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Abstract. We give a formula for the determinant of the super Laplace operator
in a holomorphic hermitian line bundle over a superconformal manifold. This
is then used to obtain an expression for the fermion string measure.

1. Introduction

The main purpose of the present paper is to give an expression for the determinant
of the super “Laplace” operator associated with an hermitian holomorphic line
bundle over a superconformal manifold [Eq. (61) in Sect. 3]. This formula is then
used to obtain an expression for the fermion string measure on the superconformal
moduli space. A comparison with [6] shows that, like the bosonic string measure
which results from the Mumford form, the fermionic string measure can be also
obtained from a superanalog of the Mumford form constructed in [6]. (A
somewhat different proof of this statement was given in [3].)

The paper is organized as follows. In Sect. 2 we explain in detail the definition
and an explicit construction of the super Mumford form of [6]. In Sect. 3 hermitian
holomorphic line bundles over a superconformal manifold and the determinants
of associated Laplace operators are analysed.

In what follows we exploit heavily the results of [5] on the geometry of
superconformal manifolds. Let us recall here some notation from [5]. If /" is a
superconformal manifold then w denotes a line bundle, the local sections of which
take the form Df for a scalar function f and for the spinor derivative D=0/0(
+{08/0z. The space of holomorphic sections of a holomorphic bundle L over A" is
denoted by «/(L). A principal simple zero Q of a local holomorphic section s of L is
defined by the equations s(Q)=0, Ds(Q)=0 [and 0J,s(Q)+0 for Q being a simple
zero]. A principal simple pole of a meromorphic section s is defined as a principal
simple pole of s, provided the latter makes sense. If ¢ is a meromorphic section
of the bundle w, then there exists such a multivalued analytic function f that
¢ =Df. The shift in the value of f corresponding to a cycle in the underlying
manifold is called the period of ¢. The period which corresponds to turning once
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around P, a pole of ¢, is called after dividing by 27 the residue of ¢, to be denoted
by res ¢. For ease of notation we shall write in this paper res ¢ instead of the more

correct res ¢ used in [5]>

red

2. A Superanalog of the Mumford Form

In this section we describe certain constructions which make it possible to find a
measure on the superconformal moduli space. This measure possesses obvious
analytic properties as we shall see. After that we argue that the same measure arises
from fermion string theory.

Let us consider holomorphic line bundles L, K, M=K®L over a super-
conformal manifold .4" and a holomorphic section s of K. Our starting point is a
relation between the spaces of holomorphic sections .«/(L), .«(L*®w), and the
spaces (M), of (M*®w). In other words, we are going to describe a relation
between the cohomology groups H(', L)=.Z/(L), H A", L)=II(s/(L* ®w))*,
HON ', M)=o/(M),and H\(A", M)=II(=/(M* @ w))*. We suppose that the section
Sreq Of K,.q possesses only simple zeros and denote the corresponding principal
zeros of s by Qy, ..., Qy. Let M, denote the fibre of M over Q; and M; denote the
fibre of M®w over Q,. Both M; and M; are of dimension (1]|0). To every local
section of M holomorphic near Q; one can assign a point in a (1|1)-dimensional
space W, with coordinates (¢(Q;), Dp(Q;)). The direct sum W= ® W, is thus an
(N|N)-dimensional space. Note that the space ITM; is embedded naturally in W.
The corresponding coset space can be identified with M:

M, =W/IIM;. 1)

These identifications do not depend on coordinates used near Q,. Indeed, local
coordinates and a local trivialization of M yield coordinates on W, (o(Q,), Do(Q;))
=(a, ), which transform as (& &)=(go, F[ga+ Dg-«]) under a change of the
trivialization described by a function g and a change of coordinates giving D = FD.
Identifying ITM; with the subspace consisting of points (0,a) in W, one obtains
Eq. (1).

The space H°(/", L) can be embedded in H°(.#", M) by mapping a section
pe Ho(AN, L)to ¢ =sype H(A", M). The image of this map in H°(4", M) equals the
kernel of another natural map H°(./", M)— W. We obtain thus an embedding o of

the coset space
V=H%N",M)/H(N, L)

into W, The multiplication by s defines similarly an embedding of H(A", M*® w)
in H(A, [*®w) by virtue of [*Q@w=K® M*®w. This gives us in the same way
as above an embedding f of the coset space

V'=HYN, *Qw)/HN, M*Qw)
into U= ®U,, where
R,=U/IIR; 2)
and R,, R; denote respectively the fibres of L*®@w, [*®w®w over the point Q;.
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Let us show that
nu,=w* 3)

for i=1,...,N. In order to prove this we have to describe a non-degenerate
coupling between the spaces W, and I1U,. Every element x in W, can be represented
as (m(Q,), Dm(Q,)) for a local holomorphic section m of M. Let ye U, be similarly
represented as (r(Q,), Dr(Q;)) for a local holomorphic section r of L*®w. Then the
coupling between x and y can be defined as follows:

{x,yy=res @. (4)
Q: S

This can be written also (using the definition of a residue, see [5]) as

$x, yp =D(mr/s)(Qy), ()

provided s=(z—z;—{{;)-3z,{) near Q;=(z;,{;). The non-degenerate coupling
between W= @ W, and I[IU = @I U, is defined as the sum of residues of the form
4).

Now we are able to define a map f*1 of W onto IIV'*, where 4 is the
isomorphism between W and I1U*. One can readily verify that f*1a=0. For this
aim one has to check that the coupling between x=ax, and y=ffy, gives zero.
Indeed, the elements xe W and ye U can be represented in this case by global
holomorphic sections me H(A", M) and re HY(A ", L*®w). [In fact m is to be
chosen from the class x, € V=H(A", M)/H°(A", L), and similarly r must belong to
the class y, € V'.] Now mr/s represents a holomorphic field of type (1/2,0) which
has its poles only over the points Q,;, .4, While the sum of all the residues of such a
field is known to be zero. This shows that the map f*4 defines a map of the coset
space W/V in ITV'*. The latter one is in fact an isomorphism. This can be verified
by counting the dimensions according to the Riemann-Roch theorem.!

We are going to deal with measures on the cohomology spaces. A measure p on
a complex linear superspace E is understood as a function of the basise=(e,, ..., ¢,)
in E which obeys u(e’) = u(e) - det C for a change of the basis e; = Cle;. Every choice
of a basis in E defines obviously a corresponding measure on E demanding that
this measure equals 1 on the basis chosen. Any two measures differ by a scalar
factor; that is to say, the space of measures, mg(E), is a one dimensional complex
space. It is easy to sce that

mg(E*)=me(E)*, (6)
mlI1E) =mg(E)*, (7)

! The isomorphism W/V=IIV'* is rather easy to prove directly. It follows from a long exact
cohomology sequence corresponding to a short exact sequence of sheaves, 0L M—M—0,

where the map LM (embedding of sheaves) is determined by the multiplication by s, a
holomorphic section of K = M ® L*; denotes the sheaf corresponding to M restricted to the zero
set of 5, so that, in particular, H(.#", M)= W and H'(4", M)=0. The above short exact sequence
gives us 0—HO(A", L)— HYA", M)—»W—HA", L)» H A", M)—0 from which the isomorphism
W/V=IV'* follows immediately by virtue of Serre’s duality H'(A",L)=ITH(A", L*®w)*.
Moreover, the Riemann-Roch theorem itself can be proved easily in this way
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and, for a (1|0)-dimensional space E,

mg(E)=E*, dimgE=10. ®)

An important role will be played in what follows by the space mg(X,), where

S, =HN, L@ IH N, *Qw). ©)
Note that X;.q,=I12;, and hence, by virtue of (7),
M2 o) =mo(ZL)* . (10)

If E"=E/E’, then any two given measures on E’ and E” define uniquely a measure
on E, and one has thus an isomorphism

m(E)@me(E") = m(E). )

In order to describe this explicitly let e=(ey, ..., e,, e, ¢, ..., ¢, ;) be such a basis in
E that e,,...,e, make up a basis in its subspace E". If n: E->E" is the natural
projection then the vectors ne, . ,...,me,,, form a basis in E”. Given some
measures 4’ and p” on respectively E’ and E”, the measure ' ® u” on E is defined by
the relation

(W) e)=pley, . ...e) 1'(me, 1, ....me 1)

If now some arbitrary basis (e, ..., e, ,), (¢}, ..., e,),and (e, ..., €;) are chosen in E,
E', and E” respectively and g, 1/, and p” are the corresponding measures [so that
ey, ..., e, ) =1, etc.] then p differs from @'®u” by the following factor

A
,u=det<B_1>~u/®u", (12)
where the rectangular matrices 4 =(q;;) and B=(b;,) are determined from
e=ya;-e;, i=1,..,r;j=1,..,r+q, (13)
j
me;=yby-er, k=1,..,q;j=1,...,r+q. (19
k

The rectangular matrix B~ ! of dimension ¢ x (r+¢) in Eq. (12) is defined as an
arbitrary one satisfying B"'B=1,.
Equations (11), (6), (7) give us

mg(V)=mo(HO(N, M)/HY (AN, L)) =m(H(AN", M)@mg(HO(A", L))*,  (15)
me(V)=m(HA(N, * @)/ H(N, M* @ w))
=m(HON, ¥ @) @mg(H (N, M*@w))*,
and, by virtue of the isomorphism W/V=IIV"*,
me(V')=m(ITV')* =mg(W/V) = mg(W)@me(V)*. (17
Using Eqgs. (15)—(17) and (9), (10), we obtain
me(W)=me(2)*@me(X ). (18)
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Note finally that mg(W)=0,, where o, is the tensor product of the fibres w; of the
bundle w at the points Q,,

mgW)=o,=w;. (19)

This follows from Eqgs. (1), (8), (11) (recalling the definition M;=M;®w;,); indeed,
mg(W) = mg(M )@ mc(ITM}) = me(M ) @ me(M)* 20)
=mg(M ) @me(M)* @ m(@;)* = m(wf) = w;.

Thus we have a canonical isomorphism
0y =mg(Z)* @me(2 ) =me(Z1)* @m(2 g k) - (21)

This relation remains valid also if s is a meromorphic section of an arbitrary line
bundle K with principal simple zeros Q; and poles P;, provided the space o, is
defined as follows:

o,= <® in> ® <(>J§ a)PJ>* ) (22)

(This fact can be proved by reducing to the particular case considered above.
Indeed, a meromorphic section s of K can be represented as s=s,/s, for some
holomorphic sections s,,s, of the bundles K, K,, such that K, ® K¥=K.)

Let us apply the isomorphism (21) to the case of a holomorphically trivial
bundle L, ie. L=(0; then

o,=m(2e)*@me(Zg). (23)
Combining Egs. (21) and (23) we obtain
ML o) =M Z ) @me(Z ) @m(Zo)* . (24)

This can be rewritten, using the notation
(X ) =mg(Z)@m(Zo)*,
as
M2 L g k) = M2 L) @g(Z ) - (25)

The last relation can be applied to the bundles w*. Setting
2i=2 = A (MDA (' ¥),
we have thus
mg(2)) = ’hq:(ZJk > (26)
me(Z) =me(Z ) @m(Zo)! TF=mg(Z )+ 1.
[We exploited here the relation mg(X|)=mg(Z,)* which represents a particular
case of Eq. (10).] In the case of k=3, Eq. (26) gives us

mg(23)=mg(2,)". 27)
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The above relations (26), (27) are analogous to relations proved in the bosonic case
by D. Mumford. The isomorphism (27) is mediated by a function ®(e, f) of weight 1
with respect to e, a basis in X5, and of weight — 5 with respect to f, a basis in 2.
[Here, for a function depending on a basis, to have the weight w with respect to it
means that this function is multiplied by (det C*) if the basis is transformed with a
matrix C.] The function @ can be called the super Mumford form. It is worth
noticing that @ is holomorphic on the superconformal moduli space (i.e. with
respect to changes of the superconformal manifold .47), provided of course the
bases e and f are chosen to depend holomorphically on the moduli. If the genus g
of 4 is more than 1, we have /(w0 ?)=0, and hence m(Z ;) = mg(.o/(»?)). On the
other hand, 2, = /(w)®I1.«/(0) and, if .4 is a normal superconformal manifold
[5], (0) consists of constant functions, while .o7(w) is a superspace of dimension
(0lg). We are able thus to identify mg(X|) with mg(.o/(w)). Consequently, Eq. (27) can
be written under these circumstances as

(ot (%) =me(Z (). (28)

Let us consider now real measures on the spaces .o (w), (w?). We shall denote
by mg(E) the one dimensional real space of real measures on a real linear space E. A
real measure on E is by definition such a function of the basis in E which after a
change of the basis gets multiplied by the modulus of the determinant of the
corresponding matrix. If E is a complex linear space we leave the same notation
mg(E) for E considered as a real space. In this case however we can identify myg(E)
with [mg(E)|?, where the symbol |F|* denotes the subspace of F® F consisting of
elements invariant under complex conjugation. With these conventions we obtain
from Eq. (28),
my( (%) = mp(/ (0))° . (29)

Let us recall now that there is a natural scalar product in .«/(w) which is non-
degenerate if A" is normal [5]. The scalar product yields a real measure?® on .o/(w).
This defines through Eq. (29) an element du e mg(.+/(w?)). The latter is however
nothing but a real measure on the superconformal moduli space .#,. Indeed,
.o/ (w*) can be identified with the cotangent space to .#, (see Sect. 3 of [ 5]). On the
other hand, to define a measure on the manifold .#, means by definition to define a
measure on each tangent space .7 ,(.#,), whereas

mp(T (M) =my(T F(My))* =mg(I1 ())* =mg(t (%)

To be more precise, we have thus constructed a measure on a part, .#;, of .4, only,
where ./, consists of classes of normal superconformal manifolds. Note also that
by construction this measure dyu on .4, can be expressed through the super
Mumford form defined in Eq. (27) [or, equivalently, in Eq. (28)]. Namely, if e is a
(complex) basis in .«Z(w?)= X, then the real measure du takes for this basis the
value equal to

dule,&)=|®(e, > =|®(e, f)*(det Im7)~°, (30)
2 1f (e;) is a complex basis in a complex space E provided with an hermitian scalar product <, >,

then the real measure corresponding to this scalar product is defined as det{e; e;>. (In other
words, this measure can be determined by any orthonormal frame)
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where f is an orthonormal basis in .&/(w) = X, (note that the left-hand side does not
in fact depend on the choice of such a basis); f=(f;, ..., f,) is a basis in .&/(w) which
consists of holomorphic type (1/2,0) fields on .4/ with A-periods obeying
A{f))=0,;, while 7 is the corresponding matrix of B-periods, t;;=B(f;). The
function ®(e, f) is holomorphic in moduli (provided e depends hollomorphically
on moduli). Equation (30) describes thus analytic properties of the measure on ./,
This measure arises in fact in fermionic string theory. This will be discussed in the
next section.

Now we are going to express the measure defined above in terms of certain
analytic fields and their zeros on superconformal manifolds. As a matter of fact, all
the work is already done. We have only to express a number of the above canonical
isomorphisms in terms of explicit formulas.

Let us consider first the canonical isomorphism (21). Let 34, ..., B, be a basis in
o/(L)andlety,...,y, beabasis in I1/(M*®@w). In &/(M) we can choose a basis of
the form (sf,,...,sB, 0%, .--»%,), While in II/(L*®w) we choose a basis
(SY15 -+ SVk» €15 ---» &) If s 1s an even holomorphic section of K= M ® L* and ¢ is an
even meromorphic section (with a,.4 % 0) of w [i.e. a field of type (1/2, 0)], then let us
define R, (s, 0) as follows. We assume as usual that s,., possesses only simple
zeros and a,.4 +0, co at those points. Note that in practice it may be inconvenient
to deal only with sections possessing only simple zeros. However the formulas
below can be generalized easily to the case of multiple zeros. Let us pick a
coordinate system (z?,{?) in a neighborhood of each principal simple zero Q,,
i=1,...,N, of s with the origin at Q, in such a way that ¢(Q;)=1 in these
coordinates. Then set

A
Ry s, a)=det<B_1>, (31
where

’o_cl(Qo...ocl(QN) D2y(Q,) ... Doy (Qy)

A= : : : ; (32)
\am(Ql) O(m(QN) de(Ql) s Dam(QN)
/ rese,/s ... Tresg/s
Q1 Qr
resél/s resé,/s
B=| v O~ . (33)
res(We /s ... res(Wg/s
Q1 Q1

res(We, /s ... res{™eg/s
\QO~ on /

Note that if s is represented near each point Q; as s=z? - 3% for a non-vanishing
function §9(z®, (), then the residues in Eq. (33) can be written as follows:

rgs &;/s=D(e;/5")(0,0), (34)

res (D¢ /s =¢(0,0)/57(0,0). (35)
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[We have not indicated local trivializations of the bundles involved which must be
chosen of course in a way consistent with the relation K=M®L* and with
trivializations of w provided by the coordinates (z?, {?).] Note also that the matrix
on the right-hand side of Eq.(31) is in fact a square one of dimension (N|N)
X (N|N), for m+ 1= N|N by virtue of the Riemann-Roch theorem.

Every choice of bases in «/(L), #(I*Q®w), (M), and Z(M*@w) defines
certain measures in 2; and X, and hence an element v in mg(2,)*@mg(2,,). On
the other hand, every meromorphic section ¢ of w defines an element v’ in ¢. It can
be verified directly that v’ is mapped by the isomorphism (21) to R (s, 0)- v, i.e.

V'=Ry mls,0)-v. (36)

In order to prove this one has to note that the vectors «, ..., &, € o/(M) generate a
basis in V=.7/(M)/o/(L), the vectors ¢, ...,¢ € [1o/(L*®w) generate a basis in
V' =M (L*Qw)/Il.o/(M*®w), and use then Egs. (12), (31)—(33).

We have thus proved that if K possesses a holomorphic section s the
isomorphism (21) can be described by the function R, (s, o). The isomorphism
(21) corresponding to a meromorphic section s is described by a function which is
also denoted by R, (s, ) and can be defined in this case as follows:

RL,M(Sa O-)ZRL,L®K1(515o)/RM,L®K1(SZ’J)' (37)

Here o is an even meromorphic section (o,.4 £0) of w such that o, +0, 00 at zeros
and poles of s,.4; 5; and s, are holomorphic sections of bundles K, and K, chosen
in such a way that K=K, ® K%, s=s5,/s,. [Note that the computation of the right-
hand side of Eq. (37) requires a choice of basis in &/(L®K,) and A (L*@ KF¥QR@w)
which must satisfy an obvious constraint following from the construction. The
result is however independent of this choice.]

Proceeding now to Eq. (25), we recall that it is constructed by means of two
isomorphisms of the form (21) [namely, Egs. (21) and (23)]. Consequently, the
isomorphism (25) is served by the function

Ro, (s, 0)/Ry, 1o k(s,0). (38)

We are able now to compute the Mumford form ¢ which realizes the
isomorphism (27). Recalling that the latter isomorphism results from repeated use
of (25), we find

sz,wz(s, O')Rw,wz(s, O')
[Ro,o(s,0))*

s and o being even meromorphic sections of w. This expression can be regarded as
a superanalog of the Beilinson-Manin formulas in [2]. It must be pointed out that
Eq. (39) has a drawback. Indeed, it makes sense only if .oZ(w?) is a superspace, but
this is generally not the case. (This was pointed out to us by A. M. Levin.) However,
it is not hard, at the cost of certain complications, to obtain an expression
involving only .«/(0), o/ (»), and .«/(w?). Here .o/ (0) and .o/ (w) are superspaces in the
considered case of a normal superconformal manifold, while .«Z(w") is always a
superspace if k=3. Let ag,s,,5, be even meromorphic sections of @ such that

= (39)
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0.eq £0, 00 at zeros and poles of 54, s,. (As usual we assume that g,.4 %0, etc.) Then
s=s,5, is a meromorphic section of w?. Now one can find

Rw,w3(sa J)
R(ﬁ,w(sla G)R(ﬂ, w(52> G)

by applying twice Eq. (21) in the case of L=0, K =w with ¢, i=1,2, in the left-
hand side and then applying Eq. (21) for L=w, K=w? with ¢,=0,,®0,,. [Of
course, the bases chosen to define the left-hand side of Eq. (40) must obey certain
obvious constraints in order to allow for the above threefold use of Eq. (21).]

Equations (30), (39), (40) give us an expression for the measure du on the
superconformal moduli space .#,, or,more precisely, on its part ./, corresponding
to normal superconformal manifolds. The fermion string partition function
represents an integral of du over ., (see Sect. 3). An alternative expression for the
partition function can be obtained with the help of an extended moduli space of
[3]. Namely, consider a manifold f%g which is defined as the total space of a bundle
with ., as its base and J(A")° as its fibre over the point represented by a
superconformal manifold .4". Here J(.4") is the Jacobian of 4" and J(4")° deenotes
the direct product of five copies of J(./"), a manifold complex conjugated to J(A").
The manifold J(A") can be represented as a quotient of the space ITZ, over a lattice
(see [5]). The tangent space 7 ,/% contains a subspace 511X, (the dlrect sum of five
copies of I1X,), so that T/, /51721 =IM,=112%. This 1mp11es

me(T %)=m¢(HZ*)®m¢(5HZ )=me(Z5)@me(2,) > =C, (41)

where the last equality is due to Eq. (27). The canonical 1som0rph1sm
mc(J% ) = C defines a holomorphic measure & on ﬂg (As a matter of course, @ is
nothing but the pull-back of @ to ,/% .) Since the volume of J(A4") equals 1 with
respect to the natural metric on the Jacobian, it follows that the integral of the
modulus squared of & over ,f%g coincides with the integral of du over .Z,, giving
thus the same partition function.

&= (40)

3. Hermitian Holomorphic Line Bundles. Determinants of Laplace Operators

Let us consider an hermitian holomorphic line bundle L over a superconformal
manifold .4". (That is to say, we assume that an hermitian scalar product is defined
in the fibres of L.) The field F, of type (1/2,1/2) defined via

F,=DDloglsll, 42)

will be called the curvature of the hermitian bundle L. Here s is an arbitrary local
even holomorphic section of L (with s,.4=+0) and F, is obviously independent of
the choice of 5.3

* The curvature of an hermitian holomorphic bundle over an arbitrary complex supermanfiold
can be defined also as a (1, 1) differential form in the usual way. In the case of a superconformal
manifold two definitions of the curvature are related by means of the map f described in Sect. 1 of

[5]
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An hermitian structure in the bundle w is referred to as a super Riemann metric
on a superconformal manifold. (This definition agrees with that given in [3].) The
curvature of the hermitian structure in w will be called the curvature of the super
Riemann metric. Let us denote it by R; thus

R=DDlog|¢ll,, (43)

where ¢ is a local even holomorphic field of type (1/2,0).

In a manifold endowed with a super Riemann metric, there is a natural
supervolume element dv (cf. [3]). This allows one to introduce a scalar product in
the space I'(L) of sections of an hermitian bundle L; namely

P, 20L=[ (@1, 02)1dv, (44)

N

with (¢, @,);, being the scalar product in the fibre. By means of scalar products in
I'(L) and I'(L®®) one defines an hermitian conjugated operator D; for the
D-operator associated with a holomorphic structure of L, D, : I'(L)—»T'(LRQ ®).
Then the operator

DL:DZEL (45)

acts in the space I'(L). Our aim is to study the determinant (i.e. Berezinian) of ;.
This will allow us to work out the string measure on the superconformal moduli
space. (This measure can be written in terms of det[],, and det[],5.)

The determinant det []; can be conveniently dealt with in terms of a measure
on the space of =zero modes. Namely, consider the superspace
2, =< (LY@ Il (L* ®w) constructed from the kernel and the cokernel of D; and
take some bases, (a4, ...,a,,) in (L) and (B, ..., B,) in [1o/(L*®w). Let us define
(Npij= <o, 0,0, (N =By, B> by means of Eq. (44) (we suppress the subscripts L
and L¥*®w in <, »). Then the expression

dy, =(det[(7,) ! det N, det N, d"ad"bd"ad"p, (46)

with a;, b, being respectively complex coordinates in .«/(L), I1./(L*®w) corre-
sponding to the bases o, 8, can be considered as a real measure on X;.* A variation
of du; under an infinitesimal variation of the hermitian metric in L can be
expressed in terms of Seeley coefficients. (The variation of det[], is given by Seeley
coefficients and zero modes «, §, while in the variation of dy; the contribution of
zero modes cancels [3].) Computing the Seeley coefficients, one finds

duy = <%§5log usufRdzzdzc)-duL, 1)

4 Note that the measure dy, differs by a factor of (det [1;) ! from the measure defined by the scalar
product in X;. The super Riemann metric on .4#” and the metric in the fibres of L can be chosen in
such a way that the scalar product (44) restricted to the subspace of holomorphic sections is non-
degenerate. (This can be, for instance, the super Poincaré metric on /") In particular, the super

volume | dv of 4" will be then an invertible clement, i.e. <j dv> +0
¥ ¥ Jred
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where s is a meromorphic section of L and R is the curvature of the super Riemann
metric on 4", In the case of a holomorphically trivial bundle L Eq. (47) implies
immediately

dyiy = dpg - exp <i§log sl Rdzzd%), (48)

where s is now a non-vanishing holomorphic section of L, while ¢ stands for a
direct product bundle 4" x C!1° endowed with the standard flat metric. (Notice
that L and @ are isomorphic as holomorphic bundles and differ only by a choice of
hermitian metric. The measures du; and du, are defined thus on the same space.)
We are going now to generalize Eq. (48) to the case of an arbitrary hermitian
holomorphic line bundle. For this purpose we consider additionally certain
constructions which are also of an independent importance.

Let s and ' be even meromorphic sections of hermitian holomorphic line
bundles L and L, respectively. These sections are supposed to possess only simple
principal zeros and poles. Let Q; and P; be the principal simple zeros and poles of s
and let Q;, P; play the same role for s'. We define then {s',s} by the following
relation:

1
{s', s} =exp [ — [ Fuloglsly +2log s (Qy)ll .- — X log ”S/(Pj)”L’] N

It is easy to verify that
{s,5)={s.5}. (50)
Indeed, {s,s} can be rewritten as
1 _
log{s',s} = — ;f]og Isll.DDIIs"[ .-+ 3 loglls' (@)l - — X 1og Is'(P )l
i J
+;log HS(QL)HL—;bg Is(P) L, (51)

and the symmetry property (50) follows by integrating by parts. DD log||s'| ;. in
Eq. (51) is understood in terms of distributions, so that

DDlog |]s’||L'=FLr+n(Z 5Q1“25P,>’
t J
where 6, denotes a é-function on A" supported at the point P; if P=(z,, {,) then

5P=5(2)(Z_Zo)'(C—go)'(z—50)~

It is easy to find a change of {s', s} caused by a change in s and s'; by virtue of (49),
one has in fact for a meromorphic function ¢

log{gs’, s} =log{s’, s} +} loglp(Q)| -3 log|o(P)) . (52)
i J
Equation (49) allows us also to express the relation (48) in the following form:

dpg/dpe=1{s,0} "2, (53)



448 A.A. Rosly, A. S. Schwarz, and A. A. Voronov

where ¢ is a meromorphic section of the bundle w. The latter relation hints at the
form of an analogous relation for dy, in case of an arbitrary (holomorphically non-
trivial) hermitian bundle L, as we shall see shortly. For this aim we have to clarify
the invariant meaning of {s, s}.

First of all let us consider the following construction. Given any two
holomorphic line bundles L and L one can define a one-dimensional complex
vector space [ L, L] as follows. If s is as before an even meromorphic section of L
with principal simple zeros at Q; and principal simple poles at P;, then one defines
[L,L] =<® L’Q!> ® (@L’PJ>*.5 This definition is in fact correct; [L, L] does not

i J
depend on the choice of s. (That is to say, the spaces [L, L] given by different

choices of s are canonically isomorphic, as it will be seen below.) Moreover, one has
the following canonical isomorphisms:

[L,L]1=[L, L], (54)
(L, ¥]=[L,L]*, (55)
(L, Li®Ly] =L, LiI®LL, L, ] - (56)

The last two of these are obvious from the definition. The isomorphism (54), as well
as the consistency of the definition itself, follows from the symmetry [¢', ¢]
=[¢, ¢"] of the Weil coupling, [¢’, ¢], of two meromorphic functions ¢ and ¢’
discussed in Sect.2 of [5]. Let us define now the Weil coupling [¢',s] of a
meromorphic function ¢’ and a meromorphic section s of L;

[0, s1=T] w'(Qi)/ [To(P). (57)

with Q, being principal simple zeros and P; being principal simple poles of s. [The
coupling of two meromorphic functions is of course a particular case of (57).] Now
we are able to give (following Deligne [4]) an alternative definition of [ L, L] which
makes the above properties obvious. The one-dimensional complex space [ L, L] is
defined as a set of equivalence classes [s,s], where s',s are even meromorphic
sections of L, L which possess only principal simple zeros and poles such that the
set of zeros and poles of s’ does not intersect the same set for s. If §', §is another pair
of sections and ¢'=3§'/s’, ¢ =35/s are thus meromorphic functions, then we set

[5,, §] = [S,> S] : [q)/: S] : [(P> S'] : [(p/’ (P] > (58)

where the factors [¢', 5], [0, s], [¢’, ¢] are already defined by means of Eq. (57). We
obtain thus a definition of [L, L] and of the Weil-Deligne coupling [s’,s] for
meromorphic sections, so that [s',s] e[ L, L]. Now it is straightforward to see that
the isomorphism of [L, L] and [L, L] which identifies [s’,s] and [s,s] is well
defined by virtue of the symmetry [ ¢, ] = [, ¢'] for functions. It remains to show
that the latter definition of [ L, L] coincides with the former. This can be proved by

5 Note that we have already met an example of such a construction. The space ¢, considered in
Sect. 2 with s being there a meromorphic section of a bundle K can be regarded as [w, K].
Equation (23) can be thus written as mg(Zy)®@mg(Z,)* =[w, K]. Note also that this relation
together with m(2,)=me(Z,)* [cf. Eq. (10)] yields me(Z¢)? =[w, K]*®[w, w] !
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noticing that [, s] can be identified with the point <® s(Q i)) ® <® s(P j)> “linthe
space (@ EQ,) ® (@ L’P,)*' i j
i J

The definition of {s',s} [Eq. (49)] allows us to introduce a norm in the space
[L,L] for hermitian holomorphic bundles L, L. If x=[s,s]e[L, L], we set
[ x| ={s',s}. One can see directly from Egs. (52) and (58) that ||x|| depends only on
xe[L, L] and not on the choice of sections s, s and that | ix||=]|4|- | x|| with a
complex number A as required for the definition of a norm. Moreover, Egs. (50),
(52) show that the isomorphisms (54)—(56) are in fact isometries with respect to this
norm. Since the complex space [ L, L] is one-dimensional, one can consider | - [|* as
a real measure on it or, in other words, as an element in |[L, [*¥]|*. (Recall that
mp(E)=|me(E)|* and that m([L, L])=[L, L]*=[L, L*].) Therefore, to every two
hermitian holomorphic line bundles L and L we relate an element in |[L, L*]|%. Let
us denote it by (L, L*)e|[L, L*]|>.

According to the notation introduced in Eq. (46), dy; is a real measure on the
complex space X, and du, is a real measure on Xg; i.e. du; e mp(2,), dpye my(Zy).
This implies that dyu, /du, can be thought of as an element in mg(X,)@mg(Z,)*
=|me(2)@m(Z,)*|>. We have proved in Sect. 2 that there exists a canonical
isomorphism 7 between mg(2;)®@me(Zy)* and [w, L] (see Eq. (23) and the last
footnote). Let |t|> denote the corresponding isomorphism between
Ime(2 ) @mg(2,)*|? and |[w, L]|*>. This suggests that the proper generalization of
Eq. (53) takes the following form:

dpyfdpe=1t1*(k(w, L)). (59)

In the bosonic case such a formula was proved by Deligne [4]. It is easy to check
that for a holomorphically trivial bundle L Eq. (59) reduces to (53). On the other
hand, Eq. (47) shows that both sides of the relation (59) vary in the same way under
a variation of hermitian metric in L. A complete proof would follow by verifying
that the same remains valid for variations of the holomorphic structure of L (it
seems that this can be done using a super-generalization of Quillen’s formulas
given in [3]) and by checking then Eq. (59) for at least one bundle L on each 4.

Applying the explicit form of the isomorphism 7 [i.e. of the isomorphism (23)]
we get formulas for du; and det[];. The result is as follows:

d:uL = IR(O,L(S’ 0)|2{Sa 0} B Zdﬂ(o s (60)

where |R, (s, 0)|* defined by (31)—(33) is regarded as a function of real bases in |
and X, of weights 1 and —1 respectively. Recalling Eq. (46), we obtain

det N, detNj

det Ll =" et
N

IRg, 1(s, U)|_2{S’ G}Zdet[‘@’ (61)

where detN,, detN, detN,= | dv, and detN, are the determinants of scalar
N

products of basis vectors in, respectively, &/(L), [1.Z/(L*®w), Z(0), and I1./ ().
(The “determinants” are always understood as superdeterminants.) Introducing
the notation

det[1;,

det[],= b
et detN, detN}’
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we obtain immediately from (61)°,

’d\e_';[:’[,aDM IRy, (s, 0))
det[J, IRy, om(s, 0)*

The latter relation was derived in [3], where it was used in construction of the
fermion string measure. In fact, Eq. (62) yields

_ Reufs o)
|Rw2,w3(sa U)|2 : |Rw,w2(s’ 6)|2 .

We have used here (62) with L=w, M = w? and with L=M = w [and the relation
det[d,=(det[J,)"']. A quick comparison with Egs.(39), (30) shows that the
fermion string measure (det[1,,3) ! - (det [7,)~ > does indeed coincide with the real
measure constructed in Sect. 2 by means of the super Mumford form. [ Note that,
as we have pointed out at the end of Sect. 2, the relation (63) is of restricted use. This
can be improved with the help of expression (40) for the Mumford form and using
an analogous expression for det[],,: - (det[1,) >.]

aaDL@Mz

(62)

a\e_t/ E]co:’(’d\e-i Dw)_s

(63)
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6 Rather, one has to use an obvious generalization of Eq. (61), namely,

aaDL@M:a\e-i OulRe, (s, 0)|*2{5, 0'}2





