).
Since furthermore H (u,,v,)—0, as r{R,, it follows that H (u,,v,) €0, on [, R,).
This implies that

D(v2(r) — u(r)) + (m + w)V2(r) — u2(r)) 2 2((1} — —) v2(r), 4.2)

1
for all re[a,R,‘), Note that @(s)/s— oo, as s]0; and so,

P(vI(r) — uz(r) + (m + ) (v3(r) — uZ(r))
P(v3(r) — ul(r)

Given &€(0, 1), it follows from (4.2)—(4.3) that there exists p,€(0, R,) such that

11, as riR,. 4.3)

DI —ui(r) 2 2<w - RL>(1 —e)vi(r), for re(p,R,).

The right-hand side inequality of (ii) follows by applying @~ V), then ¢.
For proving the left-hand side inequality of (ii), we consider two cases. If R, = oo,
we apply the inequality H(u,,v,) =0, on (0, c0). This implies that
P(vI(r) — uZ(r) < —(m + W)(VI() — u2(r) + 2003(r) < 2002(r),

for all re(0,R,). The left-hand side inequality of (ii) follows by applying @Y,
then ¢.
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If R, < o0, consider 7> R,. It follows from (i) that

| (w0 o0\ 1wl N1 111
vx(r)< r 1 >_r<vx(r) 1>+r T R R, ‘z:>0'

It follows that there exists 0e(0, R,) such that
udr) v (’)

r

—==-2=0, forre[6,R,).

By Lemma 2.2, this implies that H (u,,v,) is nonincreasing on (6, R,). Since
furthermore H (u,,v,)—0, as r1R,. it follows that H (u,,v,) =0, on [6,R,). This
means that

P21 — u2r) S — (m + )(w3) — u2() + 2(w - 1)02@ < 2<w - -) v20r),

4.4)
for all re(6,R,). Given £€(0, 1), one can choose 7> R, such that

2<w — %) < 2((0 _RL,‘)(I +¢),

and it follows from (4.4) that there exists p,€(0, R,) such that

Dvi(r) —ui(r) < 2<w - RL>(1 +8oi(r), for re(p,,R,).
The left-hand side inequality of (ii) follows by applying @~ 1), then ¢. This completes
the proof. [

Proof of Theorem 1.3. (i) Consider x>a such that R =r,. It follows from
Proposition 2.7 (i) that

1 1
R.>——>—.
’>w—6>w
Hence (i).
(ii) Note that the assumption
L ds
—— < 00, 4.5
g ) @3)
is equivalent to
L ds
—— < 0.
{86
Furthermore, putting v = @(s), we have
L ds @0 dv M) dy

160~ | w@ o~ § wer
where ) is defined by (4.1). Therefore, assumption (4.5) is equivalent to

ds

1
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So, suppose that (4.6) holds. In particular, ¢ must be unbounded at the origin;
and so we can apply Lemma 4.2. Consider x > a such that R, =r,. It follows from
(2.2), and Lemma 4.2 that there exists pe(0, R,) such that

0=1v} +u(@F —ud) + 0+ m) 2 v, + 3v,(p(vI —ud) + 0 +m)

1
2+ 0.0t - )2+ oo (4 0 o2 ),
on (p,R,). It follows that for some 4 >0,
R« vl (r)dr
— > __ 4R, —p=0.
;I» v,(N)@(Av(r)?)

This means that

R < vx(p) (s 1 4vx(p)* (s
Sp+ | o= p+s —— < 0;
el g2 | 5o

and so, R, < 0.

Conversely, assume that x is as above and that R, is finite. In particular, ¢ is
singular at the origin, by Lemma 4.1; and so, we can apply Lemma 4.2. It follows
from (2.2) and Lemma 4.2 that there exists pe(0, R,) such that

0=0, 4 u (P —u2)+ 0 +m) SV, + v (P2 — u2) + © + m)

S+ vx<(~/z(w —Ri)tﬁ) +o+ m) < v+ v, (Y(wv?) + o + m),

on (p, R,). Since ¢(0) = y(0) = oo, it follows that, by possibly choosing p closer to
R,,

0 < v} + 20,4(w03),
on (p, R,). Proceeding as above, we obtain
wvx(p)? s
— < 4R, — p) < ©;
g FTEE (Ry—p) <o

and so, (4.6) holds. This completes the proof. []J

Proof of Theorem 1.4. 1t is sufficient to show that if x > a is such that R, =r, = o0,
then v, (hence u,) has an exponential decay as r — oo, and v, v, L}(0, c0). Indeed,
it follows from (2.1)—(2.2) that

2
(g + ) + (4, + 0,) (P02 — Uu2) — 0+ m) = — % —20u, <0.
Since v2 — u2 -0, as r — oo, it follows from Remark 2.1 (iii) that there exists é >0
such that
(u, +v,) +0(u,+v,)<0, forrlarge.

The exponential decay follows easily. Note also that by (2.1)-(2.2) and Remark 2.1
(iii), there exists r, such that

u, <0 an v, <0, for r=r,.
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Since both u, and v, converge to 0, as r — oo, it follows that v/, v;,e L!(r,, o). Since
u, and v, are bounded on [0,7,], the result follows.
Finally, it remains to prove Theorem 1.6. It will be a consequence of the

following two lemmas.
Lemma 4.3. Let x > a be such that R, =r, < c0. Define the functions ii,9, h,k by

ud(r), if 0sr<R, v (r), if 0=r<R,
i(r) = ; o(r) = .
09 lf r> Rx; 03 !f r> Rx;

and
2%y (B2 —u)—w+m), f 0Sr<Ry
h(r)=
0, if r>Ry
0, if r>R,.
Then, 4,0 W'1(0, 00), h, ke L}(0, 00), and we have
i =h,
7=k,
in 2'(0, ).
Proof. Note that 4, 6e C*([0, R,)), h, ke C([0, R,)), and that by (2.1)-(2.2),
W'=h,
=k,
on [0, R,). Evidently, we also have #,6eC'(R,, ),h, ke C(R,, ) and
@ =h,
0=k,

on (R,, o). Note also that 4,6 are continuous on [0, c0). Therefore, the result
follows if we show that h,k are integrable near R,. In other words, we have to
show that

Rx

g(lu;|+|v;|)dr<oo. 4.7

Since u, and v, converge to 0, as rT R, it follows from (2.1)~(2.2) and Remark 2.1
(iii) that there exists pe(0, R,) such that ¥, < 0 and v, <0, on (p, R,). It follows that

Ry Rx
J (] + 1vi)dr = = [ (us+ vl)dr = u(p) + v.(p) < 0.
p P

Since u), and v} are bounded on (0, p), (4.7) follows. Hence the result. []
Lemma 4.4. Let x > a be such that R, =r, < oo. Define the function A by

AMs) = ;E(tb(s))’/z, for s>0.
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Then,
liminfu(r) = lim inf v} (r) = — clim sup A(s), 4.9)
riRy riR, 510
and
lim sup u',(r) = lim sup v/,(r) = — clim inf A(s), 4.9)
rTRx rTRy 510
where ¢ = and o= 2<w - -1—> In particular, A has the (finite or infinite) limit
o x

l as 5|0, if and only if both v, and v, have the limit — cl, as rR,.
Proof. Note first that
Ms) =3/ P(s) $(s).

Given a > 0, and putting ax? = @(s), it follows that

M) = 3 /axy(ax?),

and so,
lim inf xy(ax?) = 3 lim inf A(s)
x}0 2\/1_1 510 ’
3 4.10)
lim sup xy(ax?) = lim sup A(s).
x10 2\/; 510

Note also that by Lemma 4.1, ¢ is singular at the origin. Therefore, it follows from
Lemma 4.2 that, given ¢€(0, 1), we have

0. $F — u3) S v P((1 — eJaw?),

on (p,, R,); and so, by (2.1) and (4.10),

. . 3 .
lug :?p (—u)= Im:lsoup xY((1 — g)ax?) = ﬁ lmslliup A(S).
Making ¢]0, we obtain
lim sup (— ) < c lim sup A(s).
1R, 510
Furthermore, applying again Lemma 4.2, we obtain
V(07 — ul) Z v Y((1 + eaw}),
on (p,, R,); and so, by (2.1) and (4.10),
. . 3 .
hrg ::1p (—u)= lm:lsoup xP((1 + g)ax?) = m lmzl%up A(s).

Making ¢ |0, we obtain

lim sup (— u') = c lim sup A(s).
rtR, sl0
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It follows that

lim sup (— u}) = ¢ lim sup A(s).
TRy 510

Clearly, the same holds for the lim inf, and working with Eq. (2.2), one obtains the
same identities for v}. Hence the result. []

Remark 4.5. Note that ¢(s) = s~?,for 0 < p < 1, verifies the assumptions of Theorem
1.2. In addition, we have

1 ds <o
0 D(s) '

Therefore, all admissible solutions have compact support. Furthermore, it follows
from Lemma 4.4 that if (u,0) is an admissible solution of radius R, then for
0<p<1/3,|u|+|v'| >0, as rt R. In particular, 4, 6eC!([0, c0)). For p = 1/3, both
u’ and v’ converge to the same finite negative limit, as T R. For p > 1/3, both '
and v’ converge to — o0, as rTR.

Proof of Theorem 1.6. The first part of the statement follows easily from
Lemma 4.3 and formulas (1.11) and (1.12), and the second part follows from
Lemma 4.4. [
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