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Abstract. We show that the MGbius inversion function of number theory can
be interpreted as the operator (—1)* in quantum field theory. Consequently,
we are able to provide physical interpretations for various properties of the
Mobius inversion function. These include a physical understanding of the
Mobius Inversion Formula and of a result that is equivalent to the prime
number theorem. Supersymmetry and the Witten index play a central réle in
these constructions.

1. Introduction

One of the most fundamental functions of number theory is the Mobius inversion
function g [3]. It is a function whose domain is the positive integers, and which
is defined as follows. Let us say that an integer is squarefree if it is divisible by no
perfect square other than 1, which of course means that in the prime decomposition
of a squarefree number, each prime factor present appears exactly once. Then the
function g is defined by

—1 if nis squarefree with an odd number of prime factors

+1 if nis squarefree with an even number of prime factors
n(n) = {
0 otherwise.

The function g appears throughout number theory. For example, it plays a central
role in the theory of Dirichlet convolution, and arises as well in several proofs of
the prime number theorem. We will see in this paper that the function g has a
very natural physical interpretation. In the proper context, it is equivalent to (— 1)F,
the operator that distinguishes fermionic from bosonic states and operators, with
the fact that g (n) = 0 when n is not squarefree being equivalent to the Pauli exclusion
principle.

In this paper, we develop this identification between g and (—1)*. In so doing,
we will be able to use physical arguments to derive and understand some of the
fundamental results of arithmetic number theory. We will see in particular that
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supersymmetry is a key ingredient in understanding these results, and a special
role will be played by the Witten index [24].

Developing a physical picture for number theoretic ideas is of importance for
a variety of reasons. First, we find it very illuminating to uncover a rble for the
Witten index in number theory. We already know that the Witten index can help
us understand various topological results. In non-linear sigma models, the Witten
index computes the Euler characteristic of the target manifold, and other
topological quantities (e.g., the Lefschetz number) are closely related [24]. More
profoundly, the Witten index can serve as the principal tool in proving the
Atiyah-Singer index theorem [2]. The Witten index itself can be viewed as a
winding number of the Nicolai map [16] in function space [9]. That the Witten
index should have a number theoretic interpretation, too, we feel is very interesting.

Elaborating the connection between topological and geometrical ideas with
physical ones is a familiar theme in current research. Whether, for example, in
attempts to obtain realistic string compactifications from Calabi—Yau manifolds
[8] or the use of BRST invariance to obtain such quantities as the Donaldson
invariants [25], the deep connections relating physics to geometry and topology
are being actively explored. And, of course, group theory and algebraic results
have very important and well-known physical manifestations, from crystallography
to grand unification [12,20].

We feel it is worthwhile to broaden this effort, and uncover some of the
connections between number theory and physics, given how productive the
interplay between physics and other areas of mathematics has been. Indeed, one
can argue that any important mathematical structure ought to have a natural
physical representation, a point of view which underlies much current work [26];
the work presented below helps to confirm that sentiment.

Furthermore, there are direct and indirect indications that number theory
should play a rdle in string theory. At the most obvious level, modular functions
arise in a key way in both string theory [13] and number theory [4, 18], though
more abstract connections have been suggested. However, before one dives head
in to the depths of number theory and strings, we think it is illuminating and
instructive to map out some of the identifications one can draw between physics
and number theory in an arena where everything is clearly- and well-understood.
The number theory we address in this paper is thus perhaps not always as
sophisticated as some of the modular function theory one can exploit in string
theory. But since, by and large, our understanding of the connection between
number theory and physics is limited, the results in this paper may serve as a
foundation for further work, which may reduce the necessity of making inspired
guesses or hopeful speculations in the future.

In addition, string theory seems to be an area of physics that lies at the junction
of many areas of mathematics—number theory, complex analysis, group theory,
geometry, and topology. A simpler “model” of such a junction now seems to be
supersymmetry and the Witten index, which, as we see in this paper, have number
theoretic as well as group theoretic, topological, and analytic (via the index theorem
for differential operators) significance. It is worth learning whatever we can about
how such a junction can occur.
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Finally, it is clear that new ways of thinking about a subject often lead to new
insights. The work in this paper enables-us to use (supersymmetric) quantum field
theory as a way of understanding number theory, and to use number theory as a
way to understand quantum mechanics. Calculations and results that are natural
in one language turn out to correspond to calculations and results that are natural
in the other language. By establishing a unity between portions of these two
literatures, we are hopeful that new insights will be forthcoming from these new
ways of thinking.

The outline of the paper is as follows. First, we will suggest a natural way to
associate the natural numbers with the states of a quantum system, and from this
there immediately follows a correspondence between the operators in the quantum
theory and arithmetic functions. With this set up, we will see that the Mdbius
inversion function g arise from considering fermionic systems. We then proceed
to derive some of the essential properties of g. What is most interesting is that we
use supersymmetry and the calculation of the Witten index in a class of
supersymmetric theories to derive these properties. We then look at infinite sums
involving g, and obtain some important number theoretic results, again via the
Witten index. One of the results we obtain is equivalent to the prime number
theorem, one of the central achievements of number theory, in which the asymptotic
density of prime numbers is computed. We also show that the particular quantum
system we study when looking at these infinite sums is especially natural
for expressing number theoretic quantities.

Following that, we derive the Mobius Inversion Formula, a result central to
the study of arithmetic functions, and related to the possible factorizations of
integers. This formula is not so hard in principle to derive mathematically, but in
that context there is no especially clear picture of its meaning. However, this
formula is very easy to understand in a physical context. More importantly, once
we re-phrase the problem in a physical language, we will see that the answer (the
Mobius Inversion Formula) is immediately suggested by the physics, and that this
answer involves supersymmetry. Of course, M&bius himself knew nothing about
supersymmetry, so it is quite compelling that such a different subject should very
naturally yield some of his resuits.

We end the paper with some thoughts about what questions one might address
next.

2. Godel, Mobius, Witten

The key to our connection between number theory and quantum physics will be
our (unconventional) choice for labeling the states of a theory. To motivate this
choice, let us imagine we have a theory whose Hilbert space has as a basis the Fock
space generated by a set of creation operators b),b},b},.... Thus the
states of the theory are

( [I (bl,.)“f>lvacuum > 2.1)

where i; and a; are positive integers. There is a countable infinity of creation



242 D. Spector

operators and of states. Each state of the theory is determined uniquely by which
creation operators act on the vacuum, and by how many times each one acts.

The positive integers possess a similar representation. The fundamental theorem
of arithmetic tells us that each positive integer has a unique representation given
by prime factorization. A number is specified by giving its prime factors, and by
giving the maximum power of each prime factor that divides the number in question.

This suggests the following labelling of states. Let us represent the prime
numbers in increasing sequence by p;,p,,ps3,... . Thus, p; =2, p, =3, p; =5, etc.
To each certain operator b}, we associate the prime number p;. Then we label
states as follows:

( 1 (bIj)"‘f>|vacuum> =N, 22)
j=1

where the number N is defined to be

N =) (p) - (pi)™ 23)

Thus we have identified the unique “factorization” of a state into creation operators
acting on a vacuum with the unique factorization of an integer into prime numbers.
* Consequently the state |1) is the vacuum; |[2) and |17) are one-particle states;
|60 is a four-particle state; etc. Clearly, the states |[N >, N =1,2,3,...,form a basis
for the full Hilbert space of the theory. (We take the states |[N ) and analogous
states throughout this paper to be normalized.)

This way of assigning a number to each state is unconventional in the physics
literature, but it is not without precedent in general. In the mathematics literature,
such a labeling is called a Gddel numbering, and is a central tool in establishing
the absolutely fundamental Incompleteness Theorem [10]. We will repeatedly use
this scheme for identifying states, as it will naturally lead us toward various number
theoretic results.

For our purposes, it is only necessary to consider the following simple types
of systems. First, take an ordinary quantum mechanical Hamiltonian H, with
eigenstates ¥, of energy E,. Let b}, be the creation operator asociated with the
state ¥, upon second quantization. We now consider the field theory Hamiltonian
H whose Hilbert space is the Fock space of states given by the above creation
operators, and we only include the very limited additional interactions such that
these Fock states |N ) are in fact the eigenstates of the Hamiltonian H.

Having motivated our iosmorphism between states and integers in purely
bosonic context above, we proceed to the substantive results of this paper. We
look now at a supersymmetric field theory. As before, we have bosonic creation
operators b}, b}, b}, ..., but now we have in addition fermionic creation operators
fi, /5, f%,.... The creation operators b} and f] are superpartners. Because
we take the creation operators to create the eigenstates of the Hamiltonian, the
supercharges interchange b} and £}, without mixing in other operators. The states
in our theory are

j=1

( ﬂ (1) ( f:fj)”f>|vacuum> =|N,d), (2.4)
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where
N=(p ) Pr(p, )2t P2 o (py )t (2.5a)

and
d=(p,Y" ()" - (p;,)" (2.5b)

As before, we are using p, to denote the k'® prime number. The number N indicates
the “total excitation” of the state above the vacuum; the number d indicates which
part of this excitation is fermionic. We note the following properties of the numbers
aj, B;, d, and N. First, the numbers ; can assume the values of any non-negative
integer, while each of the f; must be either 0 or 1, due to Fermi-Dirac statistics.
Consequently, the number N can be any positive integer. On the other hand, d
must be a squarefree integer. Furthermore, in any state |N,d ), d must be a factor
of N, a property we denote by “d|N”. Finally, the above restrictions are the only
ones, so that a list of all | N, d >, where d| N and d is squarefree is a list of a complete
set of states of the theory.

For simplicity, not only do we restrict ourselves to the case that the states
|N,d) are eigenstates of the field theory Hamiltonian, but we also consider only
the case in which quantum mechanics Hamiltonian H, which gave us the creation
operators has a purely discrete spectrum. One consequence of this is that the field
theory has a mass gap and a discrete spectrum itself. For convenience, we can
order the creation operators in a natural way, so that, for example, the state |p, 1)
has a greater energy than the state |§,1) when p and p are prime numbers with
p > P, but this is not necessary.

We now examine the Witten index of the above supersymmetric theory, that
is, the number of bosonic minus the number of fermionic zero energy states. As is
well-known, the Witten index is a topological invariant of a supersymmetric theory,
unchanged by deformations in the parameters of the theory; it serves as a tool in
analyzing the possibility of spontaneous supersymmetry breaking, dynamical or
otherwise [24]. Since the theory has a discrete spectrum, the Witten index A can
be computed reliably via the expression [9, 1]

A=tr[(— 1)fe #H], (2.6)

and this expression will be independent of 8, despite naive appearances. Second,
it is apparent in this case from an analysis of the Fock space that there is a unique
vacuum state of zero energy, and consequently, on physical grounds, we see that
the Witten index A = 1. It is enlightening, however, to set up the computation of
the Witten index using the notation developed above, (2.4) and (2.5).

Using (2.6), we have

A= i (Z’<N,dl(—1)Fe"’”lN,d>>, 2.7
N=1 d

where the ) means that we sum only over allowed values of d: those that are
squarefree and divide N. The states | N,d) have two important properties for our
purposes. First, the energy of (expectation value of H in) the state |[N,d) is a
function only of N and is independent of d. Second, the statistics (value of (— 1)F)
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of the state |[N,d) is a function only of d, and is independent of N, as it only
depends on how many f}’s have acted.
We define Ey =<{N,d|H|N,d). So

A=Y e"’E”<Z'<N,dI(—l)FlN,d>>. (2.8)
N=1 d

Remember that despite appearances { N,d|(— 1)f|N,d) is independent of N. We
can include non-squarefree d in the sum, provided we project them out. Thus for
any positive integer d it is natural to define a function

()_{<N,d|(—1)F|N,d> for d squarefree

2.9
0 otherwise 29)

For the squarefree values of d, (— 1) is equal to + 1 or — 1 when d has an even
or odd number of prime factors, i.e., an even or odd number of fermionic excitations,
respectively. Consequently this function g defined in (2.9) is given by

—1 if d is squarefree with an odd number of prime factors

+1 if dis squarefree with an even number of prime factors
u(d)=
0 otherwise.

In other words, g is exactly the Mdbius inversion function advertised in the first
paragraph of this paper. We see now that it corresponds exactly to the operator
(— 1)*. Not only is the identification in itself interesting, it means that we now
have physical tools available to analyze the properties of this function and its role
in number theory.

We continue to study the Witten index to derive a key property of u. We have

A= Nil <e—BE~ 3 ;t(d)), 2.10)

dIN

where “)” means that we sum over all d that are factors of N. We know that
dIN
E, =0,and that Ey > 0 for N > 1, as this is a system with unbroken supersymmetry
(A =1) and a mass gap. Furthermore, the set of states with a given value of N > 1
forms a complete bose-fermi symmetric representation of the supersymmetry
algebra, as these states just constitute all ways of getting the same overall excitation
with either bosonic or fermionic creation operators. Thus, these states give a net
zero contribution to the Witten index, and we see that
Y pd)=0 for N>1 (2.11)
[N
On the other hand, since A =1 (or since the zero-energy ground state forms the
lone singlet representation of the supersymmetry algebra in the Fock space), we have
Y pd)=1 for N=1. (2.12)
d|N
These last two equations characterize perhaps the essential property of u. Indeed,

(2.11) and (2.12) are often taken as defining the function g, with our earlier definition
being derived from these properties. (It is these formulas one uses, also, in extending
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the notion of the Mdbius inversion function to the study of groups and subgroups.)

We mention an alternative computation of the above results. Suppose all the
Ey are non-degenerate, which certainly occurs in many systems. Then the fact that
A is independent of § implies that Y [p(d)] =0 when Ey >0, i.e., when N > 1, as

otherwise the apparent depende‘;llge of A in (2.6) would not be removed. Then
the normalization that A=1 gives (2.12). This argument relies less explicitly on
the details of the supersymmetry algebra and its representations in the Fock space,
and is perhaps a somewhat more elegant argument than the first one given above.
But the first argument, which spells out the connection between the factorizations
of N with the different states in a representation of the supersymmetry algebra is
quite instructive.

3. Infinite Sums and the Prime Number Theorem

We now wish to study infinite sums involving the function g, and we do so by
considering a particular theory. We continue to study the kind of supersymmetric
field theory considered in the previous section, but we now restrict to the case that
the state |N,d)> has energy Ey = wlog N. The important feature of this choice is
the energy is totally additive, and so we have a genuinely free theory, with all the
states built of non-interacting excitations of energy wlog p. This is stronger than
the statement that the energy only depends on N and not on d; we have further
results such as that the energy of |N,d) is equal to the energy of the fermionic
piece |d,d) plus the energy of the bosonic piece |[N/d, 1).

Consequently, since there is no interaction between the quanta associated with
the various creation operators, we can write the Hamiltonian for this field theory
as H=H,+ H,, where H,(H) is the purely bosonic (fermionic) piece of the
Hamiltonian. Since H, and H ; are entirely non-interacting, we have that the Witten
index A is given by

A=tr[(—1)fe PHAHN] = tr[e FHb]-tr [(— 1) e PHS]. (3.1)

The fact that A=1 we know from the previous section. From the separation of
the Hamiltonian, we see that

1= 3 (N, 1je PN, 1) 3 (d,d|(— 1) e P%|d,d. (3.2)
1 d=1

N=
Now Ey = wlog N, so, defining s = exp (fw), (3.2) becomes
& 1 2 pd)
1= — .
Z Ns =) ds

N=1

(33)

The first term in the product comes from the bosonic Hamiltonian, and the second
term from the fermionic Hamiltonian. The piece from the bosonic Hamiltonian is
simply the Riemann zeta function, and converges for s = fw > 1. (The temperature
B~ = w is essentially the Hagedorn temperature [14] of this theory.)

We therefore obtain the result that

o opd) _ 1
d; F o STt (34)
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The identity (3.4), despite its physical origin, enables one to compute, for example,
that the asymptotic density of squarefree integers is (6/n2) [17], a quantity which
we can interpret now as relating to the ratio of two densities of states.

Suppose we consider the case s=1 on the left-hand side of (3.4). For any
s=1+ ¢ for arbitrarily small positive ¢ this formula is well-defined. In the limit
that ¢ >0, the function {(1 + ¢) diverges. Consequently, we conclude that

2 pd)
P

Strictly speaking, we have shown that if the sum on the left converges, then it
converges to zero. It is a simple exercise to show it converges, going through the
technicality of considering the partial sums of the series. The formula (3.5), which
says that the partition function for the fermionic part of the theory vanishes at
Ppw =1, has a much deeper significance theory. It can be shown that this formula
is equivalent to the prime number theorem [5], one of the central achievements
of number theory. The prime number theorem determines the asymptotic density
of the function 7(x), where n(x) is equal to the number of numbers less than or
equal to x that are prime; the result is that [3]

0. (-5

m(x) ~ (3.6)

logx’
Thus we have the remarkable and surprising result that the Witten index calculation
of a particular supersymmetric quantum system can be used to derive a result
equivalent to the prime number theorem.

For s = fw < 1, it is harder to obtain any results. There is no obvious limiting
procedure that will let us reach this domain for s. (One might invoke analytic

0
continuation, but this has its own subtleties.) Indeed, the sum ) (u(m)/m®) diverges
m=1
for s <1, but it is an open question in mathematics as to how fast such a sum
diverges. The most interesting case is s = 0. It is Merten’s Conjecture that the sum

Y. m(m) is asymptotic to \/; for large x. It would be especially interesting if we
m=1

could use physical insight to address this question, as proving the conjectured
asymptotic behavior of this sum would be equivalent to proving the Riemann
hypothesis (and even a more limited result would shed light on the Riemann
hypothesis) [21].

We would note one simple corollary of our above calculation. Let M be a
totally multiplicative function over the natural numbers, i.e., suppose M(z,z,) =
M(z,)M(z,) for all positive integers z, and z,. Then if

Y M(z)=M, 37
z=1
the sum

zipmM@=M*, (3.8)
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by reasoning just as above. (Here M(z) plays the réle that was played earlier by
exp(— Bwlog N).) This again corresponds to a non-interacting theory, but one
with an arbitrary set of fundamental quanta of energy E,, one for each prime p.

There is a myriad of other identities involving u(d). And one could, of course,
construct physical systems and physical arguments to derive many of these results.
But the above results are sufficient to give the flavor of the endeavor. However, it
is worth observing that the particular physical system we have considered in this
section seems to be a very natural one for representing number theoretic results.
For example, consider the function @(fw, N) defined by the formula

®(Bw, N) = tr [6(H — oN)(— 1)F e!22] = 3" (N, d|(— 1)F PP+ |N,d>.  (3.9)
d

Evaluating (3.9) at the temperature 8~ ! = w, one obtains the function @(1,N),
which turns out to be exactly the Euler totient function, the number of natural
numbers less than N that are relatively prime to N. As another example, if one
considers only the system defined by the bosonic Hamiltonian H,, we can associate
with any arithmetic function h(N) an operator h such that ( N|h|N> = h(N). Then
the function

h’(N)=é<N|7:H,,]N> (3.10)

is the Dirichlet derivative [3] of the arithmetic function h. Thus we see that this
quantum system seems to provide one of the most natural representations of
number theoretic functions in physics.

4. The Mobius Inversion Formula

With the above experience, we can now study a question in number theory whose
solution is the Mobius Inversion Formula. Most interestingly, we will see that
once we have formulated the problem in physical terms, the answer immediately
suggests itself, again in physical terms. This, we think, is an especially compelling
feature of our construction.

We define an arithmetic function to be a function whose domain is the set of
positive integers (i.¢., natural numbers) and whose range is (a subset of) the complex
numbers. Suppose we are given an arithmetic function g. The question is, can we
find an arithmetic function h such that

g(m) =3 h(m), (4.1)
min
where, as in the previous sections of this paper, “ Y. ” means to sum over all natural

mi|n
numbers m that divide n, and if so, how can we I(:xpress h in terms of g? We will
see that there always is such an h, and that the desired formula is easy to understand.
To analyze the problem, let us assume the function h exists, and let us use it
to construct g. So consider, to start with, a bosonic field theory which has creation
operators a,’:, k=1,2,3,... and with Hamiltonian H,. Then the states of the theory

are

( ]j (a!})"f >lvacuum> =14, 4.2)
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where
A=1] (o, 43)
j=

We can associate with any arithmetic function h an operator h; we define h by
specifying the expectation value of 4 in any state, setting

{N|h|N> =h(N). (4.4)
Now, what is the meaning of
Z h(m)? 4.5)
m|n

This expression arises naturally if we enlarge the theory by adding an additional,
entirely separate, bosonic piece H, to the Hamiltonian. Thus we consider the
Hamiltonian H,+ H,, where H, and H, describe two completely separate,
non-interacting systems. In addition to the creation operators a}, we now also
have the creation operators b} associated with the piece H, of the field theory
Hamiltonian. Then to specify a state in the theory we must keep track of both
kinds of creation operators. A state is given by

( f[ (al Y (bl )P )lvacuum) =|A4,B), (4.6)
j=1
where
A=(pi,)"(p,)™ - (ps.)™ (4.7a)
B=(p;,)’(p,)"* - (p:)P. (4.7b)

(This notation is slightly different from the one we used in Sect. 2, where we derived
the properties of the function . In that case, we considered the analogues not of
A and B, but of AB and B.) The operator h acting in the Hilbert space of the
Hamiltonian H, is now generalized to the operator h®1 acting on the Hilbert
space of the combined Hamiltonian H, + H,; for convenience, however, we continue
just to write the operator as h. (From context, it will always be clear on which
space R is acting, so there should be no confusion. Shortly, in fact, we will add a
third sector to the theory, and we will still refer to this further generalized operator
merely as h.)
We now can write down a representation of the function g, namely
g(N)= Y <A|hlAy= Y (A, B|h|A,B). (4.8)
A|N AB=N

Thus g(N) is the sum of the expectation values of 7 in all the states that are “N-times
excited.” So now, given g, how do we recover h? Note that by adding the piece
H, to the Hamiltonian, the sum over all “N-times excited” states now includes
h(N), from the term involving | N, 1), as only one of many terms in the sum. Now
we want to deconvolve this formula, that is, we want to remove the effects of these
extra terms. To do this, clearly, we want to cancel out the effects of H,. The answer
is clear: as we know from BRST invariance [6,7,22] and supersymmetry [11,23],
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the way to cancel the effects of a bosonic piece in the Hamiltonian H, is to introduce
as well a fermionic term H that is the superpartner of H,.

So let us add to the Hamiltonian a piece H ;, associated with fermionic creation
operators f}, k=1,2,3,.... Now the full Hamiltonian is H, + H, + H +; but the
expression Hy + H, is by itself supersymmetric. From the previous sections, we
know that

tr[(— 1)fe PHETHN] = 1, 4.9)

(Since H, + H is an arbitrary supersymmetric Hamiltonian, we choose a theory
with a mass gap and a purely discrete spectrum to make the technicalities simple.)
Then, let us consider a thermal expectation value of & in the original theory. We
see that

(h> =tr[he #Ha]
=tr[he PHa]tr [(— 1)F e~ AH»+H)]
=tr[(— |)fe A Ho+Hp) (4.10)
where the last identity follows because H, does not interact with any part of the
Hy,+ H, system. In principle, because this identity holds for all B, this formula

gives us the desired answer, but it is clearer to approach things more concretely.
In our fully-enlarged theory, the states are

(H (aL)“f(bL)f’f(fL)"’f)|vacuum> = |4,B.F), (@.11)
where
A=(p, )" (pi,) - (pi,)™ (4.12a)
B= (Pil)ﬂl'(Piz)Bz' '(Pi,)ﬂ', (4.12b)
F=(p;)* '(Pi2)¢2’ '(Pi,)¢'- (4.12¢)

Note that the ¢; can only be 0 or 1, and so the allowed values of F are the squarefree
positive integers, while 4 and B range over all the natural numbers.
The obvious expectation value to look at this point is

Y ({A,B,F|h(—1)'|4,B,F)), (4.13)
ABF=N
where the sum is over all “N-times excited” states in the larger theory. The idea
is that the fermionic piece should cancel the bosonic piece, but of course the
cancellation will only occur if we include a factor of (— 1)f. We can write the
expectation value above in two ways, one involving the function h and one involving
the function g. On the one hand,

S (ABFHIARD)= 5 (CAlHA) 5 (BFI-1F18.5) )

A[N

(4.14)
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But,
Y " (B,F|(-1)f|B,F)= BF;NM (1(F)) =01 n/4- (4.15)

BF=N,
from (2.11) and (2.12). Thus
Y (CABF|h(—1¥|4,B,F))=Y (AlhlA)>8, y4y=h(N). (4.16)
ABF=N AN

On the other hand, grouping H, + H, together and isolating H , we find

> ((A,B,Flﬁ(—l)FlA,B,F>)=Z<<Fl(—1)F|F> > <A,B|E|A,B>>
ABF =N AB=N|F

FIN

N
= Il(F)g<17>~ (4.17)

FIN

The appearance of g comes from the identification of g with (— 1)f, while the
appearance of g comes from (4.8).
Thus, combining the results (4.16) and (4.17), we find that

)= 5 wiag( 'y ), @18
dIN
if, and only if,
g(N)= a|21:v h(d). 4.19)

This result is known as the Mobius Inversion Formula. The result is very easy to
understand now, as we have a supersymmetric interpretation of the formula. In
constructing g from h, we are adding the effects of bosonic states; and so in obtaining
h from g, we must essentially cancel the effects of these bosonic states, and the
natural way to do this, from the modern point of view in theoretical physics, is to
couple additional fermionic states to the theory to cancel the effects of the bosonic
ones. Thus the appearance of the function g, or (— 1), in the Mébius inversion
formula is quite natural.

5. Conclusions

We have shown in this paper that supersymmetric quantum field theories (of the
simplest kind) provide a natural context in which to understand certain results in
number theory. This is illuminating for a variety of reasons, not the least of which
is that it helps bring together the analyses of physics and number theory, and so
sets up the possibility for further useful transfer of ideas. In addition, it is interesting
to see that the Witten index (and the related bose-fermi cancellation in non-singlet
representations of the supersymmetry algebra), already known to have topological
and geometrical significance, can be used to understand a very different type of
mathematical result. The Mobius inversion formula has to do with the arithmetic
properties of the integers, with prime numbers and factorization. The key to making
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the connection between number theory and quantum systems developed in this
paper lies in recognizing that the role played by creation operators to build up a
Fock space is analogous to the rdle played by prime numbers to build up the
natural numbers. From then on, the results follow naturally: fermion fields lead
to the squarefree integers, (— 1)F appears as p(d), and bose-fermi cancellation clearly
can be used to unwrap the necessary expressions to yield the Mobius inversion
formula. Still, that supersymmetric quantum field theory and the Witten index
yield a result that is equivalent to the prime number theorem is truly surprising.

These results open up many possibilities. Further investigations of arithmetic
functions in the physical context are warranted. One interesting class of functions
which has a great deal of structure is the set of multiplicative functions, functions
such that f(mn) = f(m)f(n) whenever m and n are relatively prime. One can develop
a physical representation for this set of functions, which turn out to be systems
which generalize the Einstein oscillator model of solids [19]. Obtaining further
results on g from physical considerations also seems quite plausible. And, as we
said above, understanding the infinite sums of g, and in particular the asymptotic

behavior of Z H(m), would yield information regarding the Riemann hypothesis,

whether all the non-trivial zeroes of the Riemann zeta function lie on the line
Re(z)=3%

In string theory, many important number theoretic functions appear, such as
the classical partition function and various modular forms. It seems that any
interesting number theoretic properties of these functions ought to have physical
interpretations. An example of the type of question that we might want to
understand in the context of string theory is, What is the physical property that
can cause the Fourier coefficients of a modular form to be multiplicative, i.e., what
is the physical interpretation of the Hecke operators [15]. Of course, we are as a
whole still struggling to determine what the essential structure of string theory is,
and how it is that string theory brings together so many different areas of
mathematics—number theory, complex analysis, geometry, topology, and algebra.
We hope the work in this paper helps us begin to understand in simpler contexts
how number theory can be relevant in physical systems. We would not hope to
understand fully the role of, say, geometry in string theory without experience in
how geometry relates to physics in simpler contexts.

The p function has generalizations in other areas of mathematics. For example,
there is a group theoretical Mobius inversion function, useful in the study of the
subgroup content of groups. A physical interpretation of such a function seems
quite likely.

The notion that mathematical problems have physical interpretations is
growing in currency these days, though generally in the contexts of geometry and
topology. We think this paper helps suggest that the parallels and isomorphisms
between physics and math probably exist so as to contain all areas of math. Number
theory seems much further removed, at first glance, from physics than does geometry
or group theory. The fact that they are connected is both intriguing and suggestive,
with promises of further discoveries to come.
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