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Universal Grassmann Manifold

K. Nagatomo
Department of Mathematics, Osaka University, Toyonaka, Osaka 560, Japan

Abstract. We find a linearization of the Ernst equation by means of universal
Grassmann manifold (UGM) techniques. All local analytic solutions defined
at the origin are obtained by solving an initial value problem for a linear
differential equation on a UGM. We give an explicit formula which represents
solutions of the Ernst equation. By using this formula, we generate several
special solutions.

Introduction

The method of the universal Grassmann manifold (UGM) due to Sato ([1,2])
provides us a unified framework of linearizing various kinds of soliton equations.
Many soliton equations are equivalent to a system of linear differential equations
on the UGM, which is completely integrable in the sense of Frobenius (Mulase
[3]). Recently Takasaki [4] has shown that the equation of self-dual Yang-Mills
fields, which is a typical example of the higher dimensional integrable system, is
also linearized on the UGM. The oo x oo matrix ξ introduced in [4], which
represents a frame of a point of the UGM, has also been used with success in
analyzing Witten's gauge field equations [5]. In this paper we investigate a
linearization of the Ernst equation by using this oo x oo matrix. One of the
immediate consequences of our main results is that all local analytic solutions
defined at the origin are obtained by solving an initial value problem for a linear
differential equation on the UGM.

The Ernst equation is a system of nonlinear differential equations for two
unknown functions f = f ( z , p ) and e = e(z,p) ([6]):

/V2/- (dj)2 - (dpf)
2 + (dze)2 + (ΰpe)2 = 0,

in Rz x R + , where V 2 - d2 + (l/ρ)dp + d2 and Rp

+ - {peR p > 0}. In what follows
we consider a formal power series solution at (z, p) = (0, 0), which is uniquely
determined by its value at p = 0 ([7]). We shall give a formula which represents
formal power series solutions. It follows immediately from this formula that if the
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initial value at p = 0 is analytic, the corresponding formal solution actually
converges.

It has been known that the Ernst equation is the integrability condition of a
system of linear differential equations: Hauser-Ernst[8], Belinsky-Zakharov[9],
Maison[10], etc. The linear system used in our approach is given for a matrix
form (Nakamura[ll]) of the Ernst equation. Although our system coincides with
that of Belinsky-Zakharov after an appropriate change of the spectral parameter,
we impose on the solutions of our linear system, called the wave function, a different
supplementary condition. Our linear system has then a unique wave function which
is analytic at {z,ρ//) = (0,0, oo), where λ stands for the spectral parameter, a fact
which is one of the reasons why we use this linear system. Our basic result is that
this unique wave function is obtained by solving an initial value problem with an
initial value at p = 0 for one of the two equations of this system. The other equation
can be coded into a condition on the initial value. The linear differential equation
to be solved here plays a similar role as Sato equation for Kadomtsev-Petriashvili
equation.

Once the problem of finding a wave function is reduced to an initial value
problem for a single linear differential equation, we can use the UGM techniques
to solve the Ernst equation. In general our formula representing the solutions of
the Ernst equation involves manipulations of the oo x oo matrices, but if the initial
value satisfies a certain condition, all calculations are done by finite dimensional
linear algebra. As examples, we construct several rational solutions by our method.

It is worthwhile noting that the Ernst equation is an analytic elliptic system,
and hence any C 3 solution at (z,p) = (0,0) turns out to be analytic ([8]). Indeed,
there exists a solution which has a singularity on the axis p = 0. A typical
example of such solutions is the determinantal solution which has a pole singu-
larity on the axis p = 0 (Kyriakopoulos[13], Vein[14], Candler and Freeman[15],
Nagatomo[16]). Unfortunately we cannot analyze such solutions, because the
initial value problem with an initial value at p = 0 discussed in this paper is
irrelevant to these solutions.

In the next section we state our main results and give the organization of this
paper.

I. Statement of Results

Let ^ be the set of all 2 x 2 matrices with components in R (real numbers).
Throughout this paper ^\z\ and #[z, p] denote respectively the set of all formal
power series in z and (z, p) with coefficients in cβ.

Following Nakamura[ll] we rewrite the Ernst equation in matrix form. We
assume fφ 0, for the function / represents physically a non-vanishing coefficient
of a Lorentz metric. Define a square matrix τ(z, p) by

f / (1.1)



Ernst Equation as a Motion on a Universal Grassmann Manifold 441

Then the Ernst equation is expressed as

dz(pdzτ-τ~') + dp{pdpτ-τ-') = 0, (1.2)

d e t τ = l , h = τ. (1.3)

We call Eq. (1.2) the matrix Ernst equation.
Let us consider the following initial value problem for Eq. (1.2) with the following

condition on the initial value:

IVP-1

where ^{zjx denotes the set of invertible elements of ^\z\. We shall prove that
this initial value problem is uniquely solvable (Proposition 2.1).

In [7] we have shown the unique solvability of the initial value problem
for the Ernst equation with the initial value /(z,p)|p = 0 = / ( Z ) G R [ Z ] X , φ , p)|p = 0 =
φ)eR[z] . By virtue of this fact, we obtain the result that if the initial data satisfies
condition (1.3), then the corresponding solution of IVP —1 also satisfies this
(Corollary 2.3), so that we may restrict ourselves to analyzing Eq. (1.2).

To introduce a linear system associated with Eq. (1.2), we rewrite first Eq. (1.2)
by using the matrices P = dzτ τ~ι and Q = dpτ τ x as

dz(pP) + dp(pQ) = 0, (1.4a)

3 p i > -6\β + [ P , β ] = 0 . (1.4b)

Consider then the following system of linear differential equations for the unknown
function W = W(z, p, λ),

(1.5a)

(1.5b)

where Dι = dz — λpdp + 2λ2dλ and D2 = λpdz + dp. It is clear that Eqs. (1.5) are
involutive if and only if P and Q satisfy Eqs. (1.4).

Let φ , p ) be a solution of Eq. (1.2) with an initial value φ , p ) | p = 0 = φ ) ,
Φ ) G # [ Z | . Then Eqs. (1.5) have a unique solution which takes the form W(z, p, /) =

oc

1 2 + Σ w}(z,p)λ~j, where w}(z,p)e^\z,pj and 12 stands for 2 x 2 unit matrix

(Proposition 3.1). Further the value of W(z,p,λ) at p = 0 is given by

1

2λ.
W(z<p,λ)\p = 0 = τ{z)'\ τ z + — . (Proposition 3.3)

This result enables us to study Eqs. (1.5) by using an initial value problem
with an initial value at p = 0. In fact, the system of Eqs. (1.5) is equivalent to the

following initial value problem for W(z, p, λ) = 12 + Σ Wj{z, p)λ~\ Wj(z, p)ecβ\z, p\

(Proposition 3.5):
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IVP-2

Obviously, every wave function has the following property:

(P) ΌγW'W~ι and D2W W'λ are independent of the variable λ.

It is important to notice that the above property (P) completely characterizes the
CO

wave functions. Namely, if a formal power series W(z,p,λ)= 12 + Σ wj(z>P)λ~\

Wj{z,p)e^lz,pJ has the property (P), then P = DiW-W~1 and Q = D2WW~\
which are functions only of z and p, satisfy Eqs. (1.4) (Lemma 4.1).

oo

One of our main results is that if W(z, p, λ) = 1 2 + Σ wj(z> P)λ~j,Wj(z, p)e(&lz, pj

satisfies

(D2W W~ι is independent of the variable /,

{w(z,P,λ)\p = o = τ(zy[τ(z+l/2λ)y\ ( ' }

then D1WW~1 is also independent of the variable /. Furthermore every solution
τ(z, p) of Eq. (1.2) can be obtained from W with a suitably chosen initial value
τ(z,p)|p = 0 = τ(z) (Theorem 4.3, Remark 4.4).

The formal power series which satisfies condition (1.7) is obtained by solving an
initial value problem for a linear differential equation on UGM. The first statement
of (1.7) is equivalent to the following infinite series of differential equations for

ρdΣWj + cp\Vj_ 1 = ρdz\v{'\Vj_ 1 for any j e N . (1.8)

A similar equation has already appeared in the study of the self-dual Yang-Mills
(SDYM) equation (Takasaki[4]). In terms of an oo x cc matrix ς = (ς, i / ) i e Z j 7 < ϋ

introduced in [4] (see Sect. V for the definition of ξ) Eqs. (1.8) are expressed as

uj + dpξif - ξu - xpo.ξoj = 0. (1.9)i + u

The second condition of (1.7) determines the initial value of ξ at p = 0. As in
Takasaki[4], we can generate the solution of Eqs. (1.9) with the specified initial
value from a solution ξ of the linear equation

ρdzξi + u, + δpςij = O for ίeZJ<0

(Theorem 5.2).
To generate special solutions of the Ernst equation, we consider the case when

the initial data τ(z) be a polynomial of z such that detτ(z) = 1. Then the matrix ξ
is reduced to a finite size one and therefore by using finite dimensional linear
algebra we can construct solutions of Eqs. (1.9), which are rational functions of
both z and p (Corollary 5.4). We shall give several special solutions of the Ernst
equation with such initial values.

The present paper is organized as follows. In Sect. II the initial value problem
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IVP-1 is considered and its unique solvability is proved. We review the inverse
scattering formalism for the Ernst equation in Sect. Ill, where we prove that every
wave function is uniquely determined by the initial value problem IVP-2. Our
main result (Theorem 4.3) is stated and proved in Sect. IV and the Ernst equation
is linearized by the UGM method in Sect. V, where several simple examples are
also discussed.

II. Initial Value Problem IVP-1

Let us consider the following initial value problem with an initial value at p = 0:

IVP-1:

(pδzτ τ-1) + 5>5 p τ τ-1) = 0, τ(z,p)e<φ,p],

ί z , p ) | p = = 0 = τ(z), τ(z)e<ίf([z]|\

This initial value problem is uniquely solvable.

Proposition 2.1. The initial value problem IVP-1 has a unique solution.

Proof. Suppose given a solution τ(z,p) of IVP-1. We first show that dk

pτ(z,p)\p^0

is uniquely determined inductively from the initial value τ(z). Differentiating k times
both sides of the matrix Ernst equation:

ΰpτ = - pdp{pdp-τ- ^-τ - pdz{dzτ-τ'ι) τ,

we have

5 5 + 1 τ = - p ^ ( 3 p ( δ p τ τ- 1 ) τ ) - ^ - 1 ( δ / , ( δ p τ τ- 1 ) τ)

- p ^ ^ τ τ-^ τJ-Λ^-^δ^r τ-1)̂ ). (2.1)

Substitute the identity

into Eq. (2.1) and set p = 0. Then

and hence

p τ ) { z , p ) \ p = 0. (2.2)

Clearly, the right-hand side of the above equation is a polynomial of d'zZj(z)
(i = 0,l,2,j = 0,...,k) and τo{z)~ \ where τj(z) = δ'pτ(z,ρ)\β = 0. Therefore, τk(z), keN
is uniquely determined from τo(z) = τ(z).

Let //^(τ^ 1 ,^, ^Tj-.^T,-) denote the right-hand side of Eq. (2.2). Define τk + 1
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inductively by

k ~λ d 2

GO

Then τ(z,p) — Σ (τk(z)/k} )pk i s a unique solution of IVP — 1.

Remark 2.2. Let τ{z,p) = Σ (τk(z)/kl)pk be a solution of IVP-1. Since τ(z, - p) is

also a solution of the matrix Ernst equation with the same initial value as τ(z,p),
we have τ(z,p) — τ(z, — p) from Proposition 2.1. Hence τ2k-1(z) = 0 for feeN, i.e.,
τ(z, p) is an even function of p.

To generate a solution of the original Ernst equation we have to find a solution
τ(z,p) of IVP-1 such that detτ = 1 and xτ = τ.

Corollary 2.3. If an initial data τ(z)ecέ\z\x satisfies the supplementary conditions
det τ(z) = 1 and h(z) = τ(z), then the unique solution of TVP-1 also satisfies det τ(z, p) =
1 and ιτ(z, p) = τ(z, p).

Proof. Define / ( Z ) G ^ [ Z ] ) X and e{z)e(€\_z\ by

Φ) = f
e

Then by Proposition 2.1 in [7] there exists a solution f(z,p), e{z9p) of the Ernst
equation such that f{z,p)\p = o=f{z) and e(z,p)\p = o = e(z). Define τ(z,p) by (1.1).
Then τ(z,p) is a unique solution of IVP-1 and satisfies detτ(z,p)=l and
fτ(z,p) = τ(z,p).

It follows from Corollary 2.2 that the solution space of the Ernst equation is
specified by the initial values of IVP-1, so that we may only consider IVP-1.

III. Initial Value Problem for Wave Functions

As mentioned in Sect. 1, the matrix Ernst equation is expressed as the integrability
condition of a system of linear differential equations. A solution of this system is
called a wave function. We are interested in a wave function which is "analytic" at
(z, p,/I) = (0,0, oo). Such a wave function surely exists uniquely.

Proposition 3.1. Let τ(z,p) be a solution of the matrix Ernst equation. Then there
00

exists a unique W(z,p,λ) = 12 + Σ wj(z>P)λ~}, wj(z^p)^lz^pj such t n a t

DίW=PW, D2W=QW, W(z9p,λ)\χ = o = U (3.1)

Proof. Substituting W(z, p,ty=\2+ Σ Wj(z,p)λ~\ Wj(zyρ)e<tf(z,p] into Eqs. (3.1),
ii
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we have an infinite series of differential equations for w; (z,p),yeN:

where we put w0 = 12. We use induction to show the existence of wj(z9p)e(#lz,p}
subject to (3.2-j) and (3.3-j).

We can easily find a special solution of Eqs. (3.2.-1) and (3.3-1), which is given by

P \f t\2 z 1
w^p) = - ±P(0,p) + J - - 3,P(0, ήdΐ + J -β(s,p)ds.

o^\Pj op
Because β(z,p) = <5pτ τ~ ι is an odd function of p (see Remark 2.2), we observe
that Q(z9p)/p, and therefore w^z, p), is an element of ^[z,/>]. Further it follows
from the above expression that w1(z,p) is an even function of p.

Assume that there exists a solution wj{z,p)Ec$\_z,p\ of Eqs. (3.2-j) and (3.3-j),
which is an even function of p. Let us define wj+1(z,p) by

ws+&,p) = -^7^Jp-2U+1)s2j+i{d^
AJ T I J O

-]-{dpWj(s,p)-Q(s9p)wj(s9p)}ds. (3.4)
op

We can easily verify that w;-+ x satisfies Eqs. (3.2 — j + 1) and (3.2 — j + 1). We have
wj+1(z,p)e(β[z9p'l9 because dβWj(z,p) and β(z,p) are odd functions of p. Further it
follows from (3.4) that wj+1(z,p) is an even function of p. Hence by induction we
conclude the existence of w; (z, p). j e N subject to Eqs. (3.2) and (3.3).

We can prove the uniqueness of the wave function W as follows. Let W and
W be solutions of Eqs. (3.1). Then u defined by

satisfies D^u — D2u — 0. In the following Lemma we show u= 12, so that we have
W=W.

Lemma3.2.//«(z,p,/)=l 2+ Σ uj{z,p)λ'\uj{z,p)e{€{z,p\ satisfies Dλu = D2u = ^

then u(z, p,λ)= 12.

Proof. We first note that the functions w7 (z, p), j e N satisfy

We have pdpu1 + 2Mx = 0 and pdzu1 = 0 when j = 1. With the condition u^z.p)^
^\z,p\ these equations yield M1(z,p) = 0. Assume now that Uj(z,p) = 0. Then
similarly as above we can show uj+ί(z, p) = 0. Hence induction on j proves
u(z9p,λ)= 12.

We have seen that any solution of the matrix Ernst equation is uniquely
determined by its value at p = 0 (Proposition 2.1). We can represent the value of
the unique solution of Eqs. (3.1) at p = 0 in terms of the initial value τ(z).
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00

Proposition 3.3. Let W(z,p9λ)= 12 + Σ wj(z>P)λ~j> wj(z^P)e^ίz^Pί ^e t n e unique

solution of Eqs. (3.1). Then

1

2 λ " ( 1 5 )

i \

Proof By setting p = 0 in Eqs. (1.5a):

(δz - λρdp + 2λ2dλ)W{z, p, λ) = dzτ-τ~x W(z, p, A),

we find

(dz + 2λ2dλ)W(z, 0, λ) = dzτ(z)-τ(zyι W(z, 0, A). (3.6)

In terms of Wj, this takes the form

2/w. (z, 0) = ^_w; _! (z, 0) — P(z, 0)w;_ i (z, 0), for

Thus Wj(z9O) is uniquely determined by Eq. (3.6). On the other hand, the function
τ(z) [τ(z + 1/2A)]"1 clearly satisfies Eqs. (3.6). Hence we have proved the
proposition.

Remark 3.4. Equation (1.5b) gives no influence on the form of W{z,0,λ), because
when p = 0, we have D2W = 0 and β = 0 by virtue of the fact that W is even and
Q is odd with respect to the variable p.

Let W be the unique solution of Eqs. (3.1). Then it follows from Proposition
3.3 that W is a solution of the initial value problem

IVP-2

fd

Conversely every solution of IVP-2 satisfies Eqs. (3.1), whence the initial value
problem IVP-2 is equivalent to Eqs. (3.1).

We first note that a solution of IVP-2 is unique, because IVP-2 is written by
Wj{z,p) as

Suppose now given a solution W of IVP-2. We have to prove DXW = PW. Let W
be a solution of Eqs. (3.1), so that W satisfies IVP-2. Then the uniqueness of IVP-2
yields W = W, a fact which proves D1W = PW.

Thus we have proved the following proposition.

Proposition 3.5. Equations (3.1) is equivalent to IVP-2.

IV. Main Theorem

Let τ(z5p) be a solution of the matrix Ernst equation with an initial value
τ(z,p)L = 0 = τ(z) and let W be the unique solution of Eqs. (3.1). It follows from
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Proposition 3.3 that W has the following property:

\D2W'W~λ is independent of the variables /,

In the following we shall show that the above property completely characterizes
a wave function. Namely, we shall prove that if a formal power series W(z, p, λ) =

00

1-2+ Σ w j( 2 'PM ^ w /( z >P) e ^[ z ?p] π a s t π e above property, then DxW'W~ι is
7 = 1

independent of the variable λ.
The solution of the matrix Ernst equation with the initial value τ(z, p)\p = 0 = τ(z)

can be generated using such W as follows.

00

Lemma 4.1. LetW(z9p9λ)=l2 + Σ wj(z,ρ)λ~\wj(z,p)e(€\z,p\ be a formal power
7 = 1

series swc/z ί/zαί DλW-W~ι and D2W-W~1 are independent of the variable λ. Then

(1) P(z9p) = DίW W~1 andQ(z,p) = D2WW-1 satisfy Eqs. (1.4).

(2) The linear differential equations

3zτ = Pτ, dβτ = Qτ (4.1)

have a unique solution up to a multiplicative factor.
(3) Any solution τ(z,p) of Eqs. (4.1) satisfies the matrix Ernst equation.
Proof A simple calculation shows that

By virtue of the commutator relation [_Dι,D2~\ = λD2, we get

λQW = {DXQ - D2P + [Q,P])W,

so that

λQ = D1Q-D2P+ίQ,F],

where we use the invertibility of W. This proves the first statement. The second
and third statements are immediately shown by Eqs. (1.4).

Lemma 4.2. Let W(z,λ) be a formal power series of the form

W(z,λ)=ί2+Σ wj(z)λ~\ wj(z)e^l
7 = 1

Then there exists a unique

W(z,p9λ)=l2+ f W fepμΛ Wj(z,p)eVlz,p}
7 = 1

such that W(z,p,λ)\p = 0 = W(z,λ) and that D2W W~1 is independent of the variable λ.

Proof If (λpdz + dp)W(z, p, λ) \_W(z, p, λ)~] ~λ is independent of the variable λ, we find

(λpdz + dp)W(z, p, λ) = pd Wάz, p) W(z, p, λ).
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oo

Substituting the expression W(z,ρ,λ) = 12 + Σ wj(z>P)^~J m t 0 t n e above, we get

Hence we first see

dpWj(z,p)\p = o=0 for 7 = 0,1,2,....

By differentiating k times both sides of Eq. (4.2), we have

dk

p

+1wj(z,p)=-pdzd
k

pwj+1(z,p)-kdzd
k

p-
1wj+ί(z,p)

k

+ Σ
Then by setting p = 0 we find

Therefore dk

p

+1Wj{z,p)\p = 0, jeN is uniquely determined by dr

pWj(z,p)\p = 0, jeN,
r^k. Thus by the induction dr

pwJ(z,p)\p = 0 is uniquely determined by the initial
data Wj{z),jeN. This proves the lemma.

Theorem 4.3. Let τ(z)e^[z]]x. If a formal power series

satisfies the conditions that
(1) D2W'W~1 is independent of the variable λ,
(2) W ( z , A l ) | ί = 0 = φ ) [ φ + 1/2A)]"1,
ί/ien DjVF FF" 1 is α/50 independent of the variable λ. Furthermore a unique solution
τ(z, p) 0/ the initial value problem

dpτ(z,p) = Q(z9pyτ(z9p), τ(z,p)|p = 0 = φ ) , (4.3)

where Q(z,p) — pd^^z^p), satisfies the matrix Ernst equation.

Proof Let τ(z, p) be a unique solution of the matrix Ernst equation such that

^ 0

Let W(z, p, λ) = 12 + Σ ^j( z ' PM~7" ^ e ^ n e w a v e function associated with τ(z, p), i.e.
7 = 1

a unique solution of the equation

where P = dzτ τ~1 and Q = dpτ τ~1. Then from Proposition 3.3, ^(z,p,/) | p = 0 =
φ ) [ φ + 1/2A)]"1. Since VF and # satisfy the same initial condition, we have
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W= W by using Lemma 4.2. Hence D^ W'1 =D2WW~ι = Q is independent
of the variable λ. This proves the first statement.

To prove the second statement, we first note D2W W~ι = pdzw1. Because Q
and P = D1W W~1 give a solution of Eqs. (1.4), there exists a solution τ(z,p) of
the equation

dzτ = Pi, dpτ = Qτ (4.4)

which is unique up to a multiplicative factor. Indeed, τ(z, p) is a solution of the
matrix Ernst equation. Clearly, P\p = 0 = dzτ(z) \τ{z)~]~ι. Hence by using the first
of Eqs. (4.4) at p = 0 we may assume τ(z, p)\p = 0 = τ(z). Then by the uniqueness of
the initial value problem (4.3), we have τ = τ. Thus it follows from Lemma 4.1 (3)
that τ is the unique solution of the matrix Ernst equation with the initial value

Remark 4.4. For any T(Z)G^[Z], it follows from Lemma 4.2 that there exists a
formal power series

oo

W(z,p,λ)=l2 + Σ w; (z,Pμ-;, w7.(z,p)e<φ,p]
7 = 1

which satisfies conditions (1) and (2) in Theorem 4.3. A solution τ(z,p) of Eqs. (1.2)
which satisfies φ , p ) | p = 0 = Φ ) c a n be obtained from this FT by solving this initial
value problem (4.3). Hence every solution of Eqs. (1.2) is constructed in this way
with a suitably chosen initial value τ(z,p)\p = 0 = τ(z).

V. Linearization of the Ernst Equation

The problem of generating solutions of the matrix Ernst equation has been reduced
to find WJ(Z,P)E^IZ,P}JEN such that

pdzwj+1(z, p) + dp\Vj(z, p) - p3zWi(z, p)'Wj(z, p\

()| ()

where τ(z) [τ(z + \βλ)Yι = £ w^λ^.
j = o

Equation (5.1) is easily linearized by using the method of the UGM. Following

Takasaki[4] we introduce an oo x oo matrix ξ = (ξij\ez.J<o, ζij£^lz>P} with the
conditions

Λ ξ = ξC, (5.2)

ξiy = V 2 f o r U < 0 , (5.3)

where A = {δi+ίjl2)φz

( 5 4 )

ζθj)j<O J

Then we have a bijection between W and ξ characterized by

ξoj=-w-j9 for ;<0. (5.5)
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The matrix ξ corresponding to W is represented more explicitly in terms
of Wj as

where we set w; = w* = 0 for j < 0 and, for 7 ̂  0, vv* denotes the coefficients of

W~\ i.e. ^ - 1 = £ WΫ/"-7".

By using the matrix ξ we rewrite Eqs. (5.1).

Lemma 5.1. Eqs. (5.1) are equivalent to the equations for ξ

for ieZ, j < 0.
Proof is completely similar to the derivation of Eqs. (1.14) in Takasaki[4].
A linearization of Eqs. (5.7) is given by the following.

Theorem 5.2. Let ξ(0)(z) be an 00 x 00 matrix satisfying (5.2), (5.3) and ξOj(z) —
- w_j(z)J < 0. Define the 00 x 00 matrices ξ(z, p) = {ξij{z,ρ))ιeZJ<0 and ξ(_)(z,p) by

y2λdz)ξ{0)(z)= f (-ip2λd,)kξ^(z)/kl
k = 0

Then the inverse ξ{^ and the product ξ-ξ 1 can be defined as o o x o o matrices

and the matrix

ς - ς ς(-)

satisfies (5.2), (5.3) and (5.7). Furthermore if the initial data τ(z) is analytic in a
neighbourhood of z = 0, then Wj(z,p) = — ξoj(z,p) is analytic in a neighbourhood of
(z,p) = (0,0).

We can prove this proposition exactly in the same way as Theorem 6 in Takasaki

[4].

Remark 5.3. The ooxoo matrix ξ(z, p) satisfies the linear differential equation

This equation has already appeared in Nakamura[12] where Ansatz solutions of
the Ernst equation are generated.

By using Theorem 5.2 we can construct exact solutions of the Ernst equation.
We consider the case when the initial data τ(z) is a polynomial of z of degree

m such that ΐτ(z) = τ(z), detτ(z)= 1. The value at p = 0 of the wave function is
givne by

Since τ(z)~ι is also polynomial of degree m, W(z,p,λ)\p = 0 and W(z,p, λ)\β=:0~
1 are

polynomials of both z and λ~ι and have degree m with respect to the variable
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/ 1. Hence from (5.6) the initial value ξ{0)(z) = (^^(z)) ; e 7 / < 0 is expressed as

' ^ J l 2 ) / J < - m 0 \

0 ξ(m:z) L
0 0 /

where ξ(m:z) = (ξij(z))_.,„<,<,„ {__m</<0 Then ξ in Theorem 5.2 has the form

0 ξ(m:z,p) ,

0 0 /

Consequently ξ(z, p){J} is

Thus we have

o
where ξ(m: z, p) = ξ(m: z, p) (ξ(m: z, ρ)( _ } ) " ί . We remark that ξ(m: z, /?) and ξ(m: z, p)( _}

are finite size matrices whose components are polynomials of z and p. Thus we
have the following corollary.

Corollary 5.4. Let τ(z)ec6\z\ be a polynomial of z of degree m such thai detτ(z) = 1
and fτ(z) = τ(z). Then every component of the matrix ξ is a rational function ofz and p.

The unique solutions of the matrix Ernst equation with the initial value
τ(z, p)|p = o = τ( z) ^s obtained by solving the initial value problem

dpi = ~ czξ0: _ j • τ5 τ(z, p)|p = o = τ(z).

We calculate two simple examples:

Examples, Let us consider the initial value problem for the matrix Ernst equation
with initial values

2z2 Λ~2zΛ-\ 2z 2

2z 2 2z 2 - 2z

respectively. Indeed, both τ(z) are polynomials ofz of degree 2. In these cases we find

\

z 1-ί
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Ί p 2 - 2 + 4z2 1 p 2 + 4z + 4z2 ^

2 p — l 2 p — 1

1 p 2 - 4z + 4z2 1 p 2 - 2 + 4z2

V2 p 2 - l ~ 2 p~ 2^l

and the corresponding solutions of Eqs. (5.8) are

τ(z,p) = J

4Γ

1 /4z2 + 4z +

2(Γ- P2j V 4z2 + p 4 - 2p2 (2z - I) 2 + (p2 - I)2

The solutions of the Ernst matrix equation are

r

2 ( 1 - p 2 )

"(2z-1) 2 + ( p 2 - l ) 2 ~

4z2 + p 4 - 2 p 2
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