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Abstract. The system describing the interaction of a long wave with a short
wave packet on the x, y plane is considered. The solutions are found to describe
a soliton that comes from infinity and then is captured into a conditionally
periodical oscillatory regime. The solutions are also found that describe a
soliton coming from infinity and then decaying into two solitons: one goes to
infinity and the other is captured into a conditionally periodical oscillatory
regime. The obtained results are relevant to some problems of hydrodynamics,
plasma physics, solid state physics, etc.

Introduction

The present paper is devoted to the problems of capture and confinement of
solitons in nonlinear integrable systems. More exactly, the case in point is the
following phenomenon. Nonlinear integrable systems considered below have been
found to have solutions describing a soliton that comes from infinity, then is
captured into a conditionally periodical oscillatory regime and remains in this
state in all subsequent times. These systems also have solutions describing a soliton
that executed a conditionally periodical oscillatory motion, then came off and
went to infinity. Further, we have found solutions describing the soliton that
comes from infinity, then decays into two solitons: one being captured into the
conditionally periodical oscillatory regime and the other going to infinity. Making
a time inversion in these solutions, we get new solutions describing the soliton
coming from infinity which collides with the other soliton that has been in the
regime of conditionally periodical oscillatory motion; as a result of the collision
these two solitons fuse into one soliton that goes to infinity.
We proceed from the following system of equations:
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describing the interaction of a long wave with a short wave packet propagating on
the x’, )’ plane at an angle to each other. Here v is the long wave amplitude, y is the
complex short wave envelope, the parameters ¢, +0, ¢, ¢,, and c; take arbitrary
real values and k% = 1. We shall search for a solution of this system in the following
form:

u(x', ¥, t)=¢eu(ex’', ey, &3t), 2

Y, ¥, t)=c*p(ex’, ey, e3t') exp [io(x' —tt)],
where
0=%Cla T:%Clcal

Substituting these expressions into the system (1) we immediately get equations of

the form
’u ofou o 0%u
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where x =¢x’, y=¢?y’, and t=¢¢’. It is naturally expected that at small ¢==0 the
system (3) can be studied by applying the ideas of perturbation theory. This

remark accounts for the importance of investigating the solutions of the system

Pu  dfou 0 *u 5
35}7_5;[& ax<3u +a 2 +8K|(p| >] ,
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following from (3) at ¢=0.

As is known, [1,2] the system (4) can be investigated by the inverse scattering
method that was used to detect a great variety of dynamics of soliton solutions of
this system [3]. New results obtained along this direction will be given below.

At first, the system (4) has soliton solutions of the form

2u?

~ cosh?[u(x +2vy—11)]’

5
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where the real parameters (4, v, and t and the complex quantity A4 satisfy the only

condition
t=4(u*—3vi+xp A7), (6)

and the parameter ¢ takes arbitrary real values. At 4 =0 the soliton (5) degenerates
into the well known one-soliton solution [4]

2u?

cosh? [ux + 2uvy — 42 — 3o ut]” ? @)
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of the Kadomtsev-Petviashvili equation [5]. Then, at A+0 and (u*>—3v?)x>0
according to (6), we have k7> 0, i.e., in this case the solitons (5) can propagate only
in one direction at any value of the quantity 4 and fixed values of the parameters y
and v. However, if 440 and (u? — 3v*)x <0, the phase velocity t of the soliton (5)
can take values of both the signs. Thus, in this case depending on the value of the
quantity A the solitons (5) can propagate in two opposite directions. Moreover, at
|A]=[ —rp(u®—3v?)]? we have T=0, i.e., the soliton (5) is at rest. Below we shall
consider the interaction of N >1 solitons (5) whose parameters u and v are the
same and the parameters t =1, are all different,m=1, ..., N. It turns out that in this
case the N-soliton solution of the system (4) obtained by the inverse scattering
method describes the evolution of the soliton (5) with the largest value of the
quantity ut,, into the soliton with the smallest value of this quantity. In the case
(u* —3v?)x >0 the direction of the motion of the initial soliton coincides with that
of the final soliton. However, at (1> —3v?)x <0 the direction of the motion of the
initial soliton may be opposite to that of the final soliton. Thus, in this case the
above-mentioned solution can describe the reflection of the soliton (5). Then, we
shall show that N > 1 solitons (5) with the same values of the parameters y, v, and ©
but with different values of the parameters 6 =0, m=1, ..., N, produce a solitary
wave of the form
2u?
"= cosh?[p(x +2vy—1t—f)]’
exp [ivx —i(u* —v?)y]

=4 cosh[u(x+2vy—tt—f)] exp(iot),

)

where f and A4 are 2n-periodical functions of the variables
O0pw=(0n,—a)t, mn=1,..,N,
which satisfy the only condition

d
Y ema—3v raiap), ©)
and the frequency ¢ equals one of the quantities ,. Hence it follows that the

quantity 7 in this case satisfies the condition
T=4(u* —3v2 +reu”* Ao, (10)
where

N
|[Aol*= Jim — ! |A(t)dt. (11)

Thus, the motion of the wave (8) is composed of the uniform motion and
conditionally periodical oscillatory motion. In this case u-wave conserves its form
whereas the amplitude of ¢-wave changes in time as a certain conditionally
periodical function t. At (4> —3v?)k <0 the case T=0 is possible. In this situation
the solution (8) describes the wave executing as a whole a conditionally periodical
oscillatory motion. According to (9)—(11) in this case the relations |A(t)| %= |A4,| and
| Aol =[ —ru*(u*—3v*)]*/? should be fulfilled. We have found the solutions of the
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system (4) which describe the evolution of the soliton (5) into the solitary wave (8)
and vice versa — the evolution of the solitary wave (8) into the soliton (5). In a
particular case, these solutions describe either the soliton (5) coming from infinity
and then captured into a conditionally periodical oscillatory motion or the wave (8)
that has executed a conditionally periodical oscillatory motion, then came off and
went to infinity as the soliton (5).

Finally note that at k=1 the system (4) admits a solution of the form

2

u= o
~ cosh?[u(x+2vy—1t)]’

(12)

sinh [u(x +2vy —<t)] . 22 .
=4 L N
cosh? [u(x +2vy—1t)] expivx —i(u® —v?)y +iot]

where the real parameters y, v, and t and the complex quantity A satisfy the
conditions

t=16p2—12v%, |A|=3u?,

and at k= —1 the system (4) has the solution

6>

"7 cosh?[u(x +2vy—t0)]’

Li (4 —v?)y] "
exp[ivx —i(4u®—v?)y _
cosh? [u(x+2vy—1t)] expliat),

where the real parameters y, v, and t and the complex quantity A satisfy the
conditions

=4(u*=3v?), |4]=3u>.

We have found the solutions of the system (4) which describe the decays of the
waves (12) and (13) into the soliton (7) and the wave (8) and the solutions describing
the fusion of the soliton (7) and the wave (8) into one wave (12) or (13). In the case
(1* —3v?)k <0 the wave (8) participating in these processes can have t=0, i.e., can
be in a conditionally periodical oscillatory regime.

1. Particular Case of Multi-Soliton Solution of the System (4)

Let N be an arbitrary integer satisfying the condition N>1. We use a vector-
column A with N +1 components 4,, of the form

(1.1)

m

_ fanexplox—ioly—4wi+gy)], if m=1,..,N,
~apexplw,x—idy—4w3+o2)], if m=N+1,

where a,,+0 and g,, are complex parameters and quantities w, and w, admit the
representation

Wy=U 1V, wy=U,+iv (1.2)
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with real p,, u,, and v. Hereafter, the bar above any quantity means complex
conjugation. Let then P and Q be square matrices of an order of N+ 1 with the
elements

— Dt s if mn=1,..,N,
24
P, -l 1 Wl if m=N+1and n=1,..,N,
' M+ gy or m=1,..,Nand n=N+1,

—— A s if m=n=N+1,
2uy
(1.3)
0 - myn=1 N+1
g M
Assume
0 0 ¢
1 -
D=detP ]IQ.’ P=det| 0 1 —Q|, (1.9
A P 1

where 1 is the unit matrix of an order of N +1 and e is the vector-column with
N +1 components e,, equal to unity. Hereafter the tilde “~” means transposition,
ie., in particular, the transition from the vector-column to the vector-row.
According to the results of paper [2] the functions
0? @
u=2—InD, =— 1.5
ox? =D (1.3)
satisfy the system (4), i.e., are its solution.
Expressions derived for the multi-soliton solution of the system (4) can be
simplified considerably. By virtue of (1.4) the following equalities are valid:

0 é
D=det(1+P = . .
et(l+PQ), @ deti 1+ PO (1.6)
Now we take the diagonal matrix A =diag(4,,...,Ay4 ). From (1.3) we get
Ae=1, A-1P2—1=—2—1—U, A04=2u,R, (1.7)
Ha :

where U and R are the square matrices of an order of N+ 1 with the elements

1, if mn=1,..,N,
U - 21, if m=N+1and n=1,...,N,
Sl TR TP orm=1,..,N and n=N+1,

wpyt, if m=n=N+1,
1.8
KA (18)

Ryn=535"F>
R (S ITH
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Based on (1.6) and (1.7) there follow the equalities

D=det(1+ UR), @——-detg (1.9)

yi
1+ UR|
Let now H, be the orthogonal matrix of an order of N with the elements H,, ,,

such that Hy ,=N "2, n=1,...,N. It is obvious that the remaining elements of
this matrix satisfy the condition

N
Y H,,=0, if 1=m<N. (1.10)
n=1
Assume
H= 0 1'. (1.11)

Then, let V,, , and S, , be the elements of the matrices V=H UH and S=HRH,
respectively. Using (1.8), (1.10), and (1.11) one can easily be convinced that all the
matrix V elements are equal to zero except for the elements

LN e =t (112)

VN,NzN: VN,N+1=VN+1,N='u1+'u2 1L

and analogous elements of the matrix S are equal to

N N
_ -1 _ —1/2
SN.N_N Z Rm,m SN,N+1_N / Z Rm,N+1’
,n=

m 1 m=1

N (1.13)
SN+1,N=N_1/2 ;1 RN+l,n’ SN+1,N+1:RN+1,N+1'
According to (1.9) we have
D=det(1+VS) @ =det 0 h (1.14)
- o TN e 14 s '

where h=H/ is the vector-column with the components A, ..., hy, ;. Here
N
thN_I/Z Z /,J”m’ hN+1=;”N+1> (115)
m=1

and the components of the vector He are respectively equal to 0,...,0, N'/%,1.
Hence, according to (1.12)—(1.15) there follow the equalities

1‘ 0 hy hysi |
, <15=det}N”2 +W Wi o,
1 Woo 1+W,, |

1+ W, Wi,

D=det
2 1+W,,
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where
W1,1:m’§::1 R, .t ﬁngl Ryt 1.ns
Wis=N'7 3 Ruwrt N R,
Wau= %N’”zm’il Rt %N‘”Z”i Ryt
2,27 ,ulzil,uz m§1 mN+1T %RN+1,N+1'

On their basis we get

N Ky
D=1+ % R, .+ ’;RN+1,N+1

m,n=1 2

(14 _ﬂz)z.ul N
= "R R
(11 + 1)1 N+1’N+1m,:;:1 i

20, N N

mz‘ M;Rm,zv+1+n;1 Ryiim

_(#1—#2)2141 %
(i1 + 12) ey m, =

— N _ N
(1)2_{1_“1 = > Ry, MZRN+IJ1})”N+1

lRm,N+1RN+1,n’

Hyq ‘f’,uz m,n=1 ' (,ul+,u2):u2 n=1
O P (1q — Ho)uy } N
P2 oy g L P2 R I (117
{ u1+u2m;1 R (T m; (117

Now assume

3_{—@?+%(ﬂlrm+iom), if m=1,..,N, (1.18)

T = @3+ Mt tio,), i m=N+1,

where ¢,, and t,, are the real parameters. As a result, the components 4,, of the
vector-column 4 admit the representation

Cnexplug(x+2vy—r1,0)], if m=1,..,N,
M Gwexplua(x+2vy—1,0)], if m=N+1,

(1.19)

where according to (1.1), (1.2), and (1.18) the components {,, of the vector-column {
have the form

S w22 P { =1,...,.N
Cmz{a,,,exp[tvx iy =vI)y+io,t], if m=1,...N, (1.20)

a,explivx —i(us —v3)y+io,t], if m=N+1.



458 V. K. Mel’'nikov

Then, on the basis of (1.8), (1.18), and (1.19) we get that at m,n=1,...,N the
following equalities are valid:

_ ZKC_an €Xp [2‘“1()( + 2Vy) - (Tm + Tn):ul t]

(1.21)

e (Tm + Ty — 8/"% + 24‘}2)#% + i(aﬂl - an)#l ’
R _ 206l 1 €XP Lty 4 12) (X +2vY) — (14 Ty + o Ty 4 2]
m,N+17 2 2y,,2 2 2 : ’
(T —4p 120 )y + (T — A 12V ) iy + iy, (122)
Ro = Gy exp Ly ) (6 +20) — (Tt oty )]
NI (1, = Apd 12 + (T o — 43+ 120y — iy,
where
Im=Om— Oy Iy 1203 —pdpyv,  m=1,...N, (1.23)
and at m=n=N+1 we have
K x4 117 exp[2un(x +2vy — Ty 4 4t
Rysyinsei= ICn+1 p[2p( Y Tn+1 )] (1.24)

(ty 1 =45+ 12V py

2. Capture and Confinement of Solitons in the System (4)

First, let us consider the case with u; =, = u. By virtue of (1.16) and (1.17) we get
that in this case the following equalities hold:

N+1 N+1
D=1+ Y R,,., P=—73 i, 2.1)
mn=1 m=1

where according to (1.19)—(1.24) at m,n=1,...,N+1, we have

2K, €xp [2p(x + 2vy) — (T, + T, )it ]
h (Tm +T,— 8/’t2 + 24v2)lu2 + l(o-m - Jn)/“t ’

R

Jom= N €XPLu(x +2vy — )] exp [ivx —i(u* —v?)y],
N = Ay €XP(i0,,1) .
Let us elucidate the behaviour of the solution (1.5) of the system (4) under such
a choice of the functions D and &. For this purpose we assume that the quantities

o, = Ut,, +io,, are all different, m=1, ..., N. Then assume thatatm=1, ..., N + 1 the
inequality

(t,,—4u*+12v¥)>0 (2.3)
holds. Obviously, the functions D and @ admit the representation

D=1+Kexp[2u(x+2vy)], 24
@ = Lexp [u(x+2vy)Texp[ivx —i(u’ = v?)y], o
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where according to (2.1) and (2.2) we have

Net dman exXp [ - (:u"[m + lam)t] €Xp [ - (iuTn - lo-n)t]

K=2k Y — 3 T
mn=1 (Tt T — 8u* +24v)u* +i(0,,— 0,) 1L
N+1

L=— Z amexp[—(ﬂrm—iam)t] )
m=1

(2.5)

and consequently, the functions K and L depend only on t. With the afore-
mentioned assumptions taken into account the quadratic form K is positive
definite. This means that K >0 at any real value of t. Using (1.5) and (2.4) we get
that the solution we are interested in has the form

u= 2
~ cosh?[u(x+2vy—f)]’ 26
_ explive—i(u? —v?)y] ’
7 cosh[u(x+2vy—f)]"’
where
f=—1—1nK A=lrg-e 2.7
2u ’ 2 ' ’
Based on (2.5) one can easily be convinced that the relation
dK
po 8(u? —3v?)u*K 4+ 2x| L[> =0

is valid. Hence it follows that the functions f and A determined by (2.7) satisfy the
relation
d
% =4(u*—3v:+ku 2 AP). (2.8)
It is to be mentioned that the functions u and ¢ of the form (2.6) always satisfy
the system (4) if the functions f and A4 entering into (2.6) satisfy the relation (2.8).
Thus, using an arbitrary complex function A(f) and assuming

t
f=fo+4] W =3v*+xp *|A(D))dr,
to

we always get a solution of the system (4) in the form (2.6). However, not under any
choice of the function A(t) this solution can be derived from the multi-soliton
solution of the system (4).

Now let us elucidate the dynamics of the solution (2.6) under the above choice
of the functions f and A4. For this purpose we use integers N _ and N, such that
1=N_<N,=N+1andassume that t; =...=1y_and 7y, =... =1y, . Further
we assume that at m=N_+1,..., N+ 1, the inequality

(t,—t,)u>0, m=N_+1,.. . N+1, (2.9)
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is valid and at m=1,..., N, —1 the inequality

(Tu—Tys >0, m=1,..,N, —1, (2.10)
is valid. Now assume
N- 2K,
K_: m'ln ,
i (e 10— 8124 200D+ (0 — o
N+1 2K17] 7’
K,= mr , 2.11
! mv"Z::N+ (Tm+Tn—8u2+24v2):u2+i(0—m_o-n),u ( )
N- N+1
L_=— Zlﬂm, L,=-— _ZN Nms M= Am€Xp(io,t).

Using (2.9) and (2.10) one can easily be convinced that in this situation our solution
(2.6) of the system (4) as t— — oo has the asymptotics

u 2
cosh?[pu(x+2vy—1,t—q_)]’ 212)
exp[ivx —i(u’ —v?)y] '
p~A_ )
coshu(x+2vy—1,t—q_)]
where
1 1
q-_ 2'uanﬁ, A_ 2L,K_ , (2.13)
and as t— oo this solution has the asymptotics
u 24
cosh? [u(x +2vy —ty 4 t—q4)]" (2.14)
4 explive—iGe )] '
¢ +COSh[ﬂ(x+2Vy—TN+1f‘Q+)],
where
__1 L ko
q. nK,, A, L . Ki"*. (2.15)
2u 2

Thus, our solution of the system (4) describes the evolution of the wave (2.12)
into the wave (2.14). In the general picture of this phenomenon we should like to
emphasize several important particular cases. First,at N_>1and N, <N +1 the
solution (2.6) according to (2.11)—(2.15) describes the evolution of the wave of the
form (8) into the wave of the same form. Then at N_=1 and N, <N+1 our
solution describes the evolution of the soliton (5) into the wave of the form (8), and
at N_>1and N, =N +1 this solution describes the evolution of the wave of the
form (8) into the soliton (5). Finally, at N_=1 and N,=N+1 our solution
describes the evolution of the soliton (5) with the largest value of the phase velocity
into the soliton with the smallest value of the phase velocity. Moreover, it is to be
mentioned that at (u?—3v?)x <0 according to (2.3) both the cases 1, =0 and
Ty+1 =0 are possible. In this situation at N_ =1, N, <N+1, and 7y, ;=0 our
solution of the system (4) describes the capture of the soliton (5) into the oscillatory
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regime. On the contrary, if 7, =0, then at N_>1 and N, =N +1 our solution
describes the wave of the form (8) which has executed the oscillatory motion, then
came off and went to infinity in the form of the soliton (5).

3. Decay and Fusion of Solitons in the System (4)

Now we are able to get the solutions of the system (4) describing the decays of the
waves (12) and (13) into the soliton (7) and the wave (8), and the solutions
describing the fusion of the soliton (7) and the wave (8) into one wave (12) or (13).
For this purpose we put in the equalities (1.18)—(1.24) that

ay 4+ =¢d, TN:TN+1:4#%_12‘}2+82KC (3.1)

and pass to the limit as e—0. As a result, we get that at mn=1,...,N—1 the
following equalities are valid:

_ 2Kﬁmr’n exXp [2:ul(x + ZVJ’) - (Tm + Tn):ult:l

R, .= , 3.2
" et Ty 813+ 20N F (0 — )i G2
R = 26T, €XP L2 (x +2vy) = (T, + 415 — 12, ]
"N (Tn+ 45— 83 + 1207 ) + i, — oyl 53
R 2NN XD L2ty (x +20y) — (5, 4 43 — 1207y 1] '
N ('Cn+4ﬂ%_8,ll%+ 12\)2)#% _i(o-n_O-N)lul ’
where at m=1,..., N we have
Ny = A €XP(i0 1) - (3.4)
Then the equalities
Klay|® exp[2u(x 4 2vy) — 2u; (43 — 1207)1]
Ry.v= Az — i ’
al (3.5)
Ryiiye1= exp[2,(x + 2vy) = 2u1,(4p3 — 12v?)1]

172

hold. Finally, by virtue of (3.1) we have Jy,,=0, and consequently, at any
mn=1,...,N we get
Ry nv+1=Ry+ l,n:()'

With thesc equalities taken into account expressions (1.16) and (1.17) acquire the

form

Uy
_RN+1,N+1
Ha

N
D=1+ Y R, ,+

mn=1

(11 — )14 y (3.6)
———=—R R
(11 + 112)° 1 NH’NHm,nZﬂ e
(11 — o) o
P=— {1 + (‘LLI—_"_‘&%RN+1,N+1 exp[ivx —i(uf —v?)y]
1T H2)Ho

N
X ;1 N eXpu (x+2vy —1,1)]. (3.7
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Let us now analyse the behaviour of the solution (1.5) of the system (4) under
the above-mentioned choice of the functions D and @. For this purpose we assume
that at m=1,..., N the inequalities

(Tp— 42 +12vK >0, ty=Ty, =43 —12v2, (3.8)
are valid. Assume then that the conditions
U >0, ¢>0 (3.9

hold. Based on these inequalities according to (3.2)—(3.6) we get that at any real
values of the coordinates x, y, and ¢ the inequality D =1 is valid. Hence, it follows
that the solution of the system (4) determined by (1.5) has no singularities at any
real values of independent variables x, y, and t. Assume finally that at
m=1,...,N—1 the inequality

(4u3—12v* —1,)u; >0 (3.10)
is valid.

Now we use arbitrary te(— o0, 00) and assume z=x+ 2vy —tt. According to
(3.2),(3.3), and (3.5) expressions for nonzero elements R,, , of the matrix R become

— 2Kﬁm’1n CXp [(2T—Tm—‘cn)u'lt] exp(zlhz) (3 1 1)
(Tm + Tp— 8:“% + 24‘)2)”% + l(am - O.n)tul ’ ‘

m,n

267y exp[(2T— 1, —4us +12v?)u 1]

R, = 2 ,
"N Gt 48— 8y + 12+ iy — oy D) (312)
_ Zeniyexpl2e =t~ + 1270 '
R R T b T T
if myn=1,..,N—1 and
Klay|? exp(2u,2)
Ryn =g ot exp (24, (r—4yi3 + 12011,
(13— pi)mi
o (3.13)
Ryiyn+1= exp(2u,2) exp [2u,(t — 413 +12v?)t] .
1H2
Assume first that the quantity 7 is chosen so that the inequality
(t—4u3 +12vH)u; >0 (3.14)

holds. It results, on the basis of (3.10), in the inequality (t —1,,)u, >0, m=1,...,N.
By virtue of (3.6), (3.7), and (3.11)—(3.13) it follows that at any fixed z and t > — o
the asymptotics D—1 and &#—0 are valid. With (1.5) taken into account this means
that at any fixed z and t— — co we have u—0 and ¢ —0. Thus, our solution of the
system (4) as t — — co contains no moving waves with the phase velocity 7 satisfying
the condition (3.14). Then assume that the quantity 7 is chosen so as to fulfil the
inequality

(t— 442 +12v?)p, <0. (3.15)
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Then, according to (3.6), (3.7), and (3.9)—(3.13) at any fixed z and t— — o0, the
following asymptotics are valid:
Dexp[—2(u; + pp) (t— 415 +12v?)t]
- KlalPlayl® g1 — i
depips  (ug+ 1)
Pexp[ —2(u; +py) (1—4p3 +12v%)] 0.

sexp[2(u, + #2)z],

Based on (1.5)it follows that at any fixed z and t - — oo the relations u—0and ¢ —0
hold. Thus, according to (3.14) and (3.15) we get that our solution of the system (4)
as t— — oo has no moving waves with the phase velocity 7 #4u% —12v%. Assume
finally that t=4u% —12v2. In this case, on the basis of (3.6), (3.7), and (3.10)—(3.13)
we find that at any fixed z and t— — oo, the following asymptotics are valid:

U
D~1 +Ry v+ 71RN+1,N+1
Ha

(1 — 12) iy
(y + 12) 1,

(1q — p2)1y
(g + 1),

x exp[ivx —i(u? —v3)y].

N,NRN+1,N+1 5

(3.16)

@"’_{14‘ RN+1,N+1}’1NCXP(,U1Z)

In this case
Ry y— ;c]aN|226xp£2u212)
’ s — P
lal?

142

5>

(3.17)

exp(2u,2).

RN+1,N+1=

Let k=1. Assume p; = pand u, =2p. Then, by virtue of (3.16) and (3.17), we get
that at any fixed z and t— — oo the asymptotics

D ~1+4a,exp(2uz)+a, exp(4uz)+ o5 exp(buz),

. . (3.18)
@~ —[1 —Ja, exp(4uz)]ny exp(uz) exp Livx — i(u* —v?)y]
are fulfilled, where
|‘1N|2 |al? 1
= =— =— . 3.19
O‘l 12“49 0(2 40/12 B OC3 9061()(2 ( )
Assume now
|a|®
c=108 —7 us, (3.20)
lax|

i.e., we choose ¢ so as to fulfill the condition 3a, = a?. According to (3.18) and (3.19)
in this case at any fixed z and t— — oo the asymptotics

D ~[1+3a, exp(2uz)]®,
&~ —[1 3o exp(4pz)Tny exp(uz) exp [ivx —i(u® —v?)y]
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hold. With (1.5) taken into consideration it follows that at k=1 and t— — co our
solution contains the only moving wave
u= o
"~ cosh?[u(x+2vy—1t)+6_71"

. (3.21)
_ sinh[p(x+2vy—1t)+0_] . PP, .
—Acoshz[u(x+2vy—rt)+5‘]eXp[wx i(u”—vo)y+iat],
where
1 o a
T=16u2—12v%, 5_=§1n<?1>, A=—7Nexp(—5_), o=ay.
With (3.19) it follows
|A|=3u*. (3.22)

Consider now the case k= — 1. Let u; =2 and u, =p. Using (3.16) and (3.17)
we get that in this case at any fixed z and t— — oo, the following asymptotics are
valid:

D~1+a,exp(2uz)+a,exp(duz)+asexp(buz),

P~ —[1+30; exp(2uz)]ny exp(2uz) expLivx —i(4p’ —v)y], 2
where . .
alz%, a2=%\"ul—4, cx3=%ocloc2. (3.24)
Assume
c=4 w , (3.25)
|ay]

i.e., we choose ¢ so as to satisfy the condition o, = (3e,)"/?. According to (3.23) and
(3.24), in this case at any fixed z and t— — co, the following asymptotics hold:

D~[1+ ()" exp(2uz)],
P~ —[1+ ()" exp(2uz)Iny exp(2uz) exp[ivx — i(4u® —v?)y].

With (1.5) it follows that at k= — 1 and t— — oo our solution has the only moving
wave
6>
U7 cosh?[ux + 2y —t0)4 0]

_ exp [ivx —i(4u> —v3)y] ) (3.26)
9=A cosh?[u(x+2vy—1t)+6_] expliot),

where

T=4p*—12v?, 5_=%ln<a3—2>, Az—%exp(—%_), c=0y.

By virtue of (3.24) it follows that the relation (3.22) is valid.
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Let us elucidate now the dynamics of the solution considered here as t — 0. We
shall assume for definiteness that the integer N, satisfying the condition
0<Ny<N is such that 7, =...=1y, and at m=N,+1,...,N the inequality

(ty =Tt <0, m=Ny+1,...,N, (3.27)
is valid. Let the quantity 7 be first chosen so that the inequality
(t—1)u; <0 (3.28)

is fulfilled. From this inequality, according to (3.27), there follows the inequality
(t—1,)1; <0,m=1,...,N. Hence, using (3.6), (3.7), and (3.11)—(3.13) we get that at
any fixed z and t— oo the asymptotics D—1 and ¢—0 hold. Taking allowance of
(1.5)it means that at any fixed z and t — co the asymptotics u—0 and ¢ —0 are valid,
i.e., our solution of the system (4) as t— oo has no moving waves with the phase
velocity t satisfying the inequality (3.28). Then, we assume that the quantity t is
chosen so as to fulfill the condition (3.14) again. According to (3.6), (3.7),
(3.9)—(3.13), and (3.27) we get that in this case at any fixed z and t — oo the following
asymptotics hold:

Dexp[—2(u; + po) (t— 43 +12v?)e] exp [ — 2, (45 — 12v —1,)1]
- @1_#2)2|a|2

(uy + p12) e

D exp[ —2(u; +pp) (v —4p5 +12v?)] exp [ —2p, (43 —12v? —1,)t] -0,

Koexp[2(py + )21,

where

No 2K,

K,= )
¢ m,nZ::12(1'1—4#%‘!‘12\)2)#%4'1.(0',"—0'”)#1

(3.29)

From these asymptotics and equalities (1.5) we easily find that at any fixed z and
t— oo the relations u—0 and ¢ —0 are fulfilled. This means that our solution of the
system (4) as t— oo has no moving waves with the phase velocity 7 satisfying the
inequality (3.14). Assume finally that the quantity t is chosen so that the
inequalities

(t—42 +12v¥)u, <0,  (1—1 )ty >0 (3.30)

are fulfilled simultaneously. Then, by virtue of (3.6), (3.7), (3.11)—(3.13), and (3.27)
we get that at any fixed z and t—> o0 we have

Dexp[ —2(t—1y)uyt]~Koexp(2u,z),
Pexp[—2(t—1)u,1]-0,
where the quantity K, is determined by the equality (3.29). Hence, according to
(1.5), it follows that at any fixed z and t— oo the relations u—0 and ¢ —0 are valid.
Thus, based on (3.14), (3.28), and (3.30), we can verify that our solution of the

system (4) as t— oo has no moving waves with the phase velocity 7 satisfying the
condition

(t—1,) (t— 412+ 12v?) %0. (3.31)
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On the other hand, at T =4u3 — 12v* with the equalities (3.11)—(3.13), we get the
representation

N
Z Rm,nzKeXp(ZlulZ):
m,n=1

where the quantity K depends only on t and according to (3.10) we have K— oo as
t—o0. Hence, on the basis of (3.6) and (3.7), it follows that at any fixed z and t — o0
we have

(1y — ﬂg)zﬂl
(14 +ﬂ2)2ﬂ2
DK ' exp(—2u,z)—0.

DK ™ 'exp(—2u,z)~1+

N+1,N+1>

Thus, assuming k =1, u; = p, , =2p and taking account of (3.13),(3.19), and (3.20)
we easily get that as t— oo our solution has a moving wave of the form
u= — 8
~cosh?[2u(x+2vy—1t)+95,]’

0=0, (3.32)

where
5 5 1 o?
t=16u—12v*, o,==In|—).

Then, assuming k = — 1, u; =2u, and p, = u, by virtue of (3.13), (3.24), and (3.25) we
get that as t— oo our solution has a moving wave of the form
2u?

U= s [ty —m1s. ¢ (3.33)

where

=42 122, b, = %m <ﬁ>

Consider finally the case t=1,. On the basis of equalities (3.6), (3.7),
(3.11)—(3.13), and inequality (3.27) we get that at any fixed z and t— co the following
asymptotics are valid:

No
D~1+ Y R,,,

m=1 N
@~ —explive—i(u} VW] 3 Apexplin2).
ie.
D~1+Kyexp(u,z),
@ ~ Lo exp(u,2) exp [ivx —i(ui —v?)y]l,
where the quantity K, is determined by the equality (3.29) and

No
Lo=— % 1. (3.34)
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It follows from the equalities (3.29) and (3.34) that the functions K, and L, depends
only on t. Letting k=1 and u, =p and using (1.5) we easily get that as t— oo our
solution has a second moving wave of the form

2

u= 2
~ cosh?[p(x +2vy—1,t—qo)]°

(3.35)
exp[ivx —Mz—vz)y]
~ %cosh[u(x+2vy—1,t—qo)]’
where
1 1
Go=— —InK,, Ay=~L,K;"'2. (3.36)
2u 2
According to (3.29), (3.34), and (3.36) the relation
dc% b1, = A2 — 30 4 2 A,)) (3.37)

holds. Then, assuming k= — 1 and p; =2y, according to (1.5) we get that as t — o0
our solution has the second moving wave

u= 8u°
 cosh?[2u(x +2vy—1,t—q,)]’

(3.38)
- exp [ivx—i({yz —v3)y]
Ocosh[2u(x +2vy —1,t—q,)]’
where
q =—~1—an A =1L Kgt2, (3.39)
0 4,” 0> 0 2 04*0
By virtue of (3.29), (3.34), and (3.39) we have
fi% _ 2 2 -2 2
it +1, =160 —12v +xu™ ?|A4,)°. (3.40)

Taking account of (3.31) we become convinced that we have obtained all moving
waves entering into our solution of the system (4) as t—oo.

Thus, at k=1 our solution describes the decay of the wave (3.21) into the
soliton (3.32) and the wave (3.35). According to (3.8) we have 1, =16u? —12v? and
by virtue of (3.10) the inequality (16u* —12v* —t,)u> 0 holds. Finally, using (3.37)
we get that 7, >4pu*—12v2 It follows from these inequalities that at u>0 the
condition 4u*—12v?> <1, <16pu?>—12v* must hold and at u<0 the condition
7, >16u* —12v? is fulfilled. If one changes in this solution t by —t and x by — x, the
new solution of the system (4) obviously describes the fusion of the soliton (3.32)
and the wave (3.35) into one wave (3.21). Analogously, at k= —1 our solution
describes the decay of the wave (3.26) into the soliton (3.33) and the wave (3.38).
Accoring to (3.8) we have in this case 1y =4u*>—12v2, and by virtue of (3.10) the
inequality (4u? —12v* —1,)u>0 should hold. Finally, based on (3.40) we get the



468 V. K. Mel'nikov

inequality 7, <16u*—12v%. Hence it follows that at x>0 the condition 7, <4u?
—12v? is fulfilled and at u <0 the condition 4u? —12v* <1, <16u*—12v* should
hold. If now in this solution t is changed by —t and x by — x, the new solution of
the system (4) describes the fusion of the soliton (3.33) and the wave (3.38) into one
wave (3.26). It is to be mentioned that at k =1 and u? — 3v* <0 the equality 7, =01is
possible. Consequently, the wave (3.35) executes in this case an oscillatory motion
in the finite limits. An analogous phenomenon may appear at x = — 1 as well if 4>
—3v2>0.

In conclusion, we should like to note that assuming v=0 in all the formulas of
this paper, we get such solutions of the system (4) that the function u is independent
of y and the function ¢ admits the representation ¢ =wexp(—iEy), where the
function wis also independent of y and E is a certain constant. Hence it follows that
the functions u and w satisfy the system of equations [6]

ou ou 0Ou 0
G TOua T g ThR g M=, "
E3
0*w
o2 +uw=Ew

Thus, the above assertions concerning the solutions of the system (4) obtained here
can be made, with certain provisoes, also for the solutions of the system ().
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