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1.

Abstract. We consider the Schrodinger-like operator H in which the role of a
potential is played by the lattice sum of rank 1 operators |v,)(v,| multiplied
by gtanzn[(a, n) + ], g > 0,0 € RY, n € Z¢, w € [0, 1]. We show that if
the vector o satisfies the Diophantine condition and the Fourier transform
support of the functions v,(x) = v(x — n), x € R, n € Z¢, is small then the
spectrum of H consists of a dense point component coinciding with R and
an absolutely continuous component coinciding with [g, 00), where ¢ is the
radius of the mentioned support. Besides, we find the integrated density of
states N (4) (it has a jump at A = g) and zero temperature a.c. conductivity
g,(v), that also has a jump at 1 = ¢ and vanishes faster than any power of
the external field frequency v as v — 0 and A # ¢.

Main Results and Discussion

The present work is devoted to the spectral analysis of an operator

H=—-Q2n)24+Q (1.1)

on L,(R%). Here 4 is the Laplace operator and the operator Q (a pseudopotential)
has the form

0= talv){val, (1.2)
neZd
(lvn)(val@) (X) = va(x) (0n> @),  Va(x) =0(x—n) ,
t, =tanzn[(a, n) + o], we][0,1) (1.3)
w# 43— (o n)(modl), neZd, (1.4)

the vector o € R? satisfying a Diophantine condition

(@, n) —m|>Cln| P, meZ, nezZ\{0} (1.5)

with positive constants C and f.
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On the function v(x) that appears in the definition of the pseudopotential Q
we shall impose

Condition V: v(x), x € R? is a real function whose Fourier transform

i(p) = / e eXy(x)dx, peRY, (1.6)
]Rd

is (p) = a(p?), p* = (p, p), and a real function a(u), pu > 0, is infinitely differentia-
ble on [0, o0), and for some positive g,

aw) =0, p>¢; aw>0, 0<pu<g. (L.7)

We assume that for ¢ = oo the function a and all its derivatives decrease faster
than any power of u=' when u — co.

The factor (27)~2 before the Laplacian in (1.1) is introduced to simplify many
expressions that will appear below.

We will denote by E(d/) and Ey(dA) the resolutions of identity of the operators
H and Hy = —(2m)~24, respectively; we will also introduce notations: #_ =
Eo((—00, 0)) Ly(R%), # ;. = Eo((o, ) L(IR%) and S = S(IR?) being the Schwartz
space.

Theorem 1.1. The operator H is essentially self-adjoint on S. The subspaces H#
and # _ reduce the operator H, the restriction of the operator H to #  coincides
with the restriction of the operator —(2m)™24 to # , and for dA < (g, ),

E@d)# 4 = Eo(d)# 4 . (1.8)

Thus the spectrum of the operator H on the [g, 00) has an absolutely continuous
component.

Theorem 1.2. Let ¢ > %. Then all the assertions of Theorem 1.1. are valid and,
besides, there exists such a positive number @, that for almost all in the Lebesgue
measure @ € [0, 1) the spectrum of the operator H in the (—oo, @1) is pure point,

dense and has multiplicity 1, while the eigenfunctions belong to S.

Theorem 1.3. Let ¢ < %. Then all the assertions of Theorem 1.1. are valid and,
besides, for almost all in the Lebesgue measure w € [0, 1) the spectrum of the
operator consists of point and absolutely continuous components, the point spectrum
has multiplicity 1, is dense in R and the respective eigenfunctions belong to S.
The orthogonal projections corresponding to the point and absolutely continuous

components coincide, respectively, with the projections onto # _ and #  subspaces.

It is easy to see that the operator H = H(w) investigated here, belongs to
the class of metrically transitive operators [1,2]. In this connection, it is natural
to consider the integrated density of states (IDS) N (4). It can be defined by the
formula used in the case of Schrédinger operators with a local potential [3], viz.

1
N@) = /dw Sp xtE (4, )yt (1.9
0
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where T is a unit cube and yr is a multiplication by its characteristic func-
tion considered as the operator on L(IR%). The measure corresponding to a
nondecreasing function N (1) will be denoted by N (d4). In [1-3] we proved the
equivalence of Eq. (1.9) to the definition of the same function N (4) as a limit of
similar functions for a system of infinitely expanding cubes for a fairly broad class
of operators. Here we intend to calculate this quantity for operator (1.1)—(1.5).

Theorem 14. Let 9 < %. Then the measure N (d2) is absolutely continuous, i.e.

N (d2) = n(A)dA and its density (the density of states) n(1) is determined by the
Sformula
n(4) = np(A) + x(A — @)no(4),

where the first term corresponds to the point component of the operator H spectrum

and is equal to
ny(A) = / ”@@4 LeR,
®* @)’

while the second term corresponds to the absolutely continuous component of the
spectrum of H, x(1) being the characteristic function of the [0, c0), and ny(1) =
N{(A) = n%F_l(g)A%_l being the density of states of the operator Hy. Besides if
V, is the volume of a ball of radius ¢ in R, then

j%wa=V

Theorem 1.5. Let ¢ > %. Then the measure N (dA) is absolutely continuous on the
interval (—oo, 1) with g1 determined in Theorem 1.2. The density n(1) of N (dA) is
given by the formula

A 2
w0 = [ () i+ 07ap, i<an,
R4

with the function wy(p) being determined by Egs. (1.12), (1.15).

Thus, we see that the measure N (d4) in the (—oo, g;) is due to point component
of the spectrum in accordance with Theorem 2.

Theorem 1.6. Let ¢ < % and o(v, A) be the conductivity corresponding to the opera-
tor H at zero temperature, external field frequency v and Fermi energy A (rigorously
defined in Sect.4). Then

o(v, 4) = a,(v, A) +0o(v, 1),

where the first term corresponds to the point while the second one to the abso-
lutely continuous spectrum components of the operator H. Here oo(v, A) denotes
the conductivity corresponding to the operator y(Ho — @)Ho and o,(v, 1) for A = ¢
decreases, when v — 0, faster than any power of v.

The main ideas how these facts can be proved are given at then end of this
section, while the detailed arguments are given in Sects. 2 and 3. Our present
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intention is to discuss these facts in the framework of the spectral theory of
random and almost periodic operators and from the viewpoint of the theory of
disordered systems, the latter being a branch of theoretical physics were such
mathematical studies find their applications.

Operator (1.1)—(1.7) is a continuous analog of the following finite difference
operator acting in /%(Z%):

(hp)s =Y Wamtm + g tanz[(x, n) + o]y, (1.10)

meZ4

where n € Z¢4, w, = w_p, [wa| < Ce ", C, 6 > 0.

This operator was introduced in the physical paper [4] and then studied in the
papers [5,6]. It was shown there that if the vector « satisfies Eq. (1.5), then the
spectrum of the operator & coincides with IR, is pure point and has multiplicity
1. The eigenvalues A,, m € Z%, are in one-to-one correspondence with the Z¢
points, and the respective eigenfunctions have the form

r(nm) = Qn_m(im),

where ¢,(4), n € Z¢, for every A € R decrease exponentially as |n| — oo.

In the one-dimensional case (d = 1) the absolutely continuous spectrum
component is absent for all irrational o € R.

The most natural continuous analog of the operator (1.10) seems to be given
by the Schrodinger operator with a local potential

q() =Y gty Sax—n) xR, (1.11)

neZd

where d4(x), d = 1, 2, 3, is the so-called point potential (e.g., see [7]). For d = 1
01(x) is the one-dimensional Dirac delta-function; the spectral analysis of the
Schrodinger operator in this case is reduced (by a simple trick) to the spectral
analysis of the operator k [8]. Thus, in the one-dimensional case the Schrodinger
operator with the local potential (1.11) has a pure point spectrum, while the
Schrodinger operator with the nonlocal potential (1.1) to (1.7), i.e. for ¢ < oo has,
according to Theorem 1.1, an absolutely continuous component even for d = 1.
Besides, if the nonlocality is strong enough (¢ < }t), then, according to Theorem
1.3, an absolutely continuous component is present on the semiaxis [g, c0) along
with a dense point one, i.e. these two components coexist on [g, o0).

It should be noted that in [19] a massive absolutely continuous component was
found in a high energy part of the spectrum of the one-dimensional Schrédinger
operator H; with a local smooth and quasiperiodic potential satisfying the
Diophantine condition (1.5).

Moreover, results of recent papers [20-22] show that under certain additional
conditions all spectrum on the semiaxis [1;, 00), 4; being large enough, is absolu-
tely continuous, but the low energy region [inf spec Hy, 42), Ay < 4; is pure point.
Thus, one should expect the transition from a pure point spectrum (localized
states) to an absolutely continuous one (extended or delocalized states) in the
intermediate region [4;, 4,], and the present state of our knowledge does not al-
low us to exclude mixing of these two components in the mentioned intermediate
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region!. For a local potential the mechanism of the localization-delocalization
transition is provided by quantum mechanical resonances [10, 20].

Our operator (1.1) to (1.7) shows that a nonlocality of a potential can supply
some other mechanism of delocalization and coexistence of point and absolutely
continuous spectra.

In the theoretical physics of disordered systems it is widely accepted that the
vicinity of the spectrum lower boundary of the Schrédinger operator with random
potential belongs to the point component (in the discrete case the vicinities of
both boundaries belong to this component). This part of the spectrum of random
operators was singled out and studied, on a physical level by I. M. Lifschitz [7, 8]2.
He called this part of the spectrum the fluctuation one since its existence is due
to large deviations (strong fluctuations) of the potential. These fluctuations are a
system of deep potential wells located chaotically and far apart from one another.

The potential g - tan n[(«, n) + w], n € Z2, of the operator 4 from Eq. (1.10) in
the case of the Diophantine o’s has a similar structure. Thus, it is natural to expect
that the spectrum of the operator 4 studied in [4-6] as well as the behaviour of the
respective low frequency conductivity (see [6]) model the fluctuation spectrum
and conductivity behaviour for typical random potentials in their fluctuation
spectrum (see also [11]).

An important question in the theory of disordered systems is stability of the
point spectrum, in particular, the fluctuation spectrum (the Anderson localiza-
tion) when the particle interaction is switched on. Convincing physical arguments
are known suggesting that the interaction inhibits the localization (see, e.g., survey
[12]). A well-known device in solid state physics to account for the interaction
within the one particle approximation, is to introduce nonlinear or nonlocal
terms in the Schrodinger equation (in the latter case the potential becomes a
pseudopotential which, in the general case is an integral operator). The recent
results by B.Soulliard and P.Devillard [13] brought evidence that nonlinearity
inhibits the localization. The results of the present work on existence of the abso-
lutely continuous spectrum for the simple essentially nonlocal® pseudopotential
(1.2)—(1.5), whose local variant (1.11) has a pure point spectrum, should, perhaps,
be considered as another argument suggesting that the interaction inhibits the lo-
calization and enhances the appearance of extended states even in the fluctuation
spectrum.

One should note, however, that the question seems to be not too simple, since
in accordance with the recent papers [14, 15, 18], switching on a small interaction
retains at least a substantial portion of localized states.

L1t is widely believed that for the multidimensional (d > 3) Schrodinger operator with a local
random potential such mixing is impossible and the transition region is just a point, the socalled
mobility edge [8]

2 The remarkable results recently obtained by J. Frohlich and T.Spencer and their colleagues (see
e.g. survey [10]) provided the status of mathematical theorems to many Lifschitz’s insights; besides,
they essentially extended and developed the fluctuation spectrum pattern outlined by 1. M. Lifschitz
3 We mean that the Fourier transform of the function v(x) in (1.2) has compact support [see (1.7)].
i.e., a parameter ¢ which is a certain measure of nonlocality of the potential (1.2)—(1.5), is finite and
even small
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Now we pass to the main points, actually to the algebraic essence of the proof
of Theorems 1.1-1.3. The operator will be investigated by studying its resolvent
R(z) = (H —z)~ . It will be convenient to pass from the functions y(x) € L,(R%)
to their Fourier transform ¢(p), see (1.6). Introduce the operator (Ty), = t,yn,
n € Z¢, acting in /*(Z%). Here it is also convenient to pass to the discrete Fourier
transform

Pp) =Y Py, peT,
neZ?
where T? = T = [, —1]%. The cube T will often be replaced by the correspond-
ing torus which will be denoted also by T¢. Besides, we will often identify the
functions y on the torus T with the periodic functions (-) = w(-+n), n € Z in
the entire space IR%. Introduce a linear operator (-)y giving the correspondence
between the function yw(p) and the periodic function (v)1(p):

W@ =D pe+n, peR. (1.12)

neZ?

Hence we obtain the following representation for H:

(Ho) (0) = p’o(p) + 0() T (b} (p) - (1.13)
After a simple algebra we get from (1.13)
(p) O(p) af P
R0 () = 2L - SOty () 0, g
()
wz(p) = <p2 _Z>T. (1.15)

In (1.14) w, is a multiplication operator by the corresponding function. Note that
equality (1.14) implies that the subspaces # 4 reduce H: the restriction of H to
#, coincides with the restriction of the operator —(2m)~24 onto this subspace,
hence, relation (1.8) is valid.

To define the eigenfunctions u;(p) and the respective eigenvalues A of the
operator H, we will use (1.13), whence we get

(P* — Duy + 0T uz)r =0 .
Now it is clear that the eigenfunctions have the form

(p)
=4

u;(p) = gi(p), galp+n) =gip), nelZ, (1.16)

where the periodic function g, as an element of L,(T%) satisfies the equation
T 'g; +wigs =0. (1.17)

The latter implies that A is an eigenvalue if and only if Eq. (1.17) has a nontrivial
solution. For the sake of convenience we rewrite the operator 77! + w;; to
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this end, we will introduce a unitary in #»(Z%) operator U of multiplication by
exp{—2mi(a, n)}. Then
T =il +xU)(I —»U)7!, x=e 2, (1.18)
Ue) (p) =olp—0a). (1.19)
Hence, after some algebra, we obtain (cf. [6])

T bwy=wy+i)(I—c;xV)(I —=V)7L,

_ o (1.20)
ca(p) =(wa(p) —1i) (walp) +9) .
Let us introduce the functions
f(j'a p) = IOg Cl(p) 5 (121)
fo(A) = /f(,l, pydp = i2rm(l), meR, (1.22)
T
t(h, p) = —U)"'[f(4 p) — fo(A)]. (1.23)

If the function f (4, p) is infinitely differentiable with respect to p on the torus T,
then (4, p) has the same property. It is easy to check by regarding f and t as
elements of the space 7,(Z%) and employing condition (1.3) which is important
here. Equations (1.21)—(1.23) imply

U = oD ye™® | (1.24)

where ¢; and t(A4) are operators of multiplication by the respective functions of
the arguments p. Combining this result with (1.20), we obtain

T 4w, = (wy +il)eP[I — e PDyU] e™P (I —%U)L. (1.25)
Now, let
e, =e DI —xU)7g,. (1.26)
Then (1.25) implies that (1.17) is equivalent to the equation
(I — e*PxU)e; =0. (1.27)
From here it is not difficult to see that the eigenvalues 4, are the solutions of the

equation
m(d) —ow — (o, ) =0(mod 1), neZ, (2.18)

which is obtained with the aid of (1.22). For each n Eq. (1.22) has no more
than one solution A, (so the spectrum multiplicity is 1) with the corresponding
e), = exp{2ni(p, n)}. Combining this result with (1.26) and (1.23), we get

g2,(p) = (I — xU)e' P mP) | (1.29)

84,(p) = —2i(wy, (p) — )~ exp{t(Awp) + 2mi(p, n)} . (1.30)

Substituting these values of g, (p) to (1.16) we get the eigenfunctions.
To conclude the section we would point out that technically the central point
is the proof of the smoothness of the function f (4, p).



364 A.L. Figotin and L. A. Pastur

2. Analytical Properties of Auxiliary Functions

The present section is devoted to studying analytical properties of the functions
w.(p), f(z, p), fo(z) and t(z, p). All properties of these functions important for
further analysis are formulated and presented as lemmas. Everywhere below
zeC z=1+i.

Lemma 2.1. Let ¢ > . Then
(@) Imz Imw;,(p) > 0, besides for p* < g if Imz # 0, then Im w,(p) # O.

(b) There exists a sufficiently small positive &, such that for every z from the
strip Ls = {z € €, Rez < §, —|Imz| < 8} the function w,(p), p € T, assumes
values from the following subset of C:

{I{] =2} UK, K ={/Im{| <Re(}.

(c) One may choose a continuous branch log(-) so that log1 = 0 and the func-
tion

fp) =loge,@),  cilp) = {:—j%% @.1)

is well-defined for z € Ls, p € T¢, and
f (4, p) = —2i Arccot w;(p), 2.2)

where for Arccot(-) a branch is chosen which is continuous at infinity and is deter-
mined by the relations

Arccot(too) =0, Arccot(+0) = £7. (2.3)

(d) f(z, p) is an infinitely differentiable function in A, ¢ and p in the domain
Ps =Ls x T and is analytical with respect to z € Ls:

(€) The function
folz) = / f(z. p)dp 2.4)
T

is analytical with respect to z € Ls and satisfies the relations

+Refoz) >0, if +Imz<DO,
Refo(z) =0, if Imz=0,

fo(2) = 2mim(A), m(A) = —% /Arc cotw,(p)dp, (2.6)
T

m(4), A < 8, being a monotonically increasing function of A with values lying in the

interval (—%, %) and m(—o0) = -%‘

2.5)

(f) The function m'(A) = %m(l) can be represented as

m'(}) = % / I£(4, p))*dp, A<, (2.7
]Rd
0, p) = (p)

o)+ 28)
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(8) There exists a function t(z, p) satisfying the homological equation
t(z, p) —tz, p— @) = f(z, p) — foz), peT, 29

which is infinitely differentiable in its arguments A, & and p in the domain &5 and
is analytical with respect to z € Ls. Besides, for real A,

Ret(d, p)=0, peT-. (2.10)

Proof. We will need the following representations of the function w which directly
follow from definition (1.15):

v Petn@+n?-4) . *(p + m)¢
wz(p) = %d ((p+n)2— A2+ &2 +i z (p+n)2—2)2+&2° 2.11)
(o) =2 (p) W), Wi (p) = Z ”(P +n) 2.12)

s+ (p+nC—z"
Since the function w is periodic in p, we w111 assume in what follows that
lpjl<i, 1<j<d. (2.13)

The validity of assertion (a) immediately follows from (2.11).
To demonstrate (b) we will remark, at first, that

2 , 2y . .
(p+n)° 2 max p; +n)[" = >3, nEo (2.14)
From here and from the definition of the function w(V it follows that at 1 < §,

W) <> 2R Pptn A1, 2.15)

n#=0 Z_)‘

where A4; is a constant independent of A; the boundedness of A4; is ensured by
Condition V. Introduce a pair of arbitrary (for the time being) constant § and
41, 0 < § < 01, and consider the following sets of pairs (z, p):
A, =Lsn{{z,p) :p* —A> 0},
A=LsN{{z,p) : P> — A <b1}.

Show that
Ls =UUA, . (2.16)

Indeed, let (z, p) € £ and (z, p)EU. It is easy to see that p?> — A is positive, since
otherwise p> — 1 < —§y, ie. A > 8; > 8. Hence, p?> — A > ; > 4, ie. (z, p) € A,
which terminates the demonstration of the validity of (2.12).

Let us check now, for 6 < % the validity of the relation

(z,p) € Uy = w:(p) €K, (2.17)

where the cone K is defined in point (b) of the Lemma. To this end, we make
use of (2.11) which implies

A2
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where the left inequality is obtained from inequality (2.14). It immediately follows
from inequalities (2.18) that w,(p) € K.

Let us examine the case (z, p) € W now and show that for a sufficiently
small 6

w:(p)] =2, (z, p) € A. (2.19)

Introduce the constant a; = milll #?(p) which is positive from the condition of the
P’<;

lemma ¢ > % and Condition V. Combining relations (2.12) and (2.15), we obtain
for (z, p) e Wand 6 <

cpi—1 ) ai
2 — A1 = 5 —Ar.
we(p)l > o1 +ic™ min 0°(p) — A1 = 55 — Ay

Hence, assuming that the following inequalities
0 < d < oy min{}, a1/2(2+ A1)} (2.20)

are valid, we obtain (2.19). Thus, for ¢ satisfying (2.20) both (2.17) and (2.19) are
valid; the latter relations together with (2.16) warrant the validity of point (b) of
the lemma.

In order to demonstrate (c) and (d) we make use of the obvious inequalities
for complex w:

Rew —i) w4+~ >0, if |w>1,
Imw—i)(w+i)~! <0, if Rew>0.

These inequalities by virtue of point (b) of the lemma imply the following
relations for the function ¢, defined in (2.1):

cz(p) € {Rel >0} U{Im{ <0}, A3 <lc;(p)| < A, 221)

with A, being a positive constant. Hence, the function f(z, p) can be obviously
defined by relations (2.1) from which equality (2.2) immediately follows. That the
function f is smooth and analytical in the corresponding variables in the domain
A, follows from similar properties which follow from representation (2.11). The
same properties of the function f in the domain 2 can be easily demonstrated
through multiplying both the numerator and the denominator of the fraction
defining ¢, by p?> — z and making use of relations (2.12), (2.15), and (2.20). It
remains to note that both U and A, are open sets whose union coincides with
Zs; this terminates the proof of points (c) and (d).

Examining the points (¢) and (f), note that the analyticity of the function fy(z)
directly follows from its definition by equality (2.4) and from point (d). Further
we will use the following elementary relations implied by (2.1):

Ref -Imw<0; Ref=0, if Imw=0. 2.22)

Combining this result, definition (2.4) and point (a) of the lemma, we prove the
validity of relations (2.5) to (2.8), as well as other assertion of point (¢). As to
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point (g), note, first of all, that the function t(z, p) whose Fourier coefficients
tn(z), n € Z4, are given by the equalities

ta(z) = (1 — e ™@M)71f(2),  n#0,
to(z) =0,

where f, are the Fourier coefficients of the function f, at least formally satisfies
Eq. (2.9). But, by virtue of point (d) the Fourier coefficients f,(z) are analytical
with respect to z and uniformly in z € L; decrease faster than any power of
|n|~!. Combining this result, the Diophantine condition (1.3) and (2.23), one easily
concluded that the coefficients t,(z) possess the same properties. Therefore, t(z, p)
is smooth and analytical in the corresponding variables and it satisfies Eq. (2.9).
Relation (2.10) immediately follows from (2.22) and (2.23). The lemma is proved.

Lemma 2.2. Let 9 < i. Then (a) the function w,(p) is equal to 9*(p) (p* — z)™!
inside the ball B = {p € T : p?> < o} and the zero outside the ball, i.e. on the set
B¢ =TH\B; Imz - Imw,(p) > 0.

(b) Extend the function a(u) from Condition V for negative u by the constant
a(0) and introduce the complex sets

L=L,n{Re! >0} >R,

(2.23)

L, ={c € C:Rel <o, |Im{| < Ja(Rel),
{ —u—ia(y)
{ —p+ia(p)

then the function c,(p) defined in (2.1), assumes no negative real values for (z, p) €
L x B, and for some positive constant C,

Cl<le,(p) <C, (z,p) e LxT; (2.24)

L, is an open set containing the ray (—oo, ).

1
53 <

S2for0$u$g},

(c) Let log(") be a continuous branch given on the complex plane with a cut on
the negative real half-axis, log1 = 0, then relations (2.1) define the function f on
the set L x B, outside of this set assume by definition that

f(z, p) = i{

with relations (2.2) and (2.3) being valid for any real A and @ on the torus T¢;

—n, Rez<yg 2
s, PpT>e (2.25)
n, Rez>p¢

(d) f(z, p) is an infinitely differrentiable function in the arguments A, & and p
in the internal points of the set L x T\P, where 2 = {{(z,p) : 1 = g, p* > 0},
f is an analytical function in z in the internal points of L and has a discontinuity
defined by equality (2.25) on the surface P; f(z, p) is infinitely differentiable up
to the boundary in the arguments ., ¢ and p in the domain {Rez > o} x .

(€) The function fo(z) defined on L by equality (2.4) is analytical in the inter-
nal points of the set L and is infinitely differentiable up to the boundary on the set
{Re({ > g}, satisfies the relations (2.5) and (2.6), where m(%), 2 € R, is a mono-
tonically increasing, continuous from the right, real analytical at A + ¢ function;
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here m(+o0) = +3, m(g) — m(@ — 0) = (1 — V,), where V, is the volume of the
d-dimensional ball of radius g.

(£) The function m' (1) = dm/0A can be represented as

m'(A) =n~" / i£(, p)\dp, (2.26)
p*<e
¢4, p) =b(p) (P> — A + it*(p)), (2.27)

where m'(A) is regarded as the right derivative and

[ee]

/ m (A)dA =V, (2.28)

—00

(g) There exists a function t(z, p) defined on the set L x T¢ that satisfies the
homological Eq. (2.9), is infinitely differentiable in the arguments A, & and p in the
internal points of the set L x T\, is infinitely differentiable up to the boundary
on the set {Re{ > o} x T, is analytical in z in the internal points of the set L,
is infinitely differentiable in p for any z from L, ie. including all real z; for the
Sfunction t(4, p), A € R, relation (2.10) holds.

Proof. Note first of all that the assertions of this lemma are similar to the
appropriate assertion of Lemma 2.1. The only difference is that here the functions
¢.(p), f(z, p) and fo(z) are defined on a broader, as to z, set L o IR so, thanks to
the condition ¢ < %, one can study the properties of these functions on a broader
set L x T¢. With this similarity in mind, we will skip reasoning common for both
lemmas.

Since g < %, the operator (*) in the definition on w in (1.15) may be omitted,
which immediately demonstrates point (a). Combining this with Condition V,
we obtain the following representation:

b(p?) —
—b*(Zﬂ)TZz’ b(w) = p+ia*(w), peEB,

c¢,(p)=—1, peB°, zelL.

c:(p) = (2.29)

Introducing the set L in point (b) we, having in mind to define the function
f = logc, must ensure the following: 1) L > R; 2) for z € L : z # b(w), b* (u),
u € R, and in L there exists no closed contour surrounding the points b(u)
and b*(u); 3) for p € B the function c,(p) does not assume values on the real
negative halif-axis; 4) smoothness of the function ¢ on a sufficiently broad set.
It is easy to check whether the first three requirements are met on the set L.
Smoothness and analyticity of the function c¢ in the appropriate arguments on
the set {|Im{| < Ja(Re(), Re( < ¢} x T immediately follow from (2.9). The
infinite differentiability of the function ¢, hence f, up to the boundary on the set
{Re{ > g} x T¥ follows from the inequality

2| Im b| P 2a%(p?)

2
s <@, Rez > g, 2.30
b=z Slp—g> P <@ Rer=e (230

e+ 1=
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since Condition V' implies that, when 4 — ¢ — 0 a(u) tends to zero faster than
any power of ¢ — u. Inequality (2.24) follows from the definition of the set L;
and inequality (2.30). Relation (2.25) can be easily deduced from (2.29).

As to the properties of the function fqo(z), it is smooth and analytical as well
as f(zp), the properties of the latter being valid for the former since it is defined
by Eq. (2.4); the jump of the function m(4) at the point g is calculated from
relations (2.25), whence we get Eq. (2.28).

Finally, the assertion of point (g) is proved similarly to the corresponding
point of Lemma 2.1, using point (d) of the present lemma.

3. Selfadjointness and Structure of the Spectrum

The present section contains proofs of Theorems 1.1-1.3 together with important
representations for the resolvent and eigenfunctions of the operator H.

Lemma 3.1. Let H be the operator by Egs. (1.1) to (1.7): Then HS = S and H
is a symmetric operator on S.

Proof. The Diophantine condition (1.5) implies the inequality
lt < Ci(nff + )7, neZ?, 3.1)

where C; is a positive constant while it follows from Condition V' that v € S and
Vyp €S, B> 03C(yp, B):

lon, W < Cly, B) (I + 1), neZ’. (3.2)

It is not difficult to observe that the two latter inequalities together with the
relations v, € S imply that

Op =D talvn, P €S, (3.3)
neZ4
the series being convergent in the metrics of the space S. Hence, taking into
account the obvious relation A4S < S, we conclude that H is a symmetric
operator on S that transforms the space S into itself. The lemma is proved.

Lemma 3.2. Let for a fixed z w,(p), c;(p) and t(z, p) be functions on the torus T¢
which are defined by relations (1.15), (2.1), and (2.9), while w,, ¢, and t(z) are
operators of multiplication by the corresponding functions in the space L,(T¢). We
shall assume that in the notation of Lemmas 2.1 and 2.2 z € L, if ¢ > %, and

zeL,ifo< ‘1—‘. Then the following representations and an inequality are valid:

e,V =@ EE Y (3.4)
T 4w, =w, +i)e@U —e@x)e™@I —xV)™, Imz#0, (3.5)
(T~ +w) ™ < [Colt —eRP@)71 ) Imz £0, (3.6)

where, in the case ¢ > i, C, is a positive constant independent of z € Ls, while

in the case ¢ < ;lt, if A is such a bounded closed interval that A < (—o0, g) or
A < [g, +0), then Cy = Cy(A) for z € LN {Re{ € A}.
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Proof. Equation (3.4) immediately follows from definition (1.19) of the operator
U and Lemmas 2.1, 2.2(g): To establish Eq. (3.5) one has to use (1.18) for
obtaining (1.20), exchanging A for z, and then to substitute the right-hand-side
of Eq. (3.4) instead of c,U. Since for Imz = 0 w, is a bounded operator, the
domains of both sides of (3.5) and of the operator (I —»U)~! all coincide because
of (1.18).

Finally, in order to obtain inequality (3.6) we make use of representation (3.5),
whence we obtain

(T 4+ w,) =1 —xU)e@U — °PxU) @ (w, +il)7!. (3.7)
It is obvious that
I =xU[l =2, [ —*PxU)"| =1 — eS|~ (3.3)
Besides, the inequalities hold,
lw: +)7' = 4lle: =11 <G5, |e(2)]| < Cs; (39)

the former follows from (2.21) and (2.24), the latter follows from Lemmas 2.1
and 2.2(g). Equations (3.7)—(3.9) imply (3.6) which terminates the proof of the
lemma.

Lemma 3.3 Let z assume the same values that in the previous lemma with Im z # 0,
let R(z) be an operator defined by Eq. (1.14). Then

(@) R(z) is a bounded operator and R(z)S = S;

(b) (H—=zDR(E)p =0, Vo ES;

(c) H is an essentially self-adjoint operator on S whose resolvent coincides with
the operator R(z);

(d) the spaces # 1 reduce the operator H namely

Hlp, = —(2n)24|x, .

Proof. Note first of all the following simple relations:
pi(p+1) = wi(p), n € Z' = (1)1 = (W)1Y1 , (3.10)

[ieonwiar< [ (T e+ nF) (Zivw+nP)dp
J J (4 n

< sup(IgPy(p) / o (p)dp. @3.11)
peT R

Then the boundedness of the operator R(z) immediately follows from Egs. (3.11),
(3.6), and (2.5). Choose an arbitrary ¢ € S and consider R(z)¢. The first term in
(1.14) obviously belongs to S. To establish the same for the second term, make
use of (3.7) and note the validity of the following relation:

VoesS (T +w,)™! (p;’“’ ) € C*(T), (.12)
- T

z

which follows from the identity (w, + i)' = Jic, = § exp{f(z)} Lemmas 2.1, 2.2
(d.g) and Eq. (2.5). It is obvious that v € S, so, because of (3.12) the second term
in (1.14) belongs to S, hence, R(z)S < S. Point (a) is proved.
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The assertion of point (b) of the lemma is checked directly, by using point (a)
and Eq. (3.10). Points (b) and (a) immediately imply that (H — zI)S = S, whence
it follows that the operator H is essentially self-adjoint on S, [16]. Combining
this assertion and (b), we easily obtain the validity of the second assertion of
point (c).

Finally, to prove (d) from (a) to (c), it suffices to make sure that the spaces
# 4 coinciding with the functions from L,(IR%) with supports in the sets
{£p* > +o} reduce the resolvent R(z) and its action on #, coincides with
that of the operator (—(21) 724 — z)~!. The latter assertion can be easily deduced
from representation (1.14) and Conditions ¥ which completes the proof of the
lemma.

This lemma obviously implies Theorem 1.1.

Lemma 34. Let 9 < % and M = (—%, m(p — 0)) U [m(o), %], where the function
m(A) was defined in Lemma 2.2(e). Then

(a) the set of eigenvalues of the operator H coincides with the set of solutions
of Eq. (1.28), the latter having exactly one solution for each n if

(0 n) +o € M(mod 1), (3.13)

and no solutions if (3.13) does not hold;
(b) for each n satisfying relation (3.13) there exists the eigenvalue A and the
eigenfunction u, of the operator H, such that

m(A,) =w + (o, n) (mod 1), (3.14)
A A2 —1
u;,(p) =pzv(_p)/1n (=29 (pg%p;.n — i) !l P) p2mi(n, p) (3.15)

with u;, € S.

Proof. Assume that 1 and u; € L,(IR?) are eigenvalues and eigenvectors of the
operators H, i.e. Hu; = Au,. The latter equality, because of the preceding lemma
is equivalent to the equality R(z)u; = (4 — z)luy for every z € LN {Im{ # 0}.
This equality, using (1.14) and some elementary algebra, can be rewritten in the
form

ui(p) = 6(p) (> — N '2a(p), (3.16)
2(p) =~ —2) (T +w) ' 60) 0 — 2w ()1 (3.17)

Let us show that
wigi, g, T 'gi€ LyT). (3.18)

Indeed, by multiplying both sides of Eq. (3.16) by #(p) and applying the ope-
ration (*) to the result, we obtain, on taking account of (1.15) and (3.10), that
w,g, = (vuy)T. Hence, on using inequality (3.11), we obtain that ||w;gll,m <
m?x [6(p)| lluzll L,qre)- But the norm of the vector u; has been assumed to be finite,

hence, w,g, € Ly(T). Further, let us consider Eq. (3.17), noting that the operator
(T~ 4+w,)~! because of inequality (3.6), is bounded, so the vector acted upon, by
virtue of (3.11) belongs to L,(T). Therefore, g; € L,(T). That is why Eq. (3.17)
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implies that (T~! + w;)g; € Ly(T), whence, since the operator w; is bounded,
T~'g; € Ly(T).

If one substitutes now expression (3.16) into Eq. (3.17) and, using relations
(3.18), carries out some elementary transformations, one gets Eq. (1.17). Let us
introduce the vector & = (I — »U)™!g;, which by virtue of (3.18) belongs to
L,(T). Having applied the bounded operator (w; + il)~' to both sides of Eq.
(1.17) and using the obvious boundedness of the operator w;(w; +il)~! we easily
get

(I — (w, —il) (w;, +i)"1xUle, = 0. (3.19)

Combining this equality with Egs. (3.4) and (2.9) at z = 1 we obtain equality
(1.27), whence, by the same reasoning as in Sect. 1, we get 4, and u;,. The latter
belong to the set S N s _, which follows from representation (3.15) and Lemma
2.2. Tt is not difficult to check with the aid of Egs. (3.16), (3.17), (3.19), and (1.17),
that they are eigenvalues and eigenfunctions. The lemma is proved.

Lemma 35. Let 9 < %. Almost everywhere in @ € [0, 1) with respect to the
Lebesgue measure the eigenfunctions of the preceding lemma form a basis of the

space H _.

Proof. The functions u;, being the eigenfunctions of the selfadjoint operator H,
are mutually orthogonal for various n. By normalizing them, we will introduce
the functions

iia(p) = s, (p) luz, | "
(1 () 3£ (Any p)e‘nD2mi0:0). (3.20)

Here we have used representation (1.30) and relations (2.10), (2.26), and (2.27).
Let us introduce the projection-valued function

Fp(A) = Y litn) (finl, (3.21)

In<A

where |ii,) (iI,] is an orthogonal projection onto the appropriate vector. #p(4) is,

obviously, a nondecreasing function of 1 generating a projection-valued measure

that will be denoted as .#,(d4). We will choose an arbitrary ¢ € J#_ and, having
1

introduced the notation [...dw = (...), we will investigate the nondecreasing
0

function

(@, ZD@)) =D (a(n)l(@, in)) (3.22)

n

with y; being the characteristic function of the interval (—oo, ). Consider a term
with the subscript n in the last sum and note that, because of representation
(3.20), the dependence i, on the parameter w is realized via the dependence of
the eigenvalue 1,(w) on w. Here Lemma 3.4 implies that if («, n) + w€.#(mod)
then the function i, (w, p) “disappears” from the set of the eigenfunctions of the
operator H. It means, bearing in mind the right-hand side of Eq. (3.22), that for
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such w’s (o, ii,) should be set to 0. This remark, combined with Eq. (3.14) and
equality (3.20), yield

A
1
(e m)P) =5 [ G

—00

. 2

XA/¢*@)mm%mrﬁfu@mém”““““aa.
R (3.23)

This relation together with (3.22) yield
A
(@200 = [ du [1o” 01t pidp (324
—0 T

[in obtaining (3.24) we made use of (3.10) and (2.10)]. Equation (3.24), since
o < 1, yields

((pFp(dA)g)) = /If/)(p)l2 \¢(2, p)Pdpd2, ¢ € H- (3.25)
B

with B = {p* < o}. Now let us investigate the nondecreasing function N (4, ¢) =
((p, E(A)9)), ¢ € #_, and the corresponding measure. Note that if z € LN
{Im{ > 0} then

(R(2))0) (p) = o) ) 1 (ﬁ(p)w(p)> . (326)
T

pPP—z pP—zw(p)+i\ pP*—z

This equality follows from representations (1.14) and (3.7), since relations (2.5)
allow to expand the operator (1 — e/@xU)~! in ¥ = e 2" and the result of
applying the operation (... )t will be the same as if we just set x = 0. Equation
(3.26) implies that

Im@mwm=/@MW—ﬁﬂm%wa(ﬁ’)m+w1
% p-—z/)1

z

- / dpRe(pz)—-z)‘l-Imﬁq)*( s ) (W, +i)7".
2 pF=z/r (3.27)

Set z = 1 + ie and tend ¢ to zero. The first integral in (3.27) will tend to zero
since the second factor of the integrand equals 0 at z = A + i0. Thus, after some
algebra and taking account of the smoothness of ¢ and Conditions V, we will
deduce from (3.27)

tmie. (R6+0)0) = [|(7%;)
T
T

Having used the inequality ¢ < % and equality (2.27), we shall get

2
(w?+1)"dp. (3.28)

Im(p, (R(A+i0))¢p) = / ¢ PP lo@)Pdp,  A€R, @eSNnA#_. (329
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(oo}
On the other hand, since (¢, (R(z))p) = [ (A —z)7'dN (4, @), we shall get
—o0
1 . 0
n Im(e, (R(A+i0))p) = N (4, 9) (3:30)

almost everywhere in the Lebesgue measure. Since, according to (3.29), the left-
hand side of Eq. (3.30) exists and is bounded at 1 € IR, the measure N (d4, ¢) is
absolutely continuous [16] and

N (d4, ¢) = (o, E(dA)9)) =/|5’(/L P le@)’dpdi, @eSNA-. (331)

Denote an orthogonal projection onto s _ by # and note that since @, € #_,
than £ (1) < 4. Besides, it is evident that

F,(dA) < E(dA) and SE(dA) = E(dL).S,

since o _ reduces the operator H. The above reasoning together with Egs. (3.25)
and (3.31) yield that (#,(d1)) = (E(d4).#) and, therefore, for almost all w’s,

(@, di) = E(w, dA).7 . (3.32)

This equality means, in particular, that for almost all w’s .#,(w, ) = .#, i.e. the
eigenfunctions u,, form a basis of the space #_. The lemma is proved.

Remark. In the course of writing this article the authors found that the proof of
completeness in their article [6] has a gap. Nevertheless, the complete proof can
be constructed out of assertions contained in [6]. To be exact, the completeness
of the eigenvectors for almost all w’s can be proved either as in Remarks in
[6, p. 415] or as has been proved above. The completeness for all w’s follows
then from the observation that the projection P onto the space generated by the
eigenvector is strongly continuous with respect to w, i.e. s — lim P(w') = P(w).
w —w

This assertion immediately follows from representation (3.59) in [6].
Lemmas 3.3 to 3.5 imply Theorem 1.3.

Lemma 3.6. Let ¢ > } and M1 = (—3, m(5)) with the function m(2) and the
number 6 defined in Lemma 2.1.

Then

(a) the set of eigenvalues of the operator H which lie in the interval (—oo, §)
coincides with the set of solutions of Eq. (1.28) belonging to the above interval,
exactly one solution corresponding to each n such that

(o, n) +w € M (mod 1) ; (3.33)

(b) for each n satisfying relation (3.33) there exists an eigenvalue i, € (—o0, J)
and an eigenfunction u,, of the operator H such that Eq. (3.14) is valid and

(p)

-1 (w2, (p) — )" exp{t(An, p) + 2ni(n, p)} (3.34)

ug, (p) = (—2i)
with u,, € SNH_;
(c) for almost all w’s (in the Lebesgue measure) the spectrum of the operator
H in the (—o0, 8) consists of the purely point component.
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The proof of the present lemma will be a literal repetition of the proof of
the two preceding lemmas except the fact that here only part of the spectral
axis coinciding with the (—oo, §) will be examined. The similarity follows from
relations (2.12) and (2.15). O

Lemmas 3.3 and 3.6 imply Theorem 1.2.

4. Calculation of Integrated Density of States and Conductivity

At first, examine the case ¢ < %. In calculating IDS of H we will use the notation
and relations from the proof of Lemma 3.5. Equations (1.6), (3.32) and (1.5)
imply that

N (%) = (Spix(E(D)SF + E(A) (I — J))ir)
= Sp ¥ (£ (D) k1 + Sp ¥rEo(DxeiT (4.1)
where y, is a characteristic function of the [, co) and the operator of multiplying

by the function y,(p?) as well. The operators (.#,(1)) and E¢(4) are the operators
of multiplying by the following functions of p:

/ e D 2e@)a— ). 42)

—00
Note that the following is valid.

Lemma 4.1. Let h(p), p € R?, be a nonnegative summable function, with h being
the operator of multiplication by this function. Then

Sp yrhiT = / h(p)dp. 43)

Proof. Indeed, Sp ythiTt = Sp XTth, the right-hand side being a nonnegative
operator in Ly(T) with the continuous kernel h(x — ), x, y € T. But, according

to [17], Sp xrhyr = fh(x — ) L=y dx = h(0) = [h(p)dp. O

Combining (4.1), (4.2) and Lemma 4.1, we obtain

N() = /du/l/(u, Pdp+ [ dp.

o<p*<i

From this equality together with Egs. (2.26) to (2.28) we easily obtain formulas
(1.7) to (1.9) which completes the proof of Theorem 1.4. Theorem 1.5 is proved
in a similar way.

Before the proof of Theorem 1.6 we will give a definition of conductivity. To
avoid cumbersome formulas we will consider a one-dimensional case (d = 1); it
is clear that the results obtained can be generalized to the multi-dimensional case
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without essential changes in the reasoning. Let zy = A+ig, zp = A+ v +ig, ¢ > 0,
v > 0, while R;(w) = R(z;, w), j =1, 2. Set

A+v

dOv, ) =—"! / (I, (p(Ri — R)p(R, — Ry)) 1)dA, (4.4)
A

where p is the operator of multiplication by the momentum p and 1 is the
function identically equal to 1. The conductivity corresponding to the external
field frequency v, to the Fermi energy A and to the zero temperature is given by
the expression

o, ) = 1351 a®(p, 1). (4.5)

This definition is based on the Kubo formula [8] derived in the framework of the
linear response theory with an additional “averaging” over the energy interval
of length v in the vicinity of the Fermi energy. The factor including the electron
charge, the Planck constant and the number = is omitted from the formula.

Reducibility of the operator H pointed out in Theorem 1.3 obviously implies
a representation of the type given in Theorem 1.6 for ¢® and, hence, a similar
representation for the conductivity o, with

A+v
O, ) = —v~! / (or (P(Ry — RO)p(Ry — RE))1)di, 46)
A
op(v, A) = 1@13)1 ¥, 3. 4.7)

Thus, one must get here an appropriate asymptotic estimate for the quantity o, as
v | 0. To this end, we will use the approach developed in [6]. Let # = (p) = e*™?.
We will denote by # the operator of multiplication by the function #(p) in L, (T).
Set S = {{ € € : |{| = 1} and consider the set # of infinitely differentiable
functions a(y, {) of the variables #, { € S.. It is well-known that the function a
belongs to & if and only if it is expanded in the Fourier series,

a0 =3 tmin™c, 48)
m,keZ
i = (2mi) / aln, O~ DD gy 49)
SixS!

and when its coefficients d,, , decrease when |m| + |k| — oo faster than any
negative power of |m| + |k| + 1. Each function a € & can be put to one-to-one
correspondence with the operator a(y, U) in L,(T) defined by the equality

an, U) =) dmn™U*. (4.10)
mk

Lemma 4.2. A set of operators of the form given by (4.10), when a runs through
& forms the algebra /. Here

Un™ =y™"U, y=e ™, (4.11)
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and if to denote (A(w))o = (°, (4)3°), then
(ar...as)o = {az...asai)o, (a®) = (a);, aj € o . 4.12)

The proof of the assertions of this lemma coincides, to within notations, with
the proof of the similar assertions in [6]. It should be noted that the algebra
considered in [6] differs from the algebra described here only by considering
the functions with exponentially decreasing Fourier coefficients (i.e. analytical in
an annulus) in the former case, while here the coefficients are assumed to be
decreasing faster than any negative power. Beside the algebra .o/ we will consider
its extension 7. Let 7, be an algebra of operators of multiplication by bounded
complex-values functions in L,(T). Then the set of finite sums of all possible
finite products of operators from &/ and /(¢ obviously form an algebra which
we will denote by ..

Lemma 4.3. If h is an operator of multiplication by the function h(p) € L,(T, then
Uh=hU, hy(p)=h{p—o0). (4.13)
Besides, if ai, ..., as € &/ then the relations (4.12) are valid.

Proof. Relation (4.13) immediately follows from (1.19); it is easy to establish
(4.12) with the aid of (4.13). O

Returning to the calculation of the integrand in (4.6) and using Lemma 4.3,
we get

(o> (P(Ri — R))P(R2 — R3)) o)
= (1% (xeP(R1 — RY)P(Ry — R3)xo)n°)
= 2Re{(1,PRiPR2¥s)0 — (%ePR1PR; Xo)0} - (4.14)

To calculate the latter expression, we shall need the following representations for
the resolvent:

R@) =" 27" —r, (4.15)

e L L (4.16)
= (1 = el U) (1 — e UY e w4 i
p—z P —z

@.17)

where, for shortness, the arguments p and z of the functions 9, t, ¢, w, fo are
omitted. Formulas (4.15) and (4.16) follow from equalities (1.14) and (3.5), while
formula (4.17) follows from (4.16) and (2.9). In the manner used in deriving
equality (3.26) we can get

A 2
_ v 1 w
<r>_<p2—z) (w+1) = wii (4.18)
1 1i
(R(2)) = . —wf”., 4.19)

p? 1

PP =) mrhmry 20

(pPRipR2) = p(R1)p(Ry) = —
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Here and further on the subscripts 1 and 2 at the functions w, ¢, ¢ and fo mean
that the arguments are z; and z,, respectively. Relations (4.15), (4.18), and (4.19)
imply

*

2 .
D 1
RipR)) =
(pRipR;) (p?* — z1) (P — 22) (Wz +i)
2
14 w1 *

— : - + . 421
P2—21) wy + i p2—z; (prlpr2> ( )

To calculate the right-hand side of Eq. (4.21) we will introduce the auxiliary
functions

+ _ 1 + _a +
b (p) = POy Ee= 5(p)bZ () » (4.22)
VEQp) = Visp) = pe @ B (p)e: ) (BH)* (p) . (4.23)

Lemma 44. Let Y5 = {{ e C:|Re{ —g| > 4, |Im{| < %a(&)}, where a is the
function mentioned in Conditions V. Then for a small enough & the functions b¥(p),
BX(p), VX, (p) are infinitely differrentiable at p € T, z, zy, z; € Ys. Besides

21,22
Wie = W, Bixg = B%, Vixg =y, (4.24)

Proof. Identities (4.24) obviously follow from Conditions V', while smoothness of
the functions b*, B* and V'* immediately follow from Definitions (1.15), (4.22),
(4.23) and Lemma 2.2. O

In particular, Lemma 4.4 implies that if the Fourier expansion of the function
V£ has the form
vE=D B (4.25)

meZ
and min{|4 — ¢, [A+ ¢ — 9|} = > 0, then for ¢ < a(d)/2 and any natural n
IBEl < C(n, &) (jm| +1)7", (4.26)
where C(n, J) is a quantity depending only on n and ¢. Equalities (4.17), (4.23),
(4.25) and (4.11) imply

A

U et (I — e’ 17 U) (I — wefor U) !

*
pripry ) =\p
(prprd) <p2_21

X V(I =% U ) (1 — U () et v *>
D —z

=2 ﬁ,;<p ;7 - Pt U wel*1y"e U) (I — e’y U) ™!
m

x (I — wLefor uha- %_lefélU_l(cz_l)*)e‘; > i *>
-
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_ b _ -
= X Bap ) ™+ (1 e
m

X (1 — o Hiaym=T(1 — () e

4.27)

2 * 0
DT —2

The latter of the equalities obtained can be derived as was done in [6] in the
similar case. If we add and subtract 1 at ¢! in the latter equality, then, by using
the identity 1 — c¢™! = —2i(w — i)™, we get

(pripry) = Bup
[1 4 ety ] L
wi—i)(w2a—1) 11— efo,1+f0f2ym p? — 22*

Combining the identity x(1 — x) = %[(1 +x) (1 —x)~! — 1] with Egs. (4.22) and
(4.23) we, after simple algebra, get from the latter equality that

o

ty,.m
e
14 Z1

*
Wi W,

D +1) (72 —z2) wa +1)
— 2p*Bf By (B} B))* + %, (4.28)
1+ efortfoaym

Thus, Egs. (4.20) to (4.23), (4.28), and (4.29) will yield, after some elementary
transformations,

¥\ 2
(pripry) =p o

Z=2) BV " (4.29)

(pRipRy) = — p’by by,
(pRipR;) =p’[by by~ — 2By B (By Bf)*1 + 2,
and further, using Lemma 4.4 and identity (4.24),
(XeP(R1 — RY)P(R2 — RY)%)0 lo=+0
= —2Re 2 li=y0 —2Re{(1o, P[b7 (b3 +b3") — 2B7 Bf (By BF) "] lo=t0 o}
= —2Re %) |imt0, (4.30)

where .

N 1+ efo,1+f0‘2ym
—ml _ ef0.1+f(:2ym '
Bringing together relations (4.6), (4.7), (4.14), (4.30) and (4.31), we get for 1 £ ¢
and v < %Il—g],

Zo=0"%2n") =) Bn (4.31)

Aty
ap(v, ) =2v7" / Re Zo(X)dA . (4.32)
A

Now we have only to note that if to use relations (4.26), (4.31) and (4.32) and
to repeat the argumentation concerning similar expressions from [6], then we get
that g, (v, A) decrease for v | O faster that any power of v. Theorem 1.6 is proved.
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