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Abstract. We show that, in the weak coupling limit, the laser model process
converges weakly in the sense of the matrix elements to a quantum diffusion
whose equation is explicitly obtained. We prove convergence, in the same sense,
of the Heisenberg evolution of an observable of the system to the solution of
a quantum Langevin equation. As a corollary of this result, via the quantum
Feynman—-Kac technique, one can recover previous results on the quantum
master equation for reduced evolutions of open systems. When applied to some
particular model (e.g. the free Boson gas) our results allow to interpret the
Lamb shift as an Ito correction term and to express the pumping rates in terms
of quantities related to the original Hamiltonian model.

1. Introduction

In the quantum theory of irreversible evolutions, the weak coupling limit was
originally formulated as a device to extract the long time cumulative effect of a small
perturbation of the global Hamiltonian of a composite system on the reduced
evolution of a subsystem [9,29]. As far as we know, the consideration of the weak
coupling limit dates back to Friedrichs [18] in the context of the well-known
Friedrichs model. However, in the physical literature the weak coupling limit is
known as the van Hove limit, since van Hove [31] was the first author to consider
the limit 41— 0, t — co, with A2t held constant, in the derivation of an irreversible
evolution of semigroup type for the macroscopic observables of a large quantum
system.

The original problem of van Hove has not been set into a fully rigorous form
yet, although related rigorous results have been obtained by Martin and Emch
[27] and Dell’Antonio [14]. On the other hand, theorems on the weak coupling
limit for specific models of open quantum systems have been proved by Davies
[9] and Pulé [28]. A general formulation in terms of the master equation approach
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was given in a series of papers by Davies [9-11]. More precisely: we consider
a spatially confined quantum system (the “system” S), coupled to another (infinitely
extended) quantum system (the “reservoir” or “heat bath’ R), initially in a given
reference state @, (which is usually a quasi-free state on the Weyl or the CAR
algebra over some Hilbert space), through an interaction of the form AV, where V
is a given self-adjoint operator. Denote by /¢ and by «/; the W*-algebras of
observables of the system and of the reservoir respectively. Typically, .«/¢ will be
the algebra of all bounded linear operators on a separable Hilbert space # 5, and
of p will be the weak closure of the GNS representation of the C*-algebra of the
reservoir determined by the reference state @g. Let

H,=Hs@1+1®Hg+ iV (1.1)

be the total Hamiltonian of the composite system (in self-explanatory notations).
For each x in o/, let x*(t) be the element of &/ ® .o/ defined by

x*(t) = exp[iH t/A*]-exp[ — iHot/A*](x ® 1)exp[iH  t/A*]-exp[ — iH ;t/A*]
=UN (x®@ DU,
where

U'Y, = expliHot/A*]-exp[ — iH,;t/2%], (12)

i.e. we consider the Heisenberg evolute, in the interaction representation, of an
observable of the system S in a time scale of order 1/42. Then [9,28] in the limit
as A—0 and under suitable assumptions, there exists a semigroup 7, of
weakly-*-continuous completely positive normal linear maps of &5 into itself (a
quantum dynamical semigroup on </ in the sense of Gorini Kossakowski and
Sudarshan [23], Lindblad [26], a quantum Markovian semigroup in the sense of
Accardi [1]) such that, for all x in /g and for all normal states ¢ on /5 and
t =0 one has

iif(l) (@5 ® 9r)(x(t) = s(Ty(x)).

We refer to the books of Davies [12, 13] for a presentation of the physical ideas
and of the mathematical structures relevant for this phase of development of the
problem. Under some assumptions on the interaction, which amount to the rotating
wave approximation, familiar in the laser models, one sees (cf. [20]), considering
the perturbation expansion of U{/),, that the first order term does not depend on
the field operators of the reservoir but on some time averages of them of the form

/A2

AP =2 [ e7"sA(S2g)ds
0

(cf. Sects.2 and 3 below for the notations). The normalization defining the
“collective annihilation operator” A is strongly resemblant of the normalization
of the classical invariance principles. This analogy suggests that, as already stated in
Spohn [29], the weak coupling limit should be a manifestation of some kind of
functional central limit effect. That is we expect that, in analogy with the quantum
invariance principle proved in [2], the collective creation and annihilation processes
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AP* converge, in some sense to be specified, to some of the quantum analogues
of the Wiener process, namely the quantum Brownian motions. A heuristic
discussion of this approach to the weak coupling limit has been sketched in Frigerio
[20], with some preliminary lemmas and some conjectures.

Moreover, if the quantum dynamical semigroup obtained in the weak coupling
limit is norm continuous with infinitesimal generator G given by

Gx)=K*x+xK+ ) LixL; xeds
j=1

with L;, Ke.«/ satisfying
K*+K+ Y L L;=0
j=1

then we have, for all x in &/gand tin R,
T(x) = Eo[UT((x® 1x)U(1)], (1.3)

where U(t) is the solution of the quantum stochastic differential equation, in the
sense of Hudson and Parthasarathy [25],

du(y) = {Kdt + Yy, [L;dA] (1) - LJ?“dAj(t)]}U(t), U@)=1, (1.4)
ji=1

and where 4;(), A j* (¢) are mutually independent Fock quantum Brownian motions

and E, is the vacuum conditional expectation. Then it is natural to conjecture

that, under suitable assumptions and in a sense to be specified, one has, for all ¢

inR,,

lim U ff}z = U(t) (1.5)
A—=0
and, for all x in &/,
lim x*(t) = U* (1) (x ® 1) U(t). (1.6)

A—0

The fact that the weak coupling limit should lead to a unitary process, satisfying
a quantum stochastic differential equation was first noted by von Waldenfels [35]
in connection with the Wigner—Weisskopf model. The explicit form of the stochastic
equation, for the Wigner—Weisskopf model was obtained independently by Maasen
[27a] in the Fock case. A thorough study of this equation, in the finite temperature
case, is due to Applebaum and Frigerio [7b]. In all these cases the stochastic
differential equation is not deduced as a (weak coupling) limit of Hamiltonian
systems, but postulated ab initio.

In the present paper, using the notion of convergence for quantum processes
introduced in [2], we give a precise statement and proof of the above conjecture
(here we use the terminology “weakly convergent in the sense of the matrix
elements” since, as remarked by a referee, the convergence considered in [2], when
restricted to the Abelian case, gives a convergence weaker than the convergence
in low). We shall only give here the proof of the first two statements above in the
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case when @ is the Fock state. The proof of (1.6) and the case of a thermal state
at finite temperature is in [5]. The Fermion case introduces no additional difficulties
(cf. [6]).

Among the motivations for the present work the following deserves to be
mentioned. There are widespread misgivings concerning use of quantum Brownian
motion as a (boson or fermion) reservoir in the description of open systems; in
particular it is objected that:

(i) the one-particle energy is unbounded from below as well as from above;

(ii) the reference state satisfies the KMS condition not for the automorphism giving
the time evolution of the reservoir, but for a much more trivial one, consisting of
multiplying the creation operators by a phase factor exp[ — iwyt].

Our results show how these features arise precisely in the weak coupling limit
starting from a perfectly “legal” dynamics. A detailed discussion of the KMS
condition is given in [5].

A preliminary version of the present paper has appeared in [7a]. Here we have
greatly improved the uniform estimate, due to our improvement of Pule’s
inequality. Moreover we have changed two important notations with respect to

[7a]:

1. We have particularized our Definition (2.3) of quantum Brownian motion (in
the commutative case our previous definition reduced to the usual one only up
to a “random time change”).

2. The notion of weak convergence in the sense of matrix elements (cf. Definition
(2.2)) was called in [7a] “convergence in low.” However, without further quali-
fications of the random variables, also this definition might lead to incongruence,
in the abelian case, with the standard terminology.

These changes were motivated by some constructive critiques of the referee of
this paper, to whom we express our gratitude.

2. Statement of the Problem, Notations, Results

By a Hilbert space we mean a complex separable Hilbert space and by a pre-Hilbert
space we mean a complex vector space endowed with a (possibly degenerate)
sesquilinear form whose induced topology is separable. The *-algebra of continuous
linear operators on a pre-Hilbert space ¢~ will be denoted B(X").

If " is a Hilbert space, with scalar product denoted by <-,- >, we denote

2R, dt; )= [A(R,d) ® A,

then Hilbert space of the square integrable ¢ -valued functions—the integral being
meant in Bochner’s sense. If 4" = C, we simply write L*(R).

Throughout this paper, H, will denote a fixed Hilbert space (the “second
quantization” of H, in a suitable sense may be interpreted as the “reservoir state
space”). Q will denote a self-adjoint operator defined on a dense subspace D(Q) of
H, and such that, on this domain,

021 2.1)
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S%:H, — H, will denote a strongly continuous 1-parameter unitary group on H,
commuting with Q, in the sense that:

SDQ) < D(Q), 22
57Q=0S? on D(Q). 23

Our basic assumption on S and Q will be the following:
There exists a non-zero subspace K < D(Q) (in all the examples it will be a
dense subspace) such that:

J|;|<f1as?fz>|dt<+00; i‘;|<f1aS?Qf2>|dt<'*‘00 Vi, f,eK. (24)

This condition implies (cf. Lemma (3.2)) that, for any real number o, the sesquilinear
form

f1 26K (f1lf2)e= lfze""’"<f1,S?sz>dt (2.5)

defines a pre-scalar product on K. We shall denote K, the associated Hilbert
space, i.e. the completion of the quotient of K by the zero (-|-)o-norm elements
for the norm induced by the scalar product (2.5). In particular, for Q = 1, we simply
write {K,(-[")}.

Let W(K) be the Weyl C*-algebra over K and let ¢, be the quasi-free state
on W(K) characterized by

Po(W(f))=e 12000 feK. (2:6)
We denote
{#¢ 79 Do}
the GNS triple associated to {W(K), p,}. We shall write
Wolf)=no(W(f)); feK. 2.7

Because of (2.3), there exists a unique @q-preserving 1-parameter group of
x-automorphisms u, of W(K) characterized by

w(W(f)=W(SPS), feK, 23)
and we denote U2: 5, — #, the associated unitary operator:
U2 Wy(f) ®y=Wy(S2f) @y feK. (2.9

The field, creation and annihilation operators of the representation (2.7) will be
denoted

Bo(f), Ag(f), Aolf); feK. (2.10)

To simplify the notations in the following we shall often omit the index Q whenever
we feel that this cannot create any confusion. Let &/ denote the weak closure of
Wo(K) in #y; let u} denote the restriction to o/ of AdUR = UR (-)-UR, where
UPX is the same as U and let ¢y be the restriction of the state (Do, ()Pg> to
o . The W*-dynamical system {.o/z,uf, @z} will be called the reservoir, or the
heat bath. Now let #, be another pre-Hilbert space (called the system state space
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or the initial space); let US:5# ,— # , be a 1-parameter unitary group on #, and
denote

ul =AdU=U® () US> s (2.11a)
We denote
UP=U’QUFReB(#,® # ). (2.11b)
The Heisenberg evolution, associated to U?, i.e.
ul =AdUY =u’@ul: A @ A g > A s® A g (2.11¢)

will be called the free evolution of the composite system.
We now introduce an interaction between the system and the reservoir of the
form that is familiar in laser theory (cf. [32]), i.e.
A
AV, = —;[D®A+(g)—D+®A(g)], (2.12)
where 1 is a positive real number (the coupling constant), geK and D is a bounded
operator on H, satisfying the condition

uS(D) = e~ D, (2.13)

where w, is a fixed positive real number (interpreted as the proper frequency of
the laser). This is the type of interaction which arises in the rotating wave
approximation. Our techniques are applicable to a wider class of interactions, but
this will be shown elsewhere. Denoting

V(t)=u(V,); teR (2.14)

we see that, from (2.13) and the antilinearity of A, we have
1
ul(Vy) = =~ [D®A*(S,6)— D" ® A(5:9)]

where we have introduced the notation
Sg=e ''S0.

Clearly the conditions (2.2), (2.3), (2.4) are satisfied by S; if and only if they are
satisfied by S, We will assume that the iterated series

L4+ Y (—iyanfdey [diyee | de,Vt)Viit)-- Vilt,) 2.15)
n=1 0 0 (4]

is uniformly convergent, for A small enough and ¢ bounded on the domain H, ® &,
where & is the linear space algebraically spanned by the coherent vectors in #,
and the tensor product is algebraic. Moreover we assume that the series (2.15)
defines a unitary operator U on H,® #, which, on H,® &, satisfies the
Schrodinger equation in interaction representation:

0

A
A UP="V,0)-U» UP=1 (2.16)
t 1
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This is an assumption on D which is always fulfilled if, e.g., D is a bounded operator.
In the following, to avoid unnecessary technicalities, we shall always assume that
Dis bounded. For each A > 0 the 1-parameter family (U?) is a left u?-cocycle, i.e.

U%, =uX2(UP)UP, (2.17)
hence the 1-parameter family (V7), defined by
VP =UP-U% teR (2.18)
is a strongly continuous unitary group whose formal generator coincides with
Hs®1+1®@Hg+ AV, (2.19)
where
UR=e iR, U5 = g~itHs, (2.20)

(In the case of the Laplacian acting on L*(R), this is rigorously true on the domain
H,® &', where & is the linear space generated by the coherent vectors correspond-
ing to smooth test functions.) The Heisenberg dynamics, associated to V%, i.e.

u® = AdVW* = YO.() YD+ = gD+ 0 u® @.21)

is called the interacting dynamics.
Our goal is to study the time evolution, under the interacting dynamics, of
some physically interesting quantity in the van Hove limit, i.e.

A—=0; t—-o00; A%t =0(1)=of order 1. (222

Since this limit extracts the long time cumulative behaviour of the interacting
dynamics, we expect its effects to be best revealed on those observables and those
states which depend on this long time cumulative behaviour. To make this remark
precise, in Sect. 3 we introduce, as a continuous time analogue of the construction
in [2], the collective Weyl operators

T/A?
W(A [ s, fdu), (2.23)
S/A2
and the corresponding collective coherent vectors

T/A? T/A2
(DQ</1 [} Sufdu> = WQ</1 [} S,,fdu)-(DQ. (2.24)
S/A2 S/A2
The family of all these vectors, with feK and — o0 < S < T < + oo, will be denoted
Do(A).
Now let us recall, from [2] the definitions of stochastic process and of
convergence in law of stochastic processes.

Definition (2.1). A quantum stochastic process indexed by a set T over an Hilbert
space H is a triple
X ={H,2,X(t)(teT)},
where
i) H is a Hilbert space.
i) T is a set.
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iil) 2 is a total subset in H and X(t)(teT) is a family of preclosed operators on
H, called the random variables of the process, such that for any teT,

9 < D(X(t)):= domain of X(¢)

and the set {X(¢)} is self-adjoint in the sense that for each teT there exists an
uniquely determined element ¢t* €T such that the identity

XetH)=X*0=X0"
holds on 2.

Definition (2.2). Let .# be an increasing net, partially ordered by a relation <.
We say that a family

X,={H;2,X,(t)(teT)}, acSf
of quantum stochastic processes converges to the quantum stochastic process
X = {H, 2, X(0)(teT)}

weakly in the sense of the matrix elements, if the domains 2, and 2 are invariant
for the random variables of the respective processes and if for any a€.# there exists
a map

F,92-9,; t;,T->T

such that, for any fixed integer k, for all k-tuples ¢, ..., t,e T satisfying t,(t,) —> t,€T,
h=1,...,k, and for all ¥, @2, one has:

im CF (W), X (t,(t1)) . Xo(t (L)) F (@) ) = (W, X (1) - X (6,) @)

Notice that, if the X, are bounded, then we can take 2,=H, and 2 = H, so
that the invariance of the domains, required in Definition (2.2) is automatically
satisfied.

As shown in [2] (Theorem (9.2)) the notion of stochastic process given in
Definition (2.1) is equivalent, in several important cases, to the ones given by [3],
however it is better suited to deal with unbounded processes and nonfaithful states.
In [2], it is also shown how to modify Definition (2.1) so that, in the commutative
case, it includes all the classical stochastic processes. For our purposes, Definition
(2.1) will be sulfficient.

Definition (2.3). Let A be a Hilbert space, T an interval in R, Q=1 be a
self-adjoint operator on " and let

(H g7y Do} (2.25)

denote the GNS representation of the CCR over L*(T,dt; #°) with respect to the
quasi-free state ¢, on W (LX(T,dt; #)) characterized by

Po(W(E)) = e~ 1/2<01®Q0 £ [T, dt; ). (2.26)

Denote 2 the set of all vectors of the form wn(W(&)®@,= W) @, with
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EeIX(T,dt; ). The stochastic process
{(H 0D Wo(tsn® (1T, fex} (2.27)

is called the Q-quantum Brownian motion on L*(T,dt, ).

If Q=1 we speak of the Fock Brownian Motion on L*(T,dt,x’); if Q is the
multiplication by a constant (f = 1), then we speak of the finite temperature quantum
Brownian Motion, in the terminology of [34] or of the universal invariant quantum
Brownian Motion in the terminology of [24].

Sometimes, when no confusion can arise, we call quantum Brownian motion
also the process

{(#02, Alxca®@ A (ea® )5, teT, feK]}, (2.28)

where A(+), A*() denote respectively the annihilation and creation fields in the
representation (2.25). For the normalized coherent vectors we use the notation:

Woltisn® f) P = Po X150 ® f)-

With these notatons we can state our main results:

Theorem (I). Let H, be an Hilbert space and let Q,(S?), K satisfy the conditions
(2.1), (2.2), (2.3), (2.4). Then, as A —0 the stochastic process

{Jfg, Do(A), W(A T/fz S.f du), S, TeR, feK} (2.29)

S/A2

with # , and @, defined after (2.6), converges weakly in the sense of the matrix
elements to the Q-quantum Brownian Motion on [*(R,dt; K ).

Theorem (II). Let Q =1, then for each u,veH,,f,, f,,9€K,, S{,S, T;,T,eR
(S; £ T)) the limit
Ty/22 T5/22
lim <u® @(l | S,,fldu>, UNv® (D</1 | S,,fzdu>> (2.30)
A—=0 S1/A2 S2/42
exists and is equal to
(u® d)(X[Sl,Tl]@fl »Up® ¢(X[52,T1]®f2)>, (2.31)

where the scalar product is meant in the space H,® I'(I*(R,dt; K ,)) and U, is the
solution of the quantum stochastic differential equation

dU,=[D®dA/(t)— D" ®@dAt)—(g9lg)-D"D®1dt]-U; Uy=1 (2.32)
in the sense of [25] and where

0
(glg)- = _I (9,8.9> du. (2.33)

Theorem (III). In the notations and assumptions of Theorem (II), for any X e B(H,),
the limit

) T1/A2 T2/A2 \
11m<u®<1></1 | Sufldu),Uﬁf};'(X@l)Uﬁf,{Z'U@(l J S,,fzdu>>

A0 S1/42 S2/42
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exists and is equal to

(u® ‘D(X[S,,T,]®f1), U(X® l)U;“~v® ¢(X[52,121®fz)>

where, U(t) is the same as in Theorem (II).
The first two of the above theorems are proved in the present paper and the
third one in [7].

3. Convergence of the Collective Process to the Noise Process
Lemma (3.1). For any geD(Q) and for any — oo <S < T < oo, the integral
T
| S.gdt (3.1)
5
is well defined and belongs to D(Q), moreover
T T
Q- [ S,gdt= | QS,gdr. (3.2)
S S
Proof. By the strong continuity of S,, the function t—S,g is weakly measurable

and with a separable range. Since |S,g| = | ¢g|l, it follows that t+S,g is Bochner
integrable. Moreover, for each feD(Q) one has, using (2.2) and (2.3):

<Qf, fs,gdt>
S

T
hence [ S,gdteD(Q) and (3.2) follows from the definition of Bochner integral.
S

T
éfi(Qf,S¢g>ldt=gI<S-1Qf,g>ldté(T~S)IIQf||'||g||,
N

Lemma (3.2). For any pair f,geD(Q) satisfying (2.4), and for any S, T;,S,, T,€R
(S;< T)) one has

T1/A? T2/A2
lim </1 § S.fdu,Q-4 | SvgdU> = s Xsara § <SF>8:Qg>dt, (3.3)
A-0 S1/A2 S2/A2 R

where the scalar product of the characteristic functions is meant in L*(R) and the
limit is uniform for S, Ty, S,, T, in a bounded set of R.

Proof. From Lemma (3.1) it follows that

T2 T2
</1 | S.fidu,Q-4 | Svfzdv>

S1/42 52/42
T1/A2 T2/A2
=A? j du, I du2<Su1f1’Sufo2>
S1/A2 S2/42
Ty/A2 Ta/A2—uy
=2 § duy [ dulf.8.002)
S1/A? S2/A2—uy
T (T2—u1)/2?
= j du, j dud f1,8,012>. (3.4

Sy (S2—u1)/A?
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Now notice that for each u,e(S{, T\)N (S, T,)=(S, v S,, T, A T,), one has
S, —u;<0and T, —u, >0, hence

(T2—u1)/A?

lim | du{f,5.0f2>=[<{f,5.Qg)dr (3.5)
A—=0 (S2—u1)/A? R

On the other hand, because of (2.4) for each u, €[S,, T,], the limit on the left-hand

side of (3.5) is non-zero only if S, —u; <0 and T, —u, =0, that is if u, €[S,, T,].

Therefore, by dominated convergence, we obtain:

(T2 —uy)/22

[ 80020 = | ts, pydunlim | dudf1, 8,005

A—0 (S2—uy)/A2

T, (T2—u1)/A2
lim | du,
im0 Sy (S2—u1)/22

= <X[51,T1]’ X[Sz,T2]>'£<f’ Sng>dt (36)

To prove the uniformity of the convergence it will be sufficient to consider
separately the two cases: (i) [S;, T,]1=[S,, T»]; (i) [S;, T, 1n[S,, T,1= . In case
(1) we have:

T,/A2 T1/12
/12 f dul .‘. , duZ <Su1f1s Sufo2> - <X[51,T‘]a X[51,T1]>.i‘; <f, S,Qg)dt

Sia2 Si/A

T,
< j du,
S1

(T1—uy1)/A2

) du<f1,Squz>—£<f,S,Qg>dt

(S1—u1)/a2

© S1—uy)/A?

ésjld“1< 5 2du|(f1,S,,Qf2>|+( j d“‘<f1sSquz>|>

(T1—u1)/a "o
whence the uniform convergence in case (i) follows. In case (ii) one has

2 Ty/A2 Ty/A? Ty (T2—uy)/A2
A duy | duy (S, 180S0\ S [duy [ dul(fi,8.0/201 (37)
S1/A2 S2/42 S (S2—uy)/A2
Assuming, without loss of generality, that 0< S, < T, <S, < T, and choosing
¢ >0, arbitrarily small, the right-hand side of (3.7) is majorized by:
(T2— Sy +g)/A2

el(flQf I +(T=S) | [{f1,5.0f2>du (3.8)

(S2—T1+e)/A2

which again implies the uniform convergence.

Remark. In the following we shall use the notation

(f1g)o= i {f,8,Qg)dt.

From (3.3) it is clear that the sesquilinear form (+|-), is of positive type. In particular,
it defines a scalar product on K, as anticipated in Sect. 2.

Corollary (3.3). On the space L*(R)® Ko = L*(R, dt; K ), the operator 1® Q 2 1 on
the domain given by the linear combinations of vectors of the form y ® f, where
is a step function in L*(R) and f e D(Q).
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Proof. That 1® Q =1 on the domain specified above, follows easily from (3.3)
and the fact that Q > 1.
The following theorem includes the poof of Theorem (I) of Sect. 2.

Theorem (3.4). As A—0, the quantum stochastic process
T/A2 T/A2
{f, tD(/l f S,,fdu), W</l { S,,gdu)} (3.9)
sia2 siaz

(S<TeR, f, geK) converges weakly in the sense of the matrix elements, to the
Q-quantum Brownian Motion on L*(R,dt; Ky) in the sense of Definition (2.3).
Moreover, denoting

{#omg ¥o}
the cyclic quasi-free representation of the CCR over LX(R, dt; K ) characterized by:
(o Wolx ®f) ¥o» =e 1P L20 yel*(R), feK, (3.10)
one has that for each f,....f,€K, S, T1,...,8,, T, X1,...,X,€R, the limit

e T3
]im<(DQ,W(x1/I | S,,fldu)---W<x,,l | S,,f,,du>d>Q>

A-0 S1/42 Sn/A?
= < lPQ, WQ(x1X[s|,11]®f1)"' WQ(an[S",T"] ®fn) tPQ> (3-1 1)

exists uniformly for x,..., %X S1,..-sSw T1,..., T, in a bounded set of R.

Proof. By the CCR and (2.6) it follows that

T1/A2 Tn/A2
<¢Q,W<x1/1 { S,,fldu>-~W<x,,/1 { Suf,.d“)‘pg>
S"l

S1/A2
Tj/A2 Ty/A?
=exp<—ilm Y xxAt | j(Sulfj,Susz>du1du2>.

12j<ksn 5,42 Sifa?
1
-exp| —=
2;

and by Lemma (3.2), as 4 — 0, this tends to

=
Do
N
=
~.
%

T,/A? Ti/A?
X | <Su1fj7QSusz>du1du2> (3.12)
1 S,/22 Si/A?

€Xp< —ilm Z xjx,, <X[SjTj]’ X[ska]>'(fj|fk)>

15j<ks=n

] n
'CXP( _E Z xjxk<X[szJ]’ X[sk’rk]>'(fjlfk)Q)
jk=1

= < lPQ, WQ(X1X[51,T,]®f1)'” WQ(an[s,,,T,,] ®fn) lPQ) (313)
uniformly for x,,..., XpsS1seeesSp I1,..., T, in a bounded set of R.

Corollary (3.5). In the notation of Theorem (3.4) and (2.10), for each neN and for
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each f, 5,9, -9,€K, the expression:

by/a2 T1/22 Tn/A2
<W<)v f S,,fldu)(DQ,B(l | Sugldu>---B<l | S,,g,,du)

ay/A? S1/42 Sn/A2

by/A2
~W(z s, fzdu>~<DQ> (3.14

az/A?
converges as A—0 to

< WQ(X[a,‘bl]®f1)' (PQ’B(X[s,,Td@gl) "'B(X[s",T,J@gn)' WQ(X[al,bz] ®f2) .{’Q>
(3.15)
uniformly for a,,b,,a,,b,,8,,Ty,...,S,, T, in a bounded subset of R.

Proof. We know from [4] (Lemma (3.2)) that the expression (3.14) is equal to

b1/A2 b2/A2
<w<z LzSufldu><DQ,W</l LZS,,fzdu><DQ>-P,,(s‘l",...,sff),t‘l’l"z,...,tﬁfll’"),
(3.16)

where P, is a polynomial in the variables:

ba/i%  T,/A?

bi/A2  T,/A2
s?’:iRel:iZ [ ds | dt<S,f»,0S8g;>—2* | ds | dt<SSf,,QS,gj>]

ax/A? Sj/A? ay/a? S;j/A2

. RS IV
+llm[i [ ds | di<S,f5,S9;>+4* [ ds | dt(SSfl,S,g])]; (3.17)

a)i? S,)A2 a)A2  S,)az
Thl/A2 Tj/ll Th/A2 Tj/lz
th=ReA* [ ds | dt(S,9,,08,9;>+ilmi*> | ds | dt(S,9,Sg;>. (3.18)
Swiz  Sja? Swi2 SR

The polynomial P, is of degree n if the variables s are considered to be of
degree 1 and the variables tﬁ}“ of degree 2 and universal in the class of quasi-free
representations. By Lemma (3.2)
lim P,({s®*}, {'tﬁj’ )= P,({s:}, {t:;})- (3.19)
A=0
Therefore, using the result of Theorem (3.3) to control the scalar product in (3.16)
and Lemma (3.2) to control the limit of the variables (3.17), (3.18), we obtain, using
again Lemma (3.2) of [4], that the limit of (3.16) for A -0 is equal to (3.15). In the

rest of this paper we shall always consider the case Q =1 and we shall simply
write @ for @,

4. Estimate of the Negligible Terms: The Fock Case

The next step in our program is to estimate the asymptotic behaviour, as 1 —0,
of expressions of the form

T1/A2 T2/42
<u®¢<l | Sulfldu1>,U§/‘,{2-v®d)<l | Suzfzdu2)> (4.1)

Si/a? S2/A2
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with u,ve#’y, S, T,,S,, T,€R, S;< T, f,f,€K, ie. of matrix elements of the
time-rescaled intersection cocycle U/}, with respect to pairs of collective coherent
vectors times some vectors u,v in the system space. Using the iteration series
(2.15), this leads to estimate terms of the form:

t/A2

1 th-1
A fodey fdty- | e,
0 0 0

T1/22 T2/22
‘<u®¢<l ] S,,lfldu1>,Vg(tl)---Vy(t,,)v®¢<l [} S“Zfzdu2>> 4.2)

S1/A2 S2/22

witht=t,=2t,=2--2t, and

Vit)=iD®A"(S,g)— D" ® A(S,9))- (4.3)

With the notations
Dy=-D* D;=D 4.4)
A°=A4; A'=A4" 4.5)

one obtains:

Vg(tl). Vg(tZ)'” Vg(tn) = Z inDe; '“Dsn®Ael(stlg)“'Asn(St,.g)’ (4'6)

E=(E1yunny en)e{0,1}7
and this leads to the problem of estimating matrix elements of products of the form
A%(S,,9)--- A™(S,,9) (4.7)

with respect to pairs of collective coherent vectors. To this goal, we introduce now
some notations which shall be used throughout the paper in the following.

For given neN and ¢€{0,1}", let k = k(c) denote the number of ones in the
n-tuple ¢=(gy,...,¢,), i.e. the number of creation operators in (4.7), and let
(ji-- -5 Jx) E(1,...,n) be the ordered set of the indices of time in (4.7), corresponding
to the creation operators.

Lemma (4.1). Any product of the form (4.7) can be written as a sum of two terms:

A(S,,g)-- A(S,9) =15+ 11 4.8)
with
k A(n—k) m
L= % Y [1<5,, .9.5,.9>
m=0 1S < <rm=sk a=1
0.j1secsdicd Olry = Lovoisdrm — 1}= &
I1 A(S,,9) I1 A(S,9) (49a)
Je{itse., Jik} = {dryseees Jrm} Jje{l,..., n}—[{jt,..., Ji} Uljry — 1,00, Jrm—1}1
kA(n—k) ’

m=y Yy I1<S,,.9.8:.,9>

m=0 (q1,p1,---Gm,Pm) a=1

11 A*(S,9) I1 A(S,9) (4.9b)
Jeljts i — g1, 0qm} Je{l,emt = [{J1se i UiPLs. o Pm}]
where, by definition, [1°_ | = 1 and, where the symbol Y denotes summation

(41,P1,---,9m;Pm)
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over all the 2m-tuples (1, P15 - - > Qs Pm) Such that for all 0, f=1,...,m
Pu#Ppdp a7 dp (@ F# B Pa<qy (4.10)
and for some o
9da—PaZ 2. (4.11)
Notice that possibly by renumbering the pairs (p,, ¢,), one can always assume that
41 <q, < <(qp (4.12)

Remark that {q,,...,q,} respects, as a set, with {j,,...,j, } and {p,,...,p,}
with {j,, —1,..., j,, — 1}. They differ only in the order. However, from (4.9b) it is
clear that the indices p,, q, enter only in the product of scalar terms, so that the
order is not relevant.

Proof . In the above notations one has:

A*(gy)--- A™(g,) = "'A(gj,,-1)'A+(gj,1)”'A(9j,m—1)‘A+(gj,m)”'
= "‘(A+(gj,,)’A(gj,,—1) +<Gj,,~1595,, )
(A™(g;, ) A, -1)+<Gj 1295, 0) " (4.13)

where the dots stand for products of creators or of annihilators not containing
terms of the form A(gjrj_l)-AJ“(gjrj). Expanding the products in the right-hand
side of (4.13), we find an expression of the form

) ( [1 <gj,,_1,gj,,>>< [ (---A(gj,,-l)-A+(gj,,)~--)), (4.14)
F c{1,....m} \ aeF ae{l,..., m}—F

where the sum runs over all the subsets F of {1,...,m,} and the product of operators
is meant of increasing order from left to right. The products of creators and
annihilators appearing in the sum (4.14) have the following property: either they
are in Wick ordered form, or they are not Wick ordered, but in this case they
contain a term of the form A(g,)A*(g,), such that ¢ —p>2. For this reason
in bringing to normal order the products in (4.8), only two kinds of terms will
appear

(i) The sum over all the terms in (4.14) which are already in normally ordered form.
(i) The sum collecting all the terms which contain at least one commutator of
the form

[A(gp) A (9)]=<gpg,> Wwith g—p=2. (4.15)

The terms of type (i) are those we denoted by I? and the terms of type (ii) are
those we denoted by II}. To complete the proof of the identity (4.9), we note that
since the indices j,,,...,j,, label pairs of annihilation—creation operators, the
number of these pairs is less than or equal to the total number of creators or
annihilators, i.e.

m, <k A(n—k) < n/2;

moreover, due to the meaning of the indices r,, it follows that for all indices m, in
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both sums (4.49a), (4.9b) such that m > m,, one has necessarily

{Jpeods =L, — 1} # D,

hence in the first sum of (4.9a) the terms with m > m, give zero contribution.
Finally, also in the second sum the index mis < k A (n — k) since the appearance
of a scalar product implies that one creation and one annihilation operator have
been eliminated.
Now, we begin to estimate the terms of type II

Lemma (4.2). Denote

th-1

t]A2 ty m
Ai:},)n= AT I dt, jdth .[ dt, H KStpjg’SthgM
0 0 0 j=1

T/ A2

A § 1SS0 Sug > lduy (4.16)
ke(l,....,n} ={P1,g1,.-esPmigm}  Si/A?
with n,keN, m=0,...,n/2,S,...,8, T1,..., T, t, A€R, f,,..., fi.g€K, and for any
choice of p1,...,Pmsq1s---»qm€{1,...,n} such that the conditions (4.10), (4.11), (4.12)
are fulfilled, then

n—m_,m,n—m
"Ml

AN < (4.17)
’ (n—m)!
with
cl=j}<g,sug>|du’ (4.18)
R
c;= max [I<f,S.g>ldu (4.19)
h=1,..., k R
uniformly in A€(0, + o00). Moreover
lim A{P =0. (4.20)

A0

Proof. With the change of variables v, = u;, — t;, the quantity A{" becomes

t/A2 ty th-1

lzn_zm j‘ dtljdtz..- j dtnl—[ |<Sfpjg’Stq.ig>l
0 o 0 =t

Tw/A2 —tx

§ l<fk9Svkg>|dUk, (421)

ke(l,....,n} = {P1,q1s...s Pmsm) Sk/A%—tx

hence, with the further change of variable s, = A%t (k= 1,...,n), one finds:

1 t St Sn—1 m
A(r:,)n = E'Idsl j.dsz y dS,, 1_[ |<g’ S(sqj‘sm)/)~2g>|
Amo o 0 i=1
(Tk — sx)/ A2

f |<fksSukg>ldvk

ke(1,...,n} = {P1,41,-...Pm:@m} (Sk—5K)/22

Sn-1t

1 t st m
éc;‘zm'ﬁ'fdtl jdsz“' I ds, Hx <9, S(sqj—s,,)/pgﬂ- (4.22)
o o0 j=

0 i
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Now we do the change of variables

Sq, = Sp, =1q; j=1,...,m, (4.23)
Sy=t, a#q, j=2,....m (4.24)
The right-hand side of (4.22) then becomes:
lgy -2 tg1-1~1p,y tqy tip, tam -2 tam-1"1pm
C; am. 2m jdtl .‘ dtql -1 dt‘ll dtqn +1°"" .‘. dtqm—l dtqm
A 0 “Ipy Y “lpm
tamtipm tgm +1 th-1
j dtqm+ 1 I dtqm+2 j dt ﬂ |<g’ tq, /129)’ (425)
0 0
where
Ly -1 if g,—1 i
t;,«-1={ v LT T (4.26)
[ S S if gj—1=q;_,
The further change of variable
t,h,/,l2 =R, (4.27)
brings the expression (4.25) to the form:
t tgy-2 (tg1-1—1p)/22 A2Rgy +itp, tam=-2 (g -1~ 1p,,)/A%
;_Zm'.(dtl”' I dtlh'l dqu dtq1+1"' J- dtqm—l
o 0 —tp,/A? o] (] —tppml A2
AzR‘lm""Pm tllm+ 1 th-1 m
'dqu j dtq,,.+1 .( dtqm+2"‘ J. dr, l—[ [<g, SR.,J‘I>|' (4.28)
0 (4] 0 j=1

The crucial remark is that t; _, —t, <0.Infact,ift; _, =1, ie g;—1>¢q;_,
then this is clear, while 1ft ai-1=tg, Tl o ie.q;—1=gq;_, then, p;<q;_, —1

and
Ly -1 lpy=tg  titp =1, Sty 1 —1, S0 4.29)

Since R, =(t, _, — t,)/A* 20 it follows that 0< A°R, +1, < t, ;- Hence the
expression (4.23) is majorized by:

5 t 1g; -2 (tgy -1~ 1py)/A2 g1 -1 lgm-2 (tgm-1—tp)/A%
Cg m‘j‘dtl'“ j dt‘ll_l j thIl j dtq|+1"' I dtqm*l dqu
0 (] —tp/A? [ 0 —tp/A?
tam 1 tqm+1
j dtqm+1 j j dt nl(gaSng>]
0 0 ji=1
5 1 Igy -2 tgy -1
=c) m.c'{"jdtl'” j dtth‘l .f dtql"'l'”
0 0 0
tgm -2 tgm—1 tg,t1 [n—m
[ odt, | dtg.y | dig,. j dt, = ¢t 2mcm . (430)
0 0 0 (n—m)
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and this proves (4.17). Finally, denote

ji=min{op, <q,— 1}
ifg;—1>gq;_,,then Lo, -1ty =141 —t, <Oalmosteverywhere;ifq;— 1 =¢q;_4,

then by the definition of j one has p;_;=q;_,—1, so p;<q;_;—1 and

L, -1 L Sty -1 — 1, <0 almost everywhere. Moreover since t—<{g,S,g> is
bounded the expressmn
m (tg,-1 z,,j)/}.2
IT | K9Sk, 9)ldR,, 4.31)
i=1 —tp,/a?
tends to zero, as 41— 0, almost everywhere in the variables ¢,,t, _;, hence by

dominated convergence the left-hand side of (4.22) tends to zero as A—0 and this
implies (4.20).

5. Uniform Estimates: The Fock Case

Throughout this section, we shall use the notations introduced at the beginning
of Sect. 4 and in Lemmas (4.1) and (4.2). In particular, expanding the product
V,(ty)--- V,(t,) using the notations (4.3), (4.4), (4.5), we obtain

"D, -+ D, A*(S,,9)--- A™(S,,9)

E=(E1yeens £n)e{0,1}7

= ) i"D, - D, A*(S,,9)--- A™(S,,9), (5.1)

k=01Zji1<-<jr=n

where ¢=(g,,...,&,) is uniquely determined by (j,,...,j;) and the sum over
G- j) S(1,...,n) is extended to all the ordered subsets of {1,...,n} of
cardinality k (remember that the indices (j,..., j,) label the creation operators).
Now, for each e€{0, 1}", Iet (j,,- -5 J,,) € (j1o---» ju) E(1,...,n) be as in (4.9a). Since
the correspondence between the ¢ and the (j,,..., j,) is one-to-one, we can use the
notation

D . 'De" = D(jly">,jk)’ (5.2)
where (j,..., j,) corresponds to & =(e;,...,¢,) in the way indicated above.

Theorem (5.1). For each neN, u,veH, fi, f,,geK and T,,T,,8,,5,€R (§;= T)),
the limit, for 4 —0, of the quantity

81‘

Ty/A2 ) /A2 1 fn-1
<u®W(A | S,,fldu>~¢>,/1" [ deyfdey-- [ de,Vy(t,) V,(ts)- V2,
4] 0

S1/A2 0
T2/A2

~v®w</1 | s,,fzdu)~a>> (5.3)
S2/42

exists and is equal to
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kA(n—k)

n
in
L2 ) ) i"Cu, D,
k=0 1=j1<-<jkrsn m=0 1Sri < <rm=sk
{0,j1,e sk} N ey = Loy = 1} = &

O0StnS-Stj, +1S85,, Stjy 1SSt +150, Stj, ~1SSt15t
R R
ddty-edty, _ydiy Aty gy oedt, _odE, dt et

H X[s,,r,](tj)'(fdg)k_m

Jetitsesdicd = Ury, e jirp)

.....

]X[sz,rz](tj)'(mfz)"_k-m'(g]g)'t

Jell,my =ik Oliry = Lijirg, — 1)

< W(X[s,,n]®f1)' ¥, W(X[sz,rz]®f2)' ¥ (5.4
where, by definition
0

(glh)-= | <g.8,h>du, (5.5)

the symbol f; means that the variable t; is absent and ¥ is the vacuum vector of
I (LX(R,dt;K ).
Proof. Expanding the product V(t,)---V,(t,) and using (5.1), (5.2), the scalar
product (5.3) becomes

t/A2 ty

C th—1
Z Z iﬂ(u,D(jl MU)-,{n £ dtl(j)dtz“' ({ dt,

k=0 15ji<—<jesn
T/A2 T2/A2
< W(l | S,,fldu>-d>, A“(S,,g)-uAs"(S,"g)W(/l | Sufzdu>-<1)>. (5.6)
S1/A2 S2/A2
Now, according to Lemma (4.1), the expression (5.6) can be split into two pieces
I(n, ) + 11 (n, 2) (5.7
with

n k A(n—k) ’

Ilg(n’}“)= Z Z in<u’D(.i1 ..... jk)v> Z Z

k=015j1<--<jksn m=0 (q1,p1,..., qm,Pm)

t/A2 t th-t

A fdey fdtyee | ode, [14S, 9.5, 9>
0 a=1

0 )
T1/A2
H A j <Su,f19st,g>duj
jetjt. ik} —{q1s....qm)  S1/A?
T2/A2
A 5 <Sz,gasu,f2>d“j
Jetl,..., n =1, jidvip1,..., pm}]  S2/A2

T1/A? T2/A2
-<w(a ] Sufldu><D,W</l i Sufzdu)tb> (582)

S1/A2 §2/A2



556 L. Accardi, A. Frigerio and Y.-G. Lu

and

Ig(n,l)=kz > <Dy, - gb>

=01=ji<--<jk=n

T1/A2 T2/A?
-<W</1 [} S,,fldu>(D,W</l [} S,,fzdu>d>>
§1/42 S2/A2

/22 131 th-1 k ~r{n—k)
A { dey [diy-- | dt,
0 0

0

m=0 I1sri<--<rm=zk
0.1 ikt Olry — 1,000, irm— 1=

m T/A2
1148, .95, 9> [1 A § <y f1,S,,9>du;.
=1 J

a (1o diid = lrys-e Jrml 842

T2/A2
A (5,9,8.,f2)du;. (5.8b)
JELsee oy = [ oo ji} Oldry = Lo = 11 52/42
Using the notation (4.16), we obtain, for this piece, the estimate:

kA(n—k) ’

<y ¥ 5 Y KuDy,

k=015j1<--<jksn m=0 (q1,p1,..., qmsPm)

. <W</l TTZ Sufldu>d>, W(/lrzfz Sufzdu>(D>

Sy/A2 Sa/A2

.....

A(l)

n,m?>

(5.9)

and the right-hand side of (5.9) tends to zero, as 1 — 0, by (4.20). Hence the limit
of the expression (5.6) (if it exists) is equal to

lim I (n, ).

A-=0

And since, by Theorem (3.4), and in the notation (2.24), the scalar product of the
collective coherent vectors converges to

< W(X[slrl]®f1) lII’ W(X[sﬂ‘z] ®f2)?,>a

the problem is reduced to proving that,foreachk=0,...,mand 1 =j, <--- <j, £n,
the limit of the quantity

t/A2 t th-1 k A(n—k)
mfodey fdty-- | de,
0 0 0 m=0 15r < <rm=k
(0,1 dk ey — 1,eny irm— U=
m T/A2
) I—[ <S'J,- ~lg’S'Jr g> 1_[ A -f <S“ff"S'1g>duj
a=1 * 2 jeljtee o dikd ~Urgseeodrm) S1/42

T2/A2
LY (S,9.8,f2>du; (5.10)

Jef1,..., =1k Otie — 1,00 Jrm = 1Y 55722

as 1—0 exists and has the expression that one deduces from (5.4), (5.5). To
this goal notice that, with the change of variables u;—t;=v;, this expression
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becomes
k A(n—k) t/22 th-1

t

2n—-2

Y AT dey [dey-- | g,

m=0 1Sr < <rm=sk 4] (4] o
(0,1 siidOUry — Loisdrm— 1}=

Tx/A.z“tj

‘I—[ <Sl‘,r’-1g?sl,"_’-|g> l_I j‘ <Svjfl’g>dvj'
a=1

Jelr. it ={ryse-es Jrm) S1/22 =1t
Tz/iz—lj

I [ <9.8,,f2dv; (5.11)

Jef1,..., n =1k Ol — 1,000, Jrm = 1)1 S2/22 =1,

with the further change of variables 1%t; =s;, we obtain

k A(n—k) 2 t S Sn-1 m
l mjdsl j.dSZ"' § dS,, l—[ <g’S(s_;, —sjr _1)/42g>.
m=0 189 <--<rmsk 0 0 0 a=1 * *
(0,1 iy Nliry — 1,004 Jrm—1}=
(5.12)
(T1—sj)/a2
P . . . <Svjf1’g>dvj
Jelite it} = {rys. e Jrm} (S1=s;)/22 Je(l,oom =iy Oliry = 1,y i, — 1)1
(T2=s5)/A?
9,8,,f2)dv;. (5.13)
(S2-s5;)/A2

Now, putting

=, =S, )/A% a=1,...,m, (5.14)
ti=s; je{l,c.oony =L sinn) (5.15)
we obtain:
kA(n—k) t i 0
¥ fdi fdip- | dt; 9,590
m=0 15r1 < <rm=sk Y Y —tj -1/
£0,j1... ik} Olry — 1,000 Jrm—1}= &
A2y, g -1 Ljry, =2 0
dtjr1+1‘” 5 dt.ir'm”1 5 dtjrm<g’ Stj"mg>
o ~ iy, - 1142
lzrj,.m+!jrm—| th-1 (Tx—ll)/lz
dtfrm'*'l.“ j dt". I_I j <Svjf19g>dvj
0 0 Jelt. .o i} = {ryse-es Jrm} (S1=15)/A2
(T2—1t;)/A2
<gs Svjf2>dvj' (516)

Jefl,..., =1k Oley = 1,y — 11 (S2—15)/22

Now, as 1 -0,
0
dt; {g,S
—-Ur,f-x/,lz j’z<g ‘Jrzg>—)(g,g)— (517)
121,-,x+x,,’_, Lir,—1
dtjrﬂ_* _[ ai; 4,
o 2 3 =
(Ty—t/A2

| (SoSedddo— 1 o)) fulg) a=1,2

(Sy— 1)1
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with (g|g)_ given by (5.5). Since in all cases the convergence is dominated (due
to t < oo and (2.4)), it follows that, as 1 — 0, the expression (5.14) converges to (5.4)
and this ends the proof.

Lemma (5.2). Let f\, f5,9,t, and D be a fixed as in Theorem (5.1) and let I(n,1),
be defined by (5.8a) respectively, then

tv1y

(n/2)!

Uy, AL Nul-lolic” (5.18)

uniformly in 4 > 0, where, ¢ is a constant.

Proof. The terms of type I,(A) have the form (5.8a) and therefore they are estimated
using (5.16) which yields the majorization:

k A(n—k)

Leds % 5 5y (5.19)

=01sj1i<-<jksn m=0 1Sry< <rysk
O gt Upy = Lo, = 1} =

15} 0
fde, [dty- | dt
0

T1/3? T332 t
1<W<). | S“fldu><D,W</1 | S,,fzdu>d>>
S1/42 52/22 0

iry

-t //l
12'1”'”1.-,“ U2 0
'|<Q,S,] gyl j dej oy j dtj, 4 j dtj,ngan]r gl
ry 0 0 ‘thm*l/)‘z m

'{ijrm‘*"jr,,,'l . (T1—1)))22

[ dty, oo | e, I1 I 1KSu,f19)dv;

0 0 JEUtseeesdy = Urpseedrm) (S115)/42

(T2—1,)/A%

j |<g’Sv,«f2>|de'

Je{lomy =1, ndid Ol = Lieesdeg, — 11 (S2—1)/A2

Now, since t; e(—(1/4%)t;,__,,0),it follows that A%¢; +1t; _, <t; _; and therefore,
since n —m = n/2, the expression (5.19) is dominated by

lull-Toll-1 D I"n?2"|(glg)- 1™ 1(f1 1)~ (gl f2)I" ™

j 5 dtl“'dfj,,“'dfj,m'"dtn
0Kty - Shpp gl <S4St
" (tv MY 1)"
S full-llvfle”  max v = full-llvlle (5.20)
osmzn2(n—m)! (n /2)-
and this proves the lemma.
Lemma (5.3). There exists a constant C, such that for each neN,
tv 1)
I, (n, )] = O Y r (5.21)
(Lzn])!
Proof. From (5.9) we have that for each neN,
n k A(n—k) '
[11,(n,A)| < Z Y Y Y A, (5.22)

=01Zji<-jxsn m=0 (p1"qi,....Pm:qm)
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where c5 is a constant satisfying:

IDI-(Lv full-lol)=cs

and where y has been defined by (4.10), (4.11), (4.12). From this definition,

(P1:q1,eeey Pm;qm)
one easily verifies that the following identity holds:

> = X ) 62

(P1,q1,-esPmsgim) 41< - <qm (o). c{l,..my—{nlk_, 0¥,
{an)ir_ | < ndk _, H{pnlyr_ I=m

where, denoting %, the permutation group on {1,...,m} and
G ={0€SL Doy <dwh=1,...,m}.

Now, fix k=0,1,...,n, 1<j, <---<j,<n, and let m < 3in, then, from (4.17) it
follows that with c,, ¢, given by (4.18), (4.19), one has:

|”g("J)|§n2'{ max (n>6'§,' max [<k><n~k>m!t"‘”—clc2 }
k=0,...n \ Kk m=0,...m/3 L\ M m (n—m)!

' n
<t v 1)"2"n?4" max - m Sc’é(lifil)'(t vl (5.24)

men3(n—m)l 3 .([§n])!'

If m=4in, then, for each fixed ¢, <--- <gq,, and py,...,p, as in (5.23), after the
change of variables A’t; = s; in the expression (4.16) for A{") we are led to estimate
the quantity:

th-1 m

t ty n
ATIN fdty fdty e dt,.HKg,quh

geFm 0 0 0 h=1

- tpq(h))/izg > | ’ (5'25)
For this goal, notice that, for each pe{l,...,n} — {p,, q,}r- ,, the expression (5.25)
is equal to:

tp-1 4 th-1

tp-2 P
dty- | di,_y | at,fde,, - | d,
0 0 0

t
iy fdr,
ge¥,, 0

O ey

=

l <g’ S(t‘lh ))/;_lg> I (5253)

“pom

h=1

where, the variable t, does not appear in the interand. Since, for any such p,
t,<t,_; =t, it follows that (5.25) is majorized by:

t ty tp-2 tp-1 th-1
ATt Z IdtydtZ"' I dtp—l J. dtp+1”' j. dt,,
oe¥; 0 0 0 0 0
LG (5.26)
=1

Repeating this estimate for each pe{l,...,n} — {p,q,}r-,, we obtain that the
expression (5.25) is majorized by:

1 131 tom-1 m
Amzmmam S Ly (diyee | dtg, ] <98 gl (5.27)
h=1

(tq, —1p
0¥, 0 0 0 R
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Here, 1 £q, <--- <q,=2m, and p,, < gq,, for each h=1,...,m. Now, for each
ce&, put

, i j=2hh=1,....m
8.,(1)={q” / (5.28)

Da(hy if j=2h—1,h= 1,...,m.

Then, ¢, is a map from {l,...,2m} onto the set {q,...,qm P1,--.,Pm} and
£,(2) < -+ <e,(2m); ¢,2h— 1) <e,(2h), h=1,...,m. Moreover, it is clear that if
o #d', then, ¢, #¢,. Identifying the set {qy,...,qmq1,-..,Pm; With {1,...,2m}, €
can be seen as a permutation on {1,...,2m} and the expression (5.27) can be
written as:

t ty tam-1 m
n—2m —2m
t Z A .‘ldtl IdtZ I dtz'" I_[ |<g’ S(!r(zm—lruh— 1))//12g>|'
€L 2me(2) < ---<e(2m) 0 0 0 h=1
&(2h—1)<e(2h),h=1,..., m,

(5.29)

To estimate the expression (5.29), we adapt to our needs an argument due to Pulé
([28], Lemma (3)). Denote 29, the set of all permutations o of {1, ..., 2m} satisfying

o()<od)<---<am); oh—1)<o(Rh), h=1,....m
for t > 0 and natural integer k, let
S® = {x=(xy,...,x)eR:t 2 x; 2 - 2 x, 20}
finally, let 29, act on R*™ by

(15 s bom) = oy s Loqam)-

With these notations, if f:R™— R, is a symmetric function, then

Z 1o2m J- f<tg(2h)_l‘2[a(2h—1))dr

a3, s(m
_ Syp— Sap—
= Yy i f(-z"——z—z—"——‘>ds
ae?9,, a(S(2™) A
—2m Son — S2n-1
=4 j f — ds (5.30)
Uaeﬁ"z’m"(sgzm)) A

because the a(S\*™) are disjoint for different 6. Now notice that, if ce29, and
7eS®™, then

Yo2n—1) ~ Tat2my _ S2n—1 " Son

12 /12

=:x,eR,, h=1,....m (5.31)

(10(2), 10(4): ceey Ta(Zm)) = (82, S4, ceey SZm) =:(yl’ ey ym)GSf"'), (532)

and therefore, under the change of variables (5.31), (5.32), the set | ) a(SP™) s

749
ae?Y,,

transformed into a subset of S™ x R" so that the right-hand side of (5.30) is less
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than or equal to:

j' f(x)dx.

S(m) Rm™ m' RT

Applying this argument to the function
109=T1 1<6.5.9)1
we obtain that the expression (5.29) is majorized by:
—Ch. (5.33)

Putting together (5.29) and (5.33), we get eventually:

kA(n—k)A1/3n k A(n—k) ’
LXCLTES D N G S " N
Jjk<n

k=0 1Sj1< - jxs m=0 m=k A(n—k) A1/3n / (P1,91,s..csPmiGm)

=

t t th-1 m
Cg—zml—zmj‘dtlj‘dtz..- g dt" n l<g,S(,qh_,ph)/Azg>|
0 0 h=1

n ([3 ]) n n 1

=S O Vi

<ol 4.34)
([3n])!

where, C is an easily estimated constant.
We sum up our conclusions in the following:

Theorem (5.4). For every u,veH,,S,,T,,S,, T,eR(S; = T)), f,, f,€K and for every
TeR, the limit

Ty/A? T2/A2
lim <u®d>(/1 [ 8.f1du), Uﬁf;zz;@dr(/l { S,,fzdu>> (5.35)

A=0 S1/A2 S2/A2
exists and is equal to

0 k A(n—k)
Z Z Z Z <u’DU1
n=01=<j1<--<jkxsn m=0 15r <. <rmsk
{0,j1,.00s Jiky ey — 1,00, Jrm—1}=Q

0st,< §1j,m+1§l S0, —1S Sty g St St g St

.....

A
.dtl...dtj,l_ldt dfh,ﬂ -dt;, _qdt, dtjrm+1"'dtn

n X[s,,rl](ta)'(flig)k—m

a&{j1seeerfic) = {rpoeeesdrm} aefl,...,n} = ({j1see i} Uliry = 1,eerfirm — 1)

Tisa ol @1 T TP (s, 1y @S P s, 1 ® S1))-(919)™ (5.36)
where, (g|h)_ is defined by (5.5).
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Proof. Expanding U}, with the iterative series one obtains a series which is
absolutely and uniformly covergent in the pair (4,t)eR, x [0, T]forany T < + oo,

T2 T2/A?
<u®¢<l [} Sufldu>,U}f;20®(D(i [} S,,fzdu>>

S1/4 S2/42

T1/A2 T2/A2
=<u,u>-<<p</1 | Sufldu>,d><l | S“fzdu>>
S1/4% S2/A2

0 t/A2 1y th-t
+ Y (=i [ dey (dty- | dt,
n=1 0 0 0

T2/

.<u® <p<x T'fz S, fldu1>, V() Vo ® <p<z fz Su, fzdu2>> (5.37)
S2/A2

S1/A2

expanding the product V(t,)--- V,(t,) as in (4.6) and using Lemma (4.1), the series
(5.37) becomes

i (= i)'I,(n, A)+ i (=i)"11,(n,A) (5.38)
=0 n=0

with I (n, 1), 11,(n, 1) defined respectively by (5.8b) and (5.8a). By Lemma (4.2) each
term 11,(n, A) tends to zero as A — 0 and by Lemma (5.3), the series Y (—iy1l o, 4)

n=0
is absolutely convergent, uniformly in A and uniformly for ¢, S,, S,, T;,T, in a
bounded set. Hence

lim Y (—iy'Il,(n,2)=0.
A=0n=0

The estimate of Lemma (5.2) shows that the series (5.37) is absolutely and uniformly
convergent for 4,¢,5,,S,, T, T, as above. Therefore the statement immediately
follows from Theorem (5.1).

6. The Stochastic Differential Equation in the Fock Case

Our goal in this section is to prove Theorem (II) of Sect. 2, that is: Q = 1, then
for each u,veH,, f, f5,9€K,5,,8,, Ty, T,€R (§; £ T;), the limit

T1/A2 T2/A2
lim <u®¢<i f Sufldu), Ug/*;zu@a)(,a f S“fzdu)> (6.1)
A—0 S1/42 Sa/A2
exists and is equal to

<u® lII(X[S‘J‘IIQ()fl)’ Urv® lII(X[SZJ‘Z]<>E.)(2)>’ (62)

where the scalar product is meant in the space H, ® I'(L*(R,dt; K,)) and U, is the
solution of the quantum stochastic differential equation

dU,=[D®dA, (t)— D" ®dA,(t)—(glg)-D*D®1dt]-U; Up=1 (6.3)
in the sense of [39].
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Notice that, by Theorem (5.4), the limit (6.1) exists.
We shall first prove that the limit (6.1) has the form

{u, G(t), 6.4)

where t—G(t)eH, is a a.e.—weakly differentiable function. We then write the
expression (6.2) in the form

{u, F(t)), (6.5)

and we show that the functions t+— F(t), G(t)e H,, satisfy the same integral equation
in Hy. The equality F(t) = G(¢t) will then follow from the existence and uniqueness
theorem for this integral equation in H,.

Lemma (6.1). There exists a a.e.—weakly differentiable map
t—G(t)eK
such that for all u,v, f,, f,€K, and for all S,,T,,S,, T, one has

T1/A? T2/A2
lim<u®¢<l | S,,fldu>,Uf/‘}zv®<D(i | S,,fldu>>

A-0 S1/A2 S2/A2

= (u,G(O). (6.6)

Proof. The limit in the expression (6.1) exists, is sesquilinear in u, v and is dominated
by |lul-||v]l. Hence there exists a contraction V, = V,(f,, f,,S8,,5,, Ty, T,):Hy— H,
such that the limit of the left hand side of (6.6) is equal to

Cu, Vo).

Denoting G(t) = V,v, one obtains (6.4). The weak differentiability of ¢t — G(t) for
teR\{S,, T}, S,,T,} follows from Lemma (5.2), Lemma (5.3) and Theorem (5.4).

In order to obtain a differential equation for G(t), first notice that, for fixed 4,
one has:

d T1/42 T2/A2
E<u®d)<l | Sufldu>, Uff;zv®¢<,l | Sufldu>>

S1/A2 S2/42

T1/A? 1
= <“® ‘D<}“ j Suf1d“>, —z'[‘D®A(S:/zzg)+ +D* ®A(S:/Azg)]

S1/42
T2/A2
-U§f31u®<p</1 ) S,,fldu>>. (6.7)
S2/42
Now we introduce the notations:
1 Ty/A2
I, =I-<u®(p<l j S,,fldu>, (D®A(S:/zzg)+)
S1/42
T2/A2
UB0® <1><1 [ s, fldu>> 63)
S2/A2
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1 Ty/A2
111=—/—{-<u®¢><1 } S,,fldu),(D+®A(S,,pg))

S1/42
T2/A?
'Uﬁﬁﬂ)@@(/{ j‘ Sufldu)>, (6.9)
S2/22

and we study separately the limits of the quantities I,, 11, as A—0.
Lemma (6.2).

ii_{r(x) L= x5, r0OU119KD T u, G(B))  ae. (6.10)
Proof. Using (6.8) we can define G,(t) by
[,= %-i :f:: {8uf158ygydu-{D"u, G;(t)) (6.11)
and, with the substitution u — t/A* = v, the right-hand side of (6.11) becomes
{D%u, G,(t))" :l—j’)/jz {8, f1dv,g) (6.12)
1=/

which converges a.e., as 1 -0, to

D" u, G(O)) x5, 1,,(O(f119) = {u, DG(®)) 15, 7,,()(f119) (6.13)

since D is a bounded operator.
Now we write the term II, as follows:

T2/A2
111=<u®<1>(1 f S,,fldu>,( 1)-(D*@1)~U§f;2-(1®A(S,,pg))

S1/42 A’
T2/A2 T1/42 1
VR (D(i [} S,,fldu)> + <u® <D<,1 [} S,,fldu), < ——)-(D* ®1)
S2/A2 S1/42 A
T2/A2
TA® A, 29)) UR10® d)(z f Sufldu>> =I1,(@) + I1,(b). (6.14)
S2/A2
One easily sees, exactly as in the proof of Lemma (6.2), that
lim I1,(8) = — 145, 7,091 f2)<w D*G®))  ace. (6.15)
A=0

In order to evaluate the limit of I1,(b), we need the following remark:

Lemma (6.3). Let FeL'(R) and let for each AeR,, G,:R—C be a continuous
function such that

sup  |G,(0)I=C (6.16)
(A,)eR+ xR

for some constant C < + o0 and

lim G,(t + A2r) = G (t) 6.17)

A—0
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uniformly for r in each bounded subset of R. Then

. 1 s—t 9
lim — jdsF<7> G,(s)=Go(t) | F(s)ds. (6.18)
A=0 0 —
Proof. The left-hand side of (6.18) is equal to:
0
lim | F@r)G(A*r + t)dr 6.19)
A—=0 —1/A2
and the statement follows by dominated convergence.
Lemma (6.4). In the above notations, one has:
lim I1,(b) = — (g]g)-<u, D* DG(t). (6.20)
A0

Proof. We consider the expression

T/A2
11,(b) = ( - %)-<Du® q></1 ) Sufldu), [A® A(S,,:9)), Uf)a]

S1/42
T2/A2
R (D(l [} S,,fldu)>, (6.21)
S2/A2
and we split the proof in two steps: first we show that
0 t/A2 t th-1
limII;(b)= — lim Y A"~ Y(—iy"~' { dt, {dt,--- | dt,.
A—0 A=0n=1 0 0 0
Ty/A2
{8,295 Sng>'<u®d><l } S,,fldu),(D+D®1)-Vg(zz)...Vg(t,,)
S1/A2
T1/A2
v® (D(i | S,,fldu)>, (6.22)
S1/A2

and then, noticing that the right-hand side of (6.22) has the form

1 t
F.(J)‘ds<S,Mzg, Ssmg>

T1/A2 Ty/A2
-<D+Du®d></1 | S,,fldu>, U§f32-0®¢(1 ] S,,fldu>>, (6.23)

S1/A2 S1/A2

and applying Lemma (6.3) with

Ty/2 T1/A?
Gl(s)=<D+Du®<D(l ] S,,fldu), U‘Sﬁz'v®¢<i | Sufldu>> (6.24)
S1/42 S1/42
Go(s) = (D" Du, G(1)), (6.25)

F(s) =<9, 5,97 (6.26)
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we find that the limit (6.23) is equal to
Q
- <D+Du’ G(t)> j. <g’ Ssg>ds’ (627)

which is the right-hand side of (6.20). To prove (6.22) we expand U, ;. in series.
Then, using the identity

[1®A(S,9), V,(t;)]1=<5.9,S,,9>D®1

we obtain
© /A2 2 th-1
I,by=— 5 2" Y=iy | dt,fdty-- | dt,.
n=1 0 0 0
n Ty/A2
Z <Sx/),lg, Srjg><Du®¢<'{ § Sufldu>, Vg(tl)"'vg(tj—l)
j=1 S1/A2

T2/A2
'(D®1)-Vg(tj+1)---Vg(t,,)'v®¢<l [ S,,fzdu>>. (6.28)

S2/A2

As A —0, the term with j = 1 in the right-hand side of (6.28) is simply the right-hand
side of (6.22). Therefore our thesis is equivalent to show that

0 /A2 3} th-1
lim Y A"~ '(—i) /j dty [dty--- [ dt,.
=0 n=1 0 0 0
n T1/42
'Zz <8129 S,jg>'<Du® (D</{ _|. S,,fldu>, Vo(ty)---Vy(ti-y)
1= S1/a2
{ T2/A2
D@V V,(tys1) Vit v® a><x ] sufzdu>>:0, (6.29)
52/42

and the proof of this relation is exactly the same as the proof of the relation (4.20)
in Lemma (4.2).
Summing up, we have shown that the limit (6.6) is a.e. differentiable and that

{u, G(t)) = lim (u, G,(t)) = <{u, G(0)) + lim i %(u, G,(s)>ds

A0 Ai=00 d

=<u, G(0)> + lim j(],1 + 11,)ds, (6.30)

A0 0

where I, and II, are bounded for (4,s)eR, x R,. So, by (6.10), (6.15), (6.20) and
dominated convergence, one obtains

Cu, GO)> = (u, G(O)) + (j} (s, 7 (119D * 1, G(5)

— Xiss. 721(9)(g1/2)<u, D G(s)> — (g19)--<u, D* DG(s)>)ds.  (6.31)

But, it is clear that, if U, is the unique solution of (6.3) and we define F(t) by (6.5),
then the function t— {u, F(t)) satisfies Eqgs. (6.31) with F substituted everywhere
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for G and F(0) = G(0). From this we conclude that, for each ¢,

u, F(t)) =<u, G(1))
and this proves the identity of (6.1) and (6.2).

7. Examples and Applications

It is instructive to calculate how the scalar product (2.5) looks like under some
particular assumptions on the “one-particle free evolution” S? and on the
covariance operator Q. We assume that this evolution has positive energy with
absolutely continuous spectral measure, i.e.

59 = | e*dE(w), (1.1)
0

{f, dE(w)g) = J ; j[(w)dw. (7.2)

Furthermore we assume that Q has the form
0= | g(w)dE(w) (7.3)
0
with ¢:[0, + c0) = [1, + c0) a continuous function. For example if, in the notations
of Sect. 2, we choose H, = L*(RY) with d = 3 and
S°=e""4; A—the Laplacian (7.4)
q(w) = coth (fw/2), (7.5)

then the sub-space K in (2.4) can be taken to consist of those functions f in D(Q)
such that fand Qf are L2(R?) n L!(R?). Defining, as in Sect. 2, for some fixed wq€eR,

S, = e”i“""S? (7.6)
we obtain

Lemma (7.1). Forall f,geK, the Radon-Nikodym derivative J ; ,() is a continuous
function, vanishing at 0 and at + co. Moreover the expression

(f19):= IR ([, 8:Qg>dt = 2mq(wo)J ,4(o) 7.7

defines a (usually degenerate) positive sesquilinear form on K.

Proof. For f,geK the integral
(f19)g(wo) = l{(ﬁ 5,0g>dt = lf(é""“"’(ﬁ 57Qg>dt

is a continuous function of w, vanishing at infinity by the Riemann-Lebesgue
Lemma. Moreover

(f19)olwo) = ]{ dt f e e0G (A 1 4(A)dA = 21q(w)J 1, o(@o). (7.8)
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Hence J ,(°) is a continuous function. Since it vanishes on the negative half line,
by continuity it will vanish at w, =0.
If S? and Q are as (7.4), (7.5), then J ; , can be computed explicitly and one finds

Iro@o) =52 | (@0, 0)*3(/ o, 0)do,_ 1, (7.9)
Sd-1)

where S“~1 < R? is the unit sphere and do,_, the normalized measure on it and,
where f is the normalized Fourier transform of f expressed in polar coordinates
in momentum space. Denoting L*(S“~ ")) the space of square integrable complex
valued functions on $“~ ! with the natural scalar product and considering the map

feL2NL'RY) > w, =f(\/wo, )EL}SU™V)
from (7.8) and (7.9) we obtain
(f19)0 = (£ 19)o(@o) = 21(e)* ~**{ forgs Guno Y 3(s1a- 12

Now we use this result to make more explicit the meaning of the scalar coefficient
(g19) entering in the stochastic differential equation (2.32). Even though Theorem
(IT) is formulated only in the Fock case (Q = 1), we deal here with a general Q. In
this case the stochastic differential equation, (2.32) becomes (cf. [5])
dU,={D®dA; ()~ D* ®dA,)—(gl9)g, D" D®1dt +(gl9), DD* ®dt}U,
(7.10)

9lo)g, = | <f,s,<Q—zii~1)g>dr. (.11)

-

with

In this case the Ito table for dA(t) is
dA,(1)-dA; (t) =2R(glg)g, dt,
dA, (1) dA,t) = 2R(glg),_dt,

therefore, separating the real and the imaginary part in the scalar factors (g(g),
amounts to separating the Ito correction term from a purely Hamiltonian term
of the form

(3(glg)g, D*D®1 +33(glg)g_DD™ @ 1)dt.

This is an operator generalization of the scalar Lamb shift. In order to see what
the scalar terms (7.11) look like under the assumptions (7.4) and (7.5), we use the
identity:
o 1
| e dt =nd(w)—i?—,
)

— o

where 2. denotes the principal part distribution, to obtain

\]
@la)gs = § di [ dwee-n(L2EL ), o) = g0 £ 1),

—i2| MJg,g(w)dw.
R 2(0 — )
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This gives the expression of the pumping rates and intensity of the energy shift in
terms of the original Hamiltonian model.
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