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Abstract. For a product family of invertible Weyl operators on a compact
manifold X, we express parallel transport in the determinant line bundle in terms
of the spectral asymmetry of a Dirac operator on R x X.

0. Introduction

Let X be a compact spin manifold of even dimension with spin bundle S=S, @
S_—X, and let E— X be the hermitian vector bundle over X. Let § and E be the
pullbacks of S and E to R x X with the induced inner products, and let VE be a
connection on E. Thus VE = d + 0 + V), where 0eQ2*(R)® C*(X, End E) and for
each yeR, V} is a connection of E— X. Let d,, yeR, be the Weyl operators 0,
I*(X,8, ®E)~L*(X,S_®E) coupled to the connection V% and the (y-
independent) metric on X, and let Vo =dg0 + [0,0]. Let H be the formally self
adjoint Dirac operator on L*(R x X,S® E) coupled to VE and the product metric

on R x X. Thus
0 0
(5+5))
He ady dy

17 )

Assume that for all yeR, 0, is invertible (so thatind d, = 0), and that for | y| large,
6 =0 and dV%/dy = 0. The main result of this paper is the formula
detd’ a,,
detd’ _o_,

81‘

y

1/2
exp [ Tro~'Vo= ( > exp mi(n(H) + dim Ker H). 0.1)
R

Here det 6;6y is the determinant of 616,,, given formally as the product of the
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eigenvalues of 6;@, and n(H) is a measure of the spectral asymmetry of H as
introduced in [4] and given formally by the sum of the signs of the nonzero eigen-
values of H. Of course each term in (0.1) requires regularization, and moreover, since
the noncompactness of R x X means that H does not necessarily have a discrete
spectrum, the definition of # requires some care. We will deal with these issues by
expressing the quantities in (0.1) in terms of operator traces, regulated by the
complex powers (8;@) “and (H?)~%, Re z » 0. For the determinant this corresponds
to {-function regularization.

The left-hand side of (0.1) can be interpreted in terms of parallel transport in the
determinant line bundle of the family of operators {0,}, as we explain in Sect. 1
below. From this point of view, formula (0.1) can be considered as a version for non-
closed paths of the holonomy formula of Witten [18] and Bismut and Freed ([6],
Theorem 3.17).

Alternately, the left-hand side of (0.1) is related to the phase of the chiral
determinant det 8" _ 8, . In this context, a formula similar to (0.1) appears in [1]. We
investigate this viewpoint in our paper [2].

The organization of this paper is as follows. In Sect. 1 we state our results and
describe how they are related to the geometry of the determinant line bundle. In
Sect. 2 we define precisely the determinant det 8'0 and the one-form Tr 8~ 'V0 which
appear in (0.1), and in Sect. 3 we define #(H). Then in Sect. 4 we obtain a formula for
the variation of #(H) with respect to H. In Sect. 5 we integrate this formula to prove
(0.1) and then in Sect. 6 we use this formula to give a proof of the curvature formula
of Bismut and Freed.

In Appendix A we investigate the spectral properties of the operators D, 070 and
H?, and we prove an important decay property for the resolvent of H?. In Appendix
B we state a generalization of Gilkey’s Theorem [3]. In Appendix C we extend some
results of Seeley [15, 16] and state formulae for local invariants obtained from (the

analytic continuation of) Tr A(z), where A(z) = [(dA/2mi)2"*R(4) for a suitable
C

family of pseudo-differential operators R(4). (Seeley considered the case where R(4)
is the resolvent of a elliptic operator.) The results of Appendix B and Appendix C are
used in the body of the paper to establish the finiteness of our regularization
procedure. In Appendix D we present our notational conventions.

In our subsequent paper [9] we generalize the results of this paper to include
families of Weyl operators of possibly non-zero index.

1. Statement of Results

In this section we state the main results of this paper and describe how they fit into
the framework developed by Bismut and Freed [6, 7] for studying the determinant
line bundle of a family of Weyl operators.

We work in the special case of the Bismut—Freed setting in which the geometric
data have a product structure. The parameter space for our family of operators is a
smooth manifold Y. For formula (0.1) we will take Y to be the real line Y =R. Let X
be a compact spin manifold of even dimension, and let Z = Y x X, which we view as
fibered over Y with fiber X and tangent space along the fibers T"*"'Z = Y x T X. Put
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a metric on X and the corresponding y-independent inner product on TV*"*Z. Let
N , — Z be the spin bundles associated to T"*" Z, so that § +=YxS§,,where§, - X
are the spin bundles on X. Let E— Z be a complex vector bundle over Y which
is of the form E=Y x E for E— X a vector bundle over X. Put a hermitian inner
product on E and the corresponding y-independent inner product on E. Let V£
be a compatible connection on E. Finally, choose the projection P:TZ > T""Z =
Y x TX of the Bismut-Freed data to be given by the product structure.?

The constructions of Bismut and Freed applied to these data now yield a Hilbert
bundle # = # , @ # _ — Y with an inner product and connection V*, a bundle
map 0:# . > A _ given by a Weyl operator d, on each fiber, and a determinant line
bundle & — Y with an inner product and compatible connection V. If the ordinary
index of the operators 0, is zero, the bundle % has a canonical section s which is
nonzero exactly at those y for which 0, is invertible.

In our case we can describe these structures explicitly. Using the product
structure E = Y x E, write

VE=dy +0+VE, (1.1)

where 0eQ'(Y)® C*(X,End E), and for each yeY, VE is a connection on E - X.
The Hilbert bundle 5# is trivial with 5, =Y x [*(X,S, ®E). The inner product
on # is y-independent and given by the inner product on L*(X,S® E). The
connection V* on # is given by V* =dy + 0. The operator 0, is identified with
the Weyl operator 9,:I*(X,S, ® E)—»L*(X,S_ ®E) coupled to the metric on X
and the connection Vf . The covariant derivative of 0 as a section of Hom (# ., # _)
is given by Vo =d,d + [6,0].

Finally, in the case that the operators d, have index zero, the inner product and
connection on % are determined at those points where the canonical section s does
not vanish by the equations

VZs=sw, |s]%=detd"s, (1.2)
o = {fp.az=0}Tr(0'9) =~ tg'VionF ¥ g, (1.3)
det 80 = exp — lim 4 Tr(0'0)~=. (1.4)

z—0 dZ

Here the complex powers (970) 2! are defined for zeC, Rez>0 by contour
integration, and the notation lim (respectively {f.p.a.z=0}) is understood as the
z—0

value at z = 0 (respectively the finite part at z = 0) of the meromorphic continuation
of a function which is analytic for Re z > 0. We give the precise interpretation of (1.3)
and (1.4) in Sect. 2.

We henceforth assume

1. For all yeY, Kerd=0 and Kerd'=0.
Thus, in particular, index 0, = 0. Condition 1 is equivalent to the condition that 9, is

1 Note that for arbitrary geometric data as in [6, 7], the space Z and the bundles T*°" Z, §, E are always
products locally over Y. However, our form for the inner product on T¥"Z and the projection P do not
hold in general, even locally
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invertible for all ye Y, and also to the condition that the canonical section s of & is
everywhere non-vanishing.

For our first result, we will verify in our special case the curvature formula of
Bismut and Freed ([6], Theorem 3.5).

Theorem (1.5). Assuming condition 1, the curvature of V* is given by the two-form
onY

dCU = 271'1 [j g(gg)ch ('g:VE)](two forms} *

Here g is the (Y-independent) metric on X, %, is the curvature of the Levi-Civita
connection of g, and % is the curvature of the connection VZ on E. 4 and ch
are the polynomials

A = det<~—~gz/ pi

Z) — X772
sinh@/4n>’ ch(¥) =trexpi¥ 2xn. (1.6)

Next suppose Y = R. Give R the standard translation invariant metric dy ® dy
and give Z = R x X the product metric. The bundle S— Z is then identified with a
spin bundle of Z. Let H be the formally self-adjomt Dirac operator on L*(Z,S® E)
coupled to the metric on Z and the connection VZ on E. In terms of the product
structure SQ E=Y x (S® E),

(5+)
H=i1“<i+9<i>>+D(.)= oy \% (1.7)
v (57(5))

0 — il =—+0{ =
Y dy oy

where I” is the endomorphism of S with I'=+1on §,.
In addition to condition 1 assume B
2. For |y| large, 8 =0 and dVE/dy = 0.
Thus for | y| large the geometric data is independent of y. In particular for | y| large,
dyd=0,Vd=0, w=0, and H is invariant under translation in the R direction.
Define

7(H) = limlim Tr pH(H?)"2~1/2, 1.8)
250 ¢—1
E(H) = L(n(H) + dim Ker H). (1.9)

Here ¢ is a nonnegative smooth function on R of compact support acting as a
multiplication operator on L*(R x X,S® E), and the limit ¢ — 1 is taken through a
sequence of such ¢ increasing pointwise to the constant function 1. We introduce
these cut-off functions in order to obtain trace class operators. The complex powers
of H? are defined by contour integration, and lim is understood in terms of analytic

z—0

continuation. We will give the precise interpretation of (1.8) and (1.9) in Sect. 3.
Our main result is
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Theorem (1.10). Assuming conditions 1 and 2, parallel transport T ., ., for V¥ from
— o0 to + oo is given by

Thoo—wS—o =54+56Xp— [, (1.11)
R
detdta, \'? ,
expiw = (m) exp 27'515(H) (112)

Of course (1.11) follows immediately from (1.2) which identifies w as the connection
one-form relative to the canonical section s, so that the non-trivial statement is
(1.12).

Theorem (1.10) is an extension, under our additional assumptions of the formula
of Bismut and Freed ([6], Theorem 3.17) for the holonomy of V<. In fact, Bismut
and Freed showed that quite generally the holonomy of V¥ around a closed loop y in
Y is given by multiplication by exp — 2ni¢(H), where H acts on spinors over the
compact manifold y x X, and n(H) = lim ) sign (4)| 4| ~* with the sum taken over the

z—0

nonzero eigenvalues of H. Thus, in our situation we might expect that
expi | Im w = exp 2mi¢(H). (1.13)
R

On the other hand, since V¥ is compatible with the inner product |- || o, it follows
from (1.2) that Rew =1d In det 070, and so

detolo, \'2
Rew=| 9000 "
exp | Rew (detatwa_w>

Theorem (1.10) is obtained by combing (1.13) and (1.14). Of course, on the
noncompact manifold Z = R x X, there is no reason for the spectrum of H to be
discrete, so we have defined #(H) by the alternate expression (1.8).

(1.14)

2. The Determinant and w

In this section we explain the formulas (1.3) and (1.4) for the determinant and the
one-form w. We allow the parameter space Y to be an arbitrary smooth manifold,
and assume that condition 1 of Sect. 1 is satisfied.

Let D:# + o be the family of formally self-adjoint Dirac operators correspond-
ing to 0, so that D, is the operator on L*(X,S® E) which in the decomposition

of
S=S,®S_ is given by Dy=< y). For convenience we will work with D

ay
rather than 4. By condition 1, D, is invertible for all y.

For yeY and A a first order differential operator acting on sections of SQ E
define?

2 We introduce here a notational convention, to be used in the remainder of this paper, of marking
operator valued expressions with hat”, and denoting their I? traces by the same symbol without a hat



578 S. Della Pietra and V. Della Pietra

{D2)(2)= D)= jgiﬂ.‘Z(Dﬁ—A)‘l, Rez >0 2.1)
¢ 2Tl
{(D2)(z) = Tr {(D?)(2), Rez>1dim X 2.2)
det D2 = exp — 1imic(1)§ )(), 2.3)
z—>OdZ
r‘(Dy,A)(z)=%D§)‘z‘1DyA———~ d 5o D} = 27D, A, Rez>0, (2.4)

©(D,, A)(z) = Tr£(D,, A)(z) o(D,, A)(z) =Tr,#(D,, A)(z), Rez>3dimX
2.5)

Here € is the oriented curve in C with runs from — oo to — 6, § > 0, directly
above the negative real axis, then clockwise around the circle |A| = §, and then from
— dto — oo directly below the negative real axis. d is chosen sufficiently small so that
the disk |4 <20 is disjoint from the spectrum of DZ. This is possible since D? is
elliptic, self-adjoint, and by assumption invertible so that its spectrum consists of
isolated points in (0, o). (See Proposition A.1 of Appendix A.)

The complex powers A77 for AeC\(— o0,0], zeC, are defined in terms of the
branch of the logarithm with cut along the negative real axis and log(1)=0. Tr
denotes the L* operator trace and Tr, denotes the super-trace, defined by Tr, =
Tro I Finally, the notation lim is understood as the value at z = 0 of the analytic

z—=0

continuation of a function which is analytic for Rez > 0.
Note that the definition (1.3) of w is equivalent to

w = {fp.a.z=0}(c(D,VD)(z) + o(D, VD)(z)), 2.7)

and this gives the decomposition of w into its real and imaginary part.
The main result of this section is

Proposition (2.8).

1. The definitions (2.1)—(2.5) make sense, and {(D;)(z), ©(D,, A)(z), 6(D,, A)(z) extend
to meromorphic functions of z for Re z > — 1 whose only singularities are possible
simple poles at half-integer values of z.

2. {f.p.a.z=0}4t(D,VD)(z) =dIndet D*.

3. o(D,dD)(z) and o(D,[0,D])(2) are analytic for Rez > —+. Moreover

11m a(D,[0,D])(z)= —IA(?A" )tr O exp i y&/2m. (2.8)

Here g is the metric on X, #,, is the curvature of the Levi—Civita connection for g,
and # xis the curvature of the connection VE on E. 4 is the polynomial given in (1.6).
Formula (2.8.2) appears in the physics literature in the context of the “covariant
anomaly.”

We remark that if det 6'0 are defined in analogy with det D2, then

det D? = (det 8'0)(det 00"), det "0 = det 04", 2.9)
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and so (2.7) and (2.8.2) imply
o =1dIndet 8’0 + (D, VD). (2.10)

Statement (2.8.1) follows from the general pseudo-differential operator methods
of [15] (see Appendix C). Statement (2.8.2) is an immediate consequence of the
following lemma, whose proof is an easy calculation (see [8]).

Lemma (2.11). d({(D?)(z)) = — 4zt(D, VD)(z).

It remains to prove (2.8.3). Now the general methods used to prove (2.8.1) express
the residues of the poles as well as the value at z =0 of the kernel of (D, A)(z) in
terms of certain universal polynomials in the components of g, det g, the covariants
derivatives of Z,, # vz and the complete symbol of A. (See Appendix C, as well as
Lemma (3.7) of the next section.) To prove (2.8.3) we must in principle calculate these
polynomials. This is possible using invariance theory and Gilkey’s Theorem [3] (see
Appendix B) because of the special properties of Dirac operators.

Specifically, for ve2 (X, End E), let $ denote the bundle endomorphism of S ® E
determined by v and Clifford multiplication T*X - End S. Statement (2.8.3) is an
immediate consequence of the following lemma.

Lemma (2.12).

1. Res, - tr£(D,¥)(z; x, x)|dx| is an exact differential form on X.
2. Res,—y, trt(D, )(z; x, x)|dx| = 0 for integer k, k> 0.

3. lim tr,€(D, [0, D])(z; x, x)|dx| = — A(Z&,) tr O exp iF y&/2m.

z—=0

Proof. In the language of Appendix B, the assignment

(9. VE, ) Res, - o tr, (D, p)(z; x, x) | dx| (2.13)

defines a weight zero, regular, form-valued invariant of the metric g on X, the
connection VZ, and the endomorphism valued one-form v. (Note that (2.13) defines a
differential form valued invariant, as opposed to just a measure, since D and v are
even under change of orientation of X while Tr, is odd.) Hence, by the Gilkey
Theorem B.1, (2.13) is in the ring of invariants generated by tr(%J), and
tr m(Z ye, v, dyv). Here dy is the covariant exterior derivative determined by the
connections on TX and E. We view %z, v, and dyv as elements of the ring
Q% X,EndE), and £, as an element of the ring 2*(X,End TX). m(---) is a
monomial in 4 variables and j is a positive integer, Since Res, _ o tr,a(D, $)(z; x, x)|dx|
is linear in v and a differential form of even degree, it is expressible as a linear
combination of products of terms of the form tr (%)), tr (% }x), and tr dyv.# |, and
one term of the latter type must occur in each product. Since terms of the first two types
are closed and terms of the last type are exact by the Bianchi identities for # ,x and
AR, it follows that Res,— tr (D, $)(z; x, x)|dx| is exact. This proves (2.12.1)

(2.12.2) follows similarly, since for k>0 the residues at z=k/2 are also
differential form valued invariants, but now of positive weight. They thus vanish by
the easy part of the Gilkey Theorem.

Finally, to prove (2.12.3) observe that lim tr£(D, [V, D])(z; x, x)|dx| defines a

z—=0

weight zero form valued invariant of g, V%, and the (weight zero) endomorphism 6,
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and so by Gilkey’s Theorem it is in the ring generated by tr (%)) and tr m(6, # ). The
actual formula given in (2.12.3) can then be calculated in a straightforward but
tedious fashion using the explicit formulae of Corollary (C.8). [

3. The Eta Invariant

In this section we explain the formulas (1.8)—(1.9) for the #-invariant of H. We now let
Y =R and assume that the geometric data satisfy conditions 1 and 2 of Sect. 1.

Because of the non-compactness of R x X, the spectrum of H is not discrete, and
so we cannot use the usual definition of #(H) in terms of eigenvalues. Fortunately,
however, conditions 1 and 2 imply that the essential spectrum and resolvent of H?
are well enough behaved for us to define the complex powers (H?) 2, and we will use
these to define #(H).

Define
P°(H)(z) = HH?) > 712 = — i% ATEMPHH? )7, Rez>0,  (3.)
ny(H)(z) = Tr $#°(H)(z), Rez>dimZ + 1, (32
n’(H)(2) = 1152 115, (H)(2), (33)

n(H) = liir; n’(H)2)+ ) sign()TrP,, (-4
E(H) = ;(n(H) +dim Ize[rMH; (3.5)

Here % is a contour in C as in the previous section. d is chosen sufficiently small so
that the disk | 4| < 2 is disjoint from the spectra of D? _ and intersects the spectrum
of H? at most in a finite set of isolated eigenvalues of finite multiplicity. This is
possible since the essential spectrum of H? is contained in [4, o), where 4, is the
lower bound of the spectra of D% . (See Proposition (A.2) of Appendix A.) By
condition 1, D’,  are invertible, and so 2, > 0.

¢ is a smooth nonnegative real-valued function on R of compact support, and
{¢,} are an increasing sequence of such functions which converge pointwise to the
constant function 1. In (3.2) and (3.3) we interpret ¢ and ¢, as a multiplication
operators on L*(R x X, S® E). The reason for introducing these cut-off functions is
that in general the operator 7#°(H)(z) is not trace class.?

As in the previous section, lim is interpreted in terms of analytic continuation.

z—0
Finally P, is the orthogonal projection onto the finite dimensional eigenspace
corresponding to A, and sign (4) equals — 1 if 1 <0 and + 1 otherwise.

Our goal in this section is to prove

Proposition (3.6).
1. The definitions (3.1) and (3.2) make sense, and ni(H)(z) extends to an analytic
function of z for Rez > —1.

3 Similar cut-off functions were introduced by J. Lott [12] in defining the x-invariant for Dirac
operators on R?™*1
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2. In definition (3.3), the n‘;”(H)(z) converge uniformly in z on compact sets for Re z >
-1

3. #’(H)(2) is analytic in z for Rez> —% and depends smoothly on H and z for
sufficiently small variations of H. y(H) mod 1 and £(H) mod 1 are independent of 0
and depend smoothly on H.
We begin with

Lemma (3.7).

1. For Rez >0, #°(H)(z) is a bounded operator on L*(R x X,S® E).

2. For Rez > 1dim Z, #°(H)(z) has a continuous kernel #°(H)(z; y, x, y, x)dy|dx| which
is analytic in z.

3. tr#°(H)(z; y, x; y, x) extends to a meromorphic function of z for Re z > — 1 which is
continuous in y, x, smooth in H for small variations of H, and has possible poles only
at half-integer values of z. These poles are simple and their residues are given by
universal polynomials in the components of g, (detg)™!, and the covariant
derivatives of F yz and R

4. For Rez>dim Z + 5 and ¢ with compact support, ¢p#°(H)(z) is trace class with
trace given by [ tr ¢(»)A°(H)(z; y,x; y, x)dy|dx|.

Z

Here & ; is the curvature of the connection V* on E, § is the metric on Z, and R, 1s
the curvature of the Levi—Cevita connection for §. Note that (3.7.3) allows a pole at
z = 0; we will eliminate this possiblity in the next Proposition. We remark that (3.7.4)
relies on conditions 1 and 2 which imply that the resolvent of H? has suitable decay
(see Proposition (A.6) of Appendix A).

Proof. This lemma is essentially standard, although some care is required to deal
with the non-compactness. The usual methods for proving (3.7.1) remain valid
because we are using a translation invariant L? norm, and we are assuming that H
becomes translation invariant for |y|> 1. Similarly, a kernel of #°(H)(z) can be
constructed by the standard pseudo-differential operator techniques, and then the
analyticity and locality properties (3.7.2) and (3.7.3) follow as usual (see also
Appendix C).

The only new difficulty is in showing that for Re z sufficiently large, ¢p#°(H)(z) is
trace class. For this we use the decay estimates of Proposition A.6 as follows. Set
k = (dimZ + 1)/2 and suppose Re z > dim Z + 1. Integration by parts in A shows that

¢#°(H)(z) = const f% ATECIRR G H(H? — J)" 172k (3.8)
€

We will show that the integrand ¢H(H? — 1)~ ~2* in (3.8) is trace class with trace
norm bounded uniformly in A for Ae%. Then clearly ¢#°(H)(z) is trace class.
For p > 0 define continuous kernels

K (D, x, ¥, %)= dWHH? — )71y, x, ', x)e?, (3.92)
Ky (D, x;y,x) = e "PH? = )My, x; X)), (3.9b)

By Proposition (A.6) we can choose p sufficiently small such that for |y — y'| > 1 and
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A€E,
[K1 (D), x; ¥, X)| < const ¢(y)e e, (3.10a)
IK,(A)(y,x;¥,x)| < conste™ ?M2e=elr=V, (3.10b)

Thus, for such a p, the kernels | K, (4)(y, x; ', x')| and |K,(1)(y, x; ', x')| are square
integrable over Z x Z and they define Hilbert—Schmidt operators K, (4) and K, (1)
on [*(Z,S® E) with Hilbert-Schmidt norms bounded uniformly in A for 1e%. It
follows that pH(H? — 1)~ ¥~ = K, (A4)K ,(4) is trace class with trace norm bounded
uniformly in A for 1e4. [

As in the previous section, the general pseudo-differential operator techniques
used to prove (3.7.3) leave open the possibility that #,(H)(z) has poles at half-inter
values of z. However, again the special properties of Dirac operators imply

Lemma (3.11).

Res, ), tr 7°(H)(z; y, x, ¥, x)dy|dx| = 0 for integer k, k = 0.

The lemma can be proved using Gilkey’s Theorem, as in the proof of (2.12) above.

Statement (3.6.1) of Proposition (3.6) now follows immediately from Lem-
mas (3.7) and (3.11). We next turn to the proof of statement (3.6.2). Let H , , be the
translation invariant operators on L*(Z,S ® E) defined by

0
Hiw=iF5+Dioo. (3.12)

Thus H , agrees with H for y > 1, while H _ agrees with H for y < — 1. Theideais to
estimate the behavior of n‘j,(H)(z) as ¢ —» 1 by comparing n‘;(H)(z) with 11‘;(H 1) (@)
The next lemma shows that these latter quantities vanish.

Lemma (3.13). Suppose that H is invariant under translations of Y. Then Ker H = {0}
and

ny(H)(z) =0.

Since we are assuming that 6 vanishes for large | y|, the hypothesis is equivalent to the
conditions 0 = 0and D, = D for all y. The lemma can be proved using the explicit
expressions

a 2
H=irlip, w=-2 1p2 (3.14)
ady dy

H>—=D)'0,x,x)= | %ei”'”E(Dz+E2—/1)_1(x,x’), (3.15)
where D = D, is independent of y and (3.15) is valid for (y, x) # (), x), Ae®. Note
that by assumption D? is invertible, and thus strictly positive.

Now define A ir17"(2) =#°(H)(z) — #°(H,,,)(z). For F = C, let p , (F) be the square
root of the distance from F to the spectrum of Di. As a consequence of the decay
estimates of Proposition (A.6), we have
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Lemma (3.16).
1. For y> 1, tr A . #%(z;y,x,y, x) extends to an entire analytic function of z.
2. For any compact set K < C there exists a constant c¢ such that for zeK and y > 1,

A — (3
[tr AL 7%(z; v, %, 9, X)| < ce M,

These statements hold under the simultaneous replacement of y>1by y< —1,
A.byA_,and p, by p_.
We omit the proof since we will be proving more delicate decay estimates in
Lemma (4.11) below.
Given the previous lemmas, we can now complete the proof of Proposition (3.6).
Proof of (3.6.2): We can assume that ¢,(y)=1 for |y| < 1. Then by Proposi-
tion (3.7.4) and (3.13), for Rez large,

my(H)@) = | dy}j(Idxttrﬁ"(H)(Z;y,x;y,X)

Iyl<1

+ 1 dyé, () )f( ldx|tr A #°(z; y, X, y, x)
y>

+ 1dy¢n(y) }J{ |dx|tr A _#°(z; y, X, y, x). (3.17)
y<—

By Propositions (3.7.3) and (3.11), the first term on the right-hand side of (3.17) is
analytic in z for Rez > —4, while by Lemma (3.16) the last two terms are entire
analytic functions of z which converge uniformly on compact sets of C as the ¢,
increase to the constant function 1. []

Proof of (3.6.3): It is easy to see that for any 9,

é(H)=%11"(H)(0)+-§—TrPM]<5mod 1, (3.18)

where P, _; is the orthogonal projection onto the eigenspaces of H with [4] <d.
Now for a smooth family {H'}, teR with H®=H, 6 can be chosen so that for
sufficiently small ||, the spectrum of H' is disjoint from the circle |A] = . Then
n°(H')(z) depends smoothly on t by Proposition (3.7.3), while Tr Py, _s(H') is
constant. []

4. The Variation of n(H)

In this section we investigate the dependence of #(H) on the connection VZ. As in the
previous section we assume Y =R.

If Z were an odd dimension compact manifold without boundary, then the first
order variation of #(H) would be given by a local expression in terms of the
curvatures and variations of the connection VZ and the Levi—Civita connection (see
[4]). In our case, because of the non-compactness of Z =R x X, there is an
additional contribution arising from the “boundary” at infinity.

Let T=R and let {V'}, teT, be a smooth family of connections on E—Z
parametrized by T, such that for all te T conditions 1 and 2 of Sect. 1 hold. From the
constructions of Sect. 1 we obtain a two parameter family {V}}, (t,y)eT x Y, of
connections on E - X for which V' =dy(d/0y) + 6" + V{.,, a two parameter family
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{D}}, (t,y)eT x Y, of Dirac operators on C*(X,S® E) coupled to V|, and a one
parameter family {H'}, teT, of Dirac operators on C*(Z,S®E).

Recall (Proposition (3.6.3)) that £&(H)mod 1 depends smoothly on H, and so the
assignment t — £(H') defines a smooth map T R/Z. With a little abuse of notation,
let (d&/dt)dt denote the pullback by this map of the unit normalized volume one-
form on R/Z.

We will prove

Proposition (4.1). As one-forms on T,

d -
l_i; 6(H)dt = [i A('%g) ch (fdt(a/at) +V_)]one-form

1 dD, 1 aD _
+ %0<Dw, 0 dt> i a(D_w, Tdt).
Here F 41+ v 18 the curvature of dt(0/0t) + V viewed as a connection on the pull-
back of E to the bundle T x E over T x Z. Explicitly,

av
F at(o/on+V = / +=

o de@(T x Z,End (T x E), 42)

where for each ¢, # is the curvature of V' as a connection on E.

The first term on the right-hand side of (4.2) would give the complete expression
for the derivative of ¢(H) if Z were compact without boundary. The last two terms
give corrections due to the non-compactness.

Let % be a contour in C as in the definition of #°(H). Define

“I/"< dH)(z)— —zd—H(HZ) A2 o j;—ii'z"”zd—H(Hz — )~ Rez>0,

J dt
(4.3)

dH . 12 dH
95<H d—) J(j;zmz 1 (91<H,E)(A)
+'{H,92< dH)(/l)}) Rez >0, (4.42)

dH _,dH _
5”1<H, W)(/l H? —)) 1EH(HZ—/I) Y (4.4b)
~ dH _,dH -
VZ(H, W) = —(H = )7 ol AH =) (4.4¢)
4 (H,%)(z Tr¢%‘5<H ‘Z—H>(z), Rez>dim Z. (4.5a)
% <H, d—?)(z Tr ¢y5<H d—H> (z), Rez>dimZ. (4.5b)
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As we will see below, 7~ ‘; and 5”;5, give respectively the “volume” and “surface”
contributions to d&/dt.

By using psedudo-differential operator techniques and then Gilkey’s Theorem as
in the previous section, we see that for Rez>1idimZ, #°(H,dH/dt)(z) and
4"%(H,dH /dt)(z) are bounded operators with continuous kernels, and these kernels
extend to analytic functions of z for Rez > —1. In addition, because of the extra
factor of z in the definition of ¥4, the pseudo-differential operator analysis, together
with the results of Appendix C shows that lim tr 7"°(H, dH/dt)(z; y, x, y, x) is given by

z—0
a universal polynomial in the components of g, (detg)™!, and the covariant
derivatives of # ¢, #;, and dH/dt. We will give the well-known explicit formula for
this quantity in Lemma (4.8) below.

Proposition (4.1) will follow by taking the limit ¢ — 1 and analytic continuation
to z =0 of the following formula.

1

Lemma (4.6). For Rez sufficiently large,

d dH
En‘;(H)(Z) =27 Z( )(Z) +29 3¢/dy< )(Z)

Proof. Formally

di .y d _
GNEE) = ~ T 3 4R L~ 1)) (472)
di ., (dH .
=~ Tef3n 1%( (H? = 2)
2
—H(H?— )" d; (H? —/1)~1> (4.7b)
di ., dH }
=-Trfod I/Z(qSE(HZ—A) .

— H(H? —).)‘H/)‘ii—le(Hz -7t

—HZ(HZ—A)-%@(HZ—A)*)
dt
dr dH
—-Triz—m,/{ z 1/2<[H,¢](H2—/1)—1EH(H2—l)_l
dH

—H(H?* - )" '[H%, ¢](H? — 1)1 H(H2 )71
FTH I — Ay T gz gy

—HZ(HZ—l)'l[H2,¢](H2—A)_ICZ—?(HZ—}L)”) (4.7¢c)
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dA

=—T 52 A7z 1/2q5 ((H2 A)~1—2(H?— 3)"2H?)
—Tri A j-e-apy, ¢]<(H2 1)-1%11(112—/1)-1
~{H,(H2—A)‘1‘ii—IZ(H2+/1)(H2—/1)‘2}> (4.7d)
= 2Tr qw?é(H, %)(z) + 2Trfjli;19f’<H d—H>( ). (4.7¢)

To obtain (4.7d) we have cyclically permuted the order of operators under the trace
and to obtain (4.7e) we have combined terms by integration by parts in A.

The only subtlety in this formal calculation is the cyclic permutation of
operators. This can be justified for each summand by integration by parts in A using
the fact that for N sufficiently large (H?> — 1)~ ¥¢ is trace class. (See [8,12] for
details).

We next compute 72 and &2 in two important cases.
p ¢ b p

Lemma (4.8).
1. tr 7 °(H,(dH/dt)dt)(0; y, x, y, x)dy|dx| is the differential form on T x Y x X given
by the term of degree (1,1,dim X) of A(2,)ch (F 4509+ +)-
2. Suppose that for all t, H' is invariant under translations of Y. Then for ¢ of compact
support with | ¢ =1,
R

of  dHY .1 I@) dn,.,
yd;(HaE')(Z) 2—7UF(Z+2)F( +1) ( + o002 dt >(Z)9

dH
v <H ~—>(z)
Asin Lemma (3.13), the hypothesis of statement (4.8.2) means that for each ¢, 8 =0
and D} = D',  for all y. Note that for arbitrary H’, this hypothesis is satisfied by the

operators H - defined in (3.12).

Since tr ¥ ‘5(0; ¥, %, y,x)dy|dx]| is given by a local expression (see Appendix C),
(4.8.1) follows directly from the corresponding well known result for compact odd
dimensional manifolds (see, e.g. [4]). (4.8.2) follows from an easy calculation using
the expression (3.15) for (H)? — )~ L.

We now want to take the limits of ¥ +(H,dH/d1)(z) and Vd¢/dy(H, dH/dt) as ¢
approaches the constant function 1. As in the definition of # we can obtain the
necessary estimates by comparing these quantities for arbitrary H with the
corresponding quantities computed for the operators H, , defined in (3.12). Define

A7) = W(H, i—?)(z) - %5<H toos dif‘” )(z), (4.9)

- N dH 5 dH
Aiy’i,zu)=5ﬂ‘i,2<H,—dt—)u)—yi,2<Hiw, d;‘”)(zy (410
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For F = C, let p, (F) be the square root of the distance from F to the spectrum
of D .

Lemma (4.11).

1. There exists a constant ¢ such that for y>1 and Ae¥, A S Ay x,y,x) is
continuous in y, X, A, and AP (v, x,y,%)| <cexp—p.(D|y|. An analogus
statement holds for A, 9.

2. For y>1, A, %%z y,x,y,x) extends to an entire function of z.

3. For any compact set K = C there exists a constant ¢ such that for zeK and y > 1,

|A, Pz p,%,p,%)| < cexp—p,(B)]yl.

These statements hold under the simultaneous replacement of y>1 by y<
—1,A, byA_,and p, by p_. Analogous statements hold with &° replaced by ¥°°.

Proof. We will prove (4.11.1). (4.11.2) and (4.11.3) then follow easily by integrating
over A and using the uniformity of the bound in (4.11.1).
As bounded operators between the appropriate Sobolev spaces,

AJ’( ”ﬁf)(x) - M e

dH ,
—(Hi—l)‘ljdt—Hw(Hé—A)‘l (4.12a)

= (=2 =~ ) S e

, dH . dH, .
+(HE — ) (dt H-S2, )(H2—,1)
= e g -t -7, @)

and also

(H? =)™ = (2, = )" = (H%, — )" (B2, — B)(H? =27, (4.13)

HﬁO—H2=H (H,—H)+(H,— HH, (4.14)
dH dH dH dH
“H-"—%H, :
dt dt (H Ho)+ (dt dt >H°U (4.15)

Combining these expressions, we can write 4, %, (H,dH/dt)(J) as the sum of
terms of the form (H% — A)"'%YH —H )2, ?H — H_ ) ¥LH* — 1), (H:L — 1)~ !
PL(dH/dt —dH /dt)?, and P(dH/dt—dH/dt)¥(H% —1)~!, where £ is
either H, H,,, dH/dt, or dH . /dt, and 2 is a pseudo-differential operator of negative
order formed from the composition of (H*> — A)~*, (H% — 1)~ %, H, H ,, dH/dt, and
dH . /dt. We will discuss the terms of the first form; the terms of the other forms can
be treated similarly. Observe that for y > 1,

[(HZ — A7 L(H — H,)21(y, %, 5, %)
=[dx [ dy(HL, =27 %y, X)WL H - H,)2)(Y,x;3,x).  (4.16)

X y'<1
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The y' integration can be restricted to y’ < 1 since H — H , is supported on y' <1
and . is a local operator. The kernels for 2 and (H2 — 1)~ ! are smooth off the
diagonal, so that for y > 1 there are no singularities in the integrands of (4.16). The
kernel 2(y, x;y',x') is bounded uniformly for Ae% and |y — y’'| > ¢ > 0. Moreover,
by Proposition (A.6), the kernel (H2 — )™ !(y,x;y,x’) decays exponentially as
e Pt for Ae®. Inserting these estimates into (4.16) and performing the y’ and
x' integrals we obtain

|(H% — )" ' %(H — H_)?(y,x;y,X)| < conste "+ 4.17)

for y > 1. This completes the proof of (4.11.1) and of the Proposition. []
Finally, we give the

Proof of Proposition (4.1). The idea is take the limit ¢ —»1 and the analytic
continuation to z = 0 of the formula of Lemma (4.6). These limits exist because of the
analyticity properties and decay estimates of Lemmas (2.8), (3.6), (3.7), (3.16) and
(4.11). In the limit the terms on the right-hand side of (4.6) can be evaluated using
Lemma (4.8). We now make this procedure precise.

Fix § > O suitable for the definition of #°(H)(z) as in Sect. 3. By Proposmons (2.8),
(3.6), (3.7), and (4.11), the functions o(D',,,dD", /dt), n’(H")(z), n¢(H’)(z)
¥ (H', dH/dt)(2), 5(H', dH /dt)(z) defined originally for te T and Re z large, extend
to functions on T x {Rez > — 4} which for each ¢ are analytic in z. For notational
simplicity, we denote these extended functions by o (¢, 2),1(t, 2), n,(t,2), ¥ 4(t 2),
& f(t, z) respectively. Also denote by c(t) the coefficient of dt in the one form piece of

iA(gg)Ch & dt(a/az)+v)~

It suffices to show that

L O.0) =)+ 50 (0~ 50 (0 (4.18)

Let peCg (R) with ¢(y) =1 for |y| < 1. Then for Re > — 3,
ng(t,z)— | dJ’I ldx|tr 7°(t, 2y, x, y, %)

lyl<1
= | 1tfly}f{Id><l<i>(y)trA-n"(t,z;y,x,y,x)
y<-—-
+ fldy)f{ldX|¢(y)t1”A+ﬁ‘§(t,2;y,x,y,X), 4.19)
y>

1 I
Law) = i e+ b

I'z+1)(04(t,2) —0_(t,2)

d N
- j1dy}f(|dx|d—‘ﬁ-(y)trA_m,z;y,x,y,x)
y<-

d ~
+ ] dyflax —¢(y) A, 29,3, ., (4.20)

y>1

Vy(t,2)~c)= | dyfldXItr(“V"(t 2% 3,X) = V(2,0,5, %, 7, %))

lyl<1
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+ [ dy[ldx|¢()tr A_77(t, 2y, %,,%)
y<-1 X

+ [ dy[lax|p()tr A7, 7y, %, p,%). (4.21)
y>1 X

In fact, for Re z large, these equations follow from the definitions and Lemma (4.8).
They continue to hold by analytic continuation for Rez > — 5 by Lemmas (3.16)
and (4.11).

From (4.19),(4.20), (4.21), and the decay estimates of Lemmas (3.16) and (4.11), for
the operator kernels, we deduce that for any compact set # in T x {Rez > —3}, the
limits of 1, & 440> ¥ 4> @8 ¢ increases pointwise to the constant function 1, exist
uniformly for (¢,z)e#". Moreover, by (3.7) and its analog for &, and 77, the
functions #,, & 44/4,» 4> are uniformly continuous on %".

In particular, for (t,z)eT x {Rez > —3},

Err} (ny(t,2)) = (};n} Nyt 2) = n(t, 2), (4.22)

g:r:(ywy(t,z)) TG (j_)l)r(z+1)(0+(t 2)—o_(t,2)), (4.23)

lim (774(z,0)) = ¢(t). (4.24)
¢—1

In (4.24) we have used A,77(0;y,%,y,x)=0 for [y|>1 as follows from
Lemma (4.8).
Now, for (t,2)eT x {Rez > — 3},

15(t:2) =1,4(0,2) + 2 i ds(& 4(s,2) + 1 4(s, 2))- (4.25)

In fact, (4.25) holds for Re z large by Lemma (4.6). On the other hand, by the uniform
continuity on compact sets in (s, z) of the integrands, the Riemann sums defining the
integrals on the right-hand side of (4.25) converge uniformly in z on compacts sets for
Rez > — 1. Thus both sides of (4.25) define analytic functions of z for Re z > — %, and
so (4.25) holds for Rez > — 1.

Taking the limit as ¢ — 1 of (4.25), and using uniform convergence to interchange
the order of limit and integration, we deduce that for Rez > —3

lim (17,(¢, z)) = lim (17,0, 2)) + Zi ds[lim (¥ (s, 2)) + Lim (¥" (s, 2))]. ~ (4.26)
91 ¢—1 [ ¢—1 ¢—1

In particular, for z =0, (4.26) together with (4.22)—(4.24) implies

n(t,0) —hm (’7¢(t 0)) —hm (11¢(0 0)) + 2jds[c(s ! a+(s 0) +La (s, O):|
(4.27)

Equation (4.18) follows by differentiating (4.27) with respect to t, and the proof is
complete. [
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5. Parallel Transport for V¥

In this section we will prove our parallel transport formula, Theorem (1.10), by
integrating the formula of Proposition (4.1) over T. We continue with the notation
and assumptions of the previous section. Thus {V'} denotes a smooth family
parametrized by T of connections on E —Z =R x X with V' =dy(0/0y) + 0(, + V{,.
We assume that for all ¢, V* satisfies conditions 1 and 2, and that for |¢| large, V' is
independent of .

We first integrate the volume piece of (4.1). Let

= 0 - 0
V=dt—+V=dt_

0
- 1
o at-}-dyay+9+V, (5.1)

which we view as a connection on the pullback T x E of E to T x Z. Define

IV)= | A@,)ch(7Fy). (52)
TxZ
Lemma (5.3). B
1. Suppose 6" =0 and V, =V} for all (t,y). Then I(V)=0.
2. Suppose V, =V is independent of t. Then

_ 1 ..
19) = =5 [ A r(0 ™ — 04"~ expiF/2m.

Proof. To prove (5.3.1), let ;:T x Y x X—>T x Y x X be the map which inter-
changes the first two factors, u(t,y,x)=(y,t,x). Then the assumption of (5.3.1)
implies that & ; is invariant under g*, and so the integrand in (5.2) is also invariant
under p*. However since p is orientation reversing, [ = — [ u*a for any compactly
supported differential form « on T x Y x X. Thus, I1(V)=0.

Under the hypothesis of (5.3.2), #F;=%y+di(d0/dt) and (5.3.2) follows
easily. [

We can now give the

Proof of Theorem (1.10). It suffices to prove the equality of the phases
1
¢(H)==— [ o(D,VD)mod 1. (5.4)
2niy

Write V =dy(9/0y) + 6 + V,,. We will prove (5.4) by integrating the equation of
Proposition (4.1) along interpolating families of connections parametrized by T
from dy(0/0y) + V_,, to dy(6/dy) + V,, and from dy(0/dy) + V,, to V.

First, choose an interpolating family of connections {V'} on E as in Lem-
ma (5.3.1) with V¢<~3 =dy(9/dy) + V_ , and V¥ = dy(9/dy) + V. (This can be
done as follows. Let o be a nondecreasing smooth function on Y with a(y) = — 2 for
y< —3,a(y)=2fory>3,anda(y) = yfor —1 <y < 1. NotethatV,=V,, forall y
since V, is independent of y for |y| > 1. Let  be a smooth function on T x Y with
B(t,y)= —2fort < — 3, B(t,y) = a(y)fort > 3,and B(t, y) = B(y,t) for all t, y. Then set
V3= Vi)



Determinant Line Bundle 591

Now integrate Eq. (4.1) over T
E(HO™) — E(H )

= 1 dp?) 1 ap®
= — O, —2dt | —— S) & . (55
I(V)+2m,£a<Dw, 7 dt> ZniquG(D T dt)modl (5.5
For this family of connections {V'}, é(H=~*))=0 by Lemma (3.13), I(V)=0 by
Lemma (5.3.1), and the last term on the right-hand side of (5.5) also vanishes since
DY is independent of t. Finally, because of the symmetry V)=V we can
interchange the roles of t and y in the second term on the right-hand side. We obtain

1 dD

E(de(i’/ﬁyHV(.)) =%£0<D, Edy)mod 1. (5.6)

Next, choose an interpolating family of connections {V'} on E as in Lem-
ma (5.3.2) with V¢< =1 = dy(0/dy) + V,,and V>V = V. For this family both D', and
D', are independent of ¢ and so the surface terms o in (4.1) vanish. In addition, by
combining Lemma (5.3.2) with Proposition (2.8.3), we see that

= 1 - 1
= -~ iF = o .
1(V) on w{ AR, trOexpiZ y/2n 5 i a(D,[6,D]) (5.7
Thus, integrating (4.1) for this family we obtain
1
E(Hy) — f(de@/ay)w(.)) =5 i a(D,[6,D])mod 1. (5.8)

Since VD = (dD/dy)dy + [0, D], (5.4) follows by adding (5.6) and (5.8). [

6. The Curvature of V¥

In this section we prove the curvature formula, Theorem (1.5), as an additional
application of Proposition (4.1).

First observe that if we take the parameter space T to be a more general smooth
manifold than T = R, then Proposition (4.1) generalizes to the statement that as one
forms on T,

“ 1 1
é*du = [i A('%g) ch (%d7+7)]one-form + % O-(Dow dTDoo) - % O-(D— w0 dTD—— ao)'
6.1)

Here we view t+— £(H") as a smooth function &: T+ R/Z, du is the standard one-form
on R/Z, £*du is its pull-back to a one form on T, and d is the exterior derivative of
forms on T. From this we obtain the following

Corollary (6.2). As two-forms on T,
dT(O-(Doos dTDoo)) = 27”[3‘; A\(@g) ch (g;dT—%Vw)]{two-form}'
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Note that except for the subscript on D, the space Y = R does not enter into the
above formula.

Proof. Choose a family of connections {V'}, teT, on E as above, satisfying the
hypothesis of Theorem (1.10) such that V- , is independent of ¢. For this family, the
exterior derivative of (6.1) is

0=2ni [dT ; ﬁ(@g) ch ('g;d7+7)]two-form + dT(O.(Dooa dTDoo)) (63)
It thus remains to simplify the first term on the right-hand side of (6.3).

Let @ =/T(%g)ch (4, +)EQHT x Y x X). Then by the usual Chern-Weil
algebra, (d; + dy + dy)® =0, and so as differential forms on T,
de[ [ @1= | dy®@=— | (dy+dp)@=— | @o=—-fOpI=,.
YxX YxX YxX oY x X) X

6.4)

The piece of @ of degree O in Y is ﬁ(ﬂy) ch(#, .v)hand F, vanishes at y = — o0
since V_  is independent of t. The corollary thus follows by combining (6.3) and
64). O

Now in (6.1) and the proof of (6.2) we are assuming that Y is the real line Y =R.
For the curvature formula (1.5) we consider instead an arbitrary parameter manifold
Y as in Sect. 2.

Proof of Theorem (1.5). From Proposition (2.8.2) of Sect. 2, dyw = dy(o(D, VD)), so
we must prove that as two forms on Y,

dY(O-(D’ VD)) = 27”[5[’ 2('%9) ch ('g:V)]{two-form}' (65)

Here as usual VD=d,D+[0,D] and V=dy+0+V, with
0eQ,(Y)® C*(X,EncE).
From (6.2) with T replaced by Y, we deduce

dy((D, dyD)) = 21i[ | A(%,) 0 (F 4, 1) Jowstrm) (6.6)

From Proposition (2.8.3) of Sect. 2,
dy(a(D,[0,D])) = —dy | Z(ﬂg)tr OexpiF y/2n. (6.7
X

Finally, a standard calculation using ch (%) = trexp i# /2= shows that as two-forms
onY,

2L A (F 4y 0.9) oo
=2ni[ )j{ AR )N(ZF 4 ) Diwostom) — }j{ A(R,)tr Oexp F . (6.8)
Equation (6.5) follows by combining (6.6), (6.7), and (6.8). []

A. The Spectra and Resolvents of 0’0, D?, and H>

In this Appendix we discuss the spectra and resolvents of the extensions to
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unbounded operators on L2 of the operators 8’0, D? and H?. For our notational
conventions, see Appendix D.

Proposition (A.1).

1. D}, is self-adjoint with domain L3(X,S @ E) = L(X,SQE).

2. The spectrum of D} , consists of isolated points in [0, c0) corresponding to finite
dimensional spaces of smooth eigenfunctions.

We omit the proof. Similar statements hold for 84".
The properties of H are a little more subtle since R x X is not compact.

Proposition (A.2). Suppose that H satisfies conditions 1 and 2 of Sect. 1. Then
1. Hy o is self-adjoint with domain LR x X,S® E).

2. Let A be a lower bound for the spectra of (D)3, and (D _ ,,)3 o Then the essential

spectrum of H} o is contained in [A,, 00).

By the essential spectrum we mean those points of the spectrum which are not
isolated eigenvalues of finite multiplicity. (See [11].) As we will see in the proof, this
Proposition continues to hold if in place of condition 1 of Sect. 1 we only assume
that the operators D, on the ends of the cylinder R x X are invertible.

Proof. (A.2.1) is standard. For (A.2.2), writt H>=h>+K as an operator on
C¥R x X,S®E), where

52
h? = ~W+D2+¢2’ K={if(%+0<%>>,D}—¢2, (A3)
with ¢ = ¢(y) any smooth nonnegative real-valued function on Y of compact
support which is identically 4, if |y| < 1. Since the coefficients of K are compactly
supported on R x X, K is h* compact by the Rellich lemma. Hence the closures h3 ,
and H{, have the same domain, H3 ,=h3 , + K, and K is h3 ,-compact ([11],
p. 194). Since h{ , is self-adjoint, it follows from a theorem of Weyl on the stability of
the essential spectrum ([14], p. 113) that Hj , and h3 , have the same essential
spectrum.
It thus suffices to prove that the spectrum of 4 , is bounded from below by 4.
Since h} , is self-adjoint, this is equivalent to proving that h , = 4, as operators on
L3R x X,S® E) ([11], p. 278). This follows from the computation

G hgo¥> 2 y(f_l dy<y () D2 (3,95 + il dy (), DY (3, ) dx
+ [ dyd* O v 0n)dx

yls1

where YyeCy(Z,S®E). [
The remainder of this appendix is devoted to proving the following decay

estimates for the resolvent of Hg . These estimates are needed in Sect. 5. For peC
and 4 in C, define

0
Hz(p)=e_"yH2e"y=H2+2p0(5j—)>+p2:C3°1—>C5°. (A.5)
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Proposition (A.6). Let A, be alower bound for the spectra of (D ,,)3 o and (D _ )3 o Let

F be a closed set in C disjoint from the spectrum of Hg o and contained in the half plane

{A:Re X < 4o}. Then there exist constants p, >0 and c such that

1. For|p| < pg, Z is disjoint from the spectrum of Hg o(p), and for e F , the resolvent
(H.o(p)— A)~ 1 is the closure on LR x X,S®E) of

e P R(H%, V)e”:.CP > C™. (A7)
2. For |p| < po,AeF, |y —y'|>1, and x, X'eX,
lle™* R(H?, A)e” [lo,0 < c|(H3 .0 — 4)~ (13 ¥/, X)| < ce P,
3. If H is invariant under translations of Y, then for p, 4, y, ¥, x, X' as in (2),
(HZ 0 — 2)7 (5,3 Y, X) | < ce ™Rl 0o,

We remark that (A.6.1) is not immediate since it is not clear a priori that (A.7) extends
to a bounded operator on L2,

Proof. To prove (A.6.1), choose p,>0 sufficiently small so that for ie# and
lpl < pos

Re(A+1pl* +1pl) < os (A.8)

(H*— 1)~ 1.<2p9<i> + p2>
ady

From (A.8) and the usual appeal to the geometric series, it follows that for |p| < p,
and Ae #, H} o(p) — 4 has a bounded inverse on L*(R x X, §® E). Now let /e Cg
and set

<1 (A.9)

¥ =(Hg o(p) — D)~ "o — e "R(H?, e, (A.10)

To complete the proof of (A.6.1) we must show that yy = 0. It is easy to see that i is
smooth and that (H?(p) — A)y =0. Since (H3o(p)—4) has an inverse as an
unbounded operator on LZ(R x X,S® E), it thus suffices to show that y is in the
domain of H3 ,(p). For this it is enough to show that  is exponentially decreasing in
lyl, since then ¥ is in L3(R x X,S®E), and, as in Proposition (A.2), L3(R x
X,S®E) is contained in the domain of H3 ,(p).

We will demonstrate the exponential decay for y— co; the case y— — o0 is
analogous. Let {¢,} be an orthonormal basis for L3(X,S®E) consisting of
eigenfunctions of (D)% , with eigenvalues {4,} and set

()= )I( x| < pu(x), (1, x) ). (A.11)

For y sufficiently large, H?(p)= — 0%/dy*+ D% —p? and so the equation
(H?(p) — A = 0 implies

2
<667 +p2=A,+ /1>c,,(y) =0. (A.12)

On the other hand, since (H3 , — A) ™' and (H§ o(p) — 4)~ ! are bounded operators on
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L2(R x X,S®E), it is clear from the definition (A.10) that e "My is in I?(R x
X,S®E). Thus, c,(y) is in I?(R). Since condition (A.8) insures that the exponentially
increasing solution of (A.12) can not be in I?(R), it follows that e*Vc,(y)
must be the exponentially decreasing solution, and then using (A.9) again it
follows that c,(y) must also be exponentially decreasing. Thus [{/(y, x)| is exponenti-
ally decreasing in y and the proof of (A.6.1) is complete.

Now the resolvent of Hj ,(p) has LR x X,S® E) norm which is uniformly
bounded for Ae# and kernel which is continuous off the diagonal and uniformly
bounded for Ae# and |y —)'| > 1. (A.6.2) follows from this and (A.6.1).

Finally, (A.6.3) follows from the explicit expression, valid if H is translation
invariant, 2e% and |y —y'| >0,

1

5 e vVl (A.13)

(H3,o— A7 0 x55, %) = 3 du(x)< hn(X), >

Here {¢,} is an orthonormal basis of eigenfunctions of D , with eigenvalues {4,}
and a2 = A, — A with Rea, > 0. The estimate

Ye M < const Y477 = (DY) (z) < 0, Rez»0 (A.14)

implies that the sequence (A.13) is absolutely convergent, uniformly for |y — y'| >
¢>0, and then standard arguments show that it actually gives the resolvent. []

B. A Generalization of Gilkey’s Theorem

In this Appendix we will give a generalization of the Gilkey Theorem ([3]). This was
used in Sect. 2 and 3 to prove Lemmas 2.14 and 3.11.

For a manifold X, and a complex vector bundle E over W we consider regular
form-valued invariants of a Riemannian metric g on X, a connection V on E, and
endomorphism valued differential forms T;€2(X,End (E)), j =1, 2,...,n. To define
what we mean by invariant we consider as in [3] the category ¥ whose objects are
manifolds X’ and vector bundles E’ over X', and whose morphisms are bundle maps
f:E'+ E" for which the map of base spaces f: X't X" is a diffeomorphism onto an
open submanifold. Then a differential form valued invariant of ¢,V, and T; is a
natural transformation 7 from the functor

& > {metrics on Y, connections on E, (endomorphism—uvalued forms on Y)"}

to the functor €+ { forms on Y}. Thus f*1(g,V, Ty,..., T,) = t(f*g, f*V, f*Ty,...,
f*T,). An invariant has weight k if for any A >0, 1(A%g,V, T) = A*¢(g,V, T).

An invariant t is called regular if for any local coordinate system y:E|,+—R” x C,
UcY, the components of t(g,V,T;) are given by universal polynomials in
det™'(g,,), g, Vouo(T;)3, and their derivatives. Here the components and derivatives
of the various objects are taken relative to the coordinate system on Y and
trivialization of E defined by y. The polynomials are universal in the sense that the
same polynomial works for any choice of .

The generalized Gilkey theorem which we need is
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Proposition (B.1). Any regular differential form valued invariant t of weight zero is in
the ring generated by the invariants

9.V, Ty,..., T,)> tr(R,),
@V, Ty,...., Ty trm(Fvy, Ty,dy T, T,,dy T5,..., T,,dy T,).

Here %, is the curvature of the Levi-Civita connection for g, # v is the curvature of V,
and dy is the covariant exterior defined by V. mis a monomial in 2 + 2 variables and
trm(---) is interpreted as the image of m(---) under

Q*(X,(End E)®*) - Q*(X, End E) — Q*(X),

where the first arrow is induced by exterior product and composition in End E.
The proof is a straightforward generalization of the proof given in [3], in which
the theorem without the T; is proved (see [8] for details).

C. Traces of Operators Defined by Contour Integration

In this Appendix we state a minor generalization of some results of Seeley [15] on
operators of the form

dA
Az)= }‘;—EEA”R(/{), (C.1)

where R(A)is a suitable family of pseudo-differential operators. In particular we give
formulae for local invariants obtained from the analytic continuation of Tr A(z).
Seeley considered the case where R(4) is the resolvent of a single elliptic operator
while we have in mind the case where R(4) is basically a product of resolvents, but
this causes no essentially new difficulties.

Assumptions. We use the notation of Appendix D. Let W be a smooth manifold of
dimension m and let F— W be a complex vector bundle with fiber of complex
dimension . Let & be an open set in C containing the negative real axis and the disk
{A]Al < 1}. Let R(4), Ae¥, be a family of pseudo-differential operators acting on
sections of F and satisfying the following assumptions.
L. There exists a ¢ <0 such that for Ae# and feCg, ||R(A)f |lo <c(1 + 4~ fllo-
II. R(4) can be approximated by pseudo-differential operators in the following
sense. Suppose x:F |y R™ x C'is any coordinate trivialization for U any open
subset of W, and suppose ¢,yeCZ(U). Then there exists a b(4; x, £)eC* (¥ x
R™ x R™)® End (C") satisfying the following conditions.
1. Let

E, () =M °R(2)°> M, — (1, )*Op (b(A))°(1; ¥)- (C2)
Then there are ¢, § > 0 such that for 1e& and feCg,
“ Ex,th!/(’l)f ”rn/Z < (1 + M‘)—lhs”f“ -mj2: (C.3)

2. b has an expansion of the form b=b_,+b_,+--+b_,_, where
b,(4; x, £)eC®(¥ x R™ x R™)® End (C') satisfies
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a. For all multi-indices o and 8
K
oxP oL

b, (4 x, é)l < const (1 + | &[],

b. For sufficiently large integers j there exists a ¢ >0 such that
I034 by(d x, &) < const (1 +|A])"2(1 + | ])* "2,

c. For|&|? +|4| > 1, b, is analytic in A and homogeneous in (¢, 11/2) of degree
n.
Here [, = — ), 9*/0¢}. We have included in I an assumption about the decay of

| R(A)lo,0 since, on a non-compact manifold, information about the global L*> norm
does not follow from the local assumptions in II. Note that (C.3) implies that E, , ,(4)
has a continuous kernal E_, ,(4; x, x') with

IX, g u(Ax, XY <c(l 4471 (C4

The somewhat unwieldy conditions I and II are satisfied quite naturally for the
families of operators R(4) which arise in connection with resolvents of differential
operators. In particular they are satisfied in all the situations we consider in the body
of the paper.

Let & be the clockwise oriented curve in % which goes from — oo to — 1 along
the ray {arg A ==}, then clockwise around the circle || = 1, and then from — 1 to
— oo on the ray {arg A = — n}. Let @ be the counterclockwise oriented circle | 4| = 1.
Define

i _, L da
A@ =327 RO, P=[50RO) (C.5)

with the complex powers 477 defined using the branch of the logarithm with cut
along the negative real axis and log (1) =0. By assumption I, A(z) and P define
bounded operators on L2,

Results. Lety, U, ¢,y,and b, beasinIl.2above.Let P, ,(x,x")and 4, , ,(z;x,x') for
Rez > 0 denote the kernels of P and A relative to {y, ¢,¥}. The main result of this
Appendix is

Proposition (C.6).

1. For Rez>(m+1)/2, A, ,,(z x,x') is analytic in z and continuous in x, x'.

2. A,,,(zx,x) extends to a meromorphic function of z for Rez> —1 which is
continuous in x. The only singularities are possible simple poles at half integer
values of z, and there is no pole at z=0.

3. For sufficiently large j,

Re s,y 1A, 445X X)

1 (m=1)
T 2Q2m)" (m— 1 + 2j)! KL

dm—1¢ g dt[3ib_,, (= tx, &)
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4. If P, ,(x,X) is continuous in x and x', then for sufficiently large j,

li_r}ré A, 4,(Zx,x)+ P, (x,X)

1 (m—1)! m—1zF i o
T 2Q27™) (m— 1 + 2j)! mL e (5) A0 6x:0)
Here d™~ !¢ denotes the standard volume form on the m — 1 sphere |¢] = 1.

It is statement (C.6.4) that is not immediately contained in the work of Seeley.
For a proof of (C.6), see [8].

Proposition (C.6) expresses the residues at the poles of 4, , ,(z; x, x) and the value
lin(l) A, 4,4(2; %, x) in terms of integrals of particular homogeneous terms in the symbol

expansion for R(A). If we restrict the form of the symbol expansion we can perform
these integrals to obtain more detailed information.

Specifically, assume that in addition to I1.2.a and I1.2.b, the functions b,(4; x, &)
satisfy
I1.2.c For [&)> + |A] > 1,

trb, (4%, &) =), o g%, ) A%a(x, &) = A7, (€7

where ¢, , (x, £)eC*(R",R™)® End (C') is a polynomial function of degree n —2q

+ 2rin & and for all x, a(x, £)e C®(R™ x R™)is a strictly positive quadratic formin &.
Condition I1.2.c will be satisfied if R(4) is the product of local operators and the

resolvents of second order differential operators with the same positive definite

scalar leading symbol. The families R(4) considered in this paper are all of this type.
Following [3] we deduce

Corollary (C.8). Under the additional assumption 1L.c, Resy_ A, 4 (2 X, x) and
lim 4, , ,(z;x,x) depends polynomially on the coefficients of the c,4,(x,%), the

z—0

coefficients of a(x, &), and the function det™ ! a(x).
For a proof of Corollary (C.8,) see [8].

D. Notational Conventions

Let W=Xand F=S®E,or W=R x X and F = S® E. Put a metric on W and a
fiberwise Hermetian inner product and compatible connection on F. For W =
R x X we impose the additional requirement that the connections and inner
products be invariant under translations in the R direction. This is a reasonable
condition since we are assuming (see condition 1 of Sect. 1) that our operators H are
translation invariant for large |y|, yeR.

For integer k, let |||, denote the Sobolev norms on CP(W, F), and let LZ(W, F)
be the Sobolev spaces obtained by completing C& (W, F) relative to these norms. For
a linear operator A:C§(W, F)— L} (W, F), let A;,:L}(W,F)— L(W,F) denote its
(possibly unbounded) closure, if this closure exists. (Recall that the graph of the
closure of A in L(W, F) x L}(W, F) is the closure of the graph of A.) We will often
omit the subscripts j, k if j=k=0.
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In Appendix C we also use the following notation. For y:E|;—~>R™x C!
a local trivialization over some coordinate patch U in W, and
¢, YeCP(U), let (1,9)* =r**M,,;C*RMQC'»CF(W,F) and (1,¢), =
XM y:C= (W, F)> C(R™®C', where M, denotes multiplication by ¢. For a
linear operator A4:Cg (W, F)i> C*(W, F), let 4, , , = (1, ). > A°(x, ¥)*. Also, follow-
ing [15], for be C*(R™ x R")® End (C"), let Op (b):CT(R™) ® C'+— C*(R™)® C' be
the pseudodifferential operator

Op (b)f(x) = 2m) ™" [d"Ee™*b(x, &) fd"ye™  f (1),

when the integrals, in the order given, are defined.
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