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Abstract. It is shown that expansion waves for the compressible Navier—Stokes
equations are nonlinearly stable. The expansion waves are constructed for the
compressible Euler equations based on the inviscid Burgers equation. Our result
shows that Navier-Stokes ecquations and Euler equations are time-
asymptotically equivalent on the level of expansion waves. The result is proved
using the energy method, making essential use of the expansion of the
underlining nonlinear waves and the specific form of the constitutive eqution for
a polytropic gas.

1. Introduction

Consider one-dimensional compressible Navier—Stokes equations in the Lagran-
gian Coordinates,

v, —u, =0, (1.1),
ut + p.\‘ = (,qu(b'))_\., (11)2
2
(e +“7> + (pu), = (<0, /v + i, [),. (1.1

where v, u, p, e and 0 are, respectively, the specific volume, velocity, pressure, internal
energy and the temperatures of the gas, and the positive constants y, k are the
viscosity and heat conductivity coefficients. The gas is assumed to be polytropic:

RO

p—1

p=RO/v=Aexp(s/c,)v™? e= (1.2)

where s is the entropy, R >0 the gas constant, y > 1 the adiabatic constant,

¢, = R/(y — 1) the specific heat, and A4 a positive constant. We are interested in the
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expansion waves. For this, it is convenient to work with the equation for the entropy

1 x k(y— 1) pv, Ruu? )
St:fff(psx),\—i R < + 20 (11)3
puv ¢, pv v x pv

Equations (1.1),, (1.1),, (1.1); and (1.1),, (1.1),, (1.1)5 are equivalent.

Our purpose is to show that expansion waves for (1.1) are nonlinearly stable.
For expansion waves the right-hand side of (1.1) decays faster than each term in
the left-hand side. Therefore the compressible Navier--Stokes Eq. (1.1) may be
replaced, time-asymptotically for expansion waves, by the compressible Euler
equations

v, —u, =0,
u +p,=0,
s, =0. (1.3)

There are two families of expansion (rarefaction) waves for (1.3), Courant-
Friedrichs [1]. We will describe only the 1-rarefaction waves, which are character-
ized by

1/2

sand u+ constant in (x, t), and

i L (rop)
41 (v,s)(x, 1) = — (ypr~1)'/? increasing in x.
Suppose that the end states of the initial data for (1.3) satisfy
s, =s(+ 0,0)=5,,
— (o.p)= (u + /{—1 (;*vp)"”2>(i o0,0) = 4,

fop = 20(0,8)(+ 00,0) > 2, (v,8)(— 00, 0) =/ _ .

U, +

Rarefaction waves for (1.3) with same end states converge to each other. For
definiteness, we choose a particular 1-rarefaction wave of (1.3) (u,v,$)(x,t)=
(i1, 7, 5)(x, t): with initial value

5(x,0) =0,
E V_ET(YEE)I/z(X’O) = AOﬂ(lZ’ ﬁ)(i @,0) = (ui-’ vi)’v+ > 0’ vo > 0’
71 (3,0)(x,0)= (/s + 4_)2 4 ((4, — /_)/2)tanh x, (1.4)

where, for simplicity, we have set s, = 0. Our main result is the following stability
theorem.

Theorem 1. Suppose that (i, 0,0) is the rarefaction wave of the compressible Euler
equation (1.3), (1.4) and that the initial data (u,v,s)(x,0)= (ug, vy, Se)(x) of the
compressible Navier—Stokes equations (1.1) satisfy (ug,vq,S0)(+ o0)=(u, ,v,,0)
and that at t =0,

d=lvy —v | +luy —u_ |+ oo —al7, + llug—ali, + IsolZ,

+ H (UOx’”Oxszx)lil%z (15)
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is sufficiently small. Then the solution (u,v,s)(x,t) of (1.1) exists for all time and

lim  sup {|v—"0)(x, )|+ [(w— @) (x, )| + |s(x,8)|} = 0.
t—= o0 —oo<x<ow
Analogous results also hold for linear superposition of 1-rarefaction and

3-rarefaction waves by combining our technique here and the characteristic-energy
method of Liu [3]. The stability of expansion waves for the isentropic flow has
been proved by Matzumura and Nishihara [5]; see also [4] and [6] for stability
of expansion waves for other systems. Expansion waves and compression waves
for (1.1) are both stable, but in a markedly different sense. Expansion waves are
stable in the sup (L) norm but not in the integral (L;) norm, while compression
waves are supposed to be stable in both norms, cf. [3]. As a consequence the
stability analysis for expansion waves differs in some basic way from that for
compression waves. Although we use the energy method as in previous works
[5,4,6], we do not use the smallness of 9, (1.5), to control some of the first order
terms. Instead, we used the entropy equation (1.3)" and the specific form of the
constitutive relation (1.2) for the final, and crucial, energy estimate; see the proof
of Proposition 3.5.

2. Expansion Waves

The characteristics for the Euler equations (1.3) are

)”1 = - (?pv—l)l/zs ;“2 = O’ ;'3 = (?pv' 1)1/2‘

It can be shown easily that because the 1-rarefaction waves form (1.3) take value
along the 1-characteristic direction, the characteristic speed 4, satisfies the inviscid
Burgers equation, [2]:
024 04y
—+ 4 —=0. 2.1
ot T4 0x @D

The specific choice of the initial data (1.4) yields, by characteristic method for (2.1),

A, t) = —3((pp-v-" Y2 =(pivs VA tanh(x — 4, (x,1)1)

— 3 pave 2+ Opov_ ")

—3((Ayv_ "7 Y2 —(Ayv, "7 )P tanh (x — 4, (x, 1))

—3((Ayo, 77T (App_ T Y2, (2.2),

This can be solved for 4, (x, t). 4, rarefies in that 94, /0x decays at the rate t ~'. The
other physical quantities are obtained from

§(X, t) = Os
- 2 ~ 12
u+ ;‘_—1 (yop)'(x,1) = Aq,
—(yop~ 2 x, 1) = Ay (x, ). (2.2),

Thus (4, 0) also rarefies. It follows from these identities that their L, norms decay
algebraically.
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Lemma 2.1. Let 6y=|v, —v_|+|u, —u_|, then for bounds 0(1) independent of t

Q) B,(x,8)>0,v0_ >v, >0,

(i) 1@ @), = O3+ 1) 1P i ||, =0(1)dp, 1 Ep = o0,
(ii) %(ﬁ, Dl =00)min(Ge,(1+0 ) 1<p<o0, (=2,
(i) @), =0MI@ )=y

a Lp(x)
For the details of the proof, see Matzumura—Nishihara [5] and Xin [6].

3. Energy Estimates

In what follows |||, {=0,1,2,..., denote the usual Sobolev norms for H'(x),
=1, 1= 11"l and |||, the L,(x) norm, 1 <p<=oo. Let (u,v,5)(x,1)
be the solution of (1.1) with initial value

(u> v, S) (X7 0) = (u07 UO’ SO)(X)’

(1o, v, So) (£ 0) = (u,,v,,0), (3.1
and (u, 0, 8)(x, t) the solution (2.2) of (1.3) and (1.4). Set
b=v—0, Y=u—Ii (3.2)
Since (u, v, s) satisfies (1.1), (1.1), and (1.1); and (@, 3, 5) satisfies (1.3) we have
o — =0, (3.3)
U+,
Yo+ (@ +5,5) — p(.0)) = u <u> : (3.3),
i+ ),
- ; - Rula +9)°
" her @+ e, PTG+ o
=k (g)((ﬂ+ﬁ,s)(<¢>x j@) (33)
(o +0,5) (0 +10) ¢+ . o
((P, ‘l’: S)(X, O) = ((909 l/IOa SO)(X) = (UO - E’ Ug — "L SO)(X)' (34)
From (1.5) we have
o=lvy —v_ |+ uy —u_|+ [(@o. Yo, 50) a1, (3.5
For brevity we denote by
p= p(lja 9‘) = p([” 0) =Av77,
p=ple +0,5)=A(p + 0) "exp(s/c,),
N@) = sup [[(9,¢,5) (D). (3.6)

0=st=t

Lemma 3.1. Suppose that N(t) is small. Then
o) = sup [, ¥, 8, ¥, e, 5,)(, 1) = O(1)N(t)

0ttt



Compressible Navier—Stokes Equations 455

is small and p(x,t) > py, U+ @(x,t) > vy for some py >0, vy >0 and — 00 < x < 0,
0ttt

The proof of the above lemma following easily from the Sobolev inequality,
and that p_ >0 and v_ > 0. In the estimates below 0(1) denotes functions which
are uniformly bounded for all time. We start with the estimate for the entropy s
in the next lemma followed by the estimate for ¢,y in the following two lemmas.
These estimates are then put together in Proposition 3.5, whose proof contains
the key new ingredient in our theory. In the following lemma we always assumed
that for some ¢, sufficiently small,

N(t) Ze. (3.7)
Lemma 3.2.
1 =® y—1)L = 1)
i_jwsz(t)d #CL}%:—QLSX N K(y — . )0_f s oudxds
= 0(1)(3 + N*"(1 )<i ] ¢2+l//x+sz)dxdt+5”6>+ 1 s
0 —w
s(t) = s(x, t) etc. (3.8)

Proof. Multiply (3.3); by s(t) and integrate over R* x [0,(] to obtain

Ls(0)]12 — $115(0) H2+Uw vd)ﬂsmxm

K l Ry, + y,)°
-Um( ‘. <M:m>x"*”%+a?’s

(y~ I)K <p)($x +_EX),_ S>dxdl. (39)
po+io\ oto ),

We first estimate the second term on the right-hand side:

T (i, + )
“w p(¢ +7)

= 0(1)!) It 0172 i1, [ dx dt + 0(1)N(t)5) 1yl *dt

Ru 5-sdxdt <O [[|s|(la.]* + [y, |*)dxdt

Oty =

<O [ Is2 sel? + 31, [¥)dxde + O)NG) f 1o |2 de
0 0
< O(I)Nl/z(t)j Of (S,zc + l,//,zc)dxdt + O(I)NI/Z(t)égB,
0 —w

where we have used Lemma 3.1, Sobolev inequality, (3.6), Young’s inequality, and
(i) of Lemma 2.1. Similarly the other two terms on the right-hand side of (3.8) are
estimated as follows:

KL%

1
Z(j) jw <Mﬁ>xpsxsdxdt
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K SSXP

500 p —)2
]

((po(v + @) + P) (O, + @) + ps(0 + @)s,)dxdt

-

=0

C

v

os—-ﬁu‘

[s|(02 + s2 + @2)dxdt

—

< O(I)N”Z(t)j Of (s2 4 @2)dxdt + O()N4(1)53/*,

0 -

0 _-1 5
i (7 <p(<px+_vx)>sdxdt
0-awp QD+U) (P+U x

! (y—Dx [ po, (y—Dx (7 — Drspd(¢(p + 1)),
9; ( po +1) <¢+5>x+p(<p+v)2s’“% (¢ +10)°p? >d a

_ LR |vaxl S p = X(px
Y ”"M<<<¢+5}2>+Ip(w+ﬁ)<<p+6>x”* T )dm

+i Of (OM)sxp. (1] + o) + O 59, [(1d] + [0, + [5]))dxdr

-

=—5.-.

A

<G| | (O)]s7] + 222
0 - l)

+0(1)(0o + N()(s2 + @2))dxdt

<@y —1x gj

+ O()|s](@2 + 02 + s2)

5% gedi + O] | |sieldxde

1) 0~

0(1)(0o + N'*(1)) | f 2+ @) + O(1)N*(1)63/3.

0~-w
Next, from Sobolev, Young inequalities and (iii) of Lemma 2.1,

o}

[ T Isteeldxdt < i 1S 12 s 2 el 1,

0 —w

<§ IS5, 4 20 |47 dt

<OMN'2()] | s2dxde + 0NV (5)55°.
0 —o

The lemma follows from these estimate and (3.9). Q.E.D.

Lemma 3.3.

o0

I GO +31p, 116017 = py s(Oe(t)dx

t 1 -1
e ( Y2+ ( L %Ip;vﬁzlwz—(yR )%pJquox)dxdt
0 — U_
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<0 {012 + [ ¥(©0) >+ [ 5(0) ] *)
+0(1)(So + N2 @))% + [1s(t) 2

t o
+ [ J (ol + el + 5. + 5,97 dxdt + NT2(1)55°.
0 —o
ps =ps(v-.0), p, =p(v-.0), pu=pu-,0) (3.10)
Proof. Multiply (3.3); by p(? + ¢, s) and (3.32) by ¢ and integrate their sum to get

1 0 t ©
3 _I W (r)2dx + g _f (p(0,5) — p(0 + @,5)@, + (p(B,0) — p(5, 5),dxdt

:%}OW/( de—!—i | (,ul//< Vi ) +,uz//(6ix(p>x)dxdt. (3.11)

We first estimate the right-hand side of (3.11) by parts:

1 © wx B t o
[1wless), -~ L apea
j < (16 + N(t )))t/fidxdt,

and by Lemma 2.1, Sobolev and Young’s inequalities:
t ©
[ y¢<_“x ) dxdt
0 —~o0 x
f

v+
T O] + 102 + 1, dxde

1

i

Oy 4 Oy

OMUN I I 2 e+ 11012 + [ Tl

~

=0(1)N”2(t)£(|1l//x||2+ i I#72 + W02 + o2+l *)de

O()NYV*( t)j j (Y2 + @Z)dxdt + O(1)N2(1)63/°.

Next we estimate the left-hand side of (3.11). Since p(v,s) is a smooth function we
have from Taylor expansion that

p(0+ ¢,5) = p(0,5) = p,(0,5)p + Q1 97,

p(t,s) — p(2,0) = p(8,0)s + Qs>
for some smooth functions Q, = Q,(7,¢,s) and 0, = Q,(5,s). Using integration
by parts, (i) of Lemma 2.1 and that p,, > 0, (1.2), we have

t

J J 069 -0+ 0.1 pdxde =] | (pv (@ s)( ) +Q1<%> >dxdz

0 -

2

f (@, S)¥—dx

t=t t=t

+O(D)N(2) Of P2dx

=0 t=0
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+

Oty

o 2
| (pw (95, %Jr PoslE5)s, o )dxdr

3

T 0 5 @
+.f .[ (levt + Qup(Pz + leS,)dedl.

0 -

o p? o 20
=(|PJ|+0(1)(50+N(t)))< | %(t)dx— i @2( )dx>

t © 2

+ (pow + 0(1)(Jp + N(1)) H dxdt

0 -

t o

2 3
% @’ ¢
+£ j <pvs(l’ S)St + Ql(pq)t 3 + lest 3 )d.th
The above integrals which involve s, is estimated by (3.3);, Lemma 2.1, Sobolev
and Young’s inequalities as in previous estimates:

t o 2

[ ] <pus(ﬁ,s)s,“’

0 -

3
+ QS — 3 )dxdt

t

— O()N2(1) | j (s2 + @2 + Y 2)dxdt + O()NY2(1)0%73,
0 -

details are omitted. From (3.3) and the Sobolev 1nequa11ty,

11 0we? vt <o f [ vaaxars 201 T iopiorio. P ava
- — 1 —a
<& 5 V2dx dz+9(1N jf o2dxdt
0 - 1 0 -

=0(1)N<r)j; T W2+ o2,

-

if we set ¢, = N(t). The above estimates yield

Oy

_T [p(0,5) — p(T + @.5) ], dxdt

=

=(Ip, [+ 0(1)(do + N(2) < ) ‘ﬂ_ X_J‘co()dx>

+ ([Pl +0(1) (6o + N(1))) | j dxdt

~

+O(N* (1) | j (s2 4+ @2 + ¢ 2)dxdt + O(1)NY2(1)64/3,

0 —w

Similarly we have

— [ [ (pu(5.0)50, + Q5570 dxdt

5) ojc (p(2,0) — p(7,5)),dxdt =

OL—;H
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t=t o0

= —(ps +0(1)(0, + N(1)) ofo s@dx +i [ (0(0,0)5:0 + psu(8,0)5,500

-0 t=0 o0

+ Q4,052 + Q55,52 @)dxdt.

The lowest order term on the right-hand side is estimated from (3.3),:

rx o0

[ (po(5, 0)s,@)dxdt = ——— " (1+0(1 (N(®) + 6, )i f 5. @ dxdt

(v—l) °
1)

P (14 O((N®) + o) [ | d2dxds
Q-

e}

0(1)(S¢ + N(t))j [ Bordxdi

LOMNW] | (2 + @2+ yPdxdt + O)N(0)53°.

00—

Other terms are estimated similarly as above and we have
t o
J § L0(0,0)— p.5) ot

—(py +0(1) (6 + N(t))< _Ofo s(p(t)dx — f O)dX>

_ P51 4 o()(NG +5O))j [ s.oudxar
c,U_ 0~
(V D po(1+ O(1)(N i ]9 p2dxdt
U~ 0 —w

+0(1)(6o+ N@)| | vpkdxde
0 -

o0

OMN2)| | (2 + o2+ y)dxdi + 0N ()34,

0 -

The lemma follows from (3.11) and the above estimates. Q.E.D.

Lemma 3.4.

t oo

%T | px(0)]dx — jf PxOV@dx +1p; 1] | idxdt

=00 | J sosdsii=] | viasie< o)
0

0 - —©

+0(1)(6* + N 2(1) [ { 1o.(0) |2dx+j [ Wi+oZ+s? )dxdt]

0 —w

+ O()N2(1)85/° + O(1)88/°. (3.12)
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Proof. Integrate (3.3), times ¢, and make use of (3.3), to get

uf OIO PePet e j T o0+ @, 5)pidxdt
0"+ Q@ 0 -
t
g | (pr + (P + @, 5) = po(,9))0.0 + ({0, 5) — p,(7,0)) 5,0,
+p 0+ @,8)8,. 0, — 1 iy (px [T T 9x 0@, |dxdt. (3.13)
’ ¥ i+ (v+co)2

We now estimate the terms in (3.13). Integration by parts (3.3); and Lemma 3.1 yield

t=t

,Ut €0 ] 2
. - dxdt
t=0 2£ jﬁO( +(P>t(px ¥

t

=ﬁ<vi+0<1)(5+N(t))> J (20— o200dx 5 | 00)E+ b )pidxd

W T 2

o0

4 (Lr oo+ v ) T (00 o20ax + 050+ N | T o2

0

t ©

~f f po(0+ @, 5)pidxdt = (IPH+0(1)(5+N(Z)))£ | pidxadt.

— 0

From integration by parts and (3.3),,

t=t

—j j Y, dxdt

t= 0 —w

t o 0
I § vosdxdi= | dodx

t

—¥(0)9.(0) dx+5 f Y2dxdt.

-

t_-,g

From (ii) of Lemma 2.1 and Lemma 3.1,

11 06+ 0.9) = (6 9)5adxdt = O] | otigiddxds

t

=0()] I l@l(15]* + @) dxdt

0 -
t

=0( )giI@H”zllsoxll”zllﬁxllzdt+O(I)N(Z)i Ofo pidxdt

— 0

~

= O(l)éoi( Lol 1o + ol 115.%7)dt + O(N() | Ofo pidxdt

00—
- 0(1)N”2(r)< (12 dt + 51/‘3).
0

Similarly from Lemma 2.1.

o0 oo

j) [ (0u(6.5) — P06, edxdt = O(1)[ | [sl]0epxldxds

— 0 —
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t

=0 | s> + o) dxdt

00—
— O(ON2() [(|px | + 5. 12)dt + O(HN (1),
0

t «©

_“< : <p> o dxdt =0 [ (a5 +d ol + i) e, dxdt

0~

T o2dvdi+ 015512 T (1,1t + 1, Pdxds

- 0~

= 0(1)d32

°j° 2dxdt + 0(1)54/6,

- o0

= 0(1)34>

OL—}N oe__,~

L (Ut @y) °
Ldxdt=0(1 o W dxdt
O_Iw#(ﬂq))z P dx ()g_fwlv @Y @ dx

0

o6, + N t))j" | Wi+ @dxdt.
0 -

oC

The lemma follows from (3.13) and the above estimates. Q.E.D.
In the proof of the following key estimate we make use of the specific form of
the constitutive relation (1.2).

Proposition 3.5. There exists a positive constant ¢ such that if
N(t)+ 6y = &7, (3.14)
then

(o, v, ) 0113 + iH (@ ¥s S [3(0de = C(N?(0) + 65°°) (3.15)

for some C independent of t, N(0) and 0.
Proof. The proof is based on Lemmas 3.2 ~ 3.4. From (1.2)

o= p= TP = D 316
v
For simplicity we write p=p_, v=v_ etc,, and set
o0 t o
M= { (o) +y()* +s()Pdx + | | (@2 + Y2+ st +10]¢")dxdt. (3.17)
-0 0 -
For ¢ sufficiently small we have from Lemma 3.2 ~ 3.4 and (3.16) that
o 2 . 1 t t oo
[ 2@dx+ 2000 T aaea - 2020 J s
o Rv 5% 0 -
= 0(1)eM + O(1)(N?*(0) + 05'°), (3.18)
Dp
T w0+ 2702 stoo0ix

R
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Lo 1)%k +1 2(y — 1)%k
T (a2 g g gp 2T o

= O(1)N2(0) + O(1)eM + O()NY2(1)55/6 + O(1)eN(z), (3.19)

L g2~ o, Jax + [ § (P2 025 o —y2 )axa
i i .

= 0(1)N2(0) + O0(1)eM + 0(1)55/6. (3.20)
The terms on the left-hand side of (3.18) ~(3.20) which are not necessarily
nonnegative are eliminated through linear combinations and the Cauchy-Schwartz

inequality. Since the double integrals of Y2 appear only in (3.19) and (3.20) they
can be eliminated by adding (3.19) times v/2u and (3.20),

(7 —Dpv

0 -

0

] (%wm%mn—qoxawawzﬁwa)- xSl
Lo ((p=1)2kp+yuRp , (7= 1kp+(y— DuRp
L e R
L20 ”’Hﬁ,lw)dxdr
6uv
= O(1)N2(0) + O(1)eM + O(1)N2(£)51/° + O(1)5L/°. (3.21)

Note that the first three terms above are positive definite:

o\ 2u 2v
by the Cauchy—Schwartz inequality. Thus (3.21) yields

T <i Y0 — GuOU () + 1 @i(t)dx> 20

TP it L Lo (= 1D’k +yuR
107 0-"% Jx+] [ oR P~
~1)*kp + (7 — DuR
=1 pRz(/ MR G - D 5107 >dxdt
= O(1)N%(0) + O(1)sM + O(1)N2(1)85/° + 0(1)51/°. (3.22)
Add (3.22) to (3.18) times a variable o,
i 2 Vo2 _(}) — v
_§w<cxs (t)+2<p ® R s(t)go(t))dx
Lo /(v+1 L (Dh(y — 1), (= 1Pk +yuR
+(f)§w I,dedt+(j)_jw< e ST R F
o) J— 1 J— —
<2k(/ Y 1)? K;;z(v l)uR>sxq)x>dxdt
O(1)(N2(0) + 85/°) + O(1)eM + O(1)N2(1)54/°. (3.23)

The variable « is chosen so that the left-hand side of (3.23) is positive definite. For
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the single integral to be positive definite we need
(y—1)*?
. 24
o> IRy (3.24)
For the double integral to be positive definite we need

A= (2K(v — Dz 0= 1'r+ (- DuR ) Bicly — Dal(y = 1)’ + yuR] _

2 R? T R%p2

for some o satisfying (3.24).
The expression A assumes minimum A, at o =0, given by

4K(v—1)<2K(V—1) =D’k +(~ 1)HR>
UZ

1)2 min R2

8r(y — Dal(y — 1%k +yuR]
B R%*p?

:0,

=1+ (1+yuR

min =
2kR*(y — 1)
Clearly « = a,,;, satisfies (3.24) because y > 1. Direct calculations yield

A:<2K(‘/—1)amm =10 K+(V—1)uR> Bic(y — Dotamin [(7 — 1) + yuR]
02

RZ R2 2
_AQ = 1P+ yuR)? A — D+ (7 — 1R — 12k + yuR)
R* - RY
—4(y — 1)*uxR)* — dyu*R?
= R <0.

This shows that the integrals in (3.23) are positive definite and so:

[ 0+ 0 dx+j j |vt|q02dxdt+j" j s2 4 Y 2)dxd

—w

= O(1)(N(0) + 55/6) +0(1)eM + 0(1)1\/1/2(003/6,
This and (3.19), (3.20) finally vield

ool

[ 20+ %0+ 20 + 020)dx + ] | (15107 + 52+ 02 + p2)dxdt
0~

= O(1)(N(0) + 65/%) + O(1)eM + O()N V2 (1)68/°.
In particular, we have from (3.17) that for ¢ small,

o0

[ 570+ o> () + () + 92t )dx+j i (10)9* + 52+ o+ o2)dxdt

= O(1)(N2(0) + 81/°) + 0(1)N1/2(t)(51/"‘

This completes the estimate of the lower order terms on the left-hand side of (3.15).
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The higher order terms are estimated in a similar way using the energy method
applied to the derivatives of (3.3). Since the argument is exactly the same, we omit
the details. Thus we have

(.. 9) )13 + j It 5.3 (1)dt = O(1)(N?(0) + 65/°) + O(N (1) 1°. (3.29)
0

In particular we have from (3.6) that
N2(t) = O(1)(N*(0) + 65/°) + O(1)N2(1)3,5/°,
which implies, for N*(0) and J,, small,
NZ(t) = O(1)(N?(0) + 65/°).
This and (3.25) finally yield (3.15).

4, Existence and Asymptotic Behavior

With proposition 3.5 the proof of our main theorem becomes routine. First, the
hypothesis (3.14) is implied by (3.15) under the assumption that N(0) and J, are
small. This observation and the usual local existence theorem for the hyperbolic
parabolic system (1.1), or (3.3) yield the global existence theorem.

The asymptotic behavior is the consequence of the Sobolev inequality,
Proposition 3.5 and the equicontinuity of ||s.(t) ||, || ¢.(t)]| and ||y (t)] in ¢, which
is contained in the estimate of these terms. Since we did not carry out the detail
of the estimate, we now illustrate the equicontinuity of ||y ,.(t)|| by integrating
W(3.3),, over —o<x <o, t; St

]ao 2 o

__j (wi(tZ)_lpi(tl))dx:j f _(p(q)+5>S)_p(ﬁ90))xxwxdxdt

g — 0

cuf ([‘f“{”‘> W dxdt.

f — o0 v+ Q@

o

By carrying out the above derivatives on the right-hand side we have

[ (W200) — p2())dx

— o0

B[ —

=0(1)f ifo (sl 180l 1007+ [0l + [l + [5,]*)dxdt

1 =

—af 5t 00 ] T (#1800 1l

which yields, by Lemma 2.1 and the Cauchy-Schwartz inequality

T o2 = T o200dx+ 0] § (a2 41 41l + 10

1@ ? + s P)dxdt + O(1)oo(1 +1,) 71, t,>1,20.
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Similar estimates also hold for || ¢,(t)] and ||s.(¢)]:

(@5 ¥ s 5 ) I = (s Y 52 (21) |1+0(1)t§llcox,%,sxllz(t)dt
FOMSo(1 + )71, 1,>1,=0.

By integrating with respect to the variable t; we have

@Y s )@ =0(1) f H@xs s s )@ lldr + O(do(1 +6)71, £z 1. (41)

From Proposition 3.5, (3.15), for arbitrary given e, there exists ¢, > 0 such that

Flowieslide<e
For any ¢t > t, + 1, we have from the Sobolev inequality, (4.1) and (3.15) that
sup (9,4, 8)(x, O = [(@, 9, ) (O | (@, Y, s) ()]

< O(M(N(0) + 5(}2) @ Ve s:) (0]
< O()(N(0) +85%)(e + do(1 +1) 1)

Since ¢ is arbitrary, we finally conclude

lim  sup  [(@,¥.5)(x.0)| =0

10 —w<y<ow

This proves our main theorem.
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