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Abstract. We prove, for the Maxwell-Dirac equations in 1 + 3 dimensions, that
modified wave operators exist on a domain of small entire test functions of
exponential type and that the Cauchy problem, in R* x R®, has a unique
solution for each initial condition (at t=0) which is in the image of the wave
operator. The modification of the wave operator, which eliminates infrared
divergences, is given by approximate solutions of the Hamilton-Jacobi
equation, for a relativistic electron in an electromagnetic potential. The
modified wave operator linearizes the Maxwell-Dirac equations to their linear
part.

1. Introduction

Our basic understanding of electromagnetic interactions started with the funda-
mental discovery made by P. A. M. Dirac of the relativistic electron equation. After
years of development it was only in the late forties that Schwinger, Feynman, and
Tomonaga formulated Quantum Electro-Dynamics, the theory of fundamental
interaction between electrons and photons. This theory, which starts with
quantum operator-valued Maxwell-Dirac (M—-D) coupled equations, ends up with
a set of rules deduced non-mathematically from the previous, permitting to
calculate with very high precision different electromagnetic processes. These are
the famous Feynman rules. One can take the point of view that all the physics we
need is contained in this set of rules, and therefore this is the only thing that
matters. However it is quite tempting to believe that, though we did not deduce
these rules mathematically, still the quantum M—-D equations must have some
sense.

* This work is dedicated to Walter Thirring upon the occasion of his sixtieth birthday with
appreciation and friendship
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Knowing in addition the fundamental role the Maxwell equations play in
classical electromagnetism it is difficult not to believe that also in some sense the
classical M-D equation must have a fundamental importance.

The M-D equations being a system of coupled non-linear partial differential
equations, different mathematical questions appear, of which the most funda-
mental are the following:

a) Existence and uniqueness of solutions for small times.

b) Existence and uniqueness of solutions for arbitrary times.

c) Dependence of the first two questions on the choice of type and size of initial
data.

These questions have been debated in the literature at least in the last two
decades, by many authors.

As early as 1966 Gross [8] obtained, to our knowledge for the first time, the
existence and uniqueness of solutions, in suitable function spaces, for small times
(local solutions). This interesting result has not permitted any extension to the
problem of existence for arbitrary times. Kato [10] has later formalized this
approach.

Several authors have considered the problem of existence for arbitrary times
(global existence) of solutions for equations resembling the M-D equations.
Chadam found in 1972 [2] global solutions of the M-D equations in 141
dimensions using the existence of constants of motion. He also proved [3] that for
any fixed bounded region of space-time in 1 + 3 dimensions there exists a solution
of the M-D equations in this region.

Using conformal invariance techniques Choquet-Bruhat [4] obtained global
solutions for the zero mass Maxwell-Dirac-Klein-Gordon equations in the sector
of global charge zero. This a priori general statement does not contain much
relevance for the M—D system because of the following reasons:

a) The electron has a strictly positive mass as is reflected in the M—D system
and not zero mass.

b) The condition of zero total charge avoids definitely the M—D system as a
subsystem of the “general” M—D-K-G system.

This list of references to works on the M-D equations is certainly not
exhaustive. It will be remarked nevertheless that all works on the subject until now
did not refer to the problem of existence of global solutions of the 1 + 3 dimensional
(over Minkowski space) realistic classical M-D systems. The aim of the present
paper is to fill this gap.

More than 10 years ago we started the development of new techniques in the
theory of covariant non-linear evolution equations [5-7]. In particular we
developed cohomological techniques for existence and construction of lineari-
zation maps (transforming the non-linear equation into its linear part), which by
definition are time independent. The existence of such maps insures in general (e.g.
in the case in which the linear part is unitary) the existence of global solutions in
time at least for small initial conditions, existence of non-linear superposition
principles (like in the soliton case), and the existence of infinitely many constants of
motion like in the case of integrable systems in 2 dimensions [1, 12, 13]. It can
easily be understood that the usual Moller (or wave) operator in non-linear
classical field theory is a linearization map, but certainly not every linearization
map is a wave operator.
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From the Coulomb scattering problem in Schrodinger Quantum Mechanics
we know that the modified Moller operators can be constructed and that they
intertwine the interactive dynamics and the usual free dynamics. Taking this
experience into account we have been able (essentially subtracting the classical
infrared divergences) to construct a linearization map between the classical
interactive M—-D equations and the usual linear part of these equations.

Our major new achievement in the present article is to establish the existence of
global solutions (for t=0) of the M-D system. Our result can and will be
ameliorated in several ways:

a) Extension of globality to negative times.

b) Linearization of the whole Poincaré action on the space of initial
conditions.

c) Explicit study of interplay between gauge invariance and linearization
techniques.

d) Introduction of more natural spaces of initial data such as spaces of
C>-vectors for the linear part, in view of studying large initial data.

It is our claim nevertheless that this article solves for the first time the problem
of existence of global time solutions for the M-D systems.

The M-D equations in 1+ 3 dimensions reads in conventional notation (unit-
charge e=1, "y +y"p* =2g", g°°=1, g'= —1 fori=1,2,3 and g"* =0 for u+v):

E‘Au:u_)yuw’ #=0,1,2,3, (11&)
("0, +myp=Ay"p, m>0, (1.1b)
0,4"=0, (1.1¢)

where p=1*7°, ™ being the Hermitian conjugate of 1. We write Egs. (1.1a) and
(1.1b) as an evolution equation:

i) =0 o))+ Gane)

dr(A,m 4 o)\ a,0) T \Gmrmn) (1:22)
d
2 PO=2w(0)~ iA,(0)7% (1), (1.2b)

3
where = — Y y%p/0;+iy°m, 0;=0/0x;.
ji=1

The gauge condition (1.1c) takes on initial conditions A(t,), A(t,), w(t,) at t=t,

the form: R

Ao(to)‘f' Y, 0:;A'(t)=0, (1.3a)

Aot +Iplio) + 3. 0Ai1g)=0. (1.30)

It follows from Egs. (1.2) and (1.3) that if y(t,) + 0, then the electrical field —d;4(t,)
+ A[(t,) does not decrease faster that 1/|x|> in space. The potential A,(t,) will then
in general not decrease faster than 1/x|. The slow decrease in space of the potential
and the conservation of the total charge make it necessary to introduce long range
corrections in the definition of the wave operators. These corrections are
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introduced as follows. For a given Dirac field y, the electromagnetic potential A4 ()
in Eq. (1.1a) is split into a long range part G,(t) defined by formula (3.14) and a
short range part A,(t)— G,(t) which is in L*(IR>). Phase functions S, S_, close to
solutions S, of the classical Hamiltonian-Jacobi equation for a relativistic electron
in an external field G,, which is
0 2 3
<E Sa(k’ t) + GO( - Vkss(k9 t)a t)) - Z ’kl + Gl( - Vksa(ka t)5 t)lz =m? s té 0
i=1
(1.4)

are then determined by formula (3.40). The phase functions S, serve to modify the
dynamics W, (the evolution operator) of the outgoing electron states. Wy(t, s) is the
unitary evolution operator in I*(IR3, C%) defined by

(Wo(t,s)f (k)= ¥ exp(iS,(k, ) —=iS,(k, )P (k) f(k), 1,520, (1.5)
=+
where P,(0), e= + are the orthogonal projectors in I*(R3, C*) given by
3
P(k)=1 <I+8 <— Y yoyfkj+my°> w(k)”) (1.6)
j=1

and w(k)=(m*+|k|*)*/.
The Fourier transform is here defined by

k) =(2m)"%2 [ e **f(x)dx.
R3
The evolution operator W, satisfies

Wt IWols. =1, L Wy(t,5)= LOWy(t,5).

dt
4 1.7
7 Wolt, s)= W(t, )L (s).,
where s
(L@ fY (k=i =Z Ps(k)a Sk 0f (k). (1.8)
Introduce
we)=(—4)""sin((—4)"?t),  lt)=cos((—4)"1). (1.9)

In order to solve the system (1.2) for given final states we integrate (1.2) into the
form:

A0) = (00, + 00y + [ 1t — P aps)ds (1.10a)

W)= Wt 00+ | Wolt,s) (D — iy 0 A, (s)— L(s)p(shds,  £20. (1.10b)

The correspondence (g, d, ) —(A, ) is not unique, because of the non-uniqueness
of &. This is not in contradiction with the fact that for given initial conditions
(4, A,p) at t=0, the solution of the M—D equations is unique.
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In this paper we will take a,, d, real and
a,,G,e J(R*—{0},C), 4eP(R*C*), (1.11)

and we denote by E, the space of such final states (a, d, o).

The core of this paper is devoted to prove that Egs. (1.10) have a solution
A1) e C*(R?) and w(t)e W**(R?,C*)," 120, for every final state (a,d,a)eE,
being sufficiently small (Theorem 2.4). The method of proof, which is close to the
one used in [11], consists of first constructing (Theorem 2.3) explicitly an
approximate solution of Egs. (1.10) absorbing the most slowly decaying (in space-
time) parts of 4,(t) and y(t). When the approximate solution has been established it
is a simple matter, using a priori time decay of the remaining part of the solution, to
prove the existence for Eq.(1.10) (Theorem 2.4). It is proved that the map
Q:(a, 4, 0)—(A(0), A(0), p(0)) intertwines the nonlinear and the linear evolutions
(Theorem 2.7).

2. Statement and Proof of the Main Results

The proof of the results of this paper is based on the existence of an approximate
solution of Egs. (1.10). We postpone the proof of this fact to Sect. 3.
Let the phase functions S,e C!(R*, C*(R3 R)), e= + satisfy

ISk, 1) — ew(k))| = C, log (2 +1), (2.12)

<C(1+1)71, (2.1b)

v <% Sk, t)— sco(k))

for all t>0, ke R, n>0 and some constants C, < o0.
Let the map t—(B(1))" e 2(R3?,C*) be C' and let f(t)= B (t)+ B_(t) satisfy?

FBOY 0~ AN SC, 40 (2)
S| s+, (220)
supp(f1)) CK (2.2¢)

forallt=0,keR3,n>0,e= +, and for some &,= P4, € Z(R3, C*), some constants
C,< + oo and some compact set K CR?.
Throughout this paper ¢ will be defined by:

@) (R) =B K),  p=¢, +¢_. (2.3)

The following theorem, stating that ¢ has decrease properties similar to those of
solutions of the free Dirac equation, will be proved in Appendix A:

Theorem 2.1. Let conditions (2.1) and (2.2) be satisfied. Then ||d(t)|wn,
<C,1+1)73? for all t=0, n=0 and some C,< .

Lw™P(R™ C¥) is the subspace of IP(R™, C*) for which
[Tlwno= 3 10*fllo<co, W<FP={] WnP

laf=n nzo

2 In general B, will not be equal to P,(0)B,
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By a long range electromegnetic potential, we mean a function

GeCY(R*,C*(R3, R%)

satisfying
k2 [kt|" (G () (R = C,, (2.4a)
Ikl [kt|" <% G,t(t)>A(k)' =C,, (2.4b)
supp(G (1)) CK, (2.4¢)

forallt=0,keR3 1=0,1,2,3,n=0,1,... and some compact K independent of ¢
and some finite constants C,.
It follows from (2.4) that (with new C,):

16O wn-=Ci{1+0)", (2.5a)
I(@/d0)G (1)l ym = S C,(14+0) 2, (2.5b)

for all n=0, u=0,1,2,3 and some C, < 0.
We can now state what is meant by an approximate solution of Eq. (1.10).

Definition 2.2. Let (a,d,0)e E, and let S, f5, G satisfy respectively (2.1), (2.2), and

(2.4). (B, ¢) is said to be an approximate solution of (1.10) if By(t)= i(t)a;+ u(t)d;
+ G4t) and

i) IM () [yn > < C,(1+26)72,
ii) I(d/dOM () [wn.> < Co(1+1) 7372,
iii) 12 [ yn. < Ci(148)72,

for all t=0, n=0, and 0<6<3. Here

Miy(t) = flt)a; + pu(t)as + jo dsp(t —s)(s)psP(s) — Bs(1) (2.6)

and

D(t) = Wy(t,0)a+ jo ds W(t,s)(2 —iy°y*B (8)— Z(s))p(s) — (1) . 2.7

A constructive proof of the existence of approximate solutions will be given in
Sect. 3.

Theorem 2.3. For every (a,d,a)€ E . there exists an approximate solution (B, ¢) of
Eq. (1.10). Further (B, ¢) can be chosen such that the constants (in Definition 2.2)
C,—0as (a,a,0)>0in E .

Let E,(6,,0,), where 0<d, < §,, denote the subspace of functions (a, d,a) € E ,
such that suppdc{d, <|k|<9,}, suppdC {5, <|k|<5,} and suppdC{lk|<3,}.
With Gross [8] we introduce the Hilbert spaces M,, n=0, of distributions
(f,2)eS'(R3, RH@DS'(R3, R*) satisfying

IS @Mar, = (1= Ay 71V f | o [I(1 =AY Mgl o< 00
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E is the space of elements ( f, g, x) such that (f,g)e M, and ye W™2(R3, C*) for all
n=0.
The main result of this paper can now be stated:

Theorem 2.4. Given 0 <, <9, there is an open set (6, 0,)in E . (d,,9,) such that, if
(a,a,0)€0(6,,0,), then for ¥ given by Theorem 2.3, the equations

A0)= i(0)ay + u(0)d, + [ plt— S5, p(s)ds (2.82)
PO = Wolt, Ot | Wolt, ) (@ — i A (5)— L()p(shds,  (2.8b)

where v=0,1,2,3 and t >0, have a unique solution (A, ) with (4, A,p)e C*(R™", E).
The solution satisfies the following decay property:

fgg(!l(fl(t), (d/d) AO) | pr,, + [0 [y 2+ (1 +0) [LA@D) [ n, =
A0y )< + 0
for every n=0. The solution (A, A, ) depends continuously on the data (a, a, o).
Proof. Let D,, n=0 be the space of continuous functions from R* to
W™ AR, RH@W™ AR CY),  t=(b(1), 0(1),
where u=0,1,2,3 satisfying
(B, <P)||D,,=§l§113 <(1 + t)% 1b,(Ollwn.2+(1+ t)3/2H(0(t)”Wn.2) <.

Given an open neighbourhood 0(d,,d,) of zero in E,(J,,0,) there exists
according to Theorem 2.3 an approximate solution (B,¢) for every
(a,d,0)€ X(5,,0,).

Introduce the function X": (b, )—(b', "), (b, @) € D, for some fixed n=2, by

bit) = My0) + [ ult—3) (@51s0()+ 2BIsd(s)+ FErsoNds,  (29)

(0)= B0+ | Wolt,)(Z— ) B,ls)— L(5)p(s)

— %" (8)p(s) — iy °y"b (s)p(s))ds (2.10)

where M is given by (2.6) and @ by (2.7). " is a function from D, to D, if n=2. In
fact, b'(t) and ¢(t) are continuous in ¢t and

1650 [, 2 = [ M s(0)][m.2 + C, ojf (=) (1 @) [fn2+ @) lwn.2 [ §(s)llwn. )ds ,

o' @lwn.>= @) wn.>+C, ! (12 — iy°y"B ()= L (5] Lown. 2| 9(5) | .2
F10S)lwn, 2l 9(8) [y, 2+ 1B () [, 2| P(3) [ yrn. ) -
Using the fact that (b, ¢) € D,, introducing ¢, = (M, )|, ,
02=Sup (1821 (@), )
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and
03=Sup (1 +0) 12—y B, () — L) Lown.2) »
1>

which, according to Theorem 2.3, Definition 2.2 and formula (2.1b) are finite, we
get
[5(&) lwn, 2 S MOl m, 2 + Co(1 +2) 7 (1B, @) 15, + (B, @)l p,22)

@' @ w2 < PO)llyn.2 + Co(1+6) (|, 9) p, 03
+1b, )3, + 1, 9)l p,02)-

The last inequalities give

I®, @), < 01+ Clll (B, )13, + 15, @)lip, 02+ €3)» 2.11)

which shows that #":D,—D, for every n=2. (Here C, depends only on the
definition of the norms).
Similarly one gets:

[A°(b1,01)—H (b2, @), = Col([l(b1, @) p, + (B2, @2)Ip,) ([[(b1, @ 1) — (b2, @)l p,
+(2+23)l(b1, @1) — (b3, @2)p,) s

which shows that 4" is a contraction in a sufficiently small neighbourhood of O in
D, if g, + 05 is sufficiently small. n being fixed we choose, according to Theorem 2.3,
(84, 0,) so that g, + g5 is sufficiently small. The equation

(b, )= (b, p) (2.13)

has then a unique solution (b, )€ D,,.
1t follows now, taking ()(9,, d,) sufficiently small, that (b, p)e D, for all i=0. In
fact, omitting the details, if (V'*b, V*¢)e D, for k=0,1, ..., m, then (V™" b, V™" 1)
has to satisfy the equation
(Vm+ 1b, l7m+ IQD)= Fm+ L +L(Vm+ Ib, Vm+ 1¢)’

where L is a real linear operator on D, independent of m, with ||L|| <1if 0(5,,,)1s
sufficiently small. F,,, , € D, and F,,, , depends only on (V*b, V*¢) for k=0, ...,m.
Hence by induction

(V*b,V*@)e D, for all m=0.
It follows from Eq. (2.9) that the solution (b, ¢)e () D, satisfies

mz0

d d ‘ —
3 PO= g MO+ T e =) (@(s)r,@(9) + ()7, b(5) + A(s)7,pls))ds

This equation, Theorem 2.3 and (b, p)e |J D,, give that
m=0
1(d/dt)b (D)l ym. > < 1 +1) 372

for all m 2 0. In particular we conclude that (b(), b(t)e |) M, forallt>0and that
(b(2), b(t), (1)) is uniformly bounded in E for t=0. ™=°
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We define A=B+b and w=¢+¢. It follows from Definition 2.2 and
inequalities (2.4) and (2.5a) that

s1>110)(|l(B(t), B(t)HM" +(A+0) B yn«)<+oo forallnz=0.

It follows from Theorem 2.1 that
sup (@O llwn 2+ 1+ 032 p@) |l yn o)< + 00  for all n=0.
=0

Together with the above properties of (b, @) this shows that the decay announced in
the theorem is true.

By the construction of X", A4, and v, Eq.(2.8) is satisfied by (4,y) with
(A4, A,)e CO%(R™,E). For a & given by Theorem 2.3 the solution (4, ) is unique as
A has been proved to be a contraction. The fact that (4, 4, p)e C*(R*, E) follows
from differentiation in t of Eq. (2.8). Q.E.D.

The solution (4, ) of Eq. (2.8) satisfies the M—D equations. The proof of this
fact being obvious we only state the result:

Corollary 2.5. In the situation of Theorem24, AeC®(R* xR3R%,
peC®(R* x R?,C*), and (A, ) satisfies Eq. (1.1a) and (1.1b).

If the data (a, 4, y) satisfy the Lorentz gauge condition then this is also the case
for the solution:
3
Corollary 2.6. If a°+
satisfies 0,A"=0. i=1

Proof. Equations (1.1b) and (2.8a) give that

3
0,a'=0 and Aa®+ Y 0,da'=0, then A in Corollary 2.5
i=1

(0,4 (t) = u(z) <Aa°+ i ala1> + () <a°+ i a,.a1>. QED.
i=1 i=1

Let @ be a union of sets (04, d,) given by Theorem 2.4. Denoting d/dtA(1)
=A(t), we define a modified wave operator Q:0—E for Eq.(1.2) by Q(a,d,x)
=(A(0), 4(0), (0)). Let

Ul(t)=exp <<j (1)> t> @exp(2t)

be the evolution operator defined by the linear part of Eq. (1.2). That Q intertwine
the linear and nonlinear evolution is the content of the following theorem:

Theorem 2.7. The continuous map Q:0—E satisfies

(A1), A1), w(©) = Q(UNa, d,9)), 120,
where (a,a,0)€ O and (A, ) is the solution of Eq.(2.8) given by Theorem 2.4.
Proof. Let r 20, let (4, ), be the solution of Eq. (2.8) with initial data (a,d,0)e O
and let (A4’,y’) be the solution of Eq. (2.8) with initial data U}(a, d, ), i.e.

A= i+ 1)ay+ 1+ ] e — ST (5)ds (2.14a)
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and
¥'(t)=W(t,0)e” o+ } Wi, $)(2 —iy°y* Ay(s)— L/ (9)y'(s)ds,  (2.14b)

where Wy and %’ are given by Theorem 2.3 for the initial data U}(a,d, «). It is
enough to prove that A'(t)= A(t+r) and that y'(t)=y(t +r) for all t =0.
Equation (2.8b) gives, for t,r =0,

W(t+1)=Wo(t+r,0+ [ Wolt+r,s+ (2 — iy’ A(s+r)— L(s+r)p(s+r)ds.

It follows from this equation that lim W((0, t)y(t +r)=e? o, where the limit is
t—=>
taken in W™? for any n=0. Equation (1.2b) gives:
(d/de) (Wo(0, (e + 1)) = — Wo(0, ) L (0w(t +71)
+ Wo(0,0)(Z —iA (1 +r), " (e +71).

This equation can be integrated from + oo to t, and we can conclude that
Eq. (2.14) is satisfied with A'(t)=A(t+r) and y'(t)=wy(t+r). This proves the
theorem, as the solution of (2.14) is unique according to Theorem 2.4. Q.E.D.

3. Construction of an Approximate Solution

In this paragraph, we construct approximate solutions of the M--D equations,
which satisfy Definition 2.2.
Introduce

035, B.0)= [ ult— 55" $6)ds, (3.1)
where T2t =0and ¢ is given by (2.3). If there is no risk of confusion we write Q1)
instead of Q%(S, f,t). Denote by Q% (t)=0Q"(t) and by

0(6)=(Q°(), Q'(2), Q*(1), @*(1)) -

To begin with we prove existence and decay properties of Q(t). We define

JHO) =0 1), e=2. (3.2)
When needed the dependence on S and f will be indicated by J#(t)=J4(S, B, t).
Lemma 3.1. There are finite constants C, such that
(kley (@Y (R = C, (3.3)

forallkeR?,t=0, =+ and integers n=0. The support of (JX(t)) is contained in a
compact set independent of t.

Proof. Introduce, for given ¢ and g,
u(k, k', t)=((B(0))") (K" — k)" (BLO)) (k') (3.4)

and
o(k, k', ) =S,(k’, 1) — S,(k' — k. 1). (3.5)
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As supp(f.(t))" is contained in a compact set independent of ¢, there is 6 >0 such
that

a supp(J4(t))"C B(0,6) for all t=0.
Here B(0,0)={keR?| |k|<d}. Let 0<d, <d. If [k|>6, then (3.3) is satisfied as
(JH1)Y(k)=0 for t = 0.
Let 6> |k|>J,. Then

olo(k) — ok— k)= — Kk

A A A S o'
k) ok —k)
has no solution. Hence there is v>0 such that

Vilo(k) —aw(k’—k))|=2v  for all k'esupp(B,(t))CK,

and 6, <|k|<o. If ¢ is sufficiently large, it then follows from (2.1a) that
|Vovlk, k', )/t = vfor k' e K and 0, <|k] < 0. Theorem 7.7.1 of [9] and (2.2a) now give
|kt|")(J4(t)) (k)| < C, for all n=0. Let [k| <6, and introduce h(k,k’,t): R*—R by

h(k, k', t)= (}) Vit~ 'u(sk, k', t))ds . (3.6)
One gets by the definition of & that
v(k, k', t)=h(k, k', t)- kt (3.7)
We observe that the matrix, with elements
R P )
t 0k;0k;

where 1 <i<3,1<j<3,is,according to (2.1a), uniformly bounded together with its
inverse for all k" if ¢ is sufficiently large. This shows that V,.h(k, k', t) is non-singular
forall |k|<0,, ke K, and t = T, if 9, is sufficiently small and T sufficiently large. As
Veh(k, k', t) is bounded for all t and k, k' € R?, it follows from the implicit functions
theorem and by partial integration that

(kley'| | dk'u(ke, k', )™ ¥4 < C,, nz0

for all k| <6, and >0 [we also used that Flu(k, k', 1) is bounded by (2.2a) and
B.e 2(R* C*]. QED.

Let 1, i=1,2 be monotonic continuous functions 7;: R* -»R* with

1,()<Cllog(1+1)+1) and 1,()SC(1+1)~' forsome C=0.

Lemmma 3.2. Let S and S satisfy (2.1a) and let BV and B® satisfy the conditions
(2.2a) and (2.2¢). If, for some constants C, =0,

V(Sk, )= Sk, ) < Cory(t) - and - [RHB(E) — PP (R) = Cra(0),
then there are constants C, depending only on {C,}}2, such that
[kt "[(TES T, B, ) (k) — (S, B2, O (R)] < Colr,(0) (1 +10) ' +7,(8))

for all e=+, ke R3, t =20 and integers n=0.
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The proof of this lemma, being very similar to that of Lemma 3.1, we omit it.
Introduce

0= (07"d0), (3.8)

where e= +1, u=0,1, 2, 3 and t = 0. When needed the dependence on ff and S will
be indicated by IS, 5, t).

Lemma 3.3. There is a finite constant C such that
IO (R = C(1+1) 2

and

0 .

(e MWK () £ C(1+0)
foralle=+,t=20,and n=0,1,2,3. The support of (I!(t))" is contained in a compact
set independent of t=0.

Proof. The existence of a compact set K; such that supp(I4(t))°"CK,,forallt>0isa
direct consequence of the formula (3.8) and the property (2.2¢c) of f.
Denote, for given ¢ and p,

u(k, k', ) =((B- ()] (k"= K)y"(BL0)) (k') (3.9)
and
vk, k', 6)=S,(k',t)—S _ (k' —k,1). (3.10)
Then
(X)) (k)= [ dk'u(k, K, t)e™®*0 (3.11)

By the implicit functions theorem, equation ¢ ~ 'V, u(k, k', {)=0 has for ke K, and ¢

sufficiently big a unique solution k' = p(k, t), which is close to k/2. In fact, the unique

solution of V.(w(k)+wk —k)=0 is k'=1ik and the determinant of
0* . . .

T, ((K')+ (k' — k) for k' =4k is 8m?/(w(2k))>. By continuity the determinant of
0K

(0%/(0k;0k))u(k, k', 1) is different from zero in a sufficiently small neighbourhood of

k' =1k, if t is big enough, which proves the existence of the solution k' = p(k, t). pis a

continuous function and k—p(k, t) and k—(3/0k)p(k, t) are C®. It follows from the

equation V.u(k,k’,t)=0 and (2.1) that

0
Ip(k,t)—3k|<C(1+1)""log(2+1) and \E plk, 1)

<C(A+1)"%log(2+1)

for all ke K, and t=0. Consequently
[t~ Yok, p(k, 1), t) — 2(k/2)| < C(1 +1) " log(2+1) (3.12)

and

=ik, plk, 1, 1)

Py <C(1+1) " %log(2+1). (3.13)
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Application of Theorem 7.7.1 of [9] to (IX(t))" and ((0/dt)I*(t))" given by (3.11) with
t "ok, k', t) as a phase function gives the result. Q.E.D.

For J defined by (3.2) introduce
t
Ga()=[ut—s) ¥, J(s)ds, (3.14)
T g=t

where 0<t<T, T=0, and §=0,1,2,3. Denote G°=G’. When needed, the
dependence of G° on S and B will be indicated by G%(S, B, 1).

Theorem 3.4. There are constants C, , such that
k2 ke (G, (0) (k) — (G, (K = C,, , T

and

|k|1 +vlktln

0
(Loro-ctonw) sc,.m

JorallT>0,T, 2T, T, T,t < T,v=0 and integers n = 0. There are also constants C,
such that

kI ke (GO0 (R =

(a Gé(t)) k)

forallt=0,n>0. The support of (G°(t)) is contained in a compact set independent of
t=0.

and

Ikl feel” =C,

Proof. The support property for (G%(t))" is a direct consequence of that given by
Lemma 3.1 for (Jo(t))".
Lemma 3.1 and the definition (3.14) of G4 give for v=0, n=>0, and
T< T, £ T,:1(GY,()— G, (1) (k)|
T2 sin(|k|(t — 1
= [ 5 s S TG, s
T, e==
2C

< n+v kI2(1 an+v+1 1
I (kP KT )

This gives
IkI? (G, () — G, () (K)| [k T"
< 2Cn +v 2Cn +v

< KT+ kT) T V<
‘n—l—v+1(,l JAFIET) T n+v+1

T, (3.15)

which proves the first inequality of the theorem. Hence G(t)= G° (1) exists in the
sense of (3.15). The second is proved in a similar way. As GJ(t)=0, the third
inequality of the theorem follows from (3.15) by putting v=0, T,=o00, and
T, = T=t. The last inequality is proved in a similar way. Q.E.D.
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G given by (3.14) has, as a function of S and f, the following property:
Theorem 3.5. There are finite constants C,, n=0 such that:
i) [KI*(1 + [kt[(GO(S™, B, 1) — G, B2, 1)) (k)
SCr O+ +15(1)),
for all t=0, keR3, n20, and §=0,1,2,3.
i) I(7X(G(SD, B, 1)~ GXS™, B2, 1) ()|
SCU+9" (O A+ 7 +15(1)
for all t=20, xeR3, n=>0, and 6=0,1,2,3.
ii) I(7"G(S, B, £) (x1) — (P"G(S, B, 1)) (x,)]
SC (1417 Mx; —x,|
for all x;,x,€R3,t=>0, and 5=0,1,2,3.
Proof. Lemma 3.2 and the definition of G give that the left-hand side of the

inequality in i) is smaller than

IKkI2(1 + |kt OIO k|~ C,(1 +1ksl) ™2z (5) (1 +5) 7! +15(s))ds

SC A+t (x () (1 +0) " +1,0) [ (1+5)"""2ds
|kt
=C(1+n) ()1 +8)" "+, L +ke) ",
which proves the statement i) of the theorem. ii) is a direct consequence of i) and iii)
is a direct consequence of Theorem 3.4. Q.E.D.

For I¥t) defined by formula (3.8) introduce

Hi(1)= I Wi—s) Y Is)ds,

e==
where 0<t<T and 6=0,1,2,3. Denote H’=H’,.

Theorem 3.6. H3(t) converges to H%(t) and (8/3t)H(t) to (6/dt)H’(t) in W™*(R3,C%)
as T—- oo, for every t=0,n=0,1... and 6=0,1,2,3. Moreover

LHO(t)|| gy, » < C (1 + 1)~ 32

and

J s
—OTtH(t)

SC(1+1)7%2,
Wn,2

for all t=0,n=0, 6=0,1,2,3 and some constants C, < + c0.

Proof. It follows from Lemma 3.3 that the support of H)(t) is contained in K ; for all
0<t<T, T=0,and 6=0,1,2,3. By Lemma 3.3 and as supp H}(t)CK |, there are
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C,< oo such that
T2
1H,() = HT, (Ol wn2 ST TI I123(5) | ym.2ds < C,(1 + T~ 1/2
e Iy

for al 0T, £T,, n=0, and 6=0,1, 2,3, which proves the existence of the limit
H?(t). Similarly one proves that

(0/01)HY(t)—(0/0)H (1) .
By the definition of H"(t):

I(H () (k)| = 5 sin(|k|(z—s)) Z(I‘S(S) ) (k)ds

IkI

é _1_ Z oJ?ei(s’lk|+st(k/Z)S(e—i2sw(k/2)s(I‘(SS(S))A(k))ds .
2|k| ge'=% |t

We get after partial integration in s, using Lemma 3.3:
L

|€'k| + 2ew(k/2)

w Qile'lkl+2e0(k/2))s 5 oy i
— — Z1EW I
!3|k|+28w(k/2) PG (I2(s)) (k))d ‘

< Clkl ™' Qo(k/2)— k)11 +0)7%2, 120,

As (2aw(k/2)—|k|)~ ! is uniformly bounded for all k e supp(H2(t))'CK’, where K’ is
independent of t 20, e= +, and §=0, 1,2, 3 it follows from (3.17) that

sup(1+1)32(|H%(t)||yn2)< oo for all n=0.
t=0

(L)) (k)

. 1
I(H0) (k)] = 2] 2

g€

(3.17)

Similarly one proves the last inequality. Q.E.D.
According to (3.1), (3.14), and (3.16) we have
05 =G5(t)+ Hy(t), for 0<t<T, 6=0,1,2,3. (3.18)

Corollary 3.7. ( T(t),ézQT(t)>eM,, for all n20, T=20, 0<t<T and has a limit
(0(t), O(t)) in M, as T—oo. Q satisfies (3/0t)Q(t) = O(t).

Proof. This is a direct consequence of Theorems 3.4 and 3.6. One has only to
choose v> 0 sufficiently small. Q.E.D.

We now turn to the problem of determining the modified asymptotic evolution
of the Dirac field.
Introduce

PAS, B,a,a,t)= —zj Wo(t, s) (i(s)as + u(s)as)yy°y°p(s)ds (3.19)

vAvhere 0Zt<T T=0, S satisfies (2.1), B satisfies (2.2) and d;€ 2(R3,C),
a;e 2(R?,C) for §=0,1,2,3. Denote by Z=2_.



36 M. Flato, J. Simon, and E. Taflin
Proposition 3.9. (21(S, B,a,a4,t))" converges in the topology of Z(R3 C*), to an
element (2(S, B, a,d,t)' e D(R3,C*). P has the following decay property:

1 +0%2(S, B a,a,0)) >0 in DR CYH as t—oo
for every n=0.

Proof. It follows from the definition of p, W, a, 4, and f that the support of ((1(s)a,
+ u(s)as)é(s)) is contained in a compact set K’ independent of s>0and 6=0,1,2,3
and that it is a sum of expressions

F(k,s)={e“®&* y(k, k', s)dk',
where
u(k, k', s)=f(K) (B (s)'(k—=K), feDR’—{0},C), &=+
and
ukk,s)=¢|k|s+S, (k—k,s), e=4, kkeR® s=0.

Let supp fe K", where K” is a compact subset of R>—{0}.
For k'e K" and for k—k'e K, v(k, k', s) is C* in k, k" and there is v>0 such that

e k'|k| " +ey(k' — K)ok’ — k)~ = 2v.
By (2.1a) there is then s, =0 such that
sTUYPuk, k', s)| =v forall s=s,, keK', k—k eK.

Defining
u,(k, k', s)=e ik pnoivte k) k' g),
we have
VrF(k,s)=[ e ®* 9y (k k', s)dk' .

By (2.1a) and (2.2a) there is for every n = 0 an integer n'(n) and finite constants C,, ,,,

m=0 such that )
Ieuk, k', ) < Cp o1+ 1)

forallm=0,k'e K", ke K',and s=0. It follows now from Theorem 7.7.1 of [9] that

for all n,m=0,
sup [V"F(k, s)|(1 +sf" < o0,
keK’

sz0
The last inequality shows that
(1+s)'((1s)as+ u(s)as(s)p(s)) =0
in 2(R3,C*) as s— 0. The proposition follows directly from this fact. Q.E.D.

Lemma 3.10. Let S satisfy (2.1a) and let 8 satisfy (2.2a) and (2.2¢). If p(k,t)=(B(t))(k),
then
sup

p,keR3
t=0

T+ \V )
- iSe(k=p, )R (1, SN Ukt p) PN, . <
<1+lpt|2> (e pk—p,t)—e BNk, t:p)| <Cy
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for all N z0 and some constants Cy. Here S} * ' (k, t; p) (respectively BN(k, t;p)) is the
Taylor development of S,(k—p,t) (respectively B (k—p,t)) to order N+1 (respec-
tively N ) in p.

Proof. Introduce
Swsilkt,p)=8(k—p,t)=SY"!(k,t;p),
Fy(k,t,p) =Bk —p,t)— Bk, t; p),
and
ok, 1, p) =S EPOB (ke —p, 1) — 57 T EEPB (k85 p). (3.20)
Direct calculation gives:
|k, ¢, p)| = e~ 1% PP (k—p, 1) — BY(k, 1, p)
<letv e EtDF\(k,t, p)| + (eI 18P — 1)BY(k, 1, p)
SIFsk D)+ fy 1 (ks £, DBk, 2, P,

where inequality [e*— 1| < x, x € R has been used. By hypothesis (2.1a) and (2.2a),
|FN(k1 t) p)l .S_ CNIPIN+ 1 and

l fN+ l(ka t, p)lt_ ! é CN|p|N+2 .
Hence (with new Cy)
lo(k, £, p)I< Cllp™ ™1+ 1pIY 201 + [PDY),
which gives:
(1 +1pt) ™2V Dk, ¢, p)l

< Cullpt™ 4 1ptY*2(1 4 |p) (1 [pe) 20D

S2Ct VD
fort=1. Q.E.D.

Lemma 3.11. Let G* be given by (3.14) and oy by (3.20). Then there are Cy < 00 such

that
[T (GH()) (K aty(k, t, k) | S Cy(1 1)~ VT2

forallkeR? t=0,u=0,1,2,3,and N >0 and there is a compact set independent of
t, containing the support of the function

R3*3k— [(GHo)Y (K )oi(k, t, k')dk' .
Proof. For given N>0 and p=0,1,2,3 denote by
L{k)= [ (G"(0)) (K )in(k, t, kK')dK'.
We have
ILOOIL + 0N T < TR P+ 1K )Y 2 (G 0y (k)

T+t AV , dk'
X<1+Ik/t|2> lO‘N(k>t:k)| |k1|2(1+lk1t|2)
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Majoration of the integrand, with the help of Theorem 3.4 and Lemma 3.10 gives:
dk’ 1 dp

KPP+ 1K) I Pl +pl*)’

where the last integral is finite. Hence for t>1, there is Cy such that |I;(k)|

SCH(141)" N+,
As |I(k)| is uniformly bounded, this proves the lemma. Q.E.D.

LRI +Y < Cy |

Introduce:
AS, B, )= —iWy(0,1)y°7*G () (1), (3.21)

where t >0, S satisfies (2.1), § satisfies (2.2), W, is given by (1.5) and G is given by
(3.14). Introduce also 4,, 4,, A5, and A, by:

(4(S, B, )y (k)= —i z P (k)y%y,G*(— VS k. 0), )P (k) (BO) k), (3.22)

(42(S, B, 1)) (k) = — ig(Ps(k)v(’nG"( —ViSi(k, ), )P _ (k) (B(1)) (K)
+ Pe(k)yoyﬂ f (Gu(t))A(k')ei(VkSa(k,t))(k’) (3.23)
(U2 &St — 1) (B (1)) (k') — (B0 (K)) (KK,
(43(S, B, 1)) (k) = — lZe“Ss"‘ 073 EOP (k) %y, [ (GHO)(K)

x RS WY UGS DI () (k) — (BN (k) (KK, (3.24)

(S, B.OF )= —i 3 S50, (k10 [(GH0)K)
x ¢TI WD IS0 1) (— FBO KRN KNK ,  (3.25)

where (V, f(k)) (k') is the Fréchet derivative of f with respect to k in the direction k'
and G,(x,t)=(G*(t)) (x).

Theorem 3.12. For every n=0 there is C,< + oo such that
”(1 _A)”/Z(/}'(Sa ﬁ) t)_ll(S’ ﬁa t)—ZZ(S’ ﬁs t) - j'3(S> Ba t))”LZ é Cn(1 + t)_ ?

for all t=0.

Proof. By construction
4 A
(Wo(t, 0) (/1(3, B.0)— .=Zl ALS, B, t)))(k) = — 1y, J(G*(0)) (k') g o (k, £, k)dk’

where of is given by (3.20). Lemma (3.11), with N =1, shows then the existence of
constants C, such that

SC(1+1)73,

wn.2

Nx(s, B,t)— jl LS, B, 1)



Global Solutions of the Maxwell-Dirac Equations 39

for all t=0 and n=0. Hence the theorem follows from the inequality
|M‘4(S,B:t)”W"'2§Cn(1+t)—39 ngo, tgo’ (3'26)

which we now prove.
By (3.25) and by |[¢’*—1|<x, xR there is a constant C such that

(a(S, B, )Y (k) = C uZeI GHOY KN NVES Lk, ) (R FRBL) () (K.

Formulas (2.1) and (2.2) give that
RSk I=C(t+1) and [RBOVKI=C
forall ke R*,t >0 and some C’ < + o0. This introduced into the last inequality for

A4 gives together with Theorem 3.4:
(24(S, B, O (RN = C" LI GH) (K K P(1 + 0)dk' < C"(1 +1) 73

M
for all ke R3, t=0. This inequality and the fact that supp(B,(t))"CK, for all t >0,
e= +, prove (3.26). Q.E.D.

The following lemma will be useful to show that the function S,, ¢= +, should
be chosen close to solutions of the Hamilton-Jacobi equation for an electron in an
electromagnetic potential.

Lemma 3.13. Let f,eC for u=0,1,2,3. Then

i) PR f,P K= (— e 3 ki) +fo> Pk,
ii) (44(S, B, 1) = is =Zi (LS, B, 1) —ew)P(B1)) (3.:27)
where

(L(S, B, 1)) (k) = sa(k) + i—il e(w(k) " kG~ ViSi(k, t), )
—Go(—ViSyk,1),1), e=+. (3.28)
Proof. Direct calculation, using that y,y,+7,y,=2g,, gives:
3 VP = X, (PR~ P
Applying P (k) from the left gives
3 PR PP = —olol) Sk fiPAR),

which proves the first equality of the lemma. The second equality follows from the
first equality, formula (3.22) and from the fact that Wy(t,s) commutes with
P,(0). Q.E.D.

Remark 3.14. We note that in expression (3.27)

(LS, B, 1)) (k)= i &o(k) ™ kG(— VS (k, 1), ) — Go( = VS, (k, 1), 1) + ear(k)

i=1
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is the sum of the zeroth and the first order terms in the Taylor development of
sk + G(— Sk, 1), 1) — Go —ViS (k. 1), 1)
with respect to G. Here G=(G,,G,, G;).

Lemma 3.15. In the situation of Lemma 3.2 one has:

) LS, B0, 0) () (LS, 5,0) )
SCA+) 7 1O+ +0 " (1),

i RELLS, .00 )~k S G0+,

i 2 LS L0 S 407,

i) (S, BN S C1 40

9 RS, B0, 02,5, 4,06

SC1+8) 72O+ +1) 7 1y(1),
for all t=0, ke R?, n=0, e= + and some constants C,< o0.

Proof. We prove the lemma for n=0. For n>0 the lemma can be proved by
induction.
Let 0=<u=<3. Theorem 3.5 gives

1GL(— WSk, 1), £)— G2 (— Vi SP k. 1), )]
SIG(= WSk, 1), 6)— (= WSk, 1), 1)
+HG(— WSk, 1), ) — G2A(— VS k, 1), 1)
SCA+0 71O+ +0)7 (A +0) " 1 () +75(0)
SC((T+0) 21,0+ +0) 7 1,(0). (3.29)

Inequality i) with n=0, follows directly from (3.29). Inequality v) with n=0,
follows from (3.29) and

[(24(S8D, B0, 1) = A4(S, B2 0) (k)|
<C Y (G(= WSk, ), DB (0 — BP(O) ()

+1GI(= WSk, 1), 1) — GO(— VSPAk, 1), 0] [(BZ (1)) (K)])
SC(M+0) ")+ +0) " 21 ()+ (1 +1) " '1,(2).

Inequality ii) (respectively iv)) is obtained from inequality i) (respectively v)) by
putting B= 1), S=S1, and B =0 (which implies that T, =1). We omit the proof
of iii). Q.E.D.

Lemma 3.16. Let S and B satisfy (2.1) and (2.2) and let SV, BV, §@ B2 be as in
Lemma 3.2. Then
i) V(oS B () =C,(1+0)72,

ii) IV(A5(SD, BV, 1) — 2,5(SP, B2, 1)) (k)|
G+ A+ 1,()+1,(1),

for all t=0, n=0, ke R® and some C,.
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Proof. We prove the lemma for n=0. The case n=1 can be proved by induction.
The definition, of )tz [formula (3.23)] gives:
a8 B0, 1) = (S B2 0 (NS 1 ks K 1)1 2k K 01K
where
SO K D=3 (GO (K)e™ 7w

X((e(z/z)(VZSm(k NEY 1) (BI(6)) (k) — (VB (k) (K)) -

Let ay,...,a, and b, ..., b, be complex numbers. Then
laja, ... an—bib, ... b,|< _Zl la;—b|| I;[ (laj‘+lbj|)-
i= JjFi

Application of this inequality on | — f?)| gives:

'f(l)(k’ k,’ t) _f(Z)(k’ k/’ t)l
=C EZM (GO — G2y KK [P+ K])

(GO R)N GOV KN (VESD(K, 1) — Sk, ) K2
+IK B0 — BV K+ BB — BV (R 1K)

where we have used that (1 +1)~ 'S¥(k, 1) and (B¥(t))'(k) are bounded together with
their derivatives in k. The norms of expressions involving derivatives are the norms
of multilinear maps. Using Theorems 3.51), 3.4 and the hypothesis of Lemma 3.2
we get:

|f Ok K ) — f Pk, K 1)
SCRPA+IK) ™4 (1 + 07 "1 () +10) (K P+ 1K)
+r O K+ K Pry(0) + 750 K1),
Integration of the last inequality in k' gives:
[1f Ok, K1) = f Ok, K Dl dK
SCJA+p) (A +) (O + ) (+1lpl ™)
+1,(0) + o0 +To(0lpl e dp
SC'(+t)"HA+0) 't (0)+7,(1). Q.E.D.
Introduce

(1S, B, ) (k) = —&(2icx(k)) ~ e S0P _ (k) (Wo(t, 0)A4(S, B, )) (k).
(3.30)

Lemma 3.17. Let S and f satisfy (2.1) and (2.2) and let SV, BV, S@, B be as in
Lemma 3.2. Then

i) RIS, B YRl = C(1+0)7 1,

ii) Vk"%(ls(& Bk =C,(1+0)72,
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iii) IV,("(IE(S(”, ﬂ(l), t)— IZ(S(Z), ﬁ(Z), t))A(k)|
SCA+0)7 M1+ () +1,0),
iv) 24 % (LS, BV, 1) —1(SP, B, 1)(k)

SC+87H1+0)7 () +1,(1)),
for all t=0,n=0, e= +, ke R? and some C,< + o0.

The proof of this lemma is so similar to that of Lemma 3.16, that we omit it.
Let T=y'y%y3. Then T=T"' and P, (k)=TP_(k)T. We get from (3.30):

Y, B (1S, B, )y (k)= (TW,(t,0)TIS, B, ) (k). (3.31)

e=+

Proposition 3.18. There are C,< + oo such that

<C(1+0)7?

wn,2

} Wo(s, 0)A5(S, B, s)ds — TW,(t, 0)TI(S, B, t)

for all t=0 and n=0.

The proof, which we omit, is a direct consequence of Lemma 3.17 and the
definition of 4.

We can now determine S and f. Let

SOk, 0)=caw(k)t, (SOW)(k)=Sk,1), PP=a. (3.32)

We define recursively:

t
SR = [ L(S©, B, s)ds, (3.33a)
0

t
SO (1) =St + | <L(S<">, B, 5)— %S"”(s)) ds, nz1  (333b)
and .
B V() =B+ P(0) | A(S™, B, s)ds +1,(S™, p™,1), nz0.  (3.34)
S (respectively B) will later be defined to be equal to S® (respectively f™) for some
n, sufficiently large.

Lemma 3.19. Let
() =1+1)"""Ylog(1+1)+1), n=2,

(3.35a)
(t)=log(1+1),
and let
W) =1+t "log(1 +1)+1), n=2,
: (3.35b)
W) =(1+1)" 1.
There are then constants C,, , such that
G 2 Sk )50k 1) Gy, | 00 3362
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and 5
v E(ﬂ(") ) —BI V() (k)| £Cp, —T(")(f) (3.36b)
for all ke R3, =0, m=0, and n=1. Moreover
ISPk, t)—S&~ Dk, )| £ C,p, 71 (2) (3.37a)
and
Br(B(8)— B V(1) (k) < C,p 790 (3.37b)
Proof. By definition
% ($(1) —8(t) = L(S, B, t) —ew

By Lemma 3.15ii) we then have

0
W5 8206 0 =Sk, 1)) <Co(1+071, m20,120.

By definition
0
a ﬂ(l)(t) = AZ(S(O)’ B(O)’ t) )

which together with Lemma 3.161) gives that

m a 1 y
4 (5; B )(t))(k)

Hence (3.36) and (3.27) are true for n=1. Suppose (3.36) and (3.27) true for n. By
definition

<C,(1+1)7%, m=0,t=0.

(70— S0) = L5, B, 0~ LS, o1

and
2B — ) =l B, 1)l B0
+ %(ZE(S("’, B, 1) —1,(S"~ 1, g1 ).
Lemmas 3.151), 3.161i), and 3.171v) now give that

74 g(S‘"“)(k £)—S"(k, t))\ <G, (1+0)7 2P0 +(1+0) " P(1)  (3.38)

and that

Vk"‘%(ﬁ‘"*”(t)—ﬂ‘"’(t)A(k) SC 1+ 00+ +0)729)  (3.39)

for some constants C,, ,,.
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The last two inequalities and the inequalities

(140200 +0+0 9O SC, |0 ), i1,

b

d
1+ PO+ 4+ )= C, ET(Z"“)”) , nx1

show that (3.36a) and (3.37a) are true for n+ 1. Integration of (3.38) and (3.39) gives
(3.37) for n+1, which by induction proves the lemma. Q.E.D.

We now define S=S®,  B=pI. (3.40)

Remark 3.20. S and B, defined by (3.40) satisfy the hypotheses (2.1) and (2.2) made
on S and B. In fact (2.1a), (2.1b), (2.2a), and (2.2b) are direct consequences of
Lemma 3.19. The support property (2.1c) follows from the fact that (1,(S™, ™, t))

has, for each n, support in a compact independent of t=0.

Remark 3.21. Instead of defining S by (3.40) as an approximate solution of the
equation (0/0t)S(t)=L(S, B, t), we could have defined S to be a solution of the
Hamiltonian-Jacobi equation

<§l_' Ss(ka t) + GO( - Vksa(k? t)7 t)>2 - ‘k + G( - Vksa(ka t)s t)lz = m2 . (341)

The function 4,, as defined by formula (3.34), should then be slightly modified.
However for simplicity, we have chosen not to study the existence problem for

solutions of (3.41).
S and p given by (3.40) have been constructed such that the difference

<Wo(t, 0)oc+ i Wolt, $)(2 —iy°y"G (s)— & (S))¢(S)d5> — (1)

is small. This is made precise by the following theorem:

Theorem 3.22. Let S and [ be given by (3.40), ¢ by (2.3), & by (1.8) and W, by (1.5).
Then

i) The strong improper Riemann integral
t
[ Wolt, $)(2 —iy*y"G (s)— L (s)$(s)ds, =0

exists in W™2 for all n=0.
ii) For every n=0 there is C,< + oo such that

<C,(1+17°

Wolt, 0o+ jo Wo(t, )(Z —iy°y"G (s) — L (s)p(s)ds — (1)

for all n=0.
Proof. Introduce F(s)=W,(0, 5)(Z —iy**G (s) — ZL(s))¢(s) and
Fy(s)=Wo(0,5)(Z — L(s)(s) + A1(5) + A5() + A3(5) -



Global Solutions of the Maxwell-Dirac Equations 45

According to Theorem 3.12, ||F,(s)— F 5(s)]lyn 2 < C,(1+1)~3 for every n>0,
t =0 and some constants C,< 0. For s=0 introduce F5 by

0S,(k, s)
0s

(F3(s)) (k) =(F ()1 (k) — <Z i(ﬁ(u(k) - ) P (k) (Bs)Y (k) + (M(S))A(k)) :

Lemma 3.131i) gives that

(o)~ F(o) =3 i ((Le(S, 5.9 () 259

. )Ps(k) (B,

which in turn gives, denoting L,(S, f,s) by L,(s),

0S,(k, s)
0s

By the definitions (3.33a) and (3.40) one has
0Syk,s) _ 0S{Pk,s)  0S(k,s)

Ly(s)(k)—

1B+ RN+I(B- () (K.

I(Fa(s) = Fa(s) (I = CX

(LS, .5 ()~ =5 -, s
which by Lemma 3.19 gives:
(LAS, B, 5)) (k) — G_S%lsc_,s_) SC(1+s)"*(1 +1log(1 +5)). (3.42)
The two last inequalities and (2.2) give
[Fy(s)— F3(8)|lyn = C(1+5)"*(1+1og(l+s), s=0, (3.43)
for every n=0.
The function F; can be written
(F3(8)) (k) =(A(s) + A5(s)) (k)
+ g i <sa)(k) — 0S€(§lsc, S)> P (k)e 8<% _ (s)) (k). (3.44)

Each term of the right-hand side of this expression has, as a function of k, its
support contained in a compact set independent of s =0 and e= +. It follows now
from (2.1b), (2.2a), P (k)d _,(k)=0 and Lemma 3.16 that

1F3(8) = A3(8)lwn 2 S C(1+5)"2, 520,

for every n=0.
It follows from the above dsicussion and from Theorem 3.17 that the limit of
each term in the sum on the right-hand side of

P A= ] (F(5) = Fols) +(Fo(5)— Fo(9) + (o) = 2o)+ Aols)ds (349)

exists in W™2, n=0 as T—oco. This proves the first statement of the theorem.
To prove the second statement we first introduce

08S,(k, s)
0s

gg(k,s)=i<sw(k>— )P£<k>(ﬁ-s(s»*(me“~t<k’s>'56‘k’s>+2m<“s>. (3.46)
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It follows as above from (2.1b), (2.2a), and P,(k)é _ (k) =0 that |g,(k, s)| < C(1 +5) "2

for s=0 and keR3? Using also that (3/0s)S(k,s)=L,(S?,p?,s) and

Lemma 3.15iii) and then (2.2b), it follows that

0%8,(k, s)
0s?

<C(1+s)"? forall keR3 s=0,
which shows that

<C(1+s)~3 forall keR3 s=0.

0g.(k, s)
Js

Partial integration gives:
t
J gk, s)e™ e ds = g (k, 1) (— 2iceo(k) e 2o
t
+ | Qiew(k) " te” 2“‘“”‘)56% g.(k,s)ds .
By the above estimate for g,(k,s) and (9/0s)g.(k,s) we get:

<C(1+1)"2. (3.47)

t
J” gs(k, S)e - 2iew(k)sds

Equations (3.44), (3.46), and (3.47) give:

T (39— 1(6) — (s

<C,(1+0)72 (3.48)
wn,2
for all t=0, n20.
By (3.43), (3.48) and Proposition 3.18 we get:

<C,1+1)72 (3.49)

wn,2

§ Wolt, 0) (F y(5) — A5(5)ds — TW(z, 0)TI(r)

for all n=0, t20.
The definitions (3.40) and (3.34) of f give:

t
ﬂe(t) — o, — Pe(a) I j'2(S7 B: S)dS - le(Ss ,B’ t) = gS)(t) - Bf:4)(t) .
Application of Lemma 3.19 [the estimate (3.37b)] to the last expression gives
t
Bs(t) o Pe(a) I AZ(S’ ,87 S)dS - ls(Ss ﬂ’ t)
© wn,
for all n>0, t=0. Finally the inequalities (3.49) and (3.50) give

<C,(1+1)73 (3.50)

Wi(t, 0+ ] Wolt, O)F 1 (s)ds — (1)

Wwn. 2

< | Wolt, 0) (F,(9)— Za(s))ds — TWo(t, 0)TI()

wn.2

SC(+0)72

wn.2

+ 3 e+ Pi@) | 2x(s)ds + L) — B(0)

for all n=0 and t=0. Q.E.D.
We can now sum up the results of this paragraph.
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Theorem 3.23. For (a,d,x)€ E ., let S and f§ be given by formula (3.40). Then (B, ¢) is
an approximative solution of Eq. (1.10), where ¢ is given by (2.3) and B*(t)= j(t)a’
+ u(t)a* + G*(t) with G* given by (3.14).

Proof. We have to verify that the conditions of Definition 2.2 are satisfied.
By (2.6) we have

M @)l ym. > = ,  t20.

wn, 2

[ dspte =517 (5)— G'()

From formulas (3.1) and (3.18) one obtains that [[M"(t)|yn2=(HY(®)|wn,
Theorem 3.6 proves that condition i) of Definition 2.2 is satisfied. Similarly one

gets
d

dt

d v
= ”%H ()

M?(¢)

wn,2 wn. 2

and once more Theorem 3.6 proves that condition ii) of Definition 2.2 is satisfied.
The conditioniii) of the definition is satisfied as is seen from
Theorem 3.2ii). Q.E.D.

Appendix A

The function t— | Wy(t, 0)B(t)]| .-, t =0 has the same decay as solutions of the free
Dirac equation.

Proposition A.1. Let S satisfy (2.1a) and let f satisfy (2.2a) and (2.2¢). Then
sup (1 +1)>2 || Wy(t, 0)B(1)ll Lo + o0 .
t=0

Proof. For e=+ or — introduce
F(x,t)=[dke=t 0B (k1) xeR3 t=0,
where
oy k )=y -k+t71Sk 1), Bk, ) =(BLO)(K),
and denote by
D,={(x,1)e R¥|x|/|t| o, t20},
where o >0. For the compact set K satisfying (2.2c) choose «, such that

sup (Jkl/w(k) <og<1.
keK

Equation V,u(y,p,t)=0, |[y| <, reads explicitly
ytep(p) !+t Welp, )=0, |ySa, (A1)
where S,(p, t) =ew(p)t + o.p, 1)-

When g,=0, there is a unique solution

-1/2

Po(y,t)= —emy(1—|y|*)
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The equation for p can be rewritten as p=p,+ f(p), where

f(p)=—e(w(p)— 0(po)) v+t~ V,0p, ) —e(1 —|y|*)~ 2t 'W,0,(p, 1).

If ¢ is sufficiently large, then f is a contraction. Indeed as

[f(p1)—f(p2)| S l(py) —w(p)l Iy
+t7 M (p)V,,0p1, 1) = (p2)V,,04P 2, 1)l
+(A =) V2, 0dp1s )= V,,04P2, )
and

[P1+pal

—_—p, —p,| =2 —psl,
w(p,)+w(p2)|p1 P2l Slp — sl

lo(p ) — w(p) Iy = oo

it follows that | f(p,)—f(p,)| = v|p, — p,| with v< 1, in a compact neighbourhood of
Do if ¢t is sufficiently large.
It follows now from Theorem 7.7 of [9] that

sup |32F(x,t)|< +00. (A.2)

(x,t)eD

%o

If |y| = o, there is then, by the construction of o, >0 such that
inf (20— Ipl (@(p) )220

By choosing s, large enough so that sup [V,0,(p,t)lt ™' <0 for t =s,, we get
pek

inf [Vo(y, p, 1) 2 inli; yl=Iple(p)” " = V,ep, )] 20 (A.3)

pekK

for all y with |y| =, and t =s,. Hence for these y and ¢, Eq. (A.1) has no solution.
Theorem 7.7.1 of [9] together with the fact

sup [V oy, p, )l < + 00 for n=0,

pekK

t>0
0

vl

y

and (A.3) give

sup |t"F(x,t)|< +oo forn=0. (A4)

(x.t)eR"—DaO

Inequalities (A.2), (Ad4) and |F(x,0)|< [dk|p(k,0)|SC prove the
proposition. Q.E.D.

Important Remark. After the completion of the present article, the authors have
noted that the wave operator Q: (a, d, «)—(A4(0), A(0), (0)), introduced at the end of
the introduction, is C* from E, [sce (1.11)] to E (see Theorem 2.3). This fact
follows from the differentiability of M, ®, and " in (a, d, ), [see (2.6), (2.7), and
(2.9)], and from Eq. (2.13). Further regularity properties of €, including that of
analyticity, will be proved in a forthcoming publication.
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