Communications in
Commun. Math. Phys. 126, 483-506 (1990) Mathematical

© Springer-Verlag 1990

First Order Phase Transitions in Unbounded Spin
Systems. II. Completeness of the Phase Diagram

Christian Borgs' and Roger Waxler?

1 Theoretische Physik, ETH-Honggerberg, CH-8093 Ziirich, Switzerland
2 Dept. of Mathematics, University of British Columbia, Vancouver, BC, Canada

Abstract. We continue our analysis of unbounded spin systems with nearest
neighbor interaction W and a single spin potential ¥ which has N deep and
widely separated minima. In this second part we show that all translation
invariant phases obeying a certain regularity condition are convex combina-
tions of the stable phases determined in the first part of this paper. For periodic
boundary conditions each stable phase contributes with the same weight in
the infinite volume limit.

1. Introduction

In the first part [1] of this work we have shown that for an unbounded spin model
with Hamiltonian

H=YV(R,)+ Y W(R,R), (1.1
x {xy)

where V has N deep and widely separated minima and W is a kinetic energy type
interaction (see Sect. 1 of [1] for the precise assumptions), the stable phases® are
characterized by the condition that the free energy, h/, of a certain truncated model
is minimal. As we have seen this is enough to construct translation invariant states,
{*>,> which are small perturbations of the corresponding Gaussian approximations.
Furthermore these states show exponential clustering and hence are, in the usual
langauge of statistical mechanics, pure states of the sytem (1.1).

The goal of this paper is to show that these are in fact all pure states, i.e. that
any translation invariant equilibrium state, {-), is a convex combination of the
stable states, <-),, constructed in [1]. To be more precise assume that ¥ and W
obey assumption A.0 through A.3 of [1] (guaranteeing the convergence of the
cluster expansions developed in [1] and hence the existence of () ). Assume in
addition the following

! Throughout this paper we will use letters g,q’, etc. to denote stable phases, while the letters m,m’,
etc. denote arbitrary (stable or unstable) phases
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Assumption R (Regularity of W). Let

a(R) = V(R) — min V(R). 1.2)
R’eR

Then there is a constant k, < o0, possibility depending on [, such that
W(R,R") £ k(1 + a(R) + a(R")).

For a configuration R:Z*— R we set

1
IRI=sup—— 3 a(R,), (1.3)
120 A x40
where A(j) is the set of all points which have distance <j from the origin®.
Generalising a little bit the notion of temperedness from [2,4], we define

Definition 1.1. An equilibrium state {-) is called tempered?, if |R| < oo with
probability one, that is, if <X< U {RIIRI <k})> =1, where y(E) denotes the
keN

characteristic function of the event E.

The main result of this paper is the following theorem. We recall that V depends
on N — 1 parameters u = (1;);_,, .y, and that all the results of [1] were derived
under the assumption that u lies in a certain neighborhood ¥"; of 0eZV 1.

Theorem A. There is a constant f* < oo such that all translation invariant tempered
equilibrium states () are convex combinations of the stable states {-,, provided
p=p* and pev’ .

The proof of Theorem A is based on an idea of [5], where the corresponding
theorem is shown for the Ising model at low temperatures. To explain the
underlying idea consider an observable 4 which depends only on one spin variable.
Using the DLR-equations [6,7] together with the translation invariance of the
state <-) we may rewrite the expectation value of 4 as

CAY = [dP (594 ) CAD g (1.4)

where A is an arbitrary finite subvolume of Z”; A4 denotes the average of A over
all translations in A and (-}, _denotes the finite volume expectations in A with

boundary conditions s, 4. Choosing 0 < J < 1/v and fixing all contours in the low
temperature expansion of (A, . which touch the boundary of A (we call their
union the outer contour network), one then shows that the size of this outer
contour network is smaller than |0A°|! *? with probability 1 — &(A), where g(A)— 0
as A7

On the other hand, for a given outer contour network, Out, with total size
smaller than |0A¢|' %, and a single term in the average A, the translated observable

2 We recall that we usually use the [, distance dist(x, y) = |x — y|,, except for the notion of nearest
neighbors, where |x — y| =1 denotes the I, distance

3 The definition of “tempered” in the sense of [2,4] is obtained by substituting the norm
IRI® =sup(LIA()) ¥ R? for ||

Jjz0 xe A(j)
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t.(A4) is typically far away from the outer contour network. Therefore its
conditional expectation value <t,(4)|Out) is well approximated by either
{tA)> s =(A>, or {t,(A))_ =<A)_, depending on whether t,(A) lies in a +
or in a — region of Out. Summing over Out and over the translations in A one
obtains the theorem by a 3¢ argument.

In our context two main difficulties arise when one tries to generalize this
argument. The first one, the existence of unstable phases, already had to be faced
in [8], where general finite range spin models with bounded, discrete spins were
considered. The second is due to the fact that we are dealing with unbounded spins.

This difficulty arises at two different stages. First, the boundary conditions
R, ,. arising in the analog of (1.4) may be arbitrarily large. This spoils the proba-
bility estimates on the existence of outer contour networks, Out, of size larger than
|0A°|1*2, Secondly the conditional expectation values, {-|Out), for a fixed outer
contour network, Out, still involve boundary conditions in the whole neigh-
borhoods %, of the minimas R, of V; while these boundary conditions are
bounded for any fixed B, they are still too large* to guarantee the convergence of
the cluster expansion for <-), . which we would like to use to control the
difference between <t,(4)|Out) and {A4),.

We will solve these problems as follows: First we use the arguments of [2—4]
to show that with probability 1 — &;(A), where ¢,(A)— 0 as A—Z", the boundary
conditions appearing in the analog of (1.4) do not grow faster than logj with j if
A= A(j). For such boundary conditions the desired probability estimates on the
size of the outer contour network, Out, can be proven by a combination of the
methods developed in [1] and [8]. Concerning the second problem we will in fact
avoid boundary conditions growing like #(8)!/? in the conditional expectation
values {-|Out ) by adding a partition into small and large fields to the expansion
into contours before defining the notion of an outer contour network, see Sect. 2
for details.

The organization of this paper is as follows: In Sect. 2 we recall the definition
of a general equilibrium state and define the notion of an outer contour network.
Assuming the validity of the probability estimates for large boundary conditions
(Lemma 2.3) and those for large outer contour networks (Lemma 2.4), we well as
a lemma (Lemma 2.5) which controls the difference between (A, . . and (4),
for boundary conditions R;,. in a small neighborhood of R, we then prove
Theorem A. Lemma 2.3 is proven in the appendix, using the methods of [2-4],
and Lemma 2.4 is proven in Sect. 3. In Sect. 4 we prove Lemma 2.5 using the
cluster expansion developed in [1], Sect. 7. Finally Sect. 5 is devoted to the study
of periodic boundary conditions. The main result of this last section will be the
following:

Theorem B. Assume that V and W obey the conditions A.0 through A.3 of [1]. Then,
for ue v, and for B large enough, the limit

<.>per= hm <,>1;;:r,
A-Zy

4 They grow with f like £(B)!/?; see Sect. 1 of [1] for the definition of %(f)
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where {-)®" denotes expectations in the volume A with periodic boundary
conditions, is well defined and is a convex combination of the stable states, {-},,
with equal weight for each of them.

2. The Translation Invariant Equilibrium States

In this section we present the main steps of the proof of Theorem A. The technical
details of some auxiliary estimates are deferred to Sect. 3, Sect. 4 and Appendix A.
For the convenience of the reader we recall some basic notations.

We denote by £ the set of all functions R:Z*— R, and by R , the restriction
of R to a bounded set Ac=Z". A local observable is a complex valued, Borel
measurable function on £ which, for a suitable bounded set A = Z*, depend only
on R ,. One says that 4 is an observable in A, or also “A4 has support in A,” in
this case. Finite volume expectation values with boundary conditions R;,. are
defined as

1
A =—— (Ao "RARMIGR 2.1
< >A,R3Ac Z(AlRaAc)! A ( )
with
H(RAlRaAC) = Z V(Rx) + z W(Rxa Ry) (22)
xe A (XyDNn A+ D

and the obvious definition of Z,(A|R, ,.). One says, a measure dP on £ obeys the
DLR-equations [6, 7] if, for any bounded set A and all bounded observables 4 in A3

[dPA = [dP(R)( A pr, . 2.3)

A Borel measure on {2 obeying the DLR-equations is called an equilibrium
measure, and the corresponding linear functional (->=|-dP is called an
equilibrium state. If an equilibrium state {-) fulfils the condition that |R| < o0
with probability 1 (see Def. 1.1 of Sect. 1) it is called tempered.

We now fix a translation invariant, tempered equilibrium state - = [-dP. Our
goal is to show that it is a convex combination of the stable states - ), constructed
in [1]. We therefore have to show that for certain nonnegative numbers a,, where
Y. a, =1, and all bounded local observables 4,

q

(AY =Y a, (A, (2.4

We recall that we introduced the convention that a sum or product over g always
denotes a sum or product, respectively, over all stable values of g, whereas sums
or products over m, m', etc. are sums or products, respectively, over allme{1,..., N}.

Consider a volume A of the form A= A(j)= {xeZ"|dist(0,x) <j} which is a
union of L-blocks centered in LZ", and a bounded observable A with support in

5 In a more probabilistic language this is often formulated as: The conditional probability P(dR 4| R 4)
is given by the Gibbs measure 1/Z(A|R, Ac)e_H(Rl‘lkﬁA‘)dR a
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A. We denote by A the set of all xeZ" such that the translate ¢ (A) has support
in A and define

A=—Y t(A). (2.5

Using the translation invariance of {-> (which implies that (4> = ( 4)) together
with the DLR-equations we may rewrite (A ) as

(A) =[dP(R)AD 4 g, (2.6)

In order to analyse the expectation values (4 Ak, WE Introduce the notation
of an outer contour network. We first rewrite the partition function Z(A|R,,.)
using the same partition of unity as in [1], Sect. 2:

Z(AIRy4e) = Y JAR 4T 2y (R Je™ MR AR, 2.7)
[ xe A

where the sum goes over all w:A—{0,1,..., N} and x,(R) is the characteristic
function of the set %, <we recall that %,,..., %y are certain neighborhoods of the
minima, R,,..., Ry, of the potential V, with growing diameter 2t(B)!/? as the

N
inverse temperature f— oo, and that %, =R\ () %,, ).
m=1

Differing a little bit from the notation introduced in [1] we define: a block
O(x) in A is m-correct, if [J(x’) does not touch dA° and if w(x)=mVx with
dist (x, (J(x")) = 1. If (O(x) is g-correct for some stable g we say that [J(x') is a
stable book. As before the union of all incorrect blocks is denoted B(w).

Let x (Rg., be the characteristic function of the event that
IR, — R,,| £ BVxe[J(x'), with some constant B to be chosen later. We define

N
Xsman(R o)) = Z Xomu(R O
m=1

Xlarge(R El(x’)) =1- Xsmall(R D(x’))’
and indroduce the notation

Xsmall(RX) = l_[ Xsmall(le(x’))
O <X
for a union, X, of L-blocks in A, and similarly for x,,,..(Rx). Introducing the above
partition of unity for all stable blocks we rewrite Z(A|R, ,.) as
Z(AlR(’?AC) = Z jdRAXlarge(RX)Xsmall(RX")]._I Xw(x)(Rx)e_H(RAlRMC)b (28)
w,X xe A
where the sum goes over pairs (w, X) consisting of a function w:A—{0,...,N}
and a union of stable blocks (stable with respect to w). Given X and w, X denotes
the union of all stable blocks which are not in X.
We now define the outer contour network of a configuration (w, X). We consider
the union, Irr = X U B(w), and define: The connected component, E, of Irr which
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touches dA° is called the boundary component of Irr. A component, C, of Irr is
called an m-component of Irr if C does not touch 0A° and if w=m on
0,C. A m-component, C, of Irr is called large, if a,diamC >1t/3 (with a,
as defined in [1], Sect. 3), and small otherwise. Finally, a component, C,
of Irr is called a canonical component of Irr, if C is large and if there is
no small component, C’, of Irr for which C lies in the interior of C'. We
define the outer contour network of the configuration (w,X) as the triple
Out = (Out, wg,,, X(Out)), where Out is the union of the boundary component
with all canonical components of Irr, ., is the restriction of w to Out and
X(Out)= X nOut; form=1,..., N; V,, denotes the union of all components, C, of
A\Out for which @ =m on dC.
Resumming all (w, X) which lead to the same outer contour network we rewrite

Z(A|R6Ac)_ Z deOutxlarge(RX(Out) l_[ Xco(x)(R ) — H(Rout|Rg A¢)

xeOut

11z, R, )1 Z,(V,IR,, ), 29)

where the product [ |’ runs over all unstable m, and the product over g runs over
all stable g. Z5™!" is the partition function obtained from Z&" by restricting the
sum over o in the definition of Z4" (see Sect.2 of [1]) to a sum over all
configurations containing only small external contours, and Zq(V |-) is obtained
from Z{(V,|-) by inserting an additional characteristic function y,,.,(R 5, for
each block touching dV,.

Remark 2.1. We recall that a, = 0 for stable g; therefore all canonical components

of Irr must be m-components for some unstable m. It follows that the volumes V,

in (2.9) are always volumes without holes, while V,, may have holes if m is unstable.
We define approximations o,(A) to «, by

1(A)=[dPR) T, P(Out|R, ,)a,(Out), 2.10)
Out
with
o (Ou) = x 1V, @11
7
and !
1
P(Out|R, ) = ——— [dRgy Jrarge Rxion (R,
(_l oA ) Z(AlRaAc)j Outxlarg ( X(O t)) x!:)[utx ( )( )

(2.12)

-g~ f1RowlRoa) [T Zsmall(yy, | Ra,,:") I;[ z3\V,| Ravf,,)'

We want to show that the limits o, = lim a,(A) exist and satisfy Eq. (2.4) for all
A7

bounded local observables A. Both statements, and hence Theorem A, are an
immediate corollary of the following Proposition 2.1. We denote by A ~/Z" a
sequence of volumes A(j), j # oo, which are unions of L-cubes. ¥"; = R¥ ™! is the
region defined in Lemma 3.1 of [1].
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Proposition 2.1. There is a constant f* < co such that, for pe?¥"y and p = *, and
a suitable choice of L and B,

CAY =Y ay(A)(AY,|—0 (2.13)

as A » Z", for all bounded, local observables, A4.
Corollary 2.2. For u, 5, B and L as in Proposition 2.1, the limits
lim o (A)=0a, (2.14)

ATy
exist, and fullfill Eq. (2.4) for all bounded local observables A.

Proof of Corollary 2.2. We only have to prove (2.14). Consider the observables
A, = 1,R,), where x is some fixed point in Z" (e.g. the origin) and g is stable. For

p large,
(A gy =My =04 + My,

where 6M ;. —0 as f— oo. Therefore M is invertible for f large enough, and M !
is bounded. Using (2.13) it follows that

Z (M N l)qq' < Xq’(Rx) > - OCq(A)

goes to zero as A # Z". This proves (2.14) and hence the corollary. W

We are now going to prove the proposition. The proof is based on three
technical lemmas which will be proved in separate sections. For a volume A
without holes (that is, a volume A such that A is connected) we denote

1
- (4 R )e HRaRo)gR 2.15
Zq(AlRaAc)j ngXq( x) A ( )

with the obvious definition of Z (A|R, ,.).

<A >‘/11,Ra,\c =

Lemma 2.3. Thereis aconstant a < o0, and a function g,(j)— 0 as j — oo, such that
' a(R,)<alogj VYxedA(j)
with probability 1 — &,(j), provided the equilibrium measure P is tempered.

Lemma 2.4. Denote by Y the sum over all outer contour networks such that
AU,
q

Assume that R; 4. is chosen in such a way that a(R,) < alog j for all xe 0A° = 0A(j),
and let L= L, where L is the constant from Theorem 3.3 of [1]. Then there are
constants B, = B,(L) and B, = B,(L) such that

Z” P(M”{am) < g,(A),

Out

> 0A¢|LTe, (2.16)

provided B = B, ue¥", and B = B;. &,(A) is a constant going to zero as A 7 L.
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Lemma 2.5. There are constants Lo < co and B, = B,(L, B) such that, for B < co,
L= Ly, pe?y, B = B,(L, B) and all volumes A which are unions of L-blocks centered
in LZ”

[CAYE ppe = CAD Gl S | A KIsoppAlo™M dist(d, 08), (2.17)
provided q is stable and |R, — R;| < BVx€dA‘. M > 0 and K < oo are constants not
depending on A or A.

Proof of Proposition 2.1. The proof relies on two facts:

is larger than |dA°|'*? are sup-

MUY,

q

i) outer contour networks for which

pressed as A ~ Z* (Lemma 2.4);

ii) for a given outer contour network with <|0A°|**% most terms t,(A)

AUV,

in the average A lie deep inside a region V,; therefore their conditional expectation
values {t,(4)|Out ), .. are wellapproximatized by (z,(4)>,=(A4),(Lemma 2.5).

Summing over Out and integrating over the boundary conditions R,,. we will
obtain the proposition by a 4¢-argument.

We fix L= L, according to Lemmas 2.4 and 2.5 and choose B = B,(L),f =
max {f#,(L), B,(L, B)}. We fix a according to Lemma 2.3 and é < 1/v. Given ¢ and
a bounded local observable 4, we will show that the left-hand side of (2.13) can
be made smaller than 4¢ by choosing A large enough.

Given A and &, we choose d, so large that

| A|| Kseepalg=Mdo < g

For an outer contour network Qut with <|0A) T2 Tet D, denote the

AU,
q
gnion of all cubes, [](x'), in V, which touch the outer contour network, and set
V, = V,\D,. By the definition of an outer contour network, all fields R, with xe D,
obey the condition |R, — R,| < B. Therefore the conditional expectation value
{t,(4)|Out ), ;. .. can be rewritten as
j‘dﬁ(Ra; ) <EaA) D7, 5

provided t,(A) has support in V, dP is a probability measure with support in the
set of all fields Ry which obey the condition [R, —R,|<B VxeaV‘ Applying
Lemma 2.5 we obtam that

<L) OULY 4, . — {ADgl S,

provided xeﬂ , Where A is defined as the set of all xeZ" such that ¢,(4) has
support in V and dist (¢, (A) av, 2) 2 do. On the other hand,

14 <0<(L+do)|am|“">
) A

14,]

4]

IZI “(*)‘

provided |Out| < |0A¢|' *°. Using the fact that [(t,(4)|Qut), z, .| < [| 4] to bound
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the terms for which x ¢ U /~1q we obtain that
q

<2,

(AIOut) 4 ,,. = X 2 (Out)<A),

provided A = A(j) is large enough and <|0A°|'*°. We finally use the

MUY,
identity !
(A>=[dP(R)<AD 4 z,,.=[dP(R) ). P(Qut|R;,){A|Out), .  (2.18)

Oout

together with Lemma 2.4 and Lemma 2.5 to conclude that

<4, (2.19)

(A) = Y (M)A,

provided A = A(j) is chosen so large that 2|| A | e,(A) <¢ and 2| A|&,(j) < e This
completes the proof of Proposition 2.1. W

3. The Suppression of Unstable Phases

In this section we prove Lemma 2.4. We first bound P(Out|R, ,.) for a given outer
contour network; this will reduce us to an ordinary contour model with hard core
interaction. The sum ) " over Out can then be estimated by the methods of [8].
Throughout this section we will assume that ue?”, with ¥7; as defined in
Lemma 3.1 of [1].

We start with a lower bound on Z(A|R, ..). We choose a stable value of g and
use the fact that 1 = y, to bound, for A = A(jj),

Z(AIRaAc) g quil(A)e—kl(l +alogj+k2)|aAc|’

where k, is the constant from Assumption R (see Sect. 1) and k, = maxa(R).
Relq

Choosing L2 L, and = f,(L) as in Theorem 3.3 of [1] we may bound Z{"(A)
from below by e al AI=C1l047] — o=kl Al=Cil0 4],

On the other hand an'“""(leRa,,fn ) and Zg“(Vqua,,;) may be bounded by
Z,(V,) and Z$(V,) = Z/(V,), respectively®. We use Lemma 3.2 of [1] together
with the bound Z’|6V§,|+Z|6V§|§|Out| to estimate the product of these

m q

partition functions. Inserting the resulting bounds into the definition (2.12) of
P(Out|R,,.) we obtain

P(OUtIRaAc) é e(k1 +aky logj+k1kz+C1)|6A°[e(h+C1)|0ut|

— LVl _
e " deOutXlarge(RX(Out)) l—l Xw(x)(RX)e H(Rom)‘ (3 1)
t

xeOu

¢ We recall that the truncated partition functions Z’ (A) were obtained from Z3%(A) by truncating the
activities of the unstable contours, see [1], Sect 3, Definition 3 1
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To bound the integral in (3.1) we use the fact that all blocks [J(x’) in Out which
do not touch dA€ are either incorrect or contain a large field. If [J(x') contains a
large field, w(x) takes a constant value g on [J(x') which is stable. We therefore
may bound H(R,,) by

n
s [etin-ny]
xe [(x') 2
by our assumption A.1, [1]. Using the definition of y,,. (R,) and bounding
the integrals
[ e ~(IDR? R < o (n/2)B? +§°° e DR GR
IRiz B B ~
one easily finds the estimate
de D(x')Xw(x)(Rx)Xlarge(R D(x,))e— HR ) < e_("/2)32(2(27'5/;7)1/253_80)' m[ES]]

with e, = mine,. Continuing as in the proof of Lemma 3.1 of [1] to bound the

q

remaining integrals we obtain the bound

— H(Rou) k3|dAc| — (¢’
deOutXlarge(RX(Out)) I_[ Xw(x)(Rx)e (o é € 31041 =+ eo)iOut]

xeOut
with
e”" =max {e 5, 2(2n/n)!2e” WL (3.2)

and k; = L(t' +1og C,). T and C, are the constants from Lemma 3.1 of [1]; the
factor k;|0A¢| arises because we defined the outer contour network in such a way
that it contains the blocks [J(x’) touching 0A¢, even if none of these blocks
contributes a small factor. Using Lemma 3.2 of [1] a second time to bound
h< ey + C, we finally obtain the estimate

- c ’ _Zaleml
P(OUtIRaAc) é e(K+ak1 log j)|0A Ie—(t —2C1.)|0ut|e m ,

(3.3)
With K = Cl + k1(1 + kz) + k3.
We are now ready to bound the sum Z” over Qut. We extract a factor

PRCLICZU LR efg“’"‘/z)”/'"'e

- @/2)|0ut]

with « = min {7, min {a,,: a,, # 0} }, resum all outer contour networks which differ
only by X(Out), and finally relax the condition (2.16) in the sum ). We obtain
the bound

ZH P(OUthaAc) é e(K+ak1 log j~ (x/2)| 0 A¢|P)| 0 A€|
Out

. @/l
e

e—(t’/2—2C1—log 2)|Out|, (3.4)
(Out, ®out)

where the sum )’ goes over all sets Out = A which are unions of L-blocks and
over all functions wg,:Out—{0,1,..., N} such that



First Order Phase Transitions in Unbounded Spin Systems. II 493

i) Out contains all blocks [J(x') in A which touch 0A°,

i) wg,, takes a constant value m # 0 on dC* for each component C of A\Out and

iii) all components C of Out which do not touch dA° obey the condition
diam C > t/3a,, if ® =m on d,C.

The sets V,,, m=1,..., N, are defined as before, see Sect. 2.
Lemma 2.4 now follows immediately from (3.4), the observation that 7' can be
made arbitrarily large by choosing  and B large, and the following

Lemma 3.1. There is a constant 1, depending only on N and v, such that

_ DNV .
. ;(a,,,/ ) le"|0“"§e"3/‘cl, (35)

(Out, @out)
provided 1 =% = 1,.

Remark 3.1. Lemma 3.1 can actually be proven by the methods of [8], Sect. 2.3
to Sect. 3.3. We give an alternative proof below.

Proof. We introduce an auxiliary contour model as follows: A pair y = (suppy, ®,)
where supp y is a connected union of L-blocks centered in LZ" and w, is a function
from suppy into {0,1,..., N} is called a contour, if w, takes a constant value m # 0
on 0C¢ for each connected component of Z*\suppy. The sets Exty and Int,y,
m=1,..., N, are defined as usual as the infinite component of Z*\suppy and as
the union of those components C for which w, =m on 6C*, respectively. y is called
an m-contour if w, =m on 0(Exty)".
The activity of an m-contour 7 is defined as

) {0 if diamy <1/3a,
4 = .
D= ™01 if diamy > t/3a,,

dil
m

and the partition function, Z¢", is defined as

N n
8= Y [ e ] (7). (36)
{ris--s ynpm' =1 i=1
As usual the sum goes over sets of pairwise compatible contours y, =
(suppy1,w1)s..., ¥, = (SUPP 7, ®,) such that w can be extended to a function on
A which is constant on CuUdC* for all connected components C of A\ Usuppy;,
and which takes the value m on dA. V,, denotes the union of all those components
C for which w =m’ on 0C. We only allow “dilute configurations,” y,...,7,, i.e.
we require that dist (A, suppy;ulnty;) > L for all i=1,...,n. Note that z(y)=0
for all stable contours y; therefore 2 "(A) =1 if a,=0.
With the help of these definitions we rewrite the left-hand side of (3.5) as
Y e ™24 (1nt, E), (3.7
(E,wF) m
where the sum goes over all boundary contours (E, wg), that is over all connected
unions, E, of L-blocks in A and all functions, wg, from E into {0,1,..., N} such
that E contains all blocks touching dA¢ and such that wy is constant on 0C* for



494 C. Borgs and R. Waxler

each component C of A\E. We will bound the partition functions, 2 ¢'(Int,, E),
in (3.7) by the analog of Theorem 3.3 ([1], Sect. 3) for Z 4.

As usual (see, for example, [8], Sect. 1 or [9], Sect. 2) one may rewrite 2 3(A)
as a sum over pairwise compatible m-contours y7,...,y"

ZE(A) =@ T ] pyr)
O aRYi=t
with
Z 8 Int, y")
m 2 4(Int,, y™)
We also introduce a truncated partition function, 27 (A), by replacing p(y) by

p'(y) =min {p(y), e*<f/6)lsuppvl}'

For 7 large enough, depending only on v and N, & (A) can be analysed by a
convergent cluster expansion. One obtains that

|2, (A) + [l Al £ 0™ )]0A°),

where f7 is the free energy of the truncated model. Since all contours contributing
to f,, are larger than t/3a,, we may bound

p(,yM) — Z('))m)e = (am/2)|supp y™|

< o~ T x(Paw) < m_ . 9m

’ am
S - ~36t27 2’

2

provided 7 is large enough and 7 = 7. We conclude that f'=min f/ = 0. Using
the analog of Theorem 3.3 of [1] (see also Theorem 1.7 of [8]) this shows that

Q"i“(lntmE) < o 00ntm Eye| < eIEI’

provided t = 7 = 7,, where 7, is a constant depending only on N and v. Inserting
this bound into (3.7) and summing over (E,wgz) one immediately obtains the
lemma. W

4. Proof of Lemma 2.5

In this section we prove Lemma 2.5 by a suitable generalization of the cluster
expansion for { 4 >i"A derived in Sect. 7 of [1]. We first derive a cluster expansion for

Z(AIRyp)=[dR , [T x,(R,)e™ HRAlRoa), (4.1)

xedA

Starting from the identity
[TxR)= Y T XowRe) (4.2)

xed A w: A—={0,..., N} xeA

where the sum )’ goes over all w such that w(x) = g for xedA, we proceed as in
[1] to obtain a contour expansion for Z,(A|R; ,.),

Z(A|Ry) = % j.Xq(RA \¢)e ~HRavelRon) Hg e _w"mka'y)dRA \% (4.3)
ye
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The sum ), goes over sets of pairwise compatible g-contours y with suppy < A.
%

Y, is defined as before (Eq. (2.11) of [1]) and obeys a bound’
e~ VatIRazy) <e —(eq+(z/3))|supp y| (4.4)

Recall that A\% stands for A\U suppy and that d,y was defined as d(V(y))
ye¥

(Eq. (2.7) of [1]). Note that (4.3) differs from the expansion for Z$"(A) in [1] by

the dependence of e on R, ,. and the fact that the set € in (4.3) may contain

contours y which touch 0A°.

We continue as in [1] with an expansion of the Gibbs factor e
around the corresponding Gaussian approximation, with the difference that we
absorb the perturbing interaction, W,(¢,, ¢,), into the definition of the perturbing
potential if (xy) intersects 0A". More precisely we define (with, as before,

¢x=Rx—RO)

—H(R A\%IRp A¢)

W9, 8) = WR,+ 6. Ry + )= 26— ¢, (4.52)
Tp)=V(R,+ )=~ 091+ T Wbod)  (@5b)
lx=yl=1

and®, for X c A\%,
Fy(¢yx) = XZB [T (t(@x+ RYe ¥ —1} [] fe ™= 1}, (450)

s xeX1 {xy)eB
X=X,vX(B)

where B denotes a set of nearest neighbor pairs and X (B) denotes the corresponding
set of points. We obtain the expansion

Z(AIR;4e) = e~ e AlZ;m(AlRaAc)Z 2 jd(bx(‘ﬁ)e‘Hflo)(RxmlRaAc)
€ XCA\%

- Z(O) A .
Fo(py) =2 é(oil‘ﬁaX(%)uaA ) I—[ eealsuPp ¥ ~Va(rIRze) (4.6)
q (A| ¢a Ac) ye¥

where X(%)=XU(And,%) and A; = A\(X(¥)Usupp%). H? and Z!” are the
quadratic and Gaussian approximations to H and Z, respectively, in %, (see
Eq. (4.3) and (4.6) of [1] for the definitions).

The above expansion is an expansion into “excitations” (%, X), coupled through
a ratio of Gaussian partition functions. As in [1] we decouple the connected
components of these excitations with an expansion for this ratio (see [1], Sect. 4,
Eq. (4.8)). We obtain the polymer representation

Z(AIRypo) = e~ N ZO(AIR, Ac)%l 11 P(PIR, 40), (4.7)
Pe

7 Throughout this section we assume that g is stable N 5
8 With a slight abuse of notation we suppress the dependence of V,(¢,) and Fx(¢x) on R, .
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where the sum goes over sets P = {P,,P,,...} of polymers in A (i.e. connected
unions of L-blocks in A) such that P; and P; have no face in common for i #j.
p(PIR, ,.) is defined as

1 1
P|R, )= Y
P(P|R;4 (g;r IT|! ZO(X Usupp €| spe

Fy(gpy) [T P! TT W(I | Paxroonc) (4.82)

ye¥€ rer

where the sum goes over all triples (¢, X, I') such that supp%éu X U X(I') = P, and

w(r| Dox@yvonc) = fdsro"{log ZP(A s rlPoxgyvone) — 108 ZPA,srldgpe)}-
(4.8b)

Asin [1] I" denotes a set of faces separating L-blocks in A, I" denotes a sequence
(I'1s..., T p), X(I') is the set of L-blocks which have at least one face in common
with I" and X(I') = () X(I). The s-dependent partition functions Z{>(,s r|") are

rer —
defined by interpolation in the Hamiltonian H!”, and X is the smallest union of

L-blocks in A\supp % such that X(%)c X and dist(A\(X Usupp %), X (%)) < r,,
where r, is a constant to be chosen below.

Note that for polymers P not touching 0A the activities p(P|R,,.) do not
depend® on R,,. and are equal to the activities p(P) obtained in [1] for the
partition function ZJ"(A). The following proposition immediately gives
convergence of the Mayer expansion for log Z,(A|¢; 4.)-

j oy o HO @x19340)
)

Proposition 4.1. Given b < oo there is a choice of Ly < oo, such that, for all L= L,
and all B < oo one can choose ry =ro(L), B; = p,(L, B), t; = t,(L, B) in such a way
that

|P(P|Ra,\c)| < e_blpl,

provided (¢, | < B for all xedA° and = B,,t=1(B,L)=1,.
We first prove the following lemma, which is the analog of Lemma 5.1 of [1];
n and x” are the constants from Assumption A.1.

Lemma 4.2. For all ¢ < oo there is a constant Ly = Ly(c,n,n",v) such that, for
L= Ly, e>0 and a suitable choice of r, (depending on ¢, L,n,n" and v)

1 ~ €
> Tl I1 ’W(Fl‘ﬁax(%)uamﬂéexp{i (;(%45,25}

I's.t. * Te xe
supp‘gufutX(I‘)=P fer

-exp {f1(1+ B?)| X Usupp@| — cL™*| P\(X Usupp 6)|},
provided | ¢, | < B for all xedA°. f, is a constant depending only on L, v, n and n".
Proof. We closely follow the proof of Proposition 5.3 and Lemma 5.1in [1]. Fora

¢ There is no dependence of p(P|R ,.)on R . via W(I"|-) for these polymers, because the contributions
from A\P in (4.8b) cancel if P does not touch dA
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given I" let C'V and C® be the covariances corresponding to Z(Y 1, s @ sx4004)
and ZO(Y,,srl¢,,.), respectively, with Y, =X Usupp® uX (I') and Y, =Y,\
(X (%)usupp %). Using the fact that the contributions from A\Y, cancel in (4.8b)

we rewrite
5 ~ 1
W' pox@yvon) = W)+ Z ¢.B m‘ﬁy“— Z ¢.B (2’¢y,
x,ye0X(¥)udAc x Lyed Ac
where W(I") is obtained from W(I") as defined in [1] by substituting C® for C®;
BY is defined as
BO=BOI)= Y  [dspo"CY.

u,veY;
lu=x|=|v—-y|=1

Using the inequality ¢2 + ¢2 > 2|¢.¢,| and the symmetry BY) = BY) we bound
% W da@an)

I:|I'l=n

~ 1
< Y O IWDI+: Y ¢F Y IBOD)
Ir:|I'=n 2xe6X(‘€) )ﬁ_Zlv

r:|r|i=n

1

=2 ¢ Y IBOI) + Z ¢z Y B

2xeaAC yeZ® xe dAc yeZ®

r:I'l=n Ir:|Ir'\=n
We now extract a factor e ™2 from the sum over y in the second term on

the right-hand side and use the fact that only those x contribute to the last two
terms for which xedA°n(Y,u0Y?)<dYs, because BS;=0 if dist(x, Y,)=2.
Continuing as in the proof of Proposition 5.3 of [1] we obtain the estimate

- B emoL/Z _
Z |W(F[¢ax(<g)ua,1c)| é d'i+ le n(mOLMV){T ’XUSUPp(ﬂ
Ir:|I'l=n
e~ (mo/2)(ro—L)
+ Z ¢2 +e'"°L/2B2|6Y |}
2 xe0X(%)

where d, is the constant from Proposition 5.3 of [1] (it depends only on v,# and

7'). We now bound |0Y5| <(3'/L)|Y,| and use the fact that |X(I')| £ 2LYI'| <
2|F [|Xusupp®| for all terms which contribute to the above sum (if
Xusupp%=¢, Y,=Y, and W(I"lqbax((g)uam)— , if Xusupp® # &, the
inequality is trivial); we therefore may bound

v+n

3 _
|0Y% ]<—(1+2|F|)|Xusupp(€|< L | X Usupp €|,

which shows that
W Dox@roonc) = (3d1e’("‘°’~/4v))"{

d, emobi? _
—————3"(1+ B?)|XuUsupp¥|

d e—(mo/Z)(ro-L)
+1f Y ¢§}. (4.9)

xedX(€)
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Given ¢ < o0 we choose L, so large that
3d, e Mol < L2
and ro =ro(e, L,n,n",v) so large that

d,e~mo/Dro-D) < ¢

Lemma 4.2 now follows from the bound (4.9) in the same way as Lemma 5.1
follows from Proposition 5.3 in [1]. B

Proof of Proposition 4.1. Using Lemma 4.2 together with the bound (4.4) we are
left with a bound on a sum over terms of the form

1 cLYIP| —(t/3—cL”™" —f1(1+B?))supp¥|

ZO(X Usupp €|, 4.)

- b2 o ~ O, € Y ¢F
.e(CL +f1(1+B))|X|jd¢)?FX(¢X)e Hg (¢x|¢aAc)e xedX(9)

Bounding the integral by ,
ZOF\X O 51 by Flp)e 50090006 ik,

and the ratio

Z QO)EX \X(®)|d,4.) < 21+ BAIX@)usupp ]
ZO(X Usupp €|, 4.)

with a constant f, depending only on v,n,7 and #”, we continue as in [1] to
complete the proof of Proposition 4.1. H

At this point the proof of Lemma 2.5 is a standard exercise: one repeats the
procedure leading to the polymer representation (4.7) for the unnormalized
expectation value [A]% r, . =<A>% ¢, .. Z4(Ald;4) and uses the usual algebraic
procedure to divide out the partition function Z,(A| ¢, ,.). Since we have assumed
that the observable A4 is bounded, the bound proven in Proposition 4.1 immediately
gives the bounds necessary to prove the convergence of the resulting cluster

expansion for (4>, . Lemma 2.5 is an immediate consequence.

5. Periodic Boundary Conditions

In this section we analyse periodic boundary conditions. We first consider the
partition function,

Z,(T)=[dRype™H&), (5.1)

where T is the v-dimensional torus with length [ in each direction. As usual we
assume that T is a union of L-blocks, i.e. [ is an integer multiple of L, where L is
chosen according to Lemma 3.1 in [1]. Denoting by h the free energy of the
truncated contour model (see Sect. 3 of [1] for the precise definition), by h the
minimum of the kj’s and by a, the difference h; — h, we recall that the phase g is



First Order Phase Transitions in Unbounded Spin Systems. II 499

stable iff a, = 0 and introduce the constant

d= min a,,.
m:am*0
Our first goal is the proof of the following theorem, which is the appropriate
reformulation of the corresponding theorem in [9]. #7; is the neighborhood of
0eRM~! defined in Lemma 3.1 of [1].

Theorem 5.1. Assume that V and W obey the conditions A.0 through A.3 of [1].
Then there are constants * < 00,B>0 and l,=1l,(d) < oo, such that for pev;,
Bz p* and 121,

|Z o (T)e" — No| < e P (5.3)

N, is the number of stable phases.

The proof of Theorem 5.1 is essentially the same as that of the corresponding
theorem in [9]. For the convenience of the reader and for later reference, however,
we give the complete proof. We start with the partition of unity,

1 = Z l_[ Xw(x)(Rx)s
w:T—{0,1,..., N} xeT
with y,(-) as before and define a L-block, [1(x'), to be m-correct iff w(x) = m for
all x with dist (x, [J(x")) < 1. As before the connected components of the set, B(w),
of incorrect points are the supports, supp?y;,...,suppy, of the contours,

71 =(suppy;, ®,,),..., ¥, = (SUppy,, @, ), of the configuration w.
Following [9] we first consider those configurations, w, for which

diamy <l/3 for all contours y. (5.9

For such configurations, the notation of exterior contours can be well defined:
For a contour, y, of w let Inty be the union of those components of T\suppy
which have diameter less or equal //3. Exty is then the remaining component of
T\suppy, and the set of exterior contours of the configuration w is the set of
contours, 9, for which there is no other contour, ¥, of w such that suppy < Inty".
Denoting the sum over all configurations, w, which obey (5.4) and whose exterior
contours are m-contours by Y ™, we introduce the partition function

Zn(T) =Y " ([T to(Roe " 7dR . (5.5a)

xeT

w

More generally, we define, for a subset V < T,
ZyV) =L T] Kam(R)e™ "Ry, (5.5b)
xeV

w

where we impose the additional constraint that all exterior contours, y, obey the
“diluteness condition” dist (V(y), T\ V) = L. As before V(y) is the set Inty Usuppy.
We also introduce the partition function,

Zgig(T) = 2P ] L (Re)e ™ "“PdR , (5.6)
w xeT

where the sum goes over all configurations violating the condition (5.4).
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With this notation we rewrite Z__(T) as

per

n= 3 Zu(T) + Zyy(T). (5.7)

m=1

per(

Theorem 5.1 now follows immediately from (5.7) and the following three lemmas,
which are proven in the sequel. We assume from now on that ¥V and W obey
assumptions A.0 through A.3 of [1], and that pe¥",, L= L, and = f8,, where
L, and 8, are the constants from Lemma 3.2 and Theorem 3.3 of [1], respectively.

Lemma 5.2. Assume that q is stable. Then there are constants K, < o0, B, > 0 such
that
llog Z,(T)— h|T| £ K e 5

Lemma 5.3. Thereis a constant 5 < oo, such that for = B the following statements
are true:

i) For all me{l,...,N} and all V = T which are unions of L-blocks
Z (V)" <exp {K,e B +(C, + 1)|0VF| ).
ii) If m is unstable
Z(T)e"™! < X2 max {e~(@m/2F" = Bse"" 1},

Here t=1(B,L) is the constant from Lemma 3.1 [1] and B; >0 is a constant
depending only on the dimension.

Lemma 5.4. There is a constant f, < oo such that

ZBig(T)ehITl § e—tl/é,
provided B = f,.
Proof of Lemma 5.2. For the Gaussian approximation, Z{”(T), to Z,(T), the
statement is well known. It can be proven, for example, by comparing the random
walk expansion for log Z{”(T) with the random walk expansion for | T|h{”. Since

the difference between log Z{”(T) and log Z ,(T) can be controlled by a convergent
cluster expansion if g is stable the result immediately generalizes to log Z, q(T) |

Proof of Lemma 5.3. We proceed as in the proof of Theorem 3.3, [1] to bound

Z (V)ehlVl <exp {C |6Vc| +K e-le} Z/e-ale\Int%”l 1"[ e-(t 3Ci1— l)|suppy|
ye¥

where the sum goes over sets € of mutally external m-contours which are all large
(ie. a,diamy > 1/3) and obey a bound diamy < I/3. Extracting a factor

M = max e~ @m/2IV\Int g n e~ @21l (5.8)
€ ye¥

and continuing as in the proof of Theorem 3.3, [1], we obtain, for a suitable
choice of #5 and for § = f5,

Zm(V)ehlVl < Mexp {(Cl + l)laVcl + Kze_BZI}.
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Bounding M by 1 we obtain i). To prove ii) we set ¥ = T and use the isoperimetric
inequality to bound
|%| 2 |0(Int €)’| = K|Int €|*~ VP,
where K >0 is a constant depending only on the dimension v. We obtain that
M< sup e(am/2)(|T|—x)e-(t/Z)Kx‘”“‘V“‘

0=x=|T|
The supremum is obtained for either x =0 or x =|T|, which shows that

M < max {e~@m/DIT| = @DKITIO= 1Dy,
This proves ii), with, for example, B; = K/2. R

Proof of Lemma 5.4. For a given configuration w contributing to (5.6) we let €,
be the union of those contours which violate (5.4) and V,, be the union of those
components, K, of T\supp®,; for which w=m on 0K. Resumming all
configurations @ which give rise to the same set ¥; we may bound

Zui(N) Y [1Z,(V,) [T e chmem,

€1 m ye¥®1

where we used Lemma 3.1 and Lemma 3.2,ii) of [ 1] to bound integrals of the form
IdRway(Ry)e - H(erRa(supp 7)°)T b (=] (gl .

Next we use Lemma 5.3, i), to conclude that

ng(T)ehl'Tl <Ky [] emC26i- i,
€1 ye%1

Bounding the sum over all contours, 7, with fixed size s = |y| by I"e**, where K is
a constant depending only on v and N, we obtain, for t large enough,

o0 n
ZBig(T)ethl §e"2 Z l(lv Z e—(r—K—2C1—1)s> § e—rl/6' n
n=1 I\ 573

We are now ready to prove Theorem B of Sect. 1. We consider a bounded, local
observable, 4, and introduce the modified partition function,

Z.(A,T)= Y ARy [T ARy Ae ™ HRD), (5.9)
w:T—{0,1,..., N} xeT

as well as
Zy(AT)= Y [dRy[] tym(Re)Ae™HED, (5.10)
N} xeT

w:T{0,1,...,

where the sum )" denotes a sum over all configurations, w, which violate the
condition (5.4). We also introduce the expectation values

Z,(A,T)
Z,(T)
and recall that {(A4), denotes the infinite volume limit of the finite volume
expectation values with boundary condition g, see [1], Theorem 1. For stable

(Apr= (5.11)
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values of g, the difference, {A),—<A4), ;, can be controlled by a convergent
cluster expansion and goes to zero as T —Z". Therefore Theorem B follows
immediately from the following theorem.

Theorem 5.5. Assume that V and W obey the assumptions A.0 through A.3 of [1].
Then there are constants f* < oo, B> 0 and l, = 1(@), such that

<lAle™?,

1
<A>per,T—N Z<A>;,T
04

provided ue¥ |, p = p* and 1 = l,. The sum goes over all stable values of q, and N
denotes the number of stable phases.

Proof. Theorem 5.5 immediately follows from the identity

1 N
A = 7
< >per,T Zper(T) [mgl Zm(A, T) + ZBig(A, T)]’
Theorem 5.1, Lemma 5.2 through 5.4 and the bounds
Zn(AT)S | 4] Z,(T), (5.13)
Zyi (A, T) S || A Zgyo(T). (5.14)
|

Remark. For an unbounded observable A4, the bound (5.12) is useless because
| A || = oo. To prove Theorem B for the more general class of observables for which
| A|® < oo, see [1], Sect. 1, for the definition of || 4[|, we show that

Z (A, V) < || A @K e Alexp (K e P +(Cy + D]OVEl},  (5.15)
Z (A, T)eMT < || 4| @K supp Al K2 gy (= (@m/DF o= Bt ™11 (5.16)

and
Zy (A, T)"T < || A @K Isuep Alg=HE, (5.17)

with a constant K which does not depend on I. Given these bounds we immediately
obtain Theorem 5.5 with ||A| replaced by || 4[| ®K'*?4l and hence Theorem B
for all observables, A, with | 4] < co. Since the proof of (5.15) to (5.17) is a
straightforward combination of the methods developed in Sect. 7 of [1] and the
methods of this section, we don’t present the details here.

Appendix: Superstability Estimates

In this appendix we prove Lemma 2.3, using the methods of [2—4]. In fact we
prove a more general theorem on the probability that «(R,) = o, for a given site,
seZ’. Lemma 2.3 then follows by a three line argument. To make this appendix
self-contained we restate those assumptions which are needed in the course of the
proof.

We consider a spin model with spins R, eR and a Hamiltonian

H=YVR,)+ Y W({R.R,), (A1)
x {xy)
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where the sum ) denotes a sum over nearest neighbor pairs, {xy). We assume
{xy>
that V and W are bounded from below and that W is normalized in such a way

that W(R,,R,) = 0. Putting

%(R,)=V(R,) - Iltn]fl V(R)

we assume that W obeys the regularity condition

0= W(R,,R)) k(1 +«(R,)+ (R,)) (A2)
and that
je'“ ~ AR IR < o (A.3)

for some constants k; < 00, 0 < A < 1. For the model considered in the main body
of this paper assumption (A.2) is the assumption R of Sect. 1 and (A.3) immediately
follows from assumptions A.1 i) and A.2 ii) of [1].

Let A(j) be the set of all points in Z* which have distance'? less or equal to j from
the origin and put, for a configuration R in Z*

; R,). (A4)
|A(J)|xe§<j>
We define: an equilibrium state, - ) = [-dP, is tempered if | R|| < co with probability
one.

The goal of this appendix is to prove the following:

[ R| =sup
jzo0

Theorem A.1. Let () =[-dP be a tempered equilibrium state. Then there is a
constant K < oo such that the probability, P(«(R,) > a,), that a(R,) is larger than
0o is bounded from above by Ke~ /2%,

Remarks

i) As the reader may easily verify from the following proof, the constant 1/2 in
the above theorem may be replaced by any constant 4 < 4, at the cost of making
K larger if /2 < 1.

ii) Lemma 2.3 immediately follows from Theorem A.1 because, for a > 2(v — 1)/4,
the probability that a(R,) > alogj is bounded by

<) =())

Therefore the probability that «(R,) > alogj for at least one x with dist(x,0) =

is bounded by
1 v—1
O(jv_ 1)0(<-.> )s
J

which goes to zero as j— co.

10 We define the distance dist(x, y) between two points, x, yeZ’, as |x — y|,, where ||, denotes the I,
distance in Z"
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Proof of Theorem A.1. We introduce a growing sequence of positive numbers
Y — oo as k— oo and a sequence of volumes A,, such that

i) A, contains all yeZ* with dist(x, y) < 1, (A.5)

iiy 0A¢ = A, ,, and (A.6)
A

iii) A Yy <l+c¢ (A7)
Al i

for some small number ¢ to be chosen later (a possible choice would be, for example,
Ay = Ak + ko), ¥y = k + ko, where k, has been chosen large enough, depending on
¢). As in [2-4] we define sets, €, of configurations R,

%o={8

%j-f-l: {B

We also introduce the characteristic functions, y; = x;(R), which are 1 if Re%;
and 0 otherwise. Since P is tempered, we may rewrite

5 a(Rx)<wk|Ak|Vk;o} (A8)

x€ A

Y wR)Z YAl Y a(Rx)<l//k|Alekzj+1}- (A8.b)

xeAj xe Ak

P(R)> )= 3. Py, (A9)

with
P;= [dP(R)x;(R)x(a(R,) > o).

Using the DLR equations, we rewrite

P, =] dP(R ) [dR A X(@(R,) > 0t0);..;(R)e™ "C 41549, (A.10)

1
Z(AjIR, A;)
where we used the convention A_; = {x}.

After these preparations we bound the probability P(x(R,)> o). We first
estimate P,. The necessary lower bound on Z({x}|R,,,.)=[dR e ""Ra) i
obtained as follows. For Re%, and R,€R we estimate

HR,IR;, ) SVR)+k; Y (1+aR)+aR,)

yily—x|=1

<V(R,)+2vk;(1 + a(R,)) + k; ¥ a(R,)

ye Ao

< V(R,) + 2vk, (1 + a(R,)) + k1 o] Ao,

which, for Re%,, gives the bound

< ek1vol Aol C,
Z({x} |R6{x}¢)

with C=e?™/[dRe~ V®-2k1o®) pserting this bound into (A.10) we obtain, using
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the lower bound W(R,R’) =0,

P, < ek1vol Aol " .La e_V(Rx)de < ehWolelce—lao’ (A.11)
x) = &0

with

j’e—V(R)+la(R)dR

fe_ V(ﬁ)~2vklaz(1-i)dﬁ'

To bound P, for j =0 we estimate, for Re%,, and ﬁAj:Aj—>R,
HR, RS Y, VIR)+ Y (1+a(R,)+aR,))

C=C[er®-VRGR = g2k (A.12)

x€A;j xeAj,yeaA;
[x—yl=1
< Y {V(R) + vk, (1 + «(R,))} +2vk, Y «(R,)
xeAj yeAj+1\Aj
n 3 |Aj+1|‘/’j+1
< 2 VR +2vky (1 + a(R))} + 2vk, | —LFEEL—1) 3 afR,),
xeAj . |AJI lﬁj xe AJ

where we have used (A.6) in the second step. Choosing the constant ¢ in (A.7) so
small that (2vk,)e < A/4 we obtain the bound

1 —@4) Y aR,)
— < Clle yeA;
Z(A1R; )

1y

«(R,)
ée‘()-/z)¢0(ce-(l/4)d/j)l Ajlg ¥en;

s

provided Re®;,, and «(R,) = o (we have used the fact that xeA; for all j=0
by our choice of A, see (A.5) and A.6)). Inserting the above bound into (A.10) one
gets the estimate

P,-+ Se —(A/z)ao(("fe = (345l Asl
Combined with (A.11) we finally obtain Theorem A.1 with
K= éekulm[/lol 4+ Z (ée—(}./4)¢j)lA,|. ]

jzo
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