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Abstract. We consider small coupling fermion systems with ultraviolet and
space cutoffs and prove that they are asymptotically complete. The main
ingredient is the convergence in the real time linked cluster theorem.

Here we prove some conjectures which are either explicit or implicit in the classical
books by Friedrichs [1] and Hepp [2].

One of the main tools in the quantum many-body calculations is the linked
cluster theorem (see Theorems 2.7 and 2.8 in [2]), which up to now was a purely
formal result even with the adiabatic cutoff. Here the convergence of the
corresponding series is proven. The corollary is asymptotic completeness. We
stress that convergence is given in real time, using some experience in the euclidean
region. In general, cluster expansions in real time (necessary for asymptotic
completeness) seem to be more involved than in the euclidean region.

1. Notations

We use mostly notations and definitions of [2]. Let us consider the antisymmetric
Fock space & =% (L,(R")) over L,(R"); further on v=3, a*(f) and a(f) being
creation and annihilation operators, satisfying

a*(fla(@)+a(ga*(f)=(fg), fgeL,(R"), 1)

where the scalar product (f; g)in L,(R")is antilinear in the second argument. Let us
denote by Z,(S) the set of vectors

(fos f15 - J 0,0, ...)

in & such that f,(x,,...,x,) € S(R").
We consider hamiltonains
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on %, where in the k-representation
H,={w(k)a*(k)a(k)dk, keR";

with the two cases: the massive case, with w(k) = (m?* + k?)'/?, and the massless case
with w(k) =k,

V= X TVt sk i o o1 )a¥(hy) 0% (K,

X a(kmr\‘- 1) te a(kmi+l,')dkl e dkm,~+l, >

el (2
Ve S(R¥™m:+1)

It can be said that we consider interactions with an ultraviolet and space cutoff. We
assume V and hence H to be selfadjoint.
Let us define, for — 0o <, < 00, €20, an evolution operator without adiabatic

cutoff _ _ ,
U(t, S) — ethoe~1(t—sJHe—LsHo ,

and with adiabatic cutoff

t
U9, s)=1—iA[dt VO)UOL,s).
It is well known that for finite ¢ and s and £¢=>0,
@ t th—1
U9t s)=1+ Y (—id)'fdt,... [ dt,VO(,)... V), (3)
n=1 s N

and the series is norm convergent.
The integrand in (3) is the product of Wick monomials and can be represented

as the sum
VOt,)... VOt) =Y Welty, ..o t,) 4
G

of the Wick monomials W, which are labeled by Friedrichs diagrams G (see [2]).
So "
WG = ( - 1)11(6) Dl I/zgf)))(kv, 15 <+ ku, myv)+ l,(u))

% I—[ 5(kvp _ kqu)ei(t"' —tv)w(kvp)dkvpdkv,q

int
x []a* (k, Je* ok, (5)
ext
where the first product is over all vertices of the diagram G and we call k,; the
variable of the i'® leg in the vertex v. The second product is over all internal lines
(vp,v'q) of G contracting left (creation) legs vp and right (annihilation) legs (v'q). The
third product is over all external (noncontracted) lines (legs) and + depends on
whether # =* or not.
Let us denote
(V(t,) ... V(t,). — the sum over all connected diagrams in (4);
(.-)oo — the sum over all connected diagrams without external lines in (4);
(-.)=0(..).—(...)go — over all connected diagrams with at least one external
line;
(...)cr — over all diagrams of class (...), which external lines are creation lines.
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2. Results

Theorem 1. There exists Ay >0 such that for |A| <A, and either — o0 <s,t< o0 and
e20o0r —o0<s,t< 00 and £>0 the series

def

i (—idyfdty . T de Vo) . Vo) E U, ), (6)

is norm convergent, A, does not depend on s, t, e. The same is true if instead (...), one
takes (...)o0> (-+)is (--)cr-

We suppose further on V to be even (i.e. m;+I; are even for all i). Using
Theorem 1 one can prove nonformally

Theorem 2 (Linked cluster theorem, see Theorem 2.7 in [2]). Under the conditions
of Theorem 1,

U, s)=:expUA,5).:, 7
where the series in the right-hand side is norm convergent.

Let us denote
T — U, s)
QUYL )Q)’
where Q is the vacuum in %.

Theorem 3. If v=3, then for both the massive and massless case there exists 1,>0
such that for || <21, there exist

. def
s-im T, ,=T*

£—0

(direct morphisms),

. def . .
s—luon TE, o=T%* (inverse morphisms).
Foind
Theorem 4. Under the conditions of Theorem 3 wave function renormalisation
2

VARES ; )

exp n;i (= (V... (V) er®

where n is the number of Friedrich’s operations T', is finite and |/ZT* are unitary
and provide unitary equivalence

HT*=T*H,+¢,), 9)
where ¢, is given by the convergent Goldstone series

e,=(Q,AVLT*Q). (10)
(VLT is the left connected product, see [1,2].)

Remark 1. Unitary equivalence of H and H,+ ¢, was known for the massive case
(see [3,4]) and for the massless case without vacuum polarisation [3].
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3. Proof of Theorem 1: “Time-Mode Clusters”

The only difficulty is the number of the diagrams. We circumvent this difficulty by
making fermionic cancellations. These cancellations are made in the “time-mode”
clusters.

For the sake of concreteness we consider the case =0, — o0 <s,t < 00,v>3.1In
this case we shall prove

Lemma 1. The norm of the n™ term of (6) has the bound |s —t|C" 2", where C does not
depend on s,t,n.

Time clusters are specified by the notion of the sector.

Partitions. Indices I,...,n are the vertices of the diagrams. Any subset
=0y .eey O)y Oy <...<0y, Of (1,...,n) defines the partition of (1,...,n) onto the
intervals

A =[Lo)={i:1Zi<ay},...
Ay=10h-1,0), Adp+1 = n].
Sectors. Any o defines the subset 2, of
Wo={(ty,....t,):s<t;<...<t, <t}

which we call a sector and which is uniquely defined by the following properties:
1. If i,j belong to the same interval 4, of the partition «, then there exists an

integer M such that
def A

tot;e(M,M+1)= 4,

2) Ifi,j belong to different 4,, and 4, respectively, then t, t; belong to different

PS

(M,M+1)=4,, (L,L+1)=A4, ie. M*L.
It is clear that (), =A% Let us call 4, the I'" group of the sector 2.
Subsectors. A subsector U (M,,...,M,,) is defined by o and by integers

M,>M,>...>M,,,. So this subsector is the set of all t,>...>t, such that if

ieAj, then t;e(M;, M, ,).

Modes. Let N=(N%,...,N*)e Z", k=(k,...,k*)e R*. N-mode is the function on R
v . 2miNIkI

en(k)= II‘ 1k’ exp———,

=

where y(k) is Cg-function, 0< y(k) <1, y(k)=1 for |k|< B and O for [k|=B+1. We
choose B so that for any i

Supp V; C(_B’ B)V(li+mi) 5

and choose 4> B, for simplicity we assume Ve CZ(R*":*m)),
Let us fix subsector W (M, ..., M, ). Any t,e(M,, M, ) can be represented
as

t,=M,+4t,, At,=M,—t,.
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So for any leg p of the vertex v we can write
exp(it,w(k,,) = exp(iM,w(k,,)) exp(idt,w(k,,)) . (11)
We attribute the second factor in the right-hand side of (11) to ¥, in (5) and next

we come to

Expansion in Modes. For any v we use the expansion

l(v)(kUI’ ceey u miw) +1i (v)) 1_[ eXp (lAt w(kvp)) n ( g:Z" ccp, NeN(kvp)> . (1 2)

Let us note that for any y > 0 there exists a constant C(y) such that uniformly in v, p,
|4t,| <1, constants c,, y(4t,) satisfy the bound

)

ol S > INI= T, N (13)

This is proved by integration by parts. Further on we fix y>v+2.

Expansion in “Time-Mode” Clusters. Using the preceding definitions we can
represent n'™ term of the series (6) as follows

ooy oy ()T W, (14

i.e. Ay My, ...,Myi+1 modes [At,|S1

sum over sectors;

sum over subsectors of the given sector, i.e. sum over M, ..., M, .,
sum over modes, i.e. over N
integration inside subsector,
sum over admissible diagrams, where

WG = l_{ 5(kvp - kv’q) exp(i(Ml - Ml’)w(kvp))cvp, Nup
X cu’q, Nu'qu.,p(kvp)eerq(kv q. dk dku 'q n a#(kvp)
X exp( i_ itvw(kvp))cvp, vaeN,,p(kvp)dkvp( - 1)"(G) . (1 5)

We shall obtain now cancellations of some diagrams. Let us fix for any group 4,
subsets A, and B, of left and correspondingly right legs of vertices of this group. Let
for the given sector a B(a, {4,}, {B,}) be the set of all admissible diagrams G such
that exactly creation legs from |J A, are contracted with some annihilation legs (i..
creation legs not belonging to ( A, are not contracted) and similarly for () B,.

vp

LNk W=

Lemma 2. Let the sector, subsector and the set {N,,} of modes be fixed. Then if for
some | there are either at least two equal modes in A, i.e.if N,,=N,, for some vp,
v'qe A,, or at least two equal modes in B, then
WG = 0 .
GeB(a, {41}, {B1})

The proof is evident: let us consider two legs in e.g. 4, with equal modes and two
diagrams in which these two modes are contracted with two other legs in two
different ways (all other contractions are the same). Then these two diagrams
exactly cancel.
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So further on we can assume that inside any 4, and inside any B, all modes are
different and we use the bound

c») ] 1 (16)

c = -
H' v,p,va' - [nlep’y—l Al!Bl!’

where both products are over (v, p)e 4,UB,.
Having made these cancellations we shall use the bound for (14)

2 1 ML)y Wsl- (17)

Ay My, ..., My +1 modes |4t,| <1
Lemma 3. [5]

. C
itw(k)| <
R‘;' dkeN(k)eM(k)e = (1 + lt[)‘,/z 3
where C does not depend on N and M.
This gives

C
Wl =11

(18)
int |Ml(v,p) - ]\/Il(v’.q)lw2 ’

where (v, p) means that leg (v, p) belongs to the group 4,. Sum over sectors and
integration in (17) give at most 2" and we shall obtain the bound of the following
expression uniform in o:

1 C(y) :l C
oy TAIBI oy [“ Nl e B o W M= My 2

Again the second sum and Y 1 give C". Let us consider the factor-graph
{41, Bi}

I'=G/{4y,.... 4+ 1}

with k+ 1 vertices, i.e. we identify vertices of A4, for any I Then the number of
graphs G with the given factor-graph I" does not exceed C"[]|4,|!|B)|!
So we are left with the sum over M, ..., M, ,, and over factorgraphs I'.

Lemma 4. Let us fix M,. Then

1 o0 C rn
2 =\ Y g
I M, -~§Mk+l IMl(v,p) - Ml(v’,q)lv/2 M=-w (1 + |M|)V/2
where r=maxm;=maxl,.

This is the standard result in cluster expansion techniques [6]. This completes
the proof of Theorem 1, as summation over M, gives the factor [s—t¢|.

4. Asymptotic Completeness

The formal proof of Theorem 2 isin [2]. As U(t, s), is the norm convergent series in
annihilation and creation operators then so is exp U(t, s).. Wick ordering does not
change the upper bound of the norm and so Theorem 2 follows from Theorem 1.
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Remark 2. If v=1,2 then Theorems 1 and 2 are also true but with a worse bound
than in Lemma 1. The proof repeats Sect. 3.

Proof of Theorem 3. We claim that
0 0 th—1
norm(-)lim S (=i | dty ... [ dt, (V) ... V) (19)
£ n=1 + o0 t o

exists where
y=a*(g,)...a*(g)R2e Fy(S).

Let us consider the n'® term of (19). First we restrict ourselves to the class of
diagrams with the external annihilation line

a(kvp) exp(’— itvw(kvp) - S'ZU')

with fixed v, p. We repeat the proof of Theorem 1 with the extra factor |M,
which we get from contracting a(k,,) with some a*(g;). With this extra factor we get
the convergence uniform in 0<s=< oo for t=0.

Next let us consider diagrams without annihilation external lines and having
some creation external lines

H a*(kup)eitvw(kvp) —elty] .
v, p

2,

We represent
v
el =exp(it,o—elty |+ Y (iw—e)(t;—t;-1)),
j=2

and integrate out ¢,

.0 . 1
11_{1(1)1 ijoo dt, exp(it,) l;pw(kvp)—sltﬂ = W (20)

vp)
v, p
In the massive case (20) belongs locally to L, and the remaining part of the proof

repeats Sect. 3.

Trouble in (20) can appear onlyif } contains exactly one summand. But this is
v,p
possible only if the degree of some V; is not even.

Under the same reasons there exist

T*wp=norm-line:exp U0, + o), :.
£—0

It is easy to see from the proof that quite similarly one can prove existence of T *1p,
T*T*p, T*T*y on #(S) and also the fact that Z ™! is finite. From the known
identities for Uz, s) for &> 0 (in particular unitarity, see [2]) it follows then that
ﬂTi conserve the norm on Z(S), hence are unitary.

The formal identities which prove Theorem 4 are well known (see [2]). The fact
that they are convergent can be easily checked from the above considerations.

Remark 3. For v=1,2 we cannot prove convergence of the series even for direct
morphisms, but the existence of direct morphisms can be easily proved by Cook’s
method.
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Remark 4. The class of functions w(k) for which Theorems 1-4 take place can be
described by two conditions: stationary phase estimate in Lemma 3 and local
square integrability of (20).
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