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Abstract. A one dimensional N Fermion problem with attractive or repulsive 6
function interaction is solved by Bethe’s hypothesis. The S matrix factorizes
and is explicitly given.

1. Introduction

We report a onc dimensional N Fermion problem for which the S matrix is
completely solved. The solution depends on extensive uses of the Yang-Baxter
equation [ 1]. The corresponding problem for Boltzmann statistics was solved [2]
in 1968, but specialization to Fermi statistics is algebraically involved and was
never done. Here we approach the problem directly without going through the
Boltzmann case.
The Hamiltonian for the problem is
N2

H=—Z—§x—2+2025(xi~x,-), (j=1.2,...N). (1)
i i i<j
where ¢ =real. Each particle has m “spin” states designated by s,,s, ... sy where
1<5,Em. (2)
The Schrodinger equation is Hy = Ey, where
p=m"x1, (column). (3)

For the Fermion problem we are only interested in wave functions i that are
antisymmetrical with respect to the interchange:

Qij : (xi’ Si)H(Xp Si) . (4)
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The Hamiltonian commutes with the full m™ x m" unitary matrices SU(m") that
operate on 1. But these matrices in general do not commute with Q. A subgroup
of SU(m") consisting of identical SU(m)’s [operating on cach subspace designated
by s,] does commute with Q'. Thus the Fermion problem for the Hamiltonian (1)
has SU(m) symmetry.

If we choose m=4 and identify the four states as

pT,pl.nt,n| (5)

we have a one dimensional SU(4) model of nucleons interacting through a
o-function interaction.

2. Bethe’s Hypothesis

Consider the scattering of two particles with initial momenta k, and k, into states

with final momenta k| and k,. Momentum and energy conservation give
Ky +ky =k +k,, ©)
KP4 K5 =ki+ k3,

which has two and only two solutions
(ki k) =(ky, ky) or (kyky).

The two solutions are reflections of each other in the (ky, k,) plane with respect to
the mirror k, =k,.
For the scattering of three particles, momentum and encrgy conservation still

ive two ¢ ions Lk
give two equations Ky 4k + Ky =k, +ky+ks,

(7)
KZ+ k7 + k¢ =ki+k3+k3,
which has obviously the following six special solutions:
(kY. ks, k5)=(k,, k,, k3) or 5 other permutations. (8)

The six solutions exhibited in (8) represent reflections of each other in (ky, k,, k3)
space. But there are many other solutions of (7) which represent diffractions in
(ky, k5, k5) space. The quantum mechanical three body scattering problem would in
general yield outgoing states including both diffracted and reflected waves, and is
therefore difficult to solve.

However, in some special cases, the outgoing waves consist of only reflected
waves, a hypothesis first proposed by Bethe [3,4]. If the hypothesis works, the
solution of the Schrédinger equation becomes an algebraic problem, as we shall
illustrate in the present work.

3. N=2

For two particles the Schrodinger equation describes two free particles except on
the line x, =x, in Fig. 1. Bethe’s hypothesis states that
in region I (x; <x,):
w:qlzei(kill+kzxz)+o(21€f(k2-n+kz)~‘z)’ (9)
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where «,, and «,, are m? x 1 column matrices. The antisymmetrization require-
ment for y says that
in region II (x, <x,):

p= ~(P12O(1z)ei(k‘x2+k2x‘)—(P1 2a21)ei(k2x2+k1x‘) , (]0)

where
P'?=operator on the m? x 1 column that interchanges s,<>s, . (11)

Now we transform to the center of mass coordinate X, and the relative
coordinate y:

X=3x,+x,), y=x,—x;. (12)
The Schrodinger equation becomes
1 02 02
Hy= [— e _2W +265(y):,1p=El/}.

. 0 0
H commutes with i—. Hence we can put — =0, obtainin
0X p 0X 5

62
[—257+20XWJw=Ew. (13)

Thus 1 is continuous at y=0:

Ayt = =P a4 ay), (14)
0* . . . .
and 5)}71,& has a J-function singularity at y=0. Integrating (13) from y=0— to
y=0+4 we obtain
oy

.
y=or OV

.
oy
Jy

=l
y=0-

Substituting (9) and (10) into this equation results in

i

2(1—Plz)(lq~k2)(~112+a21):c(a12+121). (15)
Eliminating the term P'?x,, from (14) and (15) leads to
Lilky —ky)— oy =[—ilk; —ky)P* 2 +c]a, 5. (16)
Thus
Uy =Y 5, (17)
where

= ;l(klf&)iz,i (18)
i(ky —ky)—c
if the denominator is nonvanishing. It is easy to check that if (17) is satisfied, then
(14) and (15) are satisfied.
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Thus if k,+k, and are real, (9) and (10) give indeed a solution of the
Schroédinger equation satisfying Bethe’s hypothesis.

4. N23
For N=3, Bethe’s hypothesis states that in one of the regions, where
X, <X,<...<Xxy we have a generalization of (9):

lp — O(IZ Nei(k;x‘ +k2x2+m+kNxN)+o(21 Nei(kle +hixot+ .. thkaxn)

+(N!—2) other terms. (19)

The columns o have the dimension m" x 1. In other regions the wave function 1 is
determined from (19) by the requirement of antisymmetrization. The energy is
given by
E=ki+k3+...+k. (20)
Now we examine the Schrodinger equation along the plane x;=x,. The N!
terms in (19) form pairs, with the terms containing ¢ ,5,  y and o;,,45. _y forming
one pair, o354, and o354, forming another pair, etc. In each pair only the
third and fourth subscripts are different. Exactly the same procedures apply to the

two terms in each pair as to the two terms in (9) of the last section. Thus we obtain
in the same way that we obtained (17) and (18):

* =Yt s (21)

1
where
—i(k,—k)P3*+c
FRL R )
i(k;—k)—c

provided the denominator does not vanish.

5. Yang-Baxter Equation

The subscripts in Eq. (21) can be chosen in N! different ways. The superscript 34
can be replaced by 12,23, ...,(N —1)N. Thus Eq. (21) actually is representative of
(N —1)(N!) different linear equations between the N! columns «.... Are these
equations mutually consistent? For example, for N =3,

_yi2 _yi2y23 _yvi12vy23yi2
Uyp3= Y1 0p13= Y1 Y37 %3, =Yo1 Va7 Y35 03,4,
but also
_ v23 _ v23yl2 _ y23y12vy23
ip3=Ys55043,= Y33 Y37 031, = Y35 Y31 Y3703,
Thus for Bethe’s hypothesis to be consistent, we require
12v23y12 _ y23y12v23
Vo3 Y57 Ya, =Y s Yoy
More generally

a,a+1vyatl,a+2vyva,a+l __ yvat+tl,a+2vyaa+lya+l,a+2
L R . i TERRS TR
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Now if a, b, ¢ are unequal,
b b__ vb
pe Yl.‘} pe = Yij‘ = YUC.

Thus
bybeyab _ ybeyabybe
YV Y = YNNG Yy,
abvyab __
TY=1,
and
abvyyed __ yedvyab
YPYS =YY,

57, ifa, b, ¢, d are all unequal.

These equations are now called the Yang-Baxter equations. In the present
problem, they represent consistency conditions for Bethe’s hypothesis.

Using definition (22) of the operators Y, we find that indeed Egs. (23) are
satisfied. Thus for real values of k,,...,ky, all different from each other, the
(N—1)(N!) Egs. (21) are consistent and define uniquely all the «’s once one of them
is given. From these «’s we can then construct a wave function .

Equation (23) can be cast [1] into a different form by defining

Xif=—YPr=X}. 4
One finds XTXy=1,
XXX = XEXEXY, )

XOX$=X{X® ifa, b, c, dare all unequal.

6. S-Matrix
Consider N real k’s ordered in the following way:

ki<k,<...<ky. (26)
In each coordinate region, such as in

X <X, <. <Xy (27)
we have one term in the wave function y in (19), namely,

dlz__.Ayel(klxl+k"xl+”'+k”xl\') (28)

which designates an outgoing wave. This is an outgoing wave because we can make
a wave packet by superposing wave functions slightly different from (28). Such a
wave packet centered at x,, x,, ..., for the N particles at t=0 would move with
velocities 2k, 2k,, ..., 2ky. Thus x; moves slowest and x moves fastest, because of
(26). Therefore in all future times the particles would be separated by larger and
larger distances and would not collide with each other. Hence (28) is an outgoing
wave.
Similarly in region (27) the incoming wave in (19) is

OCN(\' 5 lei(kNx1+kN—1xz+.--Hﬂxz\') (29)
N~

because if one constructs a wave packet out of terms (29) with centers for the
particles at x;,x,,...,xy at t=0, the particles would move respectively with
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velocities 2ky>2ky_ > ...>2k,. Hence as we go back into negative time, they
would never collide with each other.

To recapitulate, in region (27), (28) is the outgoing wave and (29) the incoming
wave. Similarly in every other region, there is one outgoing and one incoming
wave.

The incoming wave that has the same exponential as (28) is in the region

Xy<Xy-q...<Xq, (30)
and is given by
[(— P (= PO Jayy el s o ke (31)
which we shall write as
i@ (32)

We shall also write

Lout=%12...N>

so that (28) becomes
. (33)
The S matrix is defined by

a Sa

out in

and can be calculated from the relationship between «, _yand oy - .., Whichis,
according to (21),

_ryl2y23 (N—1)N
ap v=LY0 Va7 o Y Joa. v

=[...] [Y3122Y4323 --~Y1\('§_2)(N7 1)]0‘3..41\121

Write
NESD A7 S AN | D S50 7 A S i) DO D A7 B
Then
Ao =S Oy 1y...1 =S R[PYV PN oy o
where
R =parity of permutation N(N—1)... 1.
Hence

S=S'R[P¥pN-12 ]
=RS[P¥IPN-D2 ]
:RS/[PIZ] [P23P12] [P34P23P12] [P(N-I)N.” PlZ] .

Inserting the explicit form of §’ into the right-hand side of this last equation we
obtain a product of many Y’s followed by an equal number of P’s. The first factor
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in this product is Y,\? and the last P!2. We now permute this last P'? forward
through all the P’s and Y’s until it reaches just behind Y, % forming with it,
according to (24), [ — X31]. The new product now has as a last factor P*3 which we
now permute forward through all the P’s and Y’s until it reaches just behind the
new first Y, forming with it, according to (24), [ — X31]. Continuing this way we
obtain

S:[XZIXSI"'XN1][X32X42"'XN2]"'I:XN(N——I)]: (34)
where ) .
i fki—k)— P

Xij=Xij ithi—k)—c (35)

which is a special case of the X{} defined in (24). The matrix elements of (34) have
the following meaning:

(8185 ... SyISIsyS, ... sy > =S-matrix matrix element for the process
[state: (kysy)(kys,) ... (kysy)]—[state: (kysy) (kysy) ... (kysy)]. (36)

For example, for N=2,

S= X = ke (37)

For m=2, this gives the following matrix elements:
AA—AA, BB—-BB, {S)=1, (38)
AB—AB, BA—BA, {S|>=ilky—k,|[ilky—k,|—c] 1, (39)
AB—BA, BA—-AB, {S>=—clilky—k,—c] . (40)

Equation (38) is in agreement with the simple argument that for the reaction
AA— AA, the “spin” part of the wave function is symmetrical, so the space part
must be antisymmetrical. Thus =0 at x, =x, rendering the potential energy
d(x; — x,) inoperative. Thus for 44— AA, there is no interaction and S must be
=1.

7. Wave Packet Interpretation of Yang-Baxter Equation
For 3 particles, the S matrix is, by (34),

S=X,X3,X,,. 41)
It is also equal to, because of the Yang-Baxter equation,

S=X,X3:X35. (42)

Onc could try to interpret (41) and (42) by the particle density diagram in
Fig. 1(a) and Fig. 2(b). In the wave packet construction in Fig. 2(a), the three body
collision occurs in three steps of two body collisions, suggesting

S=X3,(ky = k)X 5y(ky— k)X (ky—ky),
which is (41). Similarly for (42).
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X2
Fig. 1. Coordinate space for two particles. The interaction d(x; —x,) is
X nonvanishing only along the line x; =x,
1
X3 X5 X, X, X5 Xy
o JJUL AU
k3 Ko k, k, Ky ks
initial final
X3 X3 X4 X4 X2 X3
(b) k k k k
3 k2 1 1 2 k3
initial final

Fig. 2a and b. Particle density in coordinate space in collision of three particles, with momenta
k, <k,=0<ksy. a Particles 2 and 1 collide first, then particles 3 and 1, then particles 3 and 2. b
Particles 3 and 2 collide first, then particles 3 and 1, then particles 2 and |

The above argument must be understood with great carc: We had seen in
Sect. 2 above that for two particles in one dimension, there is never diffraction
because of energy and momentum conservation. An improper understanding of
Fig. 2(a) may lead to the conclusion that for three particles there is also no
diffraction, which is in general erroncous.

8. Bound States for ¢ <0

For two particles, ignoring the “spin” index and Fermi statistics, the Schrodinger
Eq. (13) in the relative coordinate y = x, — x, has a bound state for the case ¢ <0:

p=exp[5¢]x, —x,|]
for which
E=—-1c%.

By inspection one obtains similarly for N particles a bound state:

p=exp[te ¥ bxi—x| (43)
i>j B
with energy
22
E=— " N(N*-1) (44)



One-Dimensional N Fermion Problem 113

This bound state was first discovered by McGuire [3] who also noted that it is the
only bound state for the N body problem with Boltzmann statistics.

The wave function (43) is symmetrical with respect to the exchange of any two
coordinates x;«>x;. Since the Hamiltonian (1) is “spin” independent it follows that
for N Fermions, one has a bound state by multiplying (43) with a spin wave
function which is antisymmetrical:

=0 eXp [%C 2. !xf—xij, (45)

i>j
where '
PVoy=—o0,, (any i=j). (46)

Furthermore this is the only bound state for the N body Fermion problem.

It is obvious that if m <n there exists no “spin” function that satisfies (46), while
if m> N, there exist CY linearly independent solutions of (46).

Does the wave function (45) satisfy Bethe’s hypothesis? The answer is yes,
because in each region, e.g. XX, <... <Xy, (45) is of the form (19) with imaginary
valves of ky, k, ... ky. It is obvious that

k, = éC(N—l), ky=k, —ic, ky=ky—ic,...ky=—Fk,, (47)
which is plotted in Fig. 3.

If we take as a model m =4 and consider the bound statesfor N=1,2,3,4, 5, we
obtain the states listed in column 2 of Table 1. The model has SU(4) symmetry. In

> Re k

kj+1 —kj =-ic Fig. 3. The “momenta” for the N particle bound state
Table 1. Bound states in model with SU(4) symmetry compared with ground states of light nuclei.
In the model we take ¢ = —2. The binding energics of the model are listed in column 4. Columns 5
and 6 list ground states (in italics) of light nuclei. I =isotopic spin, J =total spin

N States SU4) Binding Nuclear Nuclear
Represen- Energy  States Binding
tation Energy (McV)

1 A,B,C,D 1404040 0 PP, 1,1 0

2 AB,AC, AD {4+14+0+0 2 d: (I=0,J=1) 2

BC,BD,CD (pp): U=1,J=0) 0

3 ABC, ABD, 1+14+140 8 He? 8

ACD,BCD H?
4 ABCD T+1+1+1 20 He* 28

5 (no bound states) (no bound states)
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columns 5 and 6 are listed the ground states for real light nuclei. The number of
bound states for each N and their binding energies are quite similar to those of the
model. That light nuclei observe approximate SU(4) symmetry was first discussed
by Wigner [5].

Why are the binding energies of the model so similar to that of real three
dimensional nuclei? The model is very different from real nuclei in many respects.
Two of these are especially important: (1) The model is in one dimension while real
nuclei are in three dimensions. The lower dimensionality enhances the “Fermi-
Dirac” repulsion for the model. (2) The model does not have a hard core repulsion
which is present between nucleons. These two differences have opposite signs and
apparently cancel each other rather effectively.

9. Scattering of Bound States (¢ <0)

The wave function (45) does satisfy Bethe’s hypothesis and is of the form (19).
Section 4 and 5 above apply to this wave function. But the o’s are all zero except for
%, .~ Equation (21) is still valid if we multiply both sides by the denominator
i(k; —k;)—c (which is sometimes zero.). We have

%, n=0p*0, all other x=0,

12, _p23, _  _pN-1N, _
P ay=P0y=...=P Og=—0l.

(48)

This bound state has total momentum zero. To give it a positive (negative)
momentum, one simply displaces to the right (left) the k’s of Fig. 3 by equal
amounts, so that they remain on a vertical line. Condition (48) remains, and the
wave function remains of the form (19).

Similarly we can write down the wave function that corresponds to the k
distribution of Fig. 4(a), which represents a scattering of a bound state of two
particles on a state of three particles, the former having a momentum of k, +k,,
and the latter having a momentum of k5 + k, + k5. The wave function still satisfies
Bethe’s ansatz, but many of the columns are zero. In fact

ap=0, unless P is of type 4, (49)

where type A means in P=[P1 P2 P3 P4 P5] 1 is to the left of 2, 3 to the left of 4,
and 4 to the left of 5. Equation (21) remains valid if both sets of subscripts in the

x5 x4
X2 4 13 X6
— x5 XX
X X
x3 x?2

(a) (b)

Fig.4aandb. k. k, ... ky positions for scattering states. a A two particle bound state with momentum
k,+k, scattering on a three particle bound state with momentum k;+k, +ks. b A particle of
momentum k; and a three particle bound state of momentum k, + k3 + k, scattering on a three
particle bound state with momentum ks + ke The difference between two successive ks in any
vertical column is always —ic
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equation are of type A4, in which case definition (22) is meaningful. There is in
addition the condition

__pl2 __p34 __ p4s
%2345 =P 05345 =P 0 5345 =P 05345 (50)

To analyse the incoming and outgoing parts of the wave function we follow the
same procedure as Sect. 6 above, except that the incoming wave is not given by
%5432 Which is zero because of (49). Instead it is o5 451, (i.€. the block 345 to the left
of the block 12, but within each block type A must obtain.) The S matrix is now

S=[X3,X 50X 5] [ X351 X4 Xs1]. (51)
This S matrix is understood to operate between states ¢ that satisfy the condition
—¢p=P2p=P3*p=P*¢. (52)

¢ of course is a m" x 1 column matrix. It can be proved that if ¢ satisfies (52), then
S¢ also satisfies (52).

The above considerations can be generalized to the collision of many bound or
unbound particles. For example for Fig. 4(b), we have a collision of an unbound
particle with momentum k, and a bound particle of momentum k, + k5 +k, with a
bound particle of momentum ks + k.. We have in place of (51) and (52),

S:(X21X31X41XS1X61)(X54X64)(X53X63)(X52X62)ﬁ (5]/)
—p=PPp=P*p=P. (52)

From (51) we can read off such matrix elements as

(AB)+(ACD)—(AB)+(ACD)
—(AC)+(ABD)
—(AD)+(ABC)

(AB)+(CDE)—(AB)+(CDE)
—(CD)+(ABE)

ete.

106. Properties of the S Matrix

The S matrix should be unitary between allowed states. Furthermore since the
Hamiltonian is time reversal invariant, S should be symmetrical between allowed
states. Both statements can be proved by repeated use of the Yang-Baxter equation

Xiiijsz:Xerk/Xij~

The procedure is exactly as in [2] and will not be repeated here.
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