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Abstract. We discuss stochastic Schrodinger operators and Jacobi matrices
with wave functions, taking values in C' so there are 2] Lyaponov exponents
Y12 29,202y,., 22y, = —7;. Our results include the fact that if
y, =0 on a set positive measure, then V is deterministic and one that says that
{Elexactly 2j y’s are zero} is the essential support of the a.c. spectrum of
multiplicity 2j.

1. Introduction

This paper discusses stochastic Schrodinger operators (see [4, 20, 7] for background)
on R, that is
d2

Hy=— 5+ Volx) (1.1)

on I?*(R,dx), and its discrete analog:
(hpu)(m) =u(m + 1)+ u(n — 1) + V,(n)u(n) (1.2)

on [?(Z), where V,, is a stochastic process. Several years ago, one of us (SK) [10]
developed a set of ideas relating m-functions, the Lyaponov exponent and absolutely
continuous spectrum for (1.1), and subsequently, the other of us (B.S.) [19] extended
the ideas of [10] to equations of the form (1.2). Among the results were
(y = Lyaponov exponent):

(ao) {E|y(E)=0} = A is the essential support of du,.

(by) If A containts an open interval, I, then o(H,)[I is purely absolutely
continuous

(co) If|A|>0 (|| = Lebesgue measure), then V,, is deterministic.

Our goal here is to discuss these results for operators on strips. The basic
operator (1.2) on a strip is defined by considering a connected set S<=7'"!
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(connected means under the notion of joining nearest neighbors). One then
considers on [?(Z x S):

how)@ =Y, w(p)+ V,()u() (1.3)
[B—al=1
PeZ xS

with aeZ x § = 7*. Here V,, is a process ergodic under the one-dimensional group
of translations.

We will actually consider an extension of this class which is more natural for
the methods we will use, but as we will explain, there is a price paid for generality.
Explicitly, we still study operators of the form (1.1) or (1.2), but now the operators
act on [*(R;C") and [?(Z;C"), i.e., vector functions u(x) (respectively u(n)) taking
values in C. V_(x) (respectively V,(n)) is now an [ x [ matrix and V,u means
applying the matrix to the vector. We suppose that V is real and symmetric. For
earlier studies of stochastic Jacobi matrices on the strip, see [22,23].

The operator (1.3) is of this form, where #(S) = l and V has ¥V, (n, o, ) as diagonal
elements and non-random off-diagonal elements (each 0 or 1).

The generalized Schrodinger operators have a 2I x 2[ transfer matrix rather
than the more usual 2 x 2 matrix, and so 2/ Lyaponov exponents which we label

VIZ 2N N1 2 2V

Because of the constancy of the Wronskian, y,,,,_;= —7;,50 3, 20=7,,,. We
will prove:

(a) S;={Elexactly 2j y’s are 0} is the essential support of dE®Y, the a.c.
spectrum of multiplicity exactly 2j. There is no a.c. spectrum of odd multiplicity.

(b) If S, contains an open interval I, the spectrum is purely a.c. on 1.

(c) If |S,| > 0 (i.e, if there is a set of measure zero on which y, vanishes), then
V is deterministic.

In some ways, (c) is unsatisfactory. It asserts that if V' is non-deterministic, then
y, >0, but it does not assert anything about y,,...,y,. One cannot hope to do
better because our hypotheses include

(Va0
V“’(")‘( 0 'Vw,,(n)>

for which the problem decouples into [ separate problems. If / — 1 V’s are constant
but the Ith is non-deterministic, then V is non-deterministic, but for suitable
E,y,=---=7,=0. Clearly, to go beyond (c), one needs some kind of hypothesis
that all components of V are coupled together. An indication that under such a
hypothesis non-determinancy implies y,,...,y, > 01is the fact that, in the case where
the V,’s are iid’s with a suitable coupling hypothesis (e.g., (1.3) with the V(o) iid,
see [8]), Furstenberg’s theorem implies that all y’s are non-zero.

In Sect. 2, we introduce the strip analogs of the Jost solutions and the Weyl
m-functions, and in Sect. 3, we describe the spectral measures. Section 4 discusses
the inverse problem for the strip. In these sections, which mirror well-known theory
for the usual =1 case, we present only one of the continuum and discrete cases
in detail, and the other one briefly.

Section 5 extends the Pastur—Ishii [13,9] theorem to the strip. Section 6 presents
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the basic bounds on the m-function, and Sect. 7 proves a, b,c. The three sections
are the main ones of this paper. In an appendix, we prove the Thouless formula
for the strip case of (1.2).

One might reasonably ask why it took five years from [10,19] to extend the
proofs of these results for the strip. Each of us has worked on this problem during
that period, so it appears that the problem must be difficult. In a real sense, the
difficulty is that the m-function becomes a non-commutative m-matrix. Thus, simple
results like (in the discrete case)

m(T" 'w)---m(w) = exp<linil In m(T%o)})
=0

~ exp(nf In m(w)du(w))

fail. Of course, the result is true for detm(w), and in some sense, we have found
the right combinations of det and Tr to push the theory through. In retrospect,
with these appropriate functions, the theory is not so difficult.

To avoid unessential technical difficulties, we suppose throughout that our
potentials are bounded. It should not be hard to extend this to suitable unbounded
potentials with the standard hypotheses. Thus, we suppose that T, (respectively
T,) is an ergodic group of operators on a measure space (2 indexed by xeR
(respectively neZ), and that F:£2—1 x [ matrices is bounded and measurable, with
values in the real symmetric matrices, and we let V, (x) = F(T, ).

2. Jost Solutions and m-Functions for the Strip

The results of this section are deterministic, i.e., hold for each operator of the form
2

dx?

with V(x) a bounded [ x | real symmetric matrix function on R, and H acts on
[?(R; C', dx), I-component I?* functions on R. At the end, we will indicate what can
be similarly proven for the discrete case.

C, will denote {zeC|Imz>0}. For EeC,, define J,(H,E)={f functions

locally in D(—d?/dx*)|Hf = Ef as a pointwise statement; | | f(x)|?dx < oo}.
0

H= + V(x) (2.1)

Theorem 2.1. (a) J, has dimension L.
(b) fed, with f #0 implies that f(x) #0 # f'(x) for all x.
(c) For each x, '+ f(x) is a bijection of J . and C, and similarly for f s f'(x).

Proof. (a) Consider the operator A=H][C$(0,00) as a symmetric operator
on I?(0,00). Since H is formally self-adjoint, J, is precisely Ker(4* — E),
whose dimension is the deficiency index of A*. Since V is bounded, if 4,=
—d?/dx*|C¥ (0, 0), then

dim(Ker(A* — E)) = dim(Ker(4% — E)) =1,

since one can easily write down all solutions if —f” — Ef =0.
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(b) Let u,v pointwise solve Hu = Eu, Hv = E'v and let {u,v), denote the C'
inner product of u(x) and v(x). Then

d ) -
T[<u,s U>x - <u,v >x] = (E - E)<u’v>x>
X
or integrating,
vy
Cuyvpy —<u v ), — [, v — u,v' ) ] = (E' — E) [ Cu, v dx. (22)
There are two cases of particular interest. First, since V is real, if Hv = Ev, then
Hv = Ep, so this yields constancy of the Wronskian:
Hu=Eu, Hv=Ev={i,v),—<u,v' ), Iis constant. (2.3)

Secondly, if ueJ ., then u”=(V — E)uel? at infinity, so ' is in I?, and thus
[l#'|*]eL!, so u'—0 at infinity. Similarly, u—0 at infinity, so taking v =u and
y— o0 in (2.2), we obtain:

20m Cuu'y, =2ImE | Cuyudydx, 2.4)

Equation (2.4) says that if u or «’ vanishes at x, then u vanishes on (x, c0) and
so on all of R. This is what was to be proven.

(c) By (b), the map is injective. Since, by (a), dimJ, =dimC/, it is a
bijection. [

Corollary 2.2. There is a unique | X | matrix valued function, F , (x, E), obeying
—F, +VF, =EF,,
F,(0,E)=1,
[1F+(x.B)|?dx < o0.

Proof. Let e,,...,e; be the canonical Kronecker basis for C'. By the theorem,
there are unique solutions f; . of — "+ Vf=Ef obeying f;,(0)=e¢; and
[1f;+1?dx < 0. F, is then determined by the conditions F,e;=f;,. [

Because of the bijective condition of Thm. 2.1(c), for each x, F(x, E) is an

invertible matrix.
We define the m-functions by

d
M+(E)=3;F+(0,E).
This is a matrix determined by b = M, (E)a, given a, is the unique vector in C' so
that there is a solution ueJ . with u(0)=a,u'(0)=b.

Similarly, we define J_ at — oo, F_ and

M_(E)= —ad;F_(O,E).
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If we need to make the V dependence of F and M explicit, we will refer to
F,(x,E,V)and M _(E, V). We also let (T, V)(y) = V(x + y).

Proposition 2.3. (a) (ImE)™'Im M, (E)= | F, (x, E)*F , (x, E)dx,
0

(b) F+(x5Ea TyV)F+(y’E> V)=F+(X _f_y,Ea V):

(C) F,+ (x5 Ea V) = M+(E’ Tx V)F+(X, E’ V)9

(d) £(d/dx)M (E,T,V)=V(x)—E—M_(E,T,V)?
(e) M, is symmetric, ie., {(b,M a)>={ M b,a).

Proof. (a) The expectation value of this equality of Hermitian matrices in the
vector a is just (2.4) for u=F . a.

(b) F.(x,E,V)aisjust the element, u,in J, withu(0)=a. F  (x — y,E, T,V) ais
just the element of J . with u(y) = a. This, with uniqueness, proves (b).

(c) is just translation invariance and the definition of M.

(d) This Ricatti equation is proven just like the ordinary Ricatti equation by
using (c) to write M, (E, T,.V)=F', (x)F . (x)” ! using (F;!) = — F;'F,F;! and
F.F;*=(V—E).

(¢) Fix a,beC'. Let u(x)=F . (x)b,v(x) = F,(x)a. The Wronskian {&#,v), —
{m,v'" ), is constant. As x — oo, it goes to zero, so it is zero. But at x =0,

(i, 0Y0 — (0" Yo = {Mb,a) —<(b,May. O

Since F is invertible, (a) implies that Im M , is strictly positive, and so it and
M, are invertible. ~
F,,M, can obviously be defined also for EeC_ = C.. Clearly, since V is real

symmetric, F, (x,E,V)=F_ (x,E,V), so we have that
M (E,V)=M,(E,V). (2.5)

In addition to the solutions F, regular at + co, we will need the solutions @, ¥
with boundary conditions at the origin, i.e., @(x,E, V) and ¥Y(x,E, V) are I x 1
matrices obeying, for any E in C.

Hu=Eu (2.6)
with the boundary conditions

D(x=0=1, ?(x=0=0;, PYx=0=0, P (x=0)=1.
Clearly, for EeC, uC_,
F,(x,E)= ®(x,E) + ¥(x,E)M ,(E). 2.7)
The 2! x 2I transfer matrix

(V(E) O(xE)
U(X’E)—<'P(x,E) d)(x,E))

is a fundamental matrix for (2.6) in that, if u solves (2.6) with u(0) = a,u'(0) = b, then

<”’(")> = U(x, E)<b>. 2.8)
u(x) a
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As usual, U obeys the equation

, (0 E-V(x)
U_<l] 0 )U. 2.9)

Introduce the 21 x 2] operator

0 1
-l o
Then, the constancy of the Wronskian, (2.3), implies that det U =1 and

U(x, EYJU(x,E) = J, (2.102)

which is to say that U(x, E) lies in Sp(2]), the symplectic group.
Since J ™' = — J, (2.10a) says that

(—=JU U =1,
so since one-sided finite matrix inverses are two-sided,
U—-JuJg)=l,
or
U(x,E)JU(x,E) = J. (2.10b)
This will be used in the next section. Because of its property (2.8), U clearly obeys
U, E;T,VYUy,E; V)=U(x+y,E; V) 2.11)
* * *

The theory for the discrete case is described in parallel to the above theory.
J , is defined in the same way, but the Wronskian becomes

Cu(n+1),0(n) ) — <u(n),v(n + 1)),
and (2.4) becomes
2Im (u(n),u(n+1)>=2ImE Y |u(m)|>

j=n+1
F, is defined by a direct analog of Cor. 2.2, and M, by
M,(E,V)= —F, (+1EV).
The analog of Proposition 2.3 is

Proposition 2.3". (a) (ImE)"*M,(E)= Y, F%(n,E)F . (n,E),
=1

(b) F.(n,E, T,,V)F ,(m,E,V)=F_,(n+m,E, V),
) F,(n+LE,V)=M_,(E,T,V)F,.(nE,V),
(d M (E,T,V)=E—V(n)—M_(E,T,;, V)"
@, ¥ obey the boundary conditions

DPn=0=10, Odn=1)=0;, ¥Yr=0=0, PYh=1)=I
so (2.7) then becomes
F,n E)= ®(n,E)— ¥Y(n,E)M ,(E), (2.12a)
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F_(n,E)= ®(n,E) + ¥(n, E)[E — V(0) + M_(E)]. (2.12b)

U has the definition
Yn+1) dn+1)
¥(n) o(n) )

and now if u solves (2.6) with u(0) = a,u(1) = b, then

un+1)\ b
( ) )“U(”)<a>‘

An equation like (2.9) continues to hold.

Un) = <

3. Green’s Functions
As a preliminary for this section, we need to rewrite (2.10):
Proposition 3.1. (a) @(x)P(x) = P(x)D(x),

(b) D(x) P(x) — ¥'(x)P(x) = —1,

(©) P(X)F . (x) =F,(x) P(x),

(d) ') F . (x) = Fy(x) Plx) =1,

@ F_ ()M, +M_) 'F,(x)=F,(x)(M, +M_)""F_(x),

(f) —F- ()M, +M_ ) 'F,(x))+F,(x)(M, +M_)'F_(x)=1.

Proof. (a) and (b) are two of the 4]/ x | matrix relations made by the 2/ x 2] matrix
relation (2.10b).

Given Proposition 2.3(e), which says that M’ =M, and (2.7), (c) and (d)
then follow immediately. (e) and (f) follow similarly if one notes that

M_(M, +M—)_1M+ Z(le +M;1)‘1 =M,(M, +M—)_1M—,

and

My +M_ )M, (=M )]=l=-[(-M_)-M,JM, +M_)"". [

Let H* denote the operators on L2(0, oo) (respectively L?( — oo, 0)) with Dirichlet
boundary conditions, and let Hy be the analogous operators with V = 0.

Theorem 3.2. If EeC, UC_,(H — E)"',(H, — E)~ ! have jointly continuous integral
kernels Gy(x, y) and G (x,y) given by
Gr (x,y) = () F  (y) 0=x=y
=F,(x) ¥ O=sy=x
Ge(,y)=—F_(x)(M, +M_)"'F. (y) xZy
=—F, ()M, +M_)"'F_(y y=x
Proof. We prove the formula for G; the proof for G5 is similar. Call the putative

formula G,. By Proposition 3.1(e) and (f), G, for y fixed is continuous and C!
away from x = y with

0 ~ 0 ~
75 Or(eY) === Gylx,y) =—-1L (3.1)

0 x=y+0 ox x=y—0
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Moreover, since F, are [* at + oo, for any feCg,
g(x) = [Gy(x,y) f(y)dy
is in I2. By (3.1), g obeys
(H-Eyg=1.

Since H — E is invertible, it follows that G(x, y) is the required integral kernel. [J

Proposition 3.3. For EcC ., let k = . /E, the square root with Imk > 0. Then (with

Il the norm in CY):

@) [M.(E V)= ikl <@Imk)~ V], [1+ImE) " [V],],
(b) ImM . (E,V)zRek)[ImE(ImE + || V| ,,) "' 1?1,

(©) 1Ge(x,y; V) —(2ik) " 1e* N1 <a, where a=(4|E[Imk)™!|V]|,[1+

ImE)" Vi,
(@) 1 G (5,35 V) + Qik) ™ [ — =1 | < 3q,

©) 1Ge(, y; M= Crexp(—Colx—yI); | F o (x, E; V)| £C  exp(—C,|x|); x>0

for some C, > 0.
Proof. (a) Let FY be F, for Hy, and let F=F, — F% . Then

—F' +VF—EF=—VF°.
It follows that
F=—(H*—E)'VF,
ie.,
Fi(x,E,V)=e*1—[Gg (x,y; V)V(y)e™ dy.

Using Theorem 3.2, if we differentiate and set x to zero, we get

M. (E,V)=iki~ [ F.(y.EV}V(y)e*dy,
4]

$0
(ML (EV) =ikl S V]l e® I F 4,
but
[ e ”Lz(O,oo) =(Q2Imk)~'2
By 3.2) and ||(H" — E)™'|| £(Im E)~! we have that
[Fl =@mE)™ [ V] I FS Il
S(ImE) V], (2Imk)~ 12

by (3.4). Equations (3.3)—(3.5) prove (a).

(3.2)

(3.3

(3.4)

(3.5)

(b) By interchanging the roles of F, and F9 we get, for any unit vector {eC":

Fll=F,(+(Hy —E)'VF.{
SO
IFS LN, =2Imk) ™ 2 < [F, Ll(1+ImE) [ Vl,).

Since Im E =2(Im k) (Re k), this implies
IF. I3 Z(mE+[|V].,) *(Im E)(Re k).
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(b) follows if one uses Proposition 2.3(a) that
Im({, M, (E)))=ImE| F, (3.
(c) Note that

T e"2ik)~ ! |2dx = 1| E| ' (Imk) "' = b, (3.6)
Since -
(H—E) ' —(Hy—E)"'=—(Hy—E)"'V(H,— E)”!
+(Hy—E)"'V(H—E)"'V(Hy—E)~!
and ||(H— E)" | £(Im E)™?, we easily obtain
|Gg(x,y) — Gp(, I S b(L + | VIo(ImE) ™) [ V|, = a.

(d) The proof is just like (c), except we must estimate
g ” (2ik)_ 1 [eik(x—y) _ eik(x+y)] “de.

We settle for the crude estimate of

) 1/2 5 1/272
[( | n(zik)—le"“x-”l|2> +< i ||(2ik)-1e”‘<x-”||2) ] ,
0 0

and note that the first term is b, while the second is, at most, b, and then that
1+ /32 <s

(e) The bound on Gy is a standard Combes—Thomas estimate (see e.g. [16]).
It implies the bound on F, by Theorem 3.2 and the invertibility of F_. [

Remark. Everywhere that (Im E) ™! occurs in upper bounds, it can be replaced by
[dist(E,spec(H))] ™! which, as Re E— — oo, goes as |E| ™'

Next, we need the spectral measures. In the continuum case, we will use the
Herglotz representation theorem, which says that:

Herglotz Representation Theorem. Let F(z) be a matrix valued function on C . with
Im F > 0. Then there is a positive matrix valued measure dH(x) on R and self-adjoint
matrices A, B with B> 0, so that

dH
@ Iy +(x2

(b) F(z)=A+Bz+j<x1

—z 1+ >dH(x)

If, moreover,

|Fiiy)|<Cy~% 0<b<1, y>0,
then
dH(x)

(a/) f(l—_l_w<00 lf O(>1—-9,
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dH(x)
x—z

(b) F(z)=|

In either case,

1
dH(x) = weak-limit —Im F(x + i¢)dx.
€10 T

For a proof in the scalar case, see [1]. The matrix extension follows by taking

expectation values.
It will be useful to define 2/ x 2] matrices M(E) for E€C, by

M(E):<—(M+(E)+M_(E))“ %(M+(E)+M,(E))'I(M_(E)-M+(E))>
LM _(E)—M (E)(M (E)+ M _(E))"* M (E)M,(E)+M_(E) 'M_(E) /
Lemma 3.4. Im M(E) >0 for E€C .
Proof. Let 9eCg with ¢ 20 and [ ¢@(x)dx =1, and let ¢,(x) =k " ¢(k~"x). Let
M, (E) = <I Ge(x, V) () o (y)dxdy | Gp(x, y)wk(xw;(y)dxdy>
* [ G0 oi()u)dxdy [ G(x, y)@i(x)p(y)dxdy

It is obvious that Im M,(E)>0 since Im(H — E)~! > 0. But, by Theorem 3.2,
Im M, (E)»Im M(E) as k—»0. [

Lemma 3.5. (a) For x = y, we have that
Gi(x,y) =(P(x, E), ¥(x, E)) M(E)(®(y, E) ¥(y, E)
—3@(x, E) ¥(y, E) — 3 (x, E) D(y, EY.
(b) For xzy=0,
Gg (x,y) = ¥(x, )M, (E) ¥(y, E) + @(x, E) ¥(y, E)".
Proof. Follows immediately from Theorem 3.2 and (2.7). O

Theorem 3.6. There exist measures dX . (x) and dX(x) which are respectively | x |
matrix valued, and 21 x 21 matrix valued so that

Y(x,E)dX, (E) ¥(x, EY <
1+ |E)”
j (D(x, E), ¥(x,E))dX(E)(D(x, E), ¥(x,E))
1+ |EF
for a>% and all x.

(@ |

>

13
< 0,

Y(x,E)dX ,(E)¥(y,EY
E—z
D(x, E), ¥(x, E))dX (E)(D(y, E), ¥(y, E))
E—z

for xz=y.

(b) G (x,y)=]

for x

v
=

© G.(xy) =]

1
—limIm M , (E)dE,
T ¢10

(d) dX,(E) =
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dX¥(E) = llim Im M(E)dE.
T ;o
Proof. By the Herglotz representation theorem and Lemma 3.4, dX,dY | as defined
in (d) exist. Since @ and ¥ are holomorphic, the singularities of G are the same
as those of M. By Lemma 3.5, Gy(x,x) (respectively G (x,x)) have imaginary
boundary values given by the measures in part (d), so by the bounds in
Proposition 3.3, (a) holds and (b),(c) hold for x = y. Each of the four combinations

Gg(x,x) + Gg(y,y) + 0Gg(x, y) + @Gg(y, x)

is Herglotz for w = + 1, + i, so these obey Herglotz representation theorems which
yield the required formula for G,G*. [ '

One can further analyze dX and d¥ | to develop eigenfunction expansions (see
e.g. [2]); all we need is the following theorem, which holds in any dimension

(see e.g. [18]):

Theorem 3.7. Let EYW(H) be the spectral projections of spectral multiplicity n
(so that Y Ef(H) =1 and HEY(H) has uniform multiplicity n). Let j be any strictly

positive trace class operator, and let dp,(A) = tr(DE"™(dA)). Then, for ae. E with
respect to dp,(4)

{|Hp = Eg;|p(x)| £ C(1 +|x)' "% |@'(x)| < C(1 + |x])' *¢}
has dimension at least n.

Remark. In general dimension with general potential, one only has an I? bound
on ¢', but since V is bounded, we have L* bounds on ¢ and A¢ which yields L*
bounds on V¢ in 1-dimension.

* * *

The discrete case can be analyzed in the exact same way; in fact, some significant
shortcuts are available:

(i) The formula for Gz has(M, + M_ + E—V(0))” !inplace of (M, + M _)~ ..
Similarly, a change is needed in the definition of M. Everywhere that M _ appears,
it must be replaced by [M_(E)+ E — V(0)]. These changes are due to (2.12)
replacing (2.7). The asymmetry between M, comes from the fact that

G5(0,0) Gg(0, 1))

M(E)=<GE<1,0) Gy(1,1)

with 1 and not — 1.

(i) The analog of Proposition 3.3 is simpler because boundedness of the matrix
kernel is implied by boundedness of the operator, so we need only expand to
second rather than third order, e.g.

1GE(x, y; V)~ Ge(x, y; V=0) | <m E)~?[| V[,

is immediate. Moreover, M, is the expectation value of (H™ —E)~! in the
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vector 6, and H* is bounded, so the analog of (a) is easy by (H™ —E)"! =
—E"'+ Y (—Ep*i(H" )" which implies
n=1
IM(E,V)+E ' S|E" ImE) 2+ [ Vly)-

(ili) We need not appeal to the Herglotz representation theorem to define d¥
and dX, . Rather, we can use

du + (w)

w—E’

M, (E)=(5,,(H" —E)"'6;)=] (3.7)

where p, is the measure guaranteed by the spectral theorem, so that
[w'dp + (w)=(6,,(H"Y"8,). (3.8)
Here p, is an I x [ matrix valued measure and (3.8) is shorthand for
fwrd(a, p, (w)b) = (6, ®a,(H* '3, ® b)
for all a,beC'.

4. The Inverse Problem
In this section, we discuss

Theorem 4.1. In the continuum case, M . (E) determines {V(x)},, in the sense that
if VO and V@ are two bounded potentials and MY = MP, then V1 (x) = V?(x)
for ae. x=0.

Theorem 4.2. In the discrete case, M , (E) determines {V(n)},, in the sense that if
VD and V® are two bounded potentials and M) = MP | then VO (n) = VP (n) for
alln= 1.

Actually, we need the fact that V is a measurable function of M, as follows
from the actual proof. We'll give the proof of Theorem 4.2 which is a straightforward
extension of the [ =1 case (see e.g. [19]). In the same way, one can extend either
the Marchenko [11] or Gel'fand-Levitan (c.g. [12]) method to the Cl-valued
continuum case.

Proof of Theorem 4.2. By (3.7) and the fact that M, has bounded support for E
near infinity:

M8

M. (E)=

n

so that, by (3.8), M, (E) determines
(01, (HT)"0y).

It is easy to see inductively that

(= )70 fwrdy, (w),
[6]

n—1
HYY'(0,®a)=0,,1®a+05,@V(ma+ Y 6;® f,;(V),
j=1
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where f, ;(V) is a C'-valued function of V(1),..., V(n— 1) with
(b, V(n)a)= (6, ®b,(H*)** 15, ®a) + function of V(1),...,V(n— 1),
which means that (§,,(H*)"d,) inductively determine V(j). [

5. The Pastur—Ishii Theorem for the Strip

Before proceeding with the study of random Schrodinger operators on strips, we
recall the notion of Lyaponov exponents and the Osceledec multiplicative ergodic
theorem.

Suppose we are given a family of m x m invertible (complex) matrices { A(x), xeR}.
The numbers

1
;= lim ;logyj(A(x)), j=12,....m 5.1

if the limits exist, are called the Lyaponov exponents, where, for a matrix 4, u;(A)
denotes the eigenvalues of a non-negative definite matrix (4* A)}/2, ordered so
U(A) 2 pp(A) 2 - 2 p,(A) 2 0. If all these limits exist, we say that {A(x):xeR}
has Lyaponov behavior (at + o). Since p;(A)u,(A)... u;(A) = AIA]|, the limits
(5.1) exist if and only if the following limit exists:

1 .
lim ;log [ATAX) | =y, + -4y, j=12,....m, (5.2)
and the limits are related as indicated.

Lemma 5.1. (Osceledec—Ruelle [17]) Let {A(x):xeR} be a family of mxm
matrices obeying

1 .1
lim—]og{ sup ||A(5+n)A(n)’1|]}= hm—log{ sup ||A(n)A(n+5)‘ll|} (5.3)
n-oo N 0<o<1 n-oo N 0<o<1

=0.

Suppose {A(x):xeR} has Lyaponov behavior at + co. Then there exist subspaces
{0}=VocV,c--cV,,_y =V, =C"so that

dimV,=j, j=0,1,2,...,m, (5.4
fueV\V;_, for some j=1,2,...,m, then

.1
lim ;log TAG) Ul =Yy ;- (5.5)

Now we consider random matrices. Let (£2,.%,u) be a probability space
admitting a u-preserving one-parameter group of transformations {T,:xeR} on
€. We always assume the ergodicity of {T,:xeR,u}. If a measurable map
A:R x 22— C"® C" satisfies

{A(x + y,w) = A(x, T,w) A(y, )

A0, w) =1 (5.6)
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then we call it a multiplicative cocycle with respect to {T,}. It is easy to see that
if A is a multiplicative cocycle, so is A(— x, ) with respect to {T_,}. Moreover,
A(x, w) is invertible and A(x,w)” ! = A(— x, T, ), and hence {A(x,w)*} ! is also
a multiplicative cocycle with respect to {7, }.

Lemma 5.2. Suppose a multiplicative cocycle A satisfies

[E|:log{ sup || A(S, w) H}+log{ sup | A(é,w)“ll}]< 0. (5.7)

0<6<1 0=é=1

Then, for a.e. wef2 with respect to u,{A(x,w)} has Lyaponov behavior at + co, and
the condition (5.3) holds. Moreover, the Lyaponov exponents are independent of w.
Let y; (j=1,2,...,m) be the Lyaponov exponents at + co respectively. Then

V= =yt J=1,2m. (58)

Proof. The proof can be done by applying the subadditive ergodic theorem to
g(x, w) = log || A’ A(x, w) ||. Equation (5.7) assures E|g(x, )| < cx and the condition
(5.3). The independence of the Lyaponov exponents comes from the ergodicity.
The identity (5.8) is shown as

lim —Elog{ || AA(x,0)1

x>+

)’f 4 .. +Vj+

1 .
lim —Elog{||A/A(—x, T,w)™!|}

x—+o00 X

Il

1 )
lim ——Elog{||{A/A(x,0)} |}

x>—o — X
= = Vm = Vm-17 " Vm—j+1

for j=1,2,...,m, which implies (5.8). The interchange of E and lim is guaranteed
by the subadditive ergodic theorem. [

Now we apply these ideas to a random Schrodinger operator. Let V
be a measurable function from @ to the [ x [ real symmetric matrices. By
Proposition 2.3(b), F, are multiplicative cocycles with m =, and by (2.11), U is a
cocycle with m = 2. Therefore, applying Lemma 5.2, U, F, and F _ have Lyaponov
exponents at + co which we denote at energy E by:

V1(E) Z 7,(E) Z -+ 2 y5(E), “71+(E)§ —Vz+—1(E)§ 2 _V1+(E),

and
71 (E)2 7y, (E) 2 - 2y, (E).

y; are defined for all E;y;® only for E with Im E > 0. Since F (-, E,w)e [*(R, ; C'),
we see

Y7 (E)20, j=1,2,...., EeC\R. (5.9

Proposition 3.3(e) shows that 77 are strictly positive on C\R.
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Lemma 5.3.
V/(E) =7 (E), j=12,...,1
. 5.10
{vj(E)=—v£_,~+1(E), =11, 10
ViE)=—yu-;+1(E) j=12,..,2 .11)
v} (E)=y; (E) j=12,...,1 on C\R '

Proof. To see (5.10), we have only to observe

Fx) = F,(x,E,w) F_(x,E,)
O=\F, (xEw) F.(xE o)

also satisfies (2.9) except the initial condition, and U(0) is non-singular owing to
the facts that ImM,(E)>0 on C\R, and that for all a,b,F,.a# F_a, since
otherwise H would have an I? solution. Equation (5.11) follows from U~! =
J7uty. O

We are interested in this section in some results where EcR where y* are not
defined. We are heading towards

Theorem 5.4. Let S; = {E€R|exactly 2j y’s vanish}. Then the multiplicity of the a.c.
spectrum on S; is at most 2.

Eventually we will show that S; is precisely the essential support of the a.c.
spectrum of multiplicity 2. Theorem 5.4 is the strip analog of the Pastur [13]-Ishii
[9] theorem. It follows from Pastur’s argument (see e.g. p. 180 of [7]) and

Lemma 5.5. Suppose that E€Ris fixed and in S;. Let w be such that H , has Lyaponov
behavior with the typical Lyaponov exponents (i.e., those that hold for a.e. ). Then
any subspace of {¢p(x)|H, ¢ = E, p¢L* and ¢ polynomially bdd} has dimension at
most 2j.

Proof. Clearly, it suffices to prove that

dim P <2j + dim L, (5.12)
where
P={p|Ho = E¢, ¢ polynomially bdd},
L={¢|Hp =Eg,pel?}.

The usual case /=1 is not typical in that simple dimension counting works
there, but consider the case [ =2, j = 1. Then there are 3 solutions which might be
bounded at + oo, one decaying and two with 0 rate of exponential growth. Thus,
a priori there might be a solution decaying at + oo linked to a bounded solution
at — oo, one decaying at — oo linked to a bounded solution at + oo and one
bounded at both ends. In that case, one would have dim P = 3,dim L =0 and (5.12)
would be violated. It is this possibility that is eliminated by the Lagrangian subspace
argument below.

Since V is real, we will only look at real valued solutions and real dimensions.
Let dim L=d and dim P = p. For ¢, { solving Hp = E¢, let

(@, ¥) = (¢'(0),¥(0)) — (¢(0), y'(0)).
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Since ¢ is determined by (¢'(0), ¢(0)), and

J 0 —1
110
is non-singular, w is a non-degenerate antisymmetric form. In particular, if 4, B

are two subspaces with

(PGA, ¢EB=>CO(¢9 W) = Oa
then
dim A + dim B< 2/ (5.13)

(since JA is orthogonal to B).
Let
G, = {¢|p decays exponentially at + co}.

By the Osceledec theorem and the fact that 2 of the 2/ exponents are 0,
dimG, =1—j.
Clearly G, nG_ < L, so
dim(G, +G_)=2[—-2j—d. (5.14)
But if peP and Y eG_, then w(p, ) =0 by evaluating the Wronskian in the limit
+ o0, so, by (5.13),
p+dim(G, +G_)=2l (5.15)

Equations (5.14) and (5.15) prove (5.12). O

6. Bounds on Expectation Values of M

In this section, we will prove various bounds on expectation values of Im M,
especially analogs of the key inequality of [10,19] (actually an equality in the
continuum case):
E(tr(m M)~ ") <2y(E)/ImE.

We will provide proofs in both the continuum and discrete cases, with parallel
theorems indicated by Theorem 6.xC and Theorem 6.xD for the continuum and
discrete cases.
Lemma 6.1. (a) (Craig-Simon [5]) For j=1,...,Ly(E)+ --- +y,(E) is subhar-
monic on C.

(b) For almost all EeR,

lif(r)xyj(Eo +ig)=v;(Eo), j=1,...,1L

&

Remark. The results are true for j=1,...,2l, but since y,_;,; = —7;, there is
nothing new in the results for j=1+1,...,2L

Proof. (a) A’U(x,E) is analytic in E, so E(log | A’U||) = G;(x, E) subharmonic.
Since x ™' G,(E, x) converges to y, + -+ +;, this function is subharmonic.
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(b) Obviously we need only show

im (y, + - +9)0(Eq +ie) =y + - +7)(Eo), j=1,...,L
el0

But any subharmonic function on C has non-tangential continuity at a.e. points
on R (see e.g. [14], p. 141; any point of R is a regular point for two-dimensional
Brownian motion). [

For EcC\R, define

wE)=LE(tr(M, + M_)), (6.1¢c)
and

=Y y;(E)= ; v (E)= ; 75 (E). (6.2)

Theorem 6.2C. (a) w(E) = E(tr(M ,)) = E(tr(M _)),
)

(b) w'(E) = E(tr(Gg(0, 0; »))),
(c) —Rew(E)=7y(E),
(d) E[tr((Im M, (E, )~ 1))] = 2p(E)/Im E.

Remark. We do not usually bother to check integrability explicitly. The bounds
in Proposition 3.3 always suffice to prove integrability of objects like M, or
(ImM,) L

Proof. (a) By Proposition 2.3(d), with M, (x)=M ,(E, T, V) and ' = d/dx,
Mi+M_Y=M>—-M2=M_M,+M_)—(M, +M_)M_, (6.3)
$O
%trln(MJr +M_)=tr(M_)—tr(M,). (6.4)
If g(x) = (d/dx) f (T, V) with f bounded:
E(g) = lim - fg )dx = lim — [f(T V)= f(ToV)1=0,

n—»oo n—’oo

50 (6.4) implies (a).
(b) Let "=d/dE and '=d/dx. Proposition 2.3(d) implies:

-M_=-2-M,M,-M,M,—M_M_—M_M_.
Straightforward but tedious calculation shows that
rf(M, +M_)" "M, —M_)]]=—-2tr(M, +M_)" ' —tr(M, +M_),

which, given Theorem 3.2, implies (b).
(c) We have that
FLFY ‘=M +5
S0
tr(Re M, )=(In|det F.|).
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Since

1
“In|det F, |- — y(E),
X

by Lemma 5.3, we obtain the desired result.

(d) Write
M,=X+iY (6.5)
with X = X*, Y = Y* > 0. Taking imaginary parts of Proposition 2.3(d):
Y=—ImE-XY—-YX, (6.6C)

SO
[trlog V)] =tr(Y'Y " Y)= —ImEtr(Y 1) — 2 tr(X)

which, given (c), yields (d). [
Remark. In terms of the integrated density of states,

dk(E’)
E—E

E(tr(Gg(0,0;))) = |

Thus (b) and (c) provide a proof of the Thouless formula for the continuum,
multicomponent wave functions (see [3] for a statement of the continuum Thouless
formula which needs a subtraction).

In the discrete case, we define

w(E) = Etr(In(M ,)) = Eln(det(M ,)). (6.1D)

As noted at the end of Sect. 3 (using the remark that (Im E) ™! can be replaced by
dist(E, spec(H)) in bounds), as ReE— — o0, InE=¢>0, |M, + E~'1| -0, so
det(M ,)~(— E)™}, and we take the branch of In with Im In(det(M ,))—0 in this
limit.
We also define
N, (Ey=ImM, +3ImE.

Theorem 6.2D. (a) w(E) = E(trIn(M -)),
(b) w'(E) = E(tr(Gg(0, 0; w))),
(© —Rew(E) = y(E),
(d) E([tr(N . (E,w))]™") < 2y(E)/ImE,

© [E(ln[det( 1+ I;mj\i )D — 2(E).

Proof. (a,b,c) We begin with (c), which follows from

n—1
In[detF,(n)]= ) IndetM,(T’n).
j=0

Using the Thouless formula (Theorem A.1 in the appendix), we see that

Rew(E) = — [In|E — E'|dk(E") = Re[ — [ In(E' — E)dk(E)].
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It follows that
w(E)= — [In(E' — E)dk + ia

for some real number a. As Re E— — co, Imw(E)—>0 while Im[—In---]— —in.
It follows that

w(E) =in — jln (E'— E)dk(E"),
and so

1
(E)= | ———=dk(E'),
W(E) = | 2 dk(E)
proving (b). Since the same argument holds if we start with M _, (a) holds.
(¢) Takingimaginary partsof M (T"w)=V(n)— E_M ,(T" 'w)~ !, we obtain

ImM, (T"w)= —ImE+[M  (T" 'w)*] ' ImM  (T" *w)[M, (T" Y(w))]
(6.6D)

Thus

ImE

14— =
1ndet< +ImM+(T”a))

>=_°‘1—°‘2+°‘3_0‘4>

where o; = In|det(f;)| and
Bi=M.(T" '), B,=M.(T'0), fs=ImM (T" ‘o) B,=ImM(T" ‘o)

Since E(a3) = E(ay), and by (c), E(x;) = E(e,) = — p(E), () holds.
(d) follows from (e) as in [19] using

Indet(1 + C) = tr(In(1 + C)),
and
In(1+x)=x/(1+4ix). O
Corollary 6.3. Let
N,=ImM_,
B=(M,+M_),
in the continuum case, and
N,=ImM, +3ImE
B=M,+M_+E-V(0)

in the discrete case. Then

dy
-1 -1 -1 < -1 _
E(tr[N;*+NZ'+4Im(B~")]) = 4[(ImE) WE aImE]'
Proof. By Theorem 6.2(b) and (c) and formulae in Sect. 3 for G:
ay

[E(tr[Im(B“ 1)]) = — m

Since E(tr N ') < 2y(E)/Im E by Theorem 6.3(d), we have the desired result. [J
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In the [ =1 case, we used
NI'+NI'+4Im(B ) =(NZ'+ NZH[{(N, = N_)*+(ReB)*}/|B|*].

While this is false in the present case due to non-commutativity, the following
lemma suffices for our proof in the next section.

Lemma 6.4. Let Y. and Y_ >0 and X = X* be | x | matrices. Then
Yil+ Y ' +4Im(X +i(Y, + Y_))" ' =0,
and it equals zero if and only if X =0and Y, =Y_.
Proof. By straightforward calculations:
Y 4+ Y '+ 4Im(Y, + Y ) =(Y =Y I (Y I+ YO T Y-y
and, for Y=Y, +Y_ >0,
Im(X +iY)" ' —Im(Y) '=(X +iY)" ' XY 'X(X —iY)" L

Each of these terms is non-negative and the first is zero if and only if Y71 =Y 1,
and the second is zero if and only if X =0. [J

The inequalities so far suffice to handle the results at energies where all y; are
zero. To get the results when only some of the y’s are zero, we need

Theorem 6.5. Let ImE > 0. Let u; (E,w) denote the eigenvalue of Im M, (E, w)
ordered by ui (E,w)= -+ = ui (E,w)>0. Then, on C, forj=1,...,L

i d
[E<k;1 ,uf(E,cu))éz(ImE) lkzl“/lﬂﬂc(E)

in the continuum case, and

J 1 i
£ <2ME)' Y y,., W(E
<kzl :uki(EJU)‘i'%ImE) =2 ) kZI i+ 1-«(E)

in the discrete case.

Proof. We begin with the discrete case:
Write, for E fixed,

Y_(n)=ImM_(E, T"w)
and
G(n)= Y(n)'">F _(n).

By multiplying the analog of (6.6D) for M _ by F_(n) on the right and F_(n)*
on the right, and using

F_(n+l)=—M_(n+1)"1F_(n),
we obtain

G(n+ 1*G(n + 1) = G*(n)G*(n) + Im EF _ (n)* F _ (n)

* ImE
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Using A'77 of this equation, we obtain

ATHG*G(n + 1)) <

1—j Ii_ i(G*
{o e

. ImE)” ( Im E )
4 <1 Y(n) D ti+1-1(E, T" )

It follows that

But

Lo i Lo it ImE
I ATHGGn+ )| < In A (Y(O))H+k;;mgoln<1+u4——l_ﬂ_k(ﬂme)>.

Since F_ = Y~ 1Y2G, we have
IATHG* G+ D) Z AT Y+ DI THIATIF e+ D2 (6.7)
Since Y is bounded above and below, we obtain, by taking n— oco:

201+ -+ ) = Z E<In<1+——lni—>>

Wis1-1(E, )

Since Theorem 6.2D(e) can be rewritten

1 1
20+ +7)= X (( #éw)»

we obtain
Jj ImE J
Ef In{f 1 +— <2 _(E).
kz,l ( < L (E,a)))) kzlyzﬂ «(E)
since
X ImE ImE
In(1 > In{ 1 >
n( +x)“1+%x’ n( + _ >_u~+%ImE’

yielding the result for the discrete case.
The continuum case is similar. From (6.6C), we obtain

(F* YF_)Y =F* (=X +iY)YF_+F*(ImE+ XY+ YX)F_+F* Y(—X —iY)F_
—ImE(F*F_).
Define, for A:C'— C!, a map
AAII(A): AT (CY = AI(C
by '
dAl-f(A)(elA...Ae,_,.):klf1 (A Ae,A-ep )
(s0 dA(4) = (d/dt) A(€'4)],—o). Then with G = /Y F_, we find
[AI(G*G)] = Im EA'H(G*)dA" (Y~ 1) A 4(G)
SImE|[dA™ (Y1) A'I(G*G),
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SO
ATIG*G(x) = eXP(EImE 1dA™ (Y =) dy>Aj(G* G(0)).
Thus, taking logs, dividing by x and taking x to infinity, and using (6.7),
204(E)+ -+ + 5 (E)) < E(lz I E[ 1 oE, w)]”)-
Theorem 6.2C(d) says that
201+ +7) = Y, Em ELwr (B,)] ™),

yielding the required result. [

We will need another version of Theorem 6.5 which is not strictly weaker but
is often weaker as y,(E, + i¢) is normally monotone decreasing in e.

Theorem 6.6. Fix E real with “ﬁ? vk(Eo + ie) = v (E,) for all k. The inequalities in

J
Theorem 6.5 remain true if E = E, + ie and Z Y1+ 1-«(E) is replaced by

i 1
kzlylﬂ—k(Eo‘{'is)"‘ Z [Vi+1-«k(Eo +i8) — 7141 —(Ep) ]

k=j+1
Proof. We describe the continuum case. Since
Y(E, +ig) i dX(E)
e V(E—Ey)l?+¢¥

we see that Y(E, + ie)/e is monotone decreasing as ¢ increases. Thus, w,(E, + ie)/e
is monotone decreasing, and so for ¢ > § >0,

€ 1
(Eo +i8) ~ wy(Eq + i)

\%

Thus

J € ! € ! 0
E ——F |<E _ I
(kgl,uki(Eo+is,w)>_ <k; y,:—r(E0+is,(u)> <k Zﬂ,uk E(Eq + 0, co)>
By Theorem 6.2C(d),

! e 1 .
E( Z —> = 21;:1 Yi+1-k(Eo + i8),

=1 1iE(Eg + ig, )
and the proof of Theorem 6.5 shows that

! o
E - 2 E,+id
<k=§;+1 Uit (Eq + 10, CO)) k ;H%H ~+(Eo +10),
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SO

1 1 j
el B L _w(Eo +ig
(k;uki(Eoﬂs,w))— k;VHl «(Eo )

!
+2¢71 Z . (Vi1 -1(Eo + &) = yi4 1 —(Eq +16) ].

k=j+

Now take 6 to zero. [

7. The Main Theorems and Their Proofs

Given the inequalities in the last section, the main theorems have proofs which
are, in essence, the same as the proofs in [10].

Lemma 7.1. Let

1 0
Y(E) = lim y(E + i¢); {E [y(E +ie) —y(E)] — %(E + ia)}

el0

Q={EER

0
goes to 0 as €] 0; liml(E + ig) exists.}
£l0 oe

Then |R\Q|=0.

Proof. w' is Herglotz, so by the standard theory of such functions, dy/0¢(E, + i¢)
has a limit for almost all E,eR. Moreover, since w is Herglotz and y is subharmonic,
Y(Eo + ie) > y(E,) for almost all E,. For E; in both sets, the desired results are
valid. O

Theorem 7.2. For a stochastic Schridinger operator or Jacobi matrix with Cl-valued
wave functions, let

S;={EeR|exactly 2j y’s are 0}.
Then
(@) S; is the essential support of a.c. spectrum of multiplicity 2j.
(b) There is no odd multiplicity a.c. spectrum.

Proof. Since y,,_;+1 = —7;, the S;’s cover R so (a) implies (b). By Theorem 5.4,
the a.c. spectral multiplicity on S; is at most 2j, so if we show it is at least 2j, we
have the result if we note again that the S;’s cover R.

By the general theory of the Stieltjes transform,

1
dZL(E)=—Tm M _(E +i0)dE,

where M, (E + i0) exists for a.e. E and w. For such an E and o, y; (E + ig,w) -
i (E +i0, ). By Fubini’s theorem, Q, = {E|a.e. o, M (E+ie)»> M (E+i0)} has
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full measure. If E, is also in the set Q of Lemma 7.1, and in §;, then
et [kgl Yi+1-1(Eo +i8) + k=$+ ) 1+ 1-1(Eo + i€) = Y141 —k(EO)):|
=& ' [9(Eo +ie) = 7(Eo)]
has a finite limit. Thus, by Theorem 6.6 and Fatou’s lemma:
E([ui (E+i0,0)] V)<, k=1,...,]j.

It follows that ae. EeQnQ;nS; and ae. w,u; (E+i0,w)>0, and thus that
Im M, (E +i0) has rank at least j. Thus, dX QN Q;NS; has multiplicity at
least j. Since H— (H* @ H ™) has finite rank, H has a.c. multiplicity at least 2j
(since B— C finite rank implies B, is unitarily equivalent to C,. by the Kato—
Rosenbljum theorem, see e.g. [15]). O

Theorem 7.3. For a.e. E in S, and w,
M_(E+i0,w)= — M _(E +i0,w)*
in the continuum case, and
M_(E+i0,w)= — (M ,(E +i0,w) + E — V(0))*
in the discrete case.

Proof. By the argument in the last theorem for a.e. E€S;, Im M are strictly
positive. If EeQ,, Fatou’s lemma, Corollary 6.3 and Lemma 6.4 imply that

E([dm M )E+i0)] '+ [Im M_)E +i0)]"! + 4Im(B(E +i0)" 1)) =0,
where B=M, + M _ (respectively M, + M_+ E—V(0)) in the continuum
(respectively discrete) case. By Lemma 6.4, it follows that

ImM, =ImM_; ReB=0,

which is the required result. [

Theorem 7.4. If S, contains an open interval, I, then H has purely a.c. spectrum on 1.

Proof. By Theorem 7.3, Re B(E+i0)=0 on I. By the reflection principle for
Herglotz functions, B is analytic through I. Moreover, Im B(E + i0) = 0 in a complex
neighborhood of I, so by the open mapping theorem, Im B(E +i0)>0 on I. It
follows that — B! is analytic on I, and so the Green’s function has an analytic
continuation through I, which implies that there is no singular spectrum. []

Theorem 7.5. If |S,| >0, then V is deterministic.

Proof. V on {x <0} (respectively {n <0}) in the continuum (respectively discrete)
case determines M _. By Theorem 7.3, this determines M , on S, (with ¥(0) in the
discrete case). Since |S,|> 0, this determines M, on all of C, by analytic
continuation for Herglotz functions. By Theorem 4.1 (respectively Theorem 4.2),
V is determined on {x = 0} (respectively {n>0}). [
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Appendix. The Thouless Formula in the Discrete Case

In this appendix, we will prove the Thouless formula for the discrete operator (1.2),
with ¥ matrix-valued. Such a formula for the strip was first proven by Craig—Simon
[6]. We give a proof here for two reasons. First, their statement and proof is not
for the general class of I we consider in this paper. Second, by using the techniques
from this paper, we can give a more transparent proof than [6].

We need the following from the paper itself:

(1) The basic definition of F,, @ from Sect. 2.

(2) The relation between the Lyaponov exponents for H and the decay
(respectively growth) of F, (Lemma 5.3), in particular, that for Im E > 0:

lim 0! In|det F_(n,E) = 3" 7,(E) (A1)
n—w ji=1
lim %ln |F.(mE)||= lim %ln |F_(n,E)| = —y,(E). (A.2)

(3) For ImE >0, y,(E) > 0 (Proposition 3.3 and (A.2) above).

Theorem A.l. Let V,, be an | x| real-symmetric matrix-valued bounded ergodic
process, and let h,, be given by (1.2). Let v4,...,y, be the first | Lyaponov exponents,
and let k(E) be the integrated density of states. Then, (the integral is for E' eR):

y1(E)+ -+ +y(E) = [In|E ~ E'|dk(E)
for all EeC.
Proof. By the subharmonicity argument of Craig—Simon [5], we need only prove
the result for Im E # 0 and thus only for Im E > 0, so fix E, with Im E, > 0.
Since H does not have E, as eigenvalue, {F, (x)alaeC'} and {F_(x)alaeC'}
are disjoint, and so their sum is the entire 2/ dimensional family of solutions. Thus,
for [ x | matrices A, B:

Y(x)=F_(x)A + F, (x)B.

If Aa =0 for some a, then Ya = F ,(x)Ba would lie in I?(0, o), so H* would have
E as eigenvalue, which is impossible. Thus, Ker(A4) =0, so 4 is invertible. Writing

Y=(1+F,BA'F-\)F_4,

and using (A.2), we conclude

1 1
lim —In|det ¥|= lim —In|det F_|

n— + oo n— 0

=yt -+
by (A.1).
Next, consider ¥(n, E) as a function of E. Since

W(n+ 1,E)=(E — V(n)) ¥(n, E) — ¥(n — 1, E)

and Y(L,E)=1, we see inductively that Y(n+ 1,E) is a monic [ x| matrix
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polynomial of degree n so det(¥(n + 1, E)) is a monic (scalar) polynomial of degree
nl. On the other hand, ¥(n + 1)a =0 for some a if and only if the Hamiltonian
with boundary conditions ¥(0) = ¥(n + 1) = 0 has eigenvalue E. Thus, the zeros
of det ¥(n + 1) are exactly those eigenvalues. It is easy to see that the multiplicities
even agree. One can now use the argument of Thouless [21] (see [3,7]). O
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