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Abstract. For the Broadwell model of the nonlinear Boltzmann equation, there
are shock profile solutions, i.e. smooth traveling waves that connect two
equilibrium states. For weak shock waves, we prove asymptotic (in time)
stability with respect to small perturbations of the initial data. Following the
work of Liu [7] on shock wave stability for viscous conservation laws, the
method consists of analyzing the solution as the sum of a shock wave, a
diffusive wave, a linear hyperbolic wave and an error term. The diffusive and
linear hyperbolic waves are approximate solutions of the fluid dynamic
equations corresponding to the Broadwell model. The error term is estimated
using a variation of the energy estimates of Kawashima and Matsumura [6]
and the characteristic energy method of Liu [7].

1. Introduction

The Broadwell model for the nonlinear Boltzmann equation is

(3+a>f+=fo2~f+f_,

ot 0Ox
o= =3 =S, (11)
Jd 0 2
<5~5§>f-=fo —fif-s

in which f, f,, f_ represent the densities of particles moving with speeds 1,0, — 1
in the x direction. The physical significance of (1.1) is discussed in [2, 3]. Global
existence for solutions of the initial value problem for (1.1) is proved in [10] and the
fluid dynamic limit for (1.1) is analyzed in [3].
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Shock wave solutions of (1.1) are analyzed in [2, 4]. They are traveling wave
solutions f=(f,,fo,f-) (y=x—st) solving

0 X .
(1—ys) @Jﬁ =f02—f+f— s
0
—Sa—yfo:—%(foz—ﬂf—), (1.2)

0 :
—(1+S)—a;f-=foz—f+f—,
for — oo <y< oo with conditions

lim f)=g ", lim f(y)=g”. (1.3)

y= -

The limiting states g* =(g%,g5,2%) and g~ *=(g; ", g, ©,g_%) are equilibria
satisfying

8¥82=85)", 8+"8="=(g ") (1.4)
Moreover g*°, g~ ®, must be related by Rankine-Hugoniot and entropy conditions
[4], i.e.

(1—5)gT—4sgd —(1+5)gZ=(1—5)g: " —4sgo *—(1 +5)g-",
(1—9g3+(1+s)g2=(1—s)gx"+(1+5)g-", (1.5)
s(g¥+4g5 +g%)<s(gi ™ +4go “+g-").

Solutions of (1.2)1.3) can be written explicitly as hyperbolic tangents. Such a
solution is called a weak shock wave if g~ * and g® are close.

In this paper we prove asymptotic (in time) stability with respect to small
perturbations in initial data for weak shock wave solutions of (1.1). The main result
is the following theorem:

Theorem 1. There is a number 6 >0 for which the following is true: Let fi(x— st)
=(f1+ fro, f1-)(x-st) solve (1.2), (1.3) with

lg% —g ™" +1g8 —go “I* +lg= —g-1* <. (1.6)
Let fi(x)=(f1+, f10» f1-)(x) be initial data that is uniformly bounded and satisfies

JU= Al U= [P+ o= fid? + fre— frd)dx <02 (1.7)

Let f(x,)=(f1,fo, f-) (x, 1) solve (1.1) with f(x,t=0)= f,(x). Then there is a finite
number x, such that for f;=fi(x+ xo,t),

sup J 1= fi P+ fuP i fuld
+ T T =R HA AL+ ffdxizes, 09

lim § [fe— fi 0 0dx=0. (19)
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Note. 1) The translation x, can be computed directly from the initial data, as in Eq.
(3.4).

2) The existence of a unique solution f(x, ) for all time is guaranteed by the
global existence theory for the Broadwell equation [10]. For a survey of the theory,
see [9].

3) Through the Sobolev inequality, (1.8) and (1.9) imply that
lim sup |fi(xq+x—st)— f(x,1)]=0.

t—w X

4) The solution produced in [10] may in general be exponentially growing.
Our theorem shows that this is not the case for initial data close to a weak shock.
An analogous result is proved in [1] for initial data with finite total mass. In that
case the solution eventually decomposes into linear waves with characteristic
speeds +1,0 of (1.1). In the present case, the initial state has infinite mass and the
results of [1] are not applicable. The asymptotic behavior of solutions is
approximated by the fluid dynamic limit with characteristic speeds related to the
sound speed.

The proof of this theorem is partly based on the fluid dynamic approximation,
i.e. the Chapman-Enskog expansion, for the difference between the solution f and
the shock wave f;. This approximation is valid for describing the nonlinear
diffusion wave because the difference f— f; is small there. In the region of the
shock, the difference f— f; consists mainly of a linear hyperbolic wave, which
satisfies equations that are slightly different from the model Euler equations.
Analogous stability results were proved by Liu for viscous conservation laws [7]
and for the compressible Navier-Stokes equations [8]. Earlier results on stability
for the Broadwell equations by Kawashima and Matsumura (abbreviated by KM)
[6] and for viscous conservation laws by Goodman [5] and KM [6] are more
restrictive in that they impose the constraint that the initial perturbation f;— f;
have no net (integral over x) mass or momentum, which precludes the diffusion
wave.

Following Liu, the difference f — f; is decomposed into three parts: First there
is a nonlinear diffusion wave f,, which carries the net mass and momentum of
f— f1 and is an approximate solution of the model Navier-Stokes Eq. (2.14). The
second part is a linear hyperbolic wave f; which corrects for the local mass and
momentum errors in the diffusion wave but carries no net mass and momentum
asymptotically in time. Selection of the correct linear hyperbolic Eq. (2.39), (2.40)
for this wave is a crucial detail of this analysis. The third part is a remainder term
f1, which is estimated using a slight modification of the energy estimates of KM
[6]. These energy estimates must be supplemented by estimates of the character-
istic energy method [7] in regions where the diffusion wave is weakly expansive.
Use of this method is the main difference between the present stability result and
the result of KM [6]. In this paper the characteristic energy method is slightly
simplified to use integration along the piecewise linear approximation of the
characteristics. This was partly motivated by a suggestion from James Ralston.

The Broadwell equations are rewritten and the equations for diffusive waves
and linear hyperbolic waves are derived in Sect. 2. The equation for the remainder
and the error terms in that equation are described in Sect. 3. In Sect. 4 energy
estimates are proved and in Sect. 5 the characteristic energy method is applied. The
proof of Theorem 1 is summarized at the end of Sect. 5.
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2. The Broadwell Equation and the Model Fluid Dynamic Equations

2A. The Broadwell Equation and Shock Profile
Rewrite the Broadwell Eq. (1.1) as

Qt+mx=0’ mt+Zx=0>
zetm,=5{le—2>—4(22—m*)}=0(£ f).

in which ¢o=f, +4f,+ f_ is the local mass density, m=f, — f_ is the local
momentum and z= f, + f_. For convenience denote now f =(g,m, z) and define
the quadratic form Q to be the right-hand side of (2.1).

The shock wave solutions of (2.1) [corresponding to solutions of (1.2), (1.3)] are
traveling waves (g, m, z) (x, t)=(0,, my, z;) (( = x-st) solving

2.1)

—s0y,+m;, =0, —sm; +z,,=0, 22)
—szy,+my =g{(01—2,)° —4(z7 —m})}

with limiting values
im (e, my,zy)=(e¥,mi,z7),  him (oy,my,zy)=(er *,my *,27%) (2.3)
which are in equilibrium,
(0F =20 =4ET) —4m?),  (or “—z( ) =4(z; *P —4(m{ *)*, (24)
satisfy Rankine-Hugoniot conditions
—850; P +m; C=—soP+myP, —sm;C+z{¥=—smP+z?¥, (2.5)
and satisfy an entropy condition
so7 <s0{%. (2.6)

For any limiting states satisfying (2.4), (2.5), (2.6) a unique solution of (2.2), (2.3) is
easily constructed [4].

For the sake of definiteness we assume that (¢, m,, z;) is a forward shock wave,
which here just means that the shock speed s is positive. The speed s also satisfies
the stability condition [4]

Aoler . my ) > s> Ay(ef, mY) (2.7

in which 4,, 1,, satisfying 42, <0< 4,, are the characteristic speeds of the model
Euler equations [cf. (2.13)] described in the next section.
The explicit form of the shock wave is given by

04 0 7—0” S
my| =—% |[m *—m” tanh(k(x+Xx—s0))+3 (m~*+m™ , (2.8)
Z1 Z_OO—ZOO “Z—OO+ZOO

in which X is an arbitrary constant, with x=(143s%) (16s) (o~ *—0™) [4].
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2B. Model Fluid Equations

By assuming that f'=(g,m, z) is a local Maxwellian satisfying Q(f, f)=0 at every
(x,t) and by dropping the third equation of (2.1), the following model Euler
equations are obtained:

0,+m,=0, m,+2(,m),=0, (2.9)
in which
Z(o,m)=F (u) (2.10)
with
u=mjo, Fu)=(2)/1+3u>—1)/3. (2.11)

The Euler Egs. (2.9) can be rewritten as
Y 0 1)/ e ,
=0 2.9
<m> b mo) o). )

a=(0—2)/4, b=(0+3%)/4. (2.12)

The characteristic speeds of (2.9') are

S _m= /m? +4ab 2a

b 2b m+1/m?+4ab’
P m+]/m*+4ab 2a (2.13)
2

2b —m+1/m?*+4ab’

If the components f, fo, f_ of the solution f are initially nonnegative, they remain
nonnegative [1]. For such a solution |u| =1 (i.e., the average velocity is no larger
than the molecular speed) and a>0, b>0. Thus 2, <0< 4,.

A better approximation of (2.1) is given by the model Navier-Stokes equations,
which are obtained from (2.1) through the Chapman-Enskog expansion [3] as

with

0+m,=0, m+Zz(g,m),=0, (2.14)
in which
Z(0, m)=2(0, m) — v(u) u,.. (2.15)
The viscosity function v is
v(u)=2(1—F(u) (1 +3u?) 2. (2.16)

The Euler equations (2.9) have discontinuous shock wave solutions, while the
Navier-Stokes equations (2.14) have smooth shock profile solutions, which
approximate the shock wave solutions of the Broadwell equation (2.1) if the shocks
are weak.

Just as for the real Navier-Stokes equations [8], the shock waves are
compressive; that is the associated characteristic speed 4, (for forward shocks)
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decreases across the shock. As a consequence, 4, 4,,a and b defined by (2.13) are
strictly monotone across a viscous shock wave for (2.14). For a weak shock
wave of (2.1) KM [6] showed that

° . 0
6—£(A1)<0, 6—5(22)<0, (2.17)

in which 1, 4, are evaluated at the shock wave f = f|. Also since the shock wave is
forward (with approximate speed 4,), and since the shock wave decays exponenti-
ally away from its center, it satisfies

0 f1+ 2420, f1l<cd)Aayl,
[+ (fy = Sl + 1 - (f = fi( = o) +10, f1] +10, f1] < c] A4l <coe M,

in which y, =1 for x>st, y . =0 for x<st, y_=1—y,, and y is some constant.

(2.18)

2C. Diffusion Waves

Liu [7] showed that, for a viscous conservation law such as (2.14), a small
perturbation of a constant evolves approximately as a diffusion wave. For the
forward shock wave solution (¢, m,, z,) of (2.2), the diffusion wave (g,, m,) moves
backward, and so it is a perturbation of the limiting state (o; *, m; ©, z; ). Asin
[71, the diffusion wave solves

0+ M, =ey, (2.19)
My +2=e,, (2.20)

in which
Zy=2(0,+0{ C,my+m{ ©)—z{ . (2.21)

From now on we write f,=(0,,m,,Z,). The error terms e;, e, are chosen as in
Sect. 3 of [7] so that (2.19), (2.20) is equivalent to Burger’s equation.

To be precise, f, is uniquely determined by the following properties:

(i) (0,+01 ®, my+my ®) lies on the integral curve of the right eigenvector r,
through (¢1 ™, my ),

(ii) 2, =24,(0,+07 ©,my+m; ©)— A7 © is a self-similar solution of the Burgers
equation, i.e.

Ti(x, 1) = [(exp(d/2]/2)— 1) (t4+ 1)~ 2 exp(— y?)]
X [2 n/o +(exp(d/2)/o)— 1) }0 a*/ze*iqul, (2.22)

y=(x—(t+1)A7 )2 ot +1). (2.23)

The quantities r; and a=a,(o; *,m; ®) are defined in (2.26), (2.28) below. x has
value 1 or —1 for diffusion wave with positive or negative mass. Here xd replaces 0
in [7], since we now take 6 >0.

For the construction of the diffusion wave from Burger’s equation, the viscosity
matrix of (2.14) must be expressed in the basis of left and right eigenvectors of the
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convection matrix of (2.9'). The viscosity matrix is

V=< 0 0 ) (2.24)

—amb™® agh™3

The left eigenvectors [, and right eigenvectors r, of the convection matrix are

li=((—m—]/m?+4ab)/2b,1),  l,=((—m+]/m>+4ab)/2b,1), (2.25)
ry=(—2b/)/m*>+4ab,1—mj)/m*+4ab)",
ry=(2b/)/m*+4ab, 1+ mj)/m*+4ab)" .

In the coordinate system ry, r,, the viscosity matrix becomes

<ll> V()= <°‘+ “‘) (2.27)
L, o, a_

+m(2b—o)+o)/m*+4ab a
e Cax 75 (2.28)
m*+4ab

Using the facts that a>0, b>0 and |F(u)| <1, it is easily shown that the diagonal
elements of (2.26) are positive, i.e. o, >0, which is needed for the construction of
the diffusion wave f,.

Define

(2.26)

with

Q ={(x,1,t20,x<0}, Q,={(x,1),t=20,x=0}.

It follows as in Sect. 5 of [7] that the set 2, can be divided into two parts Q, and
Q _ such that the characteristics for (g,,m,) are compressive in Q_ and weakly
expansive in Q_, i.e.

021(02, M)

é)q(Qz, m,) -0
0x

0x

<0 in Q_, in Q,. (2.29)

Moreover Q. are characterized by (with y defined in (2.23))

Q.Q)={(x0eQ:yzy,(y=Sy)} if x=1,

Q. )={(x0)eQ :ySy(y=y,)} if x=-1, (2.30)

for some constant y,, as shown in Fig. 1. Define also Q. (/)= Q. n{(x,7):0<t<t},
Q)=92,n{(x,7):0=t<1t} for i=1,2.
The nonlinear diffusion wave satisfies the following bounds (cf. (3.8) in [7]):

| fol @l +1ma| + |25] + lua| S et + 1) 7 2e ™, (2.31)
[faxl Sedt+1) " (yl+ e, (2.32)
|fod Sed(t+1) 732 (> + 1)e 7, (2.33)

|foud Sco(t+ D)2y + e, (2.34)

ol Seot+ D73y +1)e ™, (2.35)
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t t

Q. Q, Q2 Q, Q. Q2

K==] K=1

Fig. 1. Regions Q, Q_, Q, in (x,t) for the two cases k=1 and k= —1

in which y is defined by (2.23). Moreover since f, is determined through its
eigenvalue /,, it follows that

10, fal<clo A,  10,.fal<clo A, (2.36)
(04 2100f,=0(1)0 4, - (2.37)

Using (6.12), (6.13), (3.5) of [7], the error terms e, e, satisfy the bound
le Sco(141) 32|y +1)e . (2.38)

2D. Linear Hyperbolic Wave

A linear hyperbolic wave (g5, m3, Z3(03, m3)) is needed as in [ 7] to compensate for
the errors ey, e, in (2.19), (2.20). The equations for g5, m; are

Q3 tMmy=—ey, My +2503m;3),=—e,,
(2.39)
(03, m3)(x,0)>0 as t—o0,
in which
. A M
Z3(03,m3) = §Q3 + Ems > (2.40)
with 4, B, M depending on (g, m,, z,) and (g,, m,)) as
A:%{(Ql +0,)—(z, +§2)} > B:%{(& +0,)+3(z, +52)} s
(2.41)

M=m,+m,.

The form of Z; is chosen so that f, + f3, together with the shock wave f|, forms an
accurate approximate solution [cf. (3.11)]. Clearly from (2.19), (2.20), and (2.39),

d = d =
7 ,j (02 +03)(x,t)dx=0, 0 _j (my+ms5)(x,t)dx=0 (2.42)

for t=0. Thus if the net mass and momentum of the initial perturbation is
contained in (g,, m,)+ (g3, m3), it will remain there for all time. Moreover the
construction in Sect. 3 of (g,,m,) and (g3, m5) guarantees that

i (92“’3 ) (x, 1) dx =617 (2.43)

—o \My + My
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in which ¢ is a constant and r; © =r,(¢; ©,m; *)is the right eigenvector defined in
(2.26).

As shown in [7] the error terms (e,, ¢,) have a good form and decay rate. The
initial data is appropriately chosen as in [7] so that f5—0 as t—co. It follows that
f3=(03, m3,Z5), with g5, m5 solving (2.39), has the following decay properties (cf.
Theorems 7.5, 7.6 of [7])

If506 D Sed{[1+t+ty*]) P+ [T+ +12|y|] 32}, (2.44)

lf3t| + |f3x(x> t)‘ + ‘fox(xa t)‘
Seo{[1+14+ty?] P H [T+ e+ 2072 e+ 172 Sl 1) - (249)

3. Wave Decomposition of the Solution

The equations are reformulated here in terms of g, m, z. Consider initial data
fi=(05,my, z;)(x) that is a perturbation of a given forward shock wave solution

(1,my,2,)(8), Le.

(0rsmp 21) (X)=(01,my, 2,) (X) + (¢, M, 2) (x,0) (3.1)
with (¢, n', 2')(-,0)e L!(x) and xyr+noO (o', m', 2') (x,0)=0. The solution (g, m, z) (x, t)
of the Broadwell equation with this initial data is written as

(0,m, 2)(x,1)=(0y,my, zy) (x—st) + (o', m', Z') (x, 1). (3.2)
From (2.1) the solution has two time-invariant quantities, mass and momen-
tum, i.€.
i <Q> (x,0dx= [ ( Qi) (x, 0)dx (3.3)
e\ S \ M

for all t>0. For a weak forward shock wave the jump [g,,m,]
=(oy ©,my ©)—(o1 ¥, m{ *) is nearly equal to the right eigenvector r,(0; ©, m; )
defined in (2.26). It follows that [g,, m;] and r,(¢; *,m; *)' are linearly indepen-
dent and that the net perturbed mass and momentum can be written as a linear
combination of them, i.e. for some constants ¢ and x,,

oG

j (Q/a m/) (X, t)dxzc—érl(gf GC> ml_ OC)T +X0 [Qla ml] . (34)

Note that

§ llewm) et xo—s0—(@um) c—sofdx=xolenm]. (39

Thus for convenience we can take x, in (3.4) to be zero after replacing
(01,my, zy) (x—st) in (3.1), (3.2) by (1, my,2y) (x + xo—s1).

With x, set to zero this way and ¢ defined by (3.4), the solution (o, m, z) is
decomposed into the shock wave, diffusion wave, linear hyperbolic wave and
remainder, i.e.

DM

(Q> m, Z)(X, t):(leml’Zl)(x_St)+ 24 (Qb m, Zi(@n mi))(xa t)

(0o M ) (X, 1) . (3.6)
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The diffusion wave (g,,m,, Z,) satisfies (2.19), (2.20) the linear hyperbolic wave
(03, m3, Z3) satisfies (2.39), and together they satisfy (2.43).
Combine the equations for (g;,m;,z;)(i=1,2,3) together with Eq.(2.1) for
(0,m, z) to obtain the following equation for (¢, m,,z,):
Oue+my, =0, my+2z,.=0,

(3.7
z*,-l-m*x:GEQ(f,f)—(zl + 2,4 Z3)—(my +my+my),.

The initial data for f, = (¢, m,, z,) is defined through (3.6) since the initial values of
(05, m;,z;) i=1,2,3 are already chosen. Because of (1.7) f, satisfies

S+ 1l - frelPdx .67

for t=0. Because of (2.43) and (3.4) with x, =0, f, has no net mass or momentum,
Le.

T (@wm) (x.0dx=0. (39)

We wish to show that (¢, m, z)—(g,, m,,z,) as t > c0. Since (g;, m;, z;)—0 for i=2, 3,
we need only show that (o, m,, z,)—0.
First we rearrange the right-hand side G in (3.7). Decompose G as

G=H+20(fi+ fo+ f3 [) + O 1) (3.9)

in which f;=(g,m; z), f,,=(04 M., z,). The parts of G containing f, are

O(fy + fo i) =3(Ag, + Mm, — Bz,),
O(f3: 1) =%(03 = 23) 04 + 3mam, — 5(05 +323)z,, (3.10)
Ofio [)=T (0 mys 2, ) =104 — 2,)* — (25 —m)}
in which A, B, M are defined in (2.41).
For the linear hyperbolic wave, z; =Z;(¢05,m;) was chosen in (2.40) so that
Q(f1+f2af3)=0~ (3.11)

Also use the equation for f; to find that the inhomogeneous part of G is
H=H,+H,+Hj;, in which

Hy=0(f0 "+ /o i "+ )=z "+ )= (my “ +my),., (3.12)
H,=20(fi— 17", /2), (3.13)
Hy=0(f3 f3) = Z3—msy, (3.14)

since Q(fy *, f1 ©)=(z7 *),=(m; *),=0. The term H, is the error in the third
equation of (2.1) in which f is replaced by a solution f, + f;”“ of the Chapman-
Enskog expansion (i.e. a solution of the model Navier-Stokes equations). A
straightforward calculation in Appendix A shows that

Hy=—(Fy—uyF3)e; — Fhey — Fo(vyuyy), +(Vatt), — 3(v215,)%, (3.15)

in which F,=F(u{ © +u,), v, =v(u; © +u,).
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Because of (3.8) it is natural to introduce

(G 0= T (0um)(:0dy (3.16)

with (¢, ) (x= +00,t)=(0,0). Integrate the first two equations of (3.7) and
eliminate z, to rewrite this system as

¢ +w,=0, (3.17)
%"’(A/B ¢x M/B) - l(wxx_wtt_r(¢x> Py “—wt)
_H_K(¢x’ P wt))’ (318)

in which H=H,+ H,+ Hj is defined in (3.12)-(3.14), I is defined in (3.10) and
K(¢x> ‘an wt):Q(fS’ f*)zé(Q3*23)¢x+%m3wx_%(Q3+3Z3)Wt' (319)

4. Energy Estimates

In this section energy estimates are derived for the system (3.17), (3.18). These
estimates are the same as the estimates of Kawashima and Matsumura [6], except
for small changes caused by the inclusion of f, in 4, B, M and the terms H and K.
However, because of these small changes, the energy estimates do not close: on the
weakly expansive region Q2 , of the diffusive wave f,, a second set of characteristic
energy estimates are needed and are derived in the next section.

First change variables from (x, t) to (&, t) with £ = x — st and s the shock speed.
Note that f; is not a traveling wave with speed s; thus in the present problem 4, B,
M depend on t as well as &, in contrast to [6]. Rewrite (3.17), (3.18) as

Ly(¢,)=0, (4.1)
Ly(p,w)=—1I1, (4.2)
in which
Li(g,p)=d,—sd:+ e,
Ly(g, w) =y, —sye),— sy —sye—wee + A+ (M —sB)y:+ By,,  (4.3)
= F(d)éa Ye, —(p,— Swr:)) + K(ﬁb(:a P Yr— S’Pg) +H.
The initial data for (4.1), (4.2) is

(d)’ U)) (67 O):(¢07 'Po) (£)> 1Pz(5>0)251P05_Z*(5)- (44)
Define the following three norms for y, ¢:
Ny (t)= Sup (. vl + .l (1), (4.5)
1/2
Ny(t)= {(I) lpewe wtllidf} ; (4.6)

t o 1/2
Ny(t)= {(3; f(Vngl+liz¢|)(¢2+w2)d€d7} ; (4.7)

-
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in which || ||=] I, and || | is the k™ Sobolev norm in space, e.g.
0 1/2
[li= <_I P+ ... +(@'§¢)2d5> : (4.8)

In these definitions we could replace & by x everywhere (without any changes) and

correspondingly chan e—a— to 2

Before proving the energy estimates, we derive two lemmas concerning the
shock wave f,, diffusion wave f, and linear hyperbolic wave f;. Define
A= lim A(t), B, = élir;n B(¢&,t). Note that A, B, are positive and do not

- -t
depend on ¢.
Lemma 4.1. Let f| be a forward shock wave solution of (1.1) with strength o, i.e.
satisfying (1.6). Let f, be a corresponding diffusive wave solution of (2.19), (2.20), for

initial data f;— f, of magnitude 9 i.e. satisfying (1.7). If 0 is sufficiently small then
(i) There are positive constants ¢, C, and k, independent of x, t, and 6, such that

c<A, —kO<A(N)<A_+Kxo<C,

49
c<B,—kd<B(t)<B_+kd<C, sA:<KJ. *9)
(i) There is 2> 0 such that sup D;<0 for i=1,2,3 in which
3
D,=A(A—-12), D,=A(A—B),
Dy=M?—4(A—7)(L—B).
(iti) Let A, B be constants. If f is small enough then
Ao _ Ao _ -
54 (M —sB)):— (A~ )| — 5 LA 'B)i+5(A7 )] =A™
—rde " for (>0
> 4.10
_{—k[i,x| for ¢<0 (4.10)

for some constant k.

Proof. This lemma was proved in [ 6] for the case of a shock, i.e. £, =0, with k=01in
(1), (iii). In that case 0,=0. Since | f,| < ¢d, the inequalities (4.9), (ii) are only slightly
perturbed. Since |f,|+|f | Scde” " for >0 and | f5. +|f| S|4y, | for <0 the
inequality (4.10) is derived.

The second lemma describes bounds on H, K, and I.

Lemma 4.2. Let H=H +H,+ H;, K, I' be defined by (3.12)3.14), (3.19), (3.10)

Denote
F=(|¢|+[¢él+I¢§§[+lw‘+‘lpé|+|lp§§|+tht+‘wtél)' (4.11)
Then .
§ JQH|+|H )Fd&dt <coN (1), (4.12)
0
[ K| +IK D Fdzdr=coN (0N (0, (4.13)

(JAL+IL) Fdédt <eN () N(1)*. (4.14)
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Proof of Lemma 4.2. First derive pointwise bounds on H;, K, and I'. For H, use
(3.15), (2.32-2.35), (2.38) to obtain

[H | +H o < clleg] + leal + g + [l + [l + l5,05)
Sco(1+0) (P +1)e™>” (4.15)

in which y=(x ~/lt)/2]/a. In estimating H,, use (3.13) and the fact that f; — f;”*
and f, have nearly disjoint supports as seen from (2.8) and (2.31), so that

Hy| + [Hoel Sclfol | fi— £ 1S e0%(t+1) e (tanhi(x —st)+ 1)
<cdZeclxFD, (4.16)
For H; use (3.14), (2.44), (2.45) to estimate
IH |+ H e SIS+ faal + 154
Seo{[t+t+0y?] P[4t +112]y] 2
FeH 1722 S+ 2l (4.17)
Estimate K using (3.19), (2.44), (2.45) to obtain
IK+ K | <(f31 + 13D U 1l + il + Pl Il + ) (4.18)
Finally estimate I' =I'(¢, ., — 1, +sy,) from its definition (3.10) as
1+ Irg] <(|¢§' + Ilpgl + W’t')({(f’{' + ’¢5_§' + el + I'ngl +lw |+ WngU (4.19)
It follows that

i j([Hl—i—[Hgl)Fdedrg(sup (j F2d¢) W)Of (| H? + H2d&)" 2 dt <¢SN (1),
(0] 0=ttt 0]

(4.20)
TK|+IK ) Fdzde
= TIPS+ D00+ B +ipd + o+ + e
< 15D (£ 1)9 vl 1900 90 b vl o
é(ig (f3l+1f3e)dr )Ule(t)(Osgr;tH¢,w,w[,¢g,wglll>
<CON (N0, (421)

j)f (I1+ ) Fdédr = H(I¢|+l¢gl+|w|+lw |+ [wd)

|¢5|+W:g“‘hﬂﬂ"’@cg[“‘[%l+|U)rgl) dédr
< sup (IQ[+ e+l +lpd +lp) N(? SeN (N0, (4.22)

¢0Ztst

which concludes the proof of the lemma.
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Now we proceed with the energy estimates, following the analysis of
Kawashima and Matsumura [6]. There are four such estimates presented in
Lemma 4.3; they are analogous to Lemmas 3.5-3.7 of [6].

Lemma 4.3 (Preliminary energy estimates). Let ¢, p solve (3.17), (3.18) with
sufficiently small. Then for some constant ¢

) IS0+ 1012+ Iyl + J el ?de

(¢ + [p©)F + (01> + QH;” 21l p?dxdr

+ON () + 0N (1) + IN () N, (1) + N, (t) N,(2)?), (4.23)

i) pd0)]*+ j:; Il¢gf|2df—c(Ilwg,wt(t)ll“r 5) llw@wtllzdf)

<c([pL0)1* + [[wdO)|* + 0N (1) + SN (N (1) + N1 () N(1)?), (4.24)

i) [ @e()? + [wD)lIF + lwe0)> + i Ithg,wgg\lzdf—C(}) e wew,de

=c(l@L0)1* + w01+ [ 0)]1 2
+ON (1) + N ,(ON () + N ()N (1)), (4.25)

V) [ bee0)]? + ;} eel2dr — (e peet)] + g (el + e i Ddo)
<c(lbed0)? + 19 0)? + ON(0)+ SN (ON 0+ N1 (0N, . (4.26)

Note that y,(0)= —z,(0). A suitable linear combination of the four estimates
(4.23)—(4.26) results in the main estimate of this section.

Lemma 4.4 (Principal energy estimate). Under the assumptions of Lemma 4.3,
N () (N (1) = cd—cON (1) = N (1)) + N,(t)* < ¢ N ,(0)
t
+ 1 |Aalp®dxde. (427)
0 Q.()
The norms N,, N, are defined in (4.5), (4.6). The proof of Lemma 4.4 is
immediate. Bounding the integral on the right of (4.27) is the object of Sect. 5.

Proof of Lemma 4.3.

(i) Proof of (4.23). Following [6] define
LHS, = —yp.L; +4" I(U)t_suk)Lz =—A4" 1(%_31,%)11 > (4.28)
LHS,=¢L,+A4 'pL,=—A"'pl;. '

Integrate over — oo <& < o0, dropping some terms through integration by parts.
After some rearrangements, one finds that
LHS,=[4"" {%(@Uz _51,05)2 + %w?} — el

+ A7 B, — sy + Mp,— s — ApZ]

+3(A7DeLs(p, =59 + 29, —spE] — (A7), [3(p, —sp)* + 39E] Jr(} 2]5),
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LHS, =[3¢>+ 347 'Bp? + A7 'p(p,—swg + 5s(A™)ep?],
+AT L= s + i)+ (L= (AT Dy~ 3(47 (M —sB))y?
—AT B+ (AT )y —sp) + 3s(A™ D1+ [ e (4.30)
Add LHS, + ALHS, (here A is unrelated to the eigenvalues ;) to obtain
(Ey+Ey+E) A Es+E,+Es+Eg+G+[ ],
=—A" 'y + W —sw ), (4.31)

in which
E1=A-1<§A¢2—A¢w<+%w§),
E,=A4"" (% By® + Ap(ip, — se) + (1, — sw¢)2> ,
=% (4,
E;=A N (B—A (W, —sp)* + M(p,—sp ) +(A—A)pf),
A

E =~ 5 (A~ I(M—SB))ng >

Es=—(A")[50w,—sw)* +39i—Aply,—sw )],

(4.32)

A )
Eg=~ S 047 B +5(47 1w,
G=2(1=5) (A" )+ 3(A7 e {s(p,— s> +2(p, — s ) P+ 57} .

The quantities E,, E,, E,, E,, E,, G are the same as in [6] except that 4, B, M
depend on f, as well as f;, and hence on t as well as &.
It follows as in [6] from Lemma 4.1 that

E\+E,+E,SC(¢* +y* + i +(p,—sy2).
E\+Ey+ B, 2e(@? + 97 +pZ +(p,—spo)), (4.33)
Es 2 c(@?+(p,—spe)).
Since (4™ 1) +1(47 )] <(1xl + 422D <6, then
IGIZBUA™ AW +cf ™ o(wi + (v, —sp)?),
[Es| S co((p,—swe)* +w2) +1(4™Dlw?,

for any small f>0. By choosing ¢ and § small enough, it follows using (iii) in
Lemma 4.1 that

(4.34)

Ey+E +Es+Eg+Gzcl(p—sp)* +p2) —c(y.ld+de” "pp?,  (4.35)

in which y, =0for xeQ_uQ,, y.=1for xeQ,.
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Now integrate the various terms in (4.31) over —oo <é< oo and O0<t<t to
obtain

(B, + B+ Edidi 2§ 6747+ 92 +(p— 30 T
1B+ Bt Bt Eg+ Gtz [ [((pi—sp?+pDdeds
(4]

t
—CON () —c | | | dyp*dxde, (4.36)
0 241

i (147 G+ (p —sp [ dédt < c 5) J(1+ K[+ [H) Fdde
SC(ON()+0N(N,(1)+ N (ON,(1)?).

Combine these together to obtain (4.23).
(i) Proof of (4.24)~(4.26). These estimates are proved as in [6] and (i) with very
little change.

5. Characteristic Energy Method

t
The object here is to estimate N;(1)* = [ (|4, + |424]) (9* +w?)dxdt on the right-
0

hand side of the energy estimate (4.27) in Lemma 4.4. Rewrite the system (3.17),
(3.18) for ¢, p by diagonalizing the left-hand side. As in (2.25), (2.26) the convection

matrix 0 |
[A/B M/B} (1)

has right eigenvectors ry, r,, left eigenvectors [, [, and eigenvalues 1,, 4, given by
ry=(—B/D, ~(M-D)2D)",  r,=(B/D,(M+D)/2D)",
ly,=(—(M+D)/2B,1), L=(—M+D)/2B,1), (5.2)
iy=(M—-D)2B, l,=(M+D)/2B,

in which D =(M? +4A4B)"? and M, A, B are defined in (2.41) and depend only on f;
and f,. Define characteristic variables 0,, 0, by

(ZZ) =0r;+0,r,, (5.3)
which satisfy

(P> +9p?) <07 +0; <C(P> +v?),
(P +p2) <07, 403, + (4 |+ 14,0 (05 +63)
<C(P2+ )+ Cllhl+ 14D (97 +12), (5.4)

etc. for some constants ¢, C independent of x, t, 0. The characteristic form for (3.17),
(3.18) is

2
0it+;“i0ix: Z Gk(11:+;“ilzx).rk+Bﬁ1(wxxﬁl/)tl-_r_K_H)' (55)
k=1
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We first obtain an energy estimate from the characteristic form:
Lemma 5.1. For 6 small enough,

{10¢x, D dx + H 22|03 dxdT+ H |21, 6 dxdz

<C{Z (f |?~,x|02dxdr+ g |/1x[92dxd1

i+j Q,@0)

+N,(t) {5+N1(t)+5N2(t)+N2(t) }+N2(t)2}. (5.6)

Proof of Lemma 5.1. Multiply the characteristic form equation (5.5) by 6; and
integrate over — oo <x< o0, 0<1<H{,

t
[ 07(x, t)dx — H)vixeizdxdrz [ 67(x,0)dx
+2H[9 Z Olly+ 7)1 +0,B~ (wxx—w,t—F—K~H)}dxdr. (5.7)

Throughout this analysis we use the fact that 4, depends primarily on f; in Q, (i.e.
x>0) and on f, in Q, (i.e. x<O0).

First we partly handle the second term on the left by noting that, from (2.17) for
Q, and (2.29) for 2_ and for some 7,

= =2+ 0(fi) =1l + 0@ 0) for (x,)eQ_, (58)

— o= = () FO(f2) =gl + 0670 for (x,0)€Q,. (5.9)
Thus

t

[ [ A0+ A 03dxde< — [[ |2, J03dxdi— | | Ayl 03dxde

0 Q2_(v) 2
b [[ 12002 dxde + cON (). (5.10)
Q40

Next use the bounds

L+ 2idie=0(1) A 4+ 0(8e =179y on Q.
i+ 2l Scl2l + 00770 on Qi+)),

which follow from (2.18), (2.36), (2.37), to estimate (integrating by parts)

(5.11)

2
'f! Qi 2 Gk(lzt+/11l1x) rkdth

§cé< 1) 82|/Z,‘x|dxdt+N,(l)2>, (5.12)
2.(1)

IR Z Ollic+ 24l - rdxdt
;1) k=1

<i Qf(!) 0712 dxdt+c Qj(fn 07145, dxdt+cON (1), (5.13)

for some constant c.
Next since B~ ! is bounded,

5 [0B I+ K + H)dxdt <c(5+ 5N (1) + N,(t)*) N, (0) (5.14)
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from Lemma 4.2. Finally use |B,/+|B,]<c(};,l+]4..)<cd and ¢p,=—vp, to
estimate

t t
[[0:B™ (e —wi)dxdt| Sc (I [0 +07 + (121 +122.) (100.1+100 | d xdt
0 0

+ 11000+ IGH,I(O)dx)

S (N2 +0 [[ (1214 + |22, 02 dxdt + N 1(1)*) (5.15)

Combine (5.7), (5.10), (5.12)5.15) to obtain the desired estimate (5.6) and complete
the proof of Lemma 5.1.

Since N, and N, can be bounded through the energy estimate (4.27), we now
only need to find bounds on the three integrals on the right of (5.6):

Ii= [ |403dxdr,
a0
I,= {{ |2,,07dxdt and Iy= [| |4y,/0idxdr.
Q(1) Q.4(1)

The estimates are derived using the characteristic energy method developed by Liu
[7]. Actually we use a somewhat simplified version in which integration is
performed along piecewise linear approximations of the characteristics. Although
simpler, this version is less robust since its validity depends in an additional way on
the shock being weak.

Write the eigenvalue /; as piecewise constant part 7, plus an error /, i.e.

=Tt T, (5.16)
in which

_ {ii(fﬁ) =k, x>t (5.17)

X, )= _ _
M=) =i x<st.
Define approximate, piecewise linear characteristics X ,(z, t, x), X ,(t, t, x) (cf. Fig. 2)

satisfying

iXi(r, Lx)={X,1), X{tt,x)=x, (5.18)
T

A
%

X
2

\ //

Fig. 2. Piecewise linear characteristics X, and X,
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ie.
x+2A{(t—1) if x>st,X,;>st
X (et %)= x+/11(t—t) if x<st,X,<st
(s—

(-/1* ( —Afn+Arr i x>st, X <st

x+Af(t—t) if x>st
2T 1, x) = - .
x+i(t—t) if x<st.

Note that X, is not defined past the time that it intersects X, =st. Equation (5.5)
can be rewritten as

2
0 +/1101x 2 Ok(lit_i—/{ilix)'rk+B¥1(wxx~wtt_F_*K—H) )”t ix: (5 19)

Multiply by 0; and integrate along X; to obtain

¢ 2
Oi(x, 1) = %(f) 9i{ Y Ol +Aidi) - 1

+B" 1(1pxx Y I'—K-— H) - Zigix} (Xi(ra L, X)> ‘C)dT + Qi(Xi(O’ L, X), 0)2 .
For any non-negative function g(x, t) we integrate to get
t t ~ 2
[ §g0fdxdi=5 || GO; { Y 0L+ Aidi) -1y
0 0 k=1

+B*l(wxx—w,,—F—K—H)—ZiQix} (x, T)dxdt + _Ojo (GO?)(x,0)dx

t 2 _
§% ijei{ > Bk(lit+/1ilix)'rk+B~1(Wxx—wtt_F_K'—H)_}”i0ix}
0 k=1
+ I‘ (GO?)(x,0)dx, (5.20)
2—w
in which
xr)*jg (0,7, %), a)%(o,r,x)da,
(5.21)
G(X, T)z J.g(Xi(o.> T, x)> O-) X (G’ T, X)dO'.

The inequality in (5.20) follows from the non-negativity of g and (0X,/0x).
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Since X, can only be extended forward for a finite time, until it hits the line

. oxX\" ', . .
x'=st’, define 0X,/0x=0 for ¢ past that time. Note that < - ‘) is piecewise
constant and bounded, i.e. for o>1, X (0,1, x) satisfies X

X, |1 for (x>s1,X;>s0) or (x<s1,X,<s0)
ox  |(s—=A))(s—A7)"" for x>s1,X,<s0,
1 for (x>st,o<(s—Af) Y (x—A;1) or
0X, (x<st,0<(s—24;) Y (x—A51))
(0,7,x)=
0x 0 otherwise. (5.22)

For three different choices of g we shall utilize (5.20). For each choice the
various terms on the right-hand side of (5.20) will be estimated as:

t w t o
j j Gl k(lzt + /zllx) rkdedT SuplGD j j V‘lx‘ + I) le)e7 dXdT
0 —w 0 —x
<(sup|G)N(1)*, (5.23)

X

t
[ | 70.0,Gdxdt <
0

t w® Y2 /e o 1/2
) B?xdxdt> (j | (/‘»,-G)%fdxdt)
0 0 —w

— o0

t © 1/2
<cN,(1) <j f (;T,.G)ze,?dxdf> , (5.24)
0 —w

[ [ GOB™\(I'+K +Hydxdz

0 —x

=clsuplG) [ | I0,(T|+IK|+[H)dxdz
< c(suplGY N (0)(6-+ N0+ N(0?). (5:25)

[ (G0?)(x,0)dx = (sup|G) N ,(0).

Since G(x,t) has a jump discontinuity along the line x = st, write

% G=G(x)d(x—s1) + G (x, 1),
3 (5.26)

% G=s5"'G(x)0(x—st)+G,x,1),

in which G(x) is the size of the jump in G at (x,t=s5"'x) and G,, G, are regular
functions. We need a bound on integrals along the line x=st. From Eq. (3.18),

YE<c(@T iyl Fpiot HX +¢t+yi+y)). Since [ [H?dxdr<co®  and
0
[¢ ]+ 1wl +1wl <N, then the Sobolev inequality implies that

t t o
[y radt P [ § (et wi + vt wi T widxdt!?

<c(8+ N, (1) + N, ()N, (1)). (5.27)
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Now we are ready [using (5.4)] to estimate the terms in (5.20) containing y ., ,,:

(f) [ GOB™ 'y —w.)dxdt

- 0

—‘ f f [ (O —0;p,)

0 —»

(( ) Hilpx - (B‘ l)r()ilpr) +B~ 1(Gxeiu)x - Grgiwr)] dxdt

© t t st
j GO,B~ wrdx] ~ [ GOB™ 'y (st,r)dt+ [ GO.B 'yp,(x,s” ' x)dx
0 0

<c sup\GI)cj) f Y2+l + P2+ Pl dxdr

t

1/2 12
+C(SuplGl)<(I) | wx+wrd’<df> (I |/~1x|+i/"»le)02dxdf>

O—m

t o 12 /'t « 1/2
+C<I ) wx+wrdxdr> <I I ( G2+G2)92dxdr>
0 —w

0 —x

+c(sup|G|)<°f 62(0 > ( w2 0)dx>

+c(sup|G\)<T 02 t)dx) <~5 wf(t)dx)l/z

+c(sup|G)) <j£(t,u,c+1pr ) (st, r)dr> <jt" 0%(st,7)d >

0

S c(sup| G (N (1) + N, ()N 5(t) + N+ (1))

+cN,(1) (f | (G§+Gf)92dxd‘c>1/2
0 —w
+e(sup|Gl) (6 + No(t) + N, ()N ,(1)) <§ 0%(st, z)d1>”2. (5.28)

Combine (5.20), (5.23)(5.25), (5.28) to obtain
Lemma 5.2. Let g be non-negative and define G by (5.21). Then

§§ ¢02dxdv < c(sup|G BN (1) + N (112 + N ()N (12 + N o(1)? + N5(0))
+eN,(t) <} T (LG +G*+ Gf)@zdxdf) .
0 —w

+c(sup|Gl) (5 + N,()+ N, ()N ot (j 0%(st, 7)dt >m. (5.29)

Since N;, N, are bounded through Lemma 4.4 and we are in the process of
bounding N3, it will suffice to show that (sup|G|) < J and to bound the two integrals
on the right of (5.29) for each case.

The estimate from the characteristic energy method is
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Lemma 5.3. For o sufficiently small,
] Vd03dxde+ ([ 2,003dxde+ [] 17, J63dxde
24(1) 22(1) 241
SeO(ON(6)+ N (8) + N ()N (1) + N,(t)* +~ 2 N4(2)?)

+¢8(6+ N,(t)+ N (1) N (1) (; 0%(st, r)dr)llz . (5.30)

Proof. i) Estimate on [4,,]03. Let g=y,|4,,| in which 3, =1 for x<0, y,=0 for
x>0. Then
Ji T +0@e ")y (x,1)eQ,
gx,7)= 4 —Ax(x,7)+0@e ") (x,1)eQ_, (5.31)
0, (x,7)€Q,.
The relevant characteristics in (3.52) are X, which are entirely contained within

Q,=02,0Q_ (cf. Fig. 2) and in Q, the characteristics are straight lines so that

0X,/0x=1. Fix (x,7)eQ, and denote
[T, T,]1={0:1<0,(X,(0,7,x),0)€Q .}, (5.32)
[Ty, T,]={0:1<0,(X,(0,7,x),0)€Q_}. )

Depending on the sign of k and the location of (x, 7), the T;’s take on the values 7, oo
(endpoints), T—x/A; (intersection with x=0), or T satisfying

V1 =y(X5, T)=(X (L1, %)= Ay T)()/aT)=(x~ 25 1+ (A5 — A7) T)/()/«T) (5.33)

[intersection with (2, Q_ border)]. It follows that for (x, 7) large, T=0(x) + O(7),
and thus that for each i
10, T +10, T <c, (5.34)

with ¢ a constant independent of x, t, 9.
In Q,, (6/00)1,(X 5(6,7,X),6) =23 A x+ A, and |2,/ <cd(140)” 3% Thus
T, T4 o
[ Aldo+ [ |Agldo < [ cd(1+0) 3 2do<co(141)" V2. (5.35)
T T3 T

Using 0X,/0x=1, (5.35) and (5.31), we may write
T>

Ta
G(X, I) = 7,! ;le(XZ(U’ T, x)> G)dU - 75 )"lx(XZ(O-a T, X), O')dO'

T, T4
= [ (et (2) " 2)do— | (At (A3) " Ay,)do+0(0(1 +1)7 1)
T T

=(47)" (A =411+ 001 +1) " V) =1 +1)7 12, (5.36)
since (2.31) implies that 4, =A] +0(1+1)~ /% for x<0. Next differentiate G to
obtain

4
Ile 2(15)_ ! igl ﬁi {(6x7:) /Q‘-Z—llx(X2(TE) T, x)’ T;)

+ ’]"10'(X2(’Fis T, X), T;) + /llx(XZ(T;" T, X), T;)} + 0(6(1 +T)— 1)§ 65(1 +T)ﬁ ! s
(5.37)
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in which f,= +1. Similarly,
G <cd(1+7)7%2. (5.38)
Moreover G=0 for x>0 and |1 <cd(1 +1)” /2 for x <0. Therefore

sup|Gl<co,

o0 t o0
[ (LGP +G2+G2)0Pdxdr<cd? [ | (1+71) 262dxdr<c82N, (1) .(5.39)

0 —

Oty =

Using (5.39) in (5.29) establishes the bound (5.30) for the integral of [A,,[03.

ii) Estimate of |1,,10%. Let g=7,|/,,] as in (i). Now the relevant characteristics
are X (0,7, x) with X; <0 which may enter 2, from @2, and may cross X, =so as
well as y=y,. Thus (6X,/0x) (0,1, x) has values 1 for x<stand (s—A])/(s—A]) for
x> st. Denote

[T, T,]={0:1Z0,(X(0,7,x),0)€ Q. },

[Ty, T,]={0:1<0,(X,(0,7,%),0)€Q_}. (5.40)

Depending on the sign of k and the position of (x, 7), each T; takes on one of the
values s;=1, s,=o (lower and upper limits), s;=(x—A 7)/A{,
s,=—(s— A7) (x—A{1)/A{ (s—A{) (intersections with X, =0 for 0<x<st and
sT < x respectively), or ss satisfying y=y,, i.e.

_ X551, %) — Ay ss

= l/&s—s

There are three possibilities depending on whether x <0, 0<x<st or x> st;
however in each case X (ss,7,X)=d;x+d,t+A; s5 (with three different positive
values of d,, d,). Thus

s5=o¢y1_2(d1x+d21)2, 6xs5=2d1ayf2(d1x+dzr), 6,ss=2dzocyf2(d1x+d2‘c),

ad X (5,7, %), s5) S ed(1455) 7" (5:41)
For i<35, |08 +10,s1] <c and |4, (6 =s5;)|<cd(1+1)~". Thus for each i <5,
(108 +10:5:D A1 (X (557, x), s) S cd(1 +1) 71 (5.42)

Evaluate G as

T> T4
G(x,1)=K; | A do—k, | Ay do+0(e7),
Ty T3

in which k,, x, are piecewise constant, having a jump along x = st and taking on
values either 1 or (s—A7)/(s—A;). As before 4,, may be replaced by (8/00) 1, by
adding in terms proportional to 4,, so that G=G(x, t) satisfies

G=(A7)" 'Ky %_ K211]¥§)+0(5(1 +7) 7)ot +1)7 2,
G l=(47)"" A:Z] Bil(0:T) (A3 Ayx+ A1)+ 41,0 X} +0(06(1+1)7 1)

Scd(l+0)7 1,
G <cs(1+7)7 L, (5.43)



126 R. E. Caflisch and T.-P. Liu
in which the J-function part of G,, G, is ignored as in (5.26). That part is
compensated for by the integral along x’=st’ in (5.30). Also for all x,

2 el +1)" V2 +eldyl. (5.44)

Thus sup|G|<d,

~ t
[(7,G)? + G2+ G0 dxdr <52 | [ (1 +71)" 2 +074,))0*dxdr
0

o— ~

<8N, (82 + 3N, (t)2. (5.45)

Substitute (5.45) into (5.29) to complete the estimate for |4, |07 in (5.30).
iti) Estimate of |1,,|0%. Let g=y,|4,.| with y, the characteristic function of

Q,(), ie.

_ I)‘Zx(xa G)l 5 x>0
glx.0)= {0, x<0
(5.46)
— o filx —so)+0(Fe "M F) - x>0
0, x<0’

The relevant characteristics here are X (o, 7, x) with X, >0 (i.c. X, € Q,). In Q, the
X, characteristic has piecewise constant slope, so that for o>,

1 _{ if (x>s1,X;>s0) or (x<st,X;<50)
0x = A0 s— if x>s1,X,<so ’
(s— 20 (s—41) ! (5.47)
Denote
T,T,]={0:1<0,X(0,7,X)>30},
[T, L1={ i )>s0} (5.48)

[T, T;]={0:1<0,0< X (0,7,x) <50} .

If x<s7 so that X | <so for all ¢>1, set T; =T, =1. We can identify T; as T} =1,

T T, if x<st
2= A s—4)), if x>sT

L (5.49)
T — T—x/A], if x<st.
Pl —(x= A0 (s—AD)(s—A) AT, x> 5T X>ST.

As before for each i, |0,T}| +10, T;| < c. Note that X ,(T5, 7, x)=0. Now evaluate G as

Glx,1)=—(s— A7) (s— A7)~ j Ao x+ AT (0 —1)—s0)do

- I Joad( X (T3, 7, X)+ Af (6 — T,) —sa)da + O(de ™ 77)

T3
=(s—4; { [ (0/0a)Ayda+ | (6/86)/12(10} +0(0e ™)
T2
=(s— A7) H{A,(0, Ty) — A5(x, 1)} + O(de ") =0, (5.50)
since 4, has total variation of size J. Next
G, )= (5= A7) X T 7, X) a0, Ty) — Ao, 1)} + 0(0€ ™7
sc(|Aailx, 1)+ 0e77), (5.51)
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since |4,,(0, T3)| < cde” "T3 < cde 7" Similarly
1G(x, D =c(lAx, 1) + e 7). (5.52)
Also in x>0, |Z,|Sc|i,| £cd. Thus

sup|Gl<cd,
t t
| f((f1 G+ G2+ GH0?dxdt <c [ (8] 2as] + 6%~ 27)0% dxdr
0 0

ScOPN (6> +cON4(1)2. (5.53)

Substitute (5.53) into (5.29) to complete the estimate for |4,,/0% in (5.30). This
completes the proof of Lemma 5.3.

Note. The same estimation method does not work for (| |4,,/65dxdr, because
(1)

the X, characteristics have endpoints on the line x'=st" on which |2,,]| is large.
Fortunately this term was estimated in Lemma 5.1.
We finish the characteristic energy estimates by estimating j 0*(st, t)d. For

X =St

¢ 2
Oix, 1> =13 g 0; { 21 Ollic+ 2ili) - 1y

+B—l(lpxxdujr‘r_—F_K_H)_Iieix} (X-/T;([-T), T)df+0i(x_zi+[a0)2 .

Thus (5.54)

st PG
O(st, 1) *dr=s" j@(x sTIX)2dx<s7' [ 0(x,s7'x)2dx+ [ 0(x,1)%dx
0 st

O =

2
%S_/ ! j I 6 { Z 6k(lit—i—)vilix)'rk
k=1

+B Yy, —w,,—T—K—H)— /ﬁlx} (x,t)dxdr+ [ 04x,0)*dx.
. A 0 (5.55)
Estimate various terms separately as

) rdxds| S [ [ 027y + 1 Ddxde < Nyt
. o (5.56)
[ 02(x,0)dx < N, ()2,
0
I 10,8~ (I + K + Hydxdz| <eN (1) (5+3N,(0)+ N o(1)?), (5.57)

by Lemma 4.2. Next since |1 <c¢|2,,|<cé for x>0,

1/2 /'t 1/2
< (f |07 dxdr> <£ g 202dxdr>

<8N, (ONS(D). (5.58)

t oo
§§ 70,0, dxdr
0 st
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Finally, using (5.27) in the last step,

j j B 1e(wxx wrt)dXdT 1( Hzxwx+91rwt) (BA 1)x0iw:c

0 st

+(B™ 1,0y, dxdt + f B~ 10 (x,0)dx — j B 10p.(x,s" 'x)dx
0 0

[ee] t
- j B7 0 (x,t)dx— [ B0 (st,7)dx
0

[ L+ 0YANL(t)N,(1)+ N (1)?

<ff (2 +y2)(st, r)dr)l/2 (;’ 0%(st, r)dr)uz}
0 0

[ {02+ NL(t)2 + 02N, ()N 4(1)

+ (6 4+ N,(1) + N ()N (1)) <j 0%(st, t)dt)llz]. (5.59)
Combine (5.55)-(5.59) to obtain

g 0%(st, )d < C[ON (1) + N (1) + N (0)” + N1 ()N (0 + N(1)]

+e(3+ N (ON () + N,(1) (5 02(st, r)dt)m , (5.60)

from which it follows that

Lemma 5.4. For J sufficiently small,
j@z(sr )dt<c[6*+ N3+ N32N2+ N3+ N3](1). (5.61)

Now combine (5.30) of Lemma 5.3 with (5.61) of Lemma 5.4 to obtain, after
some recombination.

(] 1h1d 02dxde + g 15,02 dxd + A 17,02 dxdx

24(1)

§c5(52+Nf+N§N§+N§+O 1”N%)(t). (5.62)
Combine this with (4.27) of Lemma 4.4 to obtain
N,(N,—c6—cSN,—cN%—c6N N3+ N2<cN,(0)* +c6>+cd'2N%. (5.63)
Next combine (5.62) with (5.6) of Lemma 5.1 using the inequality
N5(0)?Zc ([ |Al0%dxdr+c || |A,]0%dxdr
[2310) 9:0)

to obtain

N2<cN {6+N,+0N,N3+ON,+N3)} +cN3+cd3. (5.64)
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Finally combine (5.64) with (5.63) to obtain
N,(N,—c6—c6N,—cN%—cdN N3+ N2<ceN(0) +co. (5.65)

This inequality implies that either N, and N, are both small or that N,, N, are of
0(1) size independent of §. However since N,, N, start off with size 6 and are
continuous, they must remain small. It follows that, for N(0) sufficiently small,

N2+ N3+ N3<cd?+ceN,(0). (5.66)
By assumption |[¢, | ,(0)*+ [ dp],(0)*> < cd?. This establishes the main result of
this paper.
Theorem 5.1. Let ¢ be sufficiently small, then for any t =0,

Sup {1, w20 + 10w 4(1)*} + § [Pl TdT <62 (5.67)

Finally we prove Theorem 1. Since ¢, =9, v, =m,, p,= —z,, then

SUP (1@ My 2, 11(7)* + I 104 My 2]l TdT =002 (5.68)
0=st=t

Since this inequality is also satisfied by (¢,, m,, z,) and (03, m3, z3), we obtain

sup (e =@y, (m—my),(z—z,)[,(c)* + I e —01) (m—my).(z—2z,)|FdT < .
0<t<t
== (5.69)
Use the formula for f in terms of g, m, z and the equation for f; in terms of f, and [
to obtain

Sup [ (f—fil+(fam firl + (i fuPdx

0=t<t —

£ ISP e £ U i dsdeS ed? (570

0

which is the inequality (1.8).
We now prove (1.9). From (4.25), (4.26) and integration of y, times (3.18), we
have

]
H% ¢X’ ¢’V”%(T2)§C"\ lpt’ ¢x= UA”%(H)“‘Cf quxa I:Uxa wt“%d‘[
51
ty o«

+Cj‘ lelszddea 0§l1§t2<(ﬁ.

R
This implies (by integration of ¢,) that
Duv POZE T 1bupoplidiee | T dvidade. (571
The estimate (5.66) implies
Ligwpanlides | 1 1y dxdescd?,

which is slightly stronger than (5.67). It follows that the right-hand side of (5.71)
tends to zero as t—oo. This proves (1.9) and concludes the proof of Theorem 1.
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Appendix A. The Chapman-Enskog Error for the Broadwell Equation

Suppose that ¢, m and z=z(g, m) satisfy the model Navier-Stokes equations with
errors, i.e.
o tme=ey, mtz(o,m).=e,, (A1)
with u=m/p and
z=oF(u)—v(uwu,,

in which F and v are given by (2.11), (2.16). The third Broadwell equation
(z,+m,=Q(/, f)) then has the error

E=Q(f. /)~ (z+m)=5{lc—2)> = 4" —m?)} —(z,+m,). (A.2)
To calculate E, first eliminate z=g9F —vu, to get

E=4{0*—20*F —30°F? +4m*} + (4(0 + 30F)vut, — §(vu1,)*— (0F —vuu), —m, )
(A3)

The undifferentiated terms vanish due to the definition of F. Next eliminate time
derivatives (¢F), using the Navier-Stokes equations to obtain

E={o(1+3F)vu,+(F—uF' —1)m,+ F'(oF),}
H{ = Fvu) o+ i, —30u)* +{(—F+uF)e, — Fey} . (A.4)

The terms in the first bracket, which are linear in first derivatives, vanish due to the
choice of viscosity v. Therefore

E={—F(vu),+(vuy),—s(vu,)’} +(— F+uF')e, — Fle,. (A.5)
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