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Abstract. This completes our study of the equilibrium thermodynamics of the
Huang-Yang-Luttinger model of a boson gas with a hard-sphere repulsion.
In an earlier paper we obtained a lower bound on the pressure, but our proof
of an upper bound held only for a truncated version of the model. In this paper
we establish an upper bound on the pressure in the full model; the upper and
lower bounds coincide and provide a variational formula for the pressure. The
proof relies on recent second-level large deviation results for the occupation
measure of the free boson gas.

1. Introduction

Huang, Yang and Luttinger [1] introduced a model of a boson gas with a hard-
sphere repulsion which may be described thus: let A, A,,...be a sequence of
regions in R? with V), the volume of A,, tending to infinity with [, with each region
A, we associate the sequence ¢(1) < ¢(2) < --- of ordered real numbers interpreting
¢(j) as the j™ eigenvalue of the single-particle Hamiltonian of the non-interacting
system in the region A, so that the free-gas Hamiltonian HY is given by

HY =Y e(jni), (1.1)

iz1

where n,(j) is the occupation number of the j* level, then the Huang—Yang—Luttinger
model is described by the Hamiltonian

a .
H{*“(L=H?+—2—I;l{2N,2—jzz1 n,(])z}, (1.2)

where N;= ) n(j) is the total number of particles and a > 0. The physics of this
jz1

model was discussed by Huang, Yang and Luttinger [1] and by Thouless [2] and

reviewed in our recent paper [3]; we do not repeat the discussion here, except to

recall that in [1] the authors argued that the condensate, if any, would occupy
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the ground state and concluded that (1.2) could be replaced by

a
H! =H}+—{2N} —n(1)*}; (1.3)
2V,
this replacement leads to the following formula for the pressure:
a
P M) = sup {#Xo ~@xg = x) = flxo - xl)}, (14)

where f(p) is the canonical free-energy density of the free boson gas at density p,
given in terms of the free boson gas pressure p(u) by

f(p)=sup {ap — p(a)}. (1.5)

a<0

In [3], we gave a rigorous proof that formula (1.4) remains valid for the Hamiltonian

H™=HO + i{sz -3 n,(j)z}, (1.6)
2V j

1 j=1

where {m;:]=1,2,...} is any sequence of positive integers satisfying

lim m,/V,; = 0. (1.7)
[inded]
Condition (1.7) was imposed for technical reasons and has no physical significance.
Because of it, nagging doubts remained. Could it be that the striking behaviour
of the condensate (the Thouless effect, established rigorously in [3] on the basis of

formula (1.4)) disappears when the tail in the sum Y n(j)* is included in the
jz1

interaction? This is not the case. In this paper, we prove that formula (1.4) holds
good for the full HYL Hamiltonian (1.2).

The Hamiltonian H; is obviously an upper bound for the full HYL Hamiltonian
HPY' 50 that the result proved in [3] provides a lower bound for the pressure
corresponding to Hj'¥!:

liminf pf* ()= sup {uxo—‘z—’(zxg—xf)—f(xo—xl)} (1.8)

1= xo=2x120

In this paper, we prove that

limsup pY (1) £ sup {uxo—fz’-ax?,—xf)—f(xo—xl)}, (1.9)

-0 xo=x120

thus establishing the result

() = lim p(4) = sup {uxo—gaxé—xf)—f(xo—xl)}. (1.10)

1= x02x120

The consequences of this formula have been discussed fully in [3]. The proof is
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accomplished by expressing the interaction term

_“_{ y ,,,(j)z_lez} (1.11)

2V, (=

as a functional of the occupation measure introduced in [4]. This enables us to
write the partition function as an integral with respect to a probability measure
on the space of positive bounded measures on R,. Next we apply Varadhan’s
theorem [5] concerning the Laplacian asymptotics of integrals with respect to
probability measures on topological spaces. In this instance, the topological space
is the space of positive bounded measures on R, equipped with the narrow
topology. The essential fact, proved in Sect. 3, is that the interaction term, regarded
as a functional on the space of positive bounded measures, is upper semicontinuous
in the narrow topology. Varadhan’s theorem thus provides an upper bound to
the pressure which leads to the bound (1.9).

2. The Main Result

In the HYL model, the Hamiltonian is diagonal in the occupation number
operators; it follows that it is possible to regard the occupation numbers as random
variables rather than as operators. We shall do this. The probability space on
which we define our random variables is the countable set 2 of terminating
sequences of non-negative integers: an element w of 2 is a sequence
{w(j)eN:j=1,2,...} satisfying ) (j)< oo. The basic random variables are the
iz1

occupation numbers {o;:j=1,2,...}; they are the evaluation maps ¢;;:2—-N
defined by o (w) = w(j) for each w in . The total number of particles N(w) in the
configuration w is defined by

Nw)= Y ojw) 1

iz1

Motivated by the discussion in Sect. 1, we define, for each integer I = 1, the free-gas
Hamiltonian H? by

H)(@)= Y. L(j)oj(w), 2.2)
jz
where 0= 4,(1) < 4(2) < -+, and the HYL Hamiltonian H"¥* by
HYYw) = H)(w) + %{2N(w)2 - Y ojw)? }, (2.3)
1 jz1

where a is a strictly positive real number. Since 2 is a countable set, we may
specify a probability measure on 2 by giving its value at each point of £2. The
free-gas grand canonical measure P[-] is defined for all u <0 by

P}[w] = exp (B{ uN(w) — H}(w) — Vipi(w)}), 24
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provided Y e #4U) is finite for all f> 0. Here p(p) is the free-gas pressure given
izt

in terms of the A,(j) by

p(wW=(BV)~ " Y In(1 — P2~ (2.5)
izl
it satisfies
PVl = % exp (B{ uN(w) — H(w) }). (2.6)
we N2

The HYL pressure p}'Y:(u) satisfies, for o <0,

exp(BVip " (W) = ) exp(BVig}~*(w))exp (B{aN(w) — H{(@)}),  (2.7)

we 2
where
wag) = (g — ) @) @ @)\ _ (M)Z}
gr (w)=(u—0) v, +2{,~§1< Vz) 2 V ; (2.8)
using (2.4), we may re-write (2.7) as
exp (BVip;Y (1) = exp (BVip(@)) ). exp(BVig) (@) Pilw]. 2.9)
we N

The next step is to make use of the occupation measure L, introduced in [4]. For
each Borel subset A of [0, c0) and w in 2, put

1
Lfw:A]=- Y 0,(@)3,,,[A], (2.10)

1j21

where 4, is the Dirac measure concentrated at x so that, for each w in £, the map
A L,[w; A] is a bounded positive measure. We denote by E = .#° (R ) the space
of bounded positive measures on [0, o) equipped with the narrow topology (the
weak topology induced by €°(R.), the bounded continuous functions on [0, c0)
equipped with the norm of uniform convergence); it is the weakest topology for
which the mapping

ms(m, [y = [ f(A)m(d2)

[0,00)

is continuous for every f in ¥%(R.,). The norm ||m|| of an element m of E is given

by ||m| = j m(dA); we note that the map m+— |m| is continuous. Our aim is to
[0, 0)

bound the interaction term g4~ %w) by a functional of the occupation measure

Li{w;-]. To this end, we introduce the map S:E— R, as follows: Let P be an

ordered subset of [0,00), O=x,<x;<-:-, let A,=[x,_;,x,] and let

8(P) =inf(x, — x,_); if 8(P) > 0 we say that P is a partition of [0, c0). Let 2 denote

the set of all partitions of [0, co0); for each m in E, define S[m] by
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S[m] = inf Sp[m], (2.11)
Pe?
where
Splm] = Z m[A4,]%. (2.12)
nx1

(Using closed intervals in the definition of Sp[m] has the disadvantage that it may
introduce double counting of atoms in m; the disadvantage is outweighed by the
advantage that, as we prove in Sect. 3, m—Sp[m] is upper semicontinuous. The
double counting disappears when we take the infimum over all partitions.) For a

r

measure m whose support is a finite set a; <a, <---<a, sothat m= ) o,9,, it

n=1

isclear that S[m] 2 ) o« withequality ifand only ifall the points a, are distinct.
n=1

Define G*~*[m] for each m in E by
C_}“_“[m]:(,u—oc)HmH+§{S[m]—2|lm||2}. (2.13)
Then
G [Lfw; 112 gt %) (2.14)

with equality for all w if and only if all the 1,(j) are distinct. Thus we have

exp (BVip" (1) S exp (BVip(e) Y, exp(BV,.G* *[Lifw; 1)Pilw].  (2.15)

we Q2
Let [K* be the probability measure induced on E by L;:
K¢ =P2oL, ' (2.16)

Then (2.15) may be written as
exp (BV,pi¥ () < exp (BV,p()) | exp (BV;G* ~*[m])K;[dm], (2.17)
E
so that

(W) < pio) + EIV In [ exp (BV,G*~ *[m])K;[dm]. (2.18)
1 E

Conditions on the double sequence {4,(j)} sufficient to ensure the existence of
the limit p(a) = lim p,(a) were given in [6] and reviewed in [3]; for convenience,

1=

we restate them here. Define ¢,(f) for 0 < f < oo by

oB) = | e PiaF i) (2.19)

[0, )
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and introduce the conditions

(S1): @(p) = lim ¢,(p) exist for all B in (0, ).

[Aado]

(S2): ¢(P) is non-zero for at least one value of B in (0, o).

When (S1) holds, there exists a unique distribution function F, the integrated density
of states, such that

d(P)= [ e PdF(2) (2.20)

[0,0)

and F,(1)—> F(A) at least at the points of continuity of F. When in addition (S2)
holds, the limit p(u) = lim p,(u) exists for u <0, and p(y) is given by

1=

p(W= | p(ulA)dF(2), (2.21)

[0,%0)
where
p(plA) =B In(1 — P P)7 1, (222
It is necessary at this point to introduce a further condition on {4(j)}:

(S3): The measure dF determined by the integrated density of states F is absolutely
continuous with respect to Lebesgue measure with a density which is strictly positive
almost everywhere on [0, o). (In the standard example, where the single-particle
hamiltonian is a constant multiple of the Laplacian in A; with Dirichlet boundary
conditions on 0A, ¢g(1)<g2)<--- are its eigenvalues, A,(j)=¢(j)—&(l),
j=1,2,...,and {A;:l=1,2,...} is a sequence of bounded convex open sets in R*
which eventually fills out the whole of R all three conditions are satisfied and
F(4) = C,A%%, where d is the dimension of the ambient Euclidean space.)

The expression (2.18) suggests the use of Laplace’s method to complete the
proof of the bound for limsup p?¥*(x). Varadhan’s theorem [5] provides an

1= 00

efficient way of doing this; we use the following version of it:

Varadhan’s Theorem [5]. Let {I<;:]=1,2,...} be a sequence of probability measures
on the Borel subsets of a regular topological space E satisfying the large deviation
principle with rate-function I:E — R, and constants {V,}. Suppose that G:E >R is
upper semicontinuous and bounded above, then

. 1
lim sup v In [ "1, [dm] < sup {G[m] — I[m]}. (2.23)
-0 1 E E
Suppose that G:E — R is lower semicontinuous, then
L1
liminf —In | €K ,[dm] 2 sup {G[m] — I[m]}. (2.24)
1= 1 E E

In [4] we proved a large deviation result for the measures {I<?} defined at
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(2.16). It is best stated in terms of the rate-function
I*m] = p(@) + f[m] — a||m|), (2.25)
where p(«) is the free-gas pressure and f [m] is the free-energy functional on E, by
1 dm
fIml= | imdi)—p | | se—= J(HdF(2), (2.26)
{0,0) {0,) dF
here s is the boson entropy function defined by
1+ x)In(1+x)—xInx, >0,
s(x)={( Jin(l+) = xlnx, x (2.27)
0, x =0,

and dm/dF is the Radon—Nikodym derivative of m with respect to the measure
dF so that the Lebesgue decomposition of m may be written

m(dA) = my(d) + Z—Z(A)dF(l) (2.28)

with m, singular with respect to dF.

In the spirit of Laudau and Lifshitz [7], we may call f[m] the non-equilibrium
free-energy density of the free-boson gas; it is related to the equilibrium free-energy
density f(p), defined at (1.5), by the following result which we prove in Sect. 3:

Proposition 1. Suppose that (S1), (S2) and (S3) hold; then
f(x)= inf fIm]. (2.29)
{mabs.cts., [|[m|| = x}
In [4], we proved the following theorem:

Theorem 1. Let {A(j)} be a double sequence satisfying (S1), (S2) and (S3) and let F
be the corresponding integrated density of states; then the sequence {Kf =Pl 1
1=1,2,...} of probability measures on E satisfies the large deviation principle with
constants {V,} and rate-function

IF[m] =p(@) + f[m] —alim]. (2.30)

To apply (2.23), we must check that m— G*[m] is upper semicontinuous and
bounded above; to this end, we prove in Sect. 3 the following result:

Proposition 2. The functional S:E — R, has the following properties:

1. Let m = m, + m, be the Lebesgue decomposition of an element m of E into singular
part mg and absolutely continuous part m,; then

S[m] = S[m,].
2. For each element m of E,
S[m] < lm|%.

3. The map m— S[m] is upper semicontinuous on E.
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Notice that it follows from (1) and (2) that
S[m] < [mgl|%. (2.31)
Since m— ||m | is continuous in the narrow topology and a is strictly positive, it

now follows that m— G*[m] is upper semicontinuous and bounded above for all

values of u.
Applying (2.23) to (2.18), we have

lim sup p;™¥* (1) < p(e) + sup {G*~*[m] — I[m]}
E

1=

< pl@) + sup {(x— ) | m]| —g(2 lm* — lm, 1) — I[m]}
E

= sup {ym| - g(z Im|)2 = | my|1?) — £ [m]}. 2.32)

We see from (2.26) that, using the Lebesgue decomposition m = m, + m,, we can
write f[m] as

fim]= : | Amydd) + fTm,). (2.33)
0,)

Thus (2.32) becomes

lim sup p, YL(/4)<Sur>{ullmlf-—(ZIImHZ—Hm 1= | imfdd)— f[ma]}

1> [0, )

= sup {#HMII —g(?-ll'nllz— Hmsllz)—f[ma]}

{meE:suppms={0}}

= sup {,uxo—g(ng—xf)—— inf f[m]}. (2.34)

x02x120 {llm) = x0—x1}
By Proposition 1, this yields (1.9); putting it together with the lower bound (1.8),
proved in [3], we establish
Theorem 2. Under the hypotheses of Theorem 1, the limit
p*H(p) = lim pi""(p)

-
exists and is given by

a

P (u) = sup {#Xo - —(ng - xf) —f(xo— xl)}'
x02x120 2

Perhaps it is worth pointing out that the final result is purely probabilistic in
character; there is no topology in sight. Factoring the function g4: 22— R through
the topology space E exploits the convergence of {lK!} to the degenerate
distribution. In this connection, we describe briefly a second proof of the lower
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bound (1.8) based on a result announced in [8]: Let E be the positive cone

I = {ngO: Y x;< oo} of the Banach space I' = {xjeR: Y Ixl < oo}equipped

Jjz0 Jjz0
with the weak* —topology; let X,:2 — E be the map x, = X,(0;w) = (1/V)) Y 0;(w),
izt

x, = X,(n;w)=0,(w)/V,, n= 1, and let G**:E — R be the functional

Qu—a[x]___(ﬂ—a)xoﬁ-g{.z xf—2x§}. (2.35)
Then
gr o) = G" [ X ()], (2.36)
so that
1
P (W) = pl@) + — In [ exp (BV,G* ~[x])K?[dx], (2.37)
BV &
where
Kf=PjoX, 1. (2.38)

In [8], we stated the following

Theorem 3. Let {1(j)} be a double sequence satisfying (S1), (S2) and (S3) and let F
be the corresponding integrated density of states, then the sequence {Kf = Pfo X !:
1=1,2,...} of probability measures on E satisfies the large deviation principle with
constants {V,} and rate-function

p(®) +f<xo - xj) —axe, XoZ Y Xj,
Ia[x] = jz1 ’ jz1

} (2.39)
0, otherwise.

To apply (2.24), we must check that x+—G*[x] is lower semicontinuous; this

n
follows from the fact that x— xf is continuous and

ji=1
y x}=sup ) x7. (2.40)
jz1 noj=1

It then follows that the lower bound (1.8) holds:

lim inf pj"™" () 2 p(a) + sup {G*~*[x] — I*[x]}

= xeE

a

= sup {uxo —5<2x3 - Z Xf)—f<xo - Z xJ-)}

{xe@:xog 3 Xj} jz1 ji=1
121
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2 sup {ﬂxo “‘%(2)‘3 “'xf)“f(xo_xﬂ}-

{(x0,X1):x0 2 x1 = 0}

The strategy of the proof is summarized by the following diagram:

/\
\/

To prove the upper bound, the interaction g* is factored as G*°L, through the
space E while, to prove the lower bound, it is factored as G#° L, through the space
E. These are technical devices introduced to deal with the estimates. Loosely
speaking, the phenomena reflected in the bounds occur on different “scales”; these
are picked up, not by the scaling which is the same in both cases, but by the
different topologies.

3. The Promised Proofs
In this section, we provide the proofs, deferred from Sect. 2, of the Propositions.

Proof of Proposition 1. We are seeking to minimize f[m,], where m,(d2) = p(A)dF(4)
with p in L (R,;dF). Defined p, for u <0 by

Py = (@4 1y 3.1
and p, by

[0, ) (3.2)

{ po(A)dF(2), whenever poeLl, (R,;dF),
= 0, otherwise.

We first prove that, for x < p,, the infimum is attained by p,,), where u(x) is
defined as the unique real root of

[ p AdF(A) = x. (3.3

[0,00)

By abuse of notation, we write f[ p] for f[m] whenever m[di] = p(1)dF(2). Since
p(x) satisfies the constraint, we have

il f[p] S fTPu) (3.4)

{peL} @FYlplly=x}

To prove the reverse inequality, we write

flrl= [oj )(fp,1°p)(l)dF(l), (-5
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where
@:(0) =10 — B~ 's(0), (3.6)
and exploit the convexity of o+ ¢,(c) from which follows the inequality
Pi02) — @(0,) 2 @4(0,)(0;, — 7)) (3.7
But
P A) = p, (3.8)
so that (3.7) yields
flpl—flpd2 u{ | p()dF)— [ p A)dF (i)}- (3.9
[0,0) [0,00)
For x < p,, we choose u = p(x) to be the unique real root of
[ pAdF()=x. (3.10)
[0,0)
It follows that
SN ' B3 VP (3.12)

{peL W@Fylply =x
combining this with (3.4), we have
inf  fLp]=/TPy] X=pe (3.13)
{peL} @F)lplly =x}

In the case x> p,, the infimum is not attained; we construct a minimizing
sequence. Put, forn=1,2,...,

P™(A) = po(A) + h(A), (3.14)
where
F(—(’E% 0<a<(fn)
™M) = " 3.15
Ho) 0, A>(Bn)" 1, 319
so that
j' p™(A)dF(2) = x. (3.16)
[0, )
Now (3.9) with u =0 yields
fLp™ = fLpol- (3.17)

Again the convexity of o ¢,(0) yields the inequality

©i(03) — 0,(0;) £ @'(0,)0;, —0,); (3.18)
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but
(p;(02)=/1—[3‘11n<1+i>§/1, (3.19)
03
so that
STP™1=fTpol+ | M"(AdF(3), (320)
[0,c0)

since h™(1) =0 for all 4 in [0, o). Combining (3.17) and (3.20) and using (3.15),
we have

fTpol = fTp™I = fLpol +(x — po).(Bn) ™. (3:21)

Thus, for x > p,, we have proved that

inf  fLp]=fLpol- (3.22)

{peL} [dFT ol =x}
A straightforward calculation establishes that f[p,,]1=/f(x), x<p, and
f[p0]=f(pc)=f(x)>x>pc' I___‘

Proof of Proposition 2(1). Let m be an arbitrary element of E; given ¢ > 0, choose
L such that m[[L, 00)] <¢ and let A4,, be the set of atoms of m. Choose a sequence
{P,:k=1,2,...} of partitions such that

1
0 é S[ms] g Sﬁk[ms] é S[ms] + ;5
so that

lim Sz, [m,] = S[m,].

k=
For each k, construct a new partition P, by adding points x,, x,,... to P, according
to the following scheme: choose x; in (1/2k,1 /k)\(Amuﬁ,,), then choose x, in
(xq + (1/2k), x; + (1/k))\(A4,, uﬁk), and so on. This construction is possible because
the set 4,,u P, is countable so that, for each open interval I, the set I\(4,,u P,)
is non-empty. Denote the n™ interval of P,:0 = x% < x¥ < ... by A*. The partition
P, has the following properties:

1
0 < S[m,] < Sp,[m,] < S5, [m,] < S[m,] + p (1)
so that

lim S, [m] = S[m];

k— o0

1
d(Py) = v @
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Now we have
0=S[m]<S[m] £lim infSpk[m]

k-0

—liminf ¥ {m[A¥] + m,[A4¥]}>

k= nz1

< lim S, [m,]

k— o0
+ 5|/m|| lim sup (sup m,[A] )
k— o0 n

But
supm,[A¥] < e+ supm,[AN[0,L + 1]],

so it is enough to prove that

lim sup (sup m,[A*[0,L + 1]]) =0

k— o n

in order to conclude that S[m] = S[m,] for all m in E.
Suppose that

lim sup(supm,,[Aﬁr\ [0,L+ 1]]) =u>0;

k— o n

then, for k sufficiently large,
supm,[AXA[O,L+1]] > g,

so that there exists n, such Ay =[0,L+1] and m,[4% ]>a/2. Let x, be the
mid-point of A ; the sequence {x;:k =1,2,...} = [0,L + 1] has at least one limit
point, x say. Without risk of confusion, we denote by {x, } a subsequence converging
to x. Given ¢ >0, choose r such that x, is in [x —¢/2, x + ¢/2] and d(P,) < ¢/2.
Then A, =[x —e¢,x + ¢] so that m,[[x —¢,x + €]] > /2 > 0. But ¢ is an arbitrary

positive number, hence m, is not absolutely continuous; contradiction. []

Proof of Proposition 2(2). Given ¢ > 0, choose a point of continuity L of m such
that m[[L, 0)] <e. Let P be the partition 0 = x, < x, = L; then

Sp[m] = m[[0, L]]* + m[[L, 0)]*
=[lm|*> = 2||m||m[[L, )] + 2m[[L, c0)]?
< |Im|? + 2¢2
Hence

S[m] < Sp[m] < | m|1* + 2¢.
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Since ¢ is an arbitrary positive number, we have
Stml<|m|? O

Proof of Proposition 2(3). First notice that, for each closed bounded interval
A= [a,b], the map m—m[A] is upper semicontinuous. (This is a consequence of
the fact that the infimum of a family of continuous functions is upper
semicontinuous since, by Lebesgue’s Dominated Convergence Theorem,

m[A4] = lim {m,t,> =inf{m,t,)

n— 0 n

for a decreasing sequence {t,} of continuous “tent-functions” majorizing the
indicator function 1, of the interval A.) Now let P be a partition of [0, o0); for
each N, the map

N
m— Y m[A/}?
j=1

is upper semicontinuous. If the partition is finite we have proved that m— Sp[m]
is upper semicontinuous; suppose, therefore, that the partition is not finite so that
X, — 00.

Let {m,:r=1,2,...} be a sequence in E converging to m. Given &> 0, choose
a point of continuity 4 of m such that m[[A, c0)] <e. Then for k large enough,
k = ko say, m[[A4, o0)] <2¢ and thus, for x> 4, we have

> mk[A,.]Z_S_( ) mk[A,.]>

nzN+1 n2N+1
< dm,[[xy, 0)]* < 1682
Thus, for k = k,, we have
SplmJ< Y m[A]% + 1662,
n<N
so that
lim sup Sp[m,] <limsup Y. m[A4,]> + 16¢>

k= ko nsN

< Y m[A,])* + 16¢*

nsN
< Sp[m] + 16€%.

It follows that m— Sp[m] is upper semicontinuous, since ¢ is an arbitrary positive
number; hence m— S[m] = inf S,[m] is upper semicontinuous. []
?
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