
Communications in
Commun. Math. Phys. 106, 183-199 (1986) Mathematical

Physics
© Springer-Verlag 1986

Constraints and Field Equations for Ten Dimensional
Super Yang-Mills Theory1

J. Hamad1* and S. Shnider2

1 Departement de Mathematiques Appliquees, Ecole Polytechnique, C.P. 6079, Succ. "A", Montreal,
Qυe. CANADA H3C 3A7
2 Department of Mathematics, McGill University, Montreal, Canada, and Department of Mathema-
tics, Ben Gurion University, Beersheva 84105, Israel

Abstract We give a complete proof of the equivalence between constraint
equations and field equations for the d = 10, N = 1 supersymmetric Yang-Mills
theory, a result proposed and partially proved recently by Witten [1]. Our
approach explicitly reconstructs the superconnection satisfying the constraints
from the on shell component fields. A key ingredient of the method is the choice
of a suitable family of gauges, effectively eliminating all gauge dependence on
anti-commuting co-ordinates. As a corollary, obtained by dimensional reduc-
tion, we also deduce the equivalence of constraints and field equations for the
d = 4, N = 4 theory, as well as for d = 6, N = 2.

ΐ . Introduction

The purpose of the present work is to supplement some recent results of Witten's [1]
concerning the relationship between the superconnection constraint equations and
the supersymmetric Yang-Mills equations in ten dimensions. As pointed out in
[1,2], a natural set of constraint equations involves the vanishing of the super-
curvature along super null lines. This gives rise to the super twistor correspondence,
in which bundles E-^M over super Minkowski space M, with a superconnection
which is integrable along super null lines, correspond to certain bundles over the
super ambitwistor space A, whose points are the super null lines in M. These bundles
are characterized by the fact that they are trivial over certain quadrics Q c A
corresponding to the set of super null lines through the same point of M. The
importance of such a construction lies in the fact that for a suitable choice of the
superspace extension M of the underlying Minkowski space M, the constraint
equations, together with the Bianchi identities for the supercurvature, imply the
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superfield Yang-Mills equations, as was shown for the maximally extended (N = 4)
super Yang-Mills theory in four dimensions in the work of Sohnius [3] and Witten
[2]. It was moreover generally presumed, following ideas formulated by Witten [2],
that the passage from the constrained superconnection to the on shell Yang-Mills
fields is one to one; that is, given any set of fields satisfying the supersymmetric Yang-
Mills equations, it is possible to construct a unique superconnection, satisfying the
constraint equations, to which these fields correspond. Only in such a case is the
supertwistor construction a full characterization of the supersymmetric Yang-Mills
equations. A complete proof of this one to one equivalence for the d = 4, N = 3 case
was actually only constructed recently [4]. The equivalence of the N = 3 and N = 4
field theory suggests that the corresponding result must also hold for N = 4,
although for this case an additional linear constraint on the curvature needs to be
added [2,3].

For the d = 10, N = 1 case, Witten has proved that for a suitably chosen (10| 16)
dimensional superspace extension M, the null-line integrability conditions imply the
full set of field equations [1]. (Partial results of this nature were earlier demonstrated
by Wess [5].) Since a suitable dimensional reduction procedure leads to both the
field equations [6] and the constraints [7] for the d = 4, N = 4 theory, it is
reasonable to conclude that the correspondence between these data for the d = 10,
N — 1 theory is again one to one.

Developing methods used previously for the a = 4, N = 3 case [4], we shall
provide here a complete proof of this one to one equivalence. As a corollary
obtained through dimensional reduction, we shall have proved the d = 4, N = 4
equivalence as well as the corresponding result for the d = 6, N = 2 theory [7-10].
The logic of the demonstration is exactly the same as in [4]. It turns out, however,
that the detailed computations are actually much simpler for the ten dimensional
case than for the four dimensional one.

In principal, there are three separate sets of data which must be proved pairwise
equivalent:

(i) The superconnection on £->M, satisfying the constraint equations,
(ii) The superfields satisfying the superfield equations.

(iii) The component fields satisfying the 10-dimensional supersymmetric Yang-
Mills equations.

In Sect. 2, we give a summary of the part of the result already proved by Witten;
namely, the derivation of the superfield equations from the constraint equations.
This is relatively straightforward once the content of the constraint equations
together with the Bianchi identities has been analyzed. In order next to establish an
invertible correspondence between (ii) and (iii), it is necessary to eliminate all gauge
degrees of freedom depending on the anti-commuting superspace co-ordinates. To
accomplish this, we introduce in Sect. 3 a special gauge condition particularly
adapted to the embedding M ̂  M of ordinary (10-dimensional) Minkowski space in
its superspace extension. We call this the "^-gauge" condition, defined by setting
equal to zero the component of the connection along the Euler vector field 3)
transverse to the embedding M <-> M under the standard linear splitting of even and
odd co-ordinates. We deduce the action of the Q) operator on all superfields and
thereby show how to reconstruct the superfields from their leading components and
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the superconnection from the superfields. This also allows us to deduce the action of
the supersymmetry transformations upon the component fields. It remains to
verify that, given any set of on-shell component fields, the superfields so constructed
satisfy the appropriate field equations and the resulting superconnection satisfies
the constraint equations. These statements are proved in Sect. 4 by induction on
the degree of homogeneity in a componentwise expansion; i.e. the eigenvalues of
Q). In fact, the inductive proof of the implication (iii) -> (ii) involves a computation
equivalent to the verification that the supersymmetry transformations really leave
the field equations invariant. Similarly, the inductive proof of the implication
(ii)-*(i) involves a computation equivalent to the verification that the super-
symmetry transformations close on shell to define a representation of the super-
algebra. The fact that we actually have exhausted all possible consequences of the
constraint equations follows from the invertibility of the maps (i)<->(ii)<->>(iii) within
the ^-gauge.

Finally, in Sect. 5 we show how a suitable splitting of M into the sum of a four
dimensional and a six dimensional space, together with the corresponding reduction
of the isometry groups leads, through dimensional reduction, either to the standard
d = 4, N = 4 superconnection constraints and field equations, or those for d = 6,
N = 2 case. The equivalence of these data for each case follows as a corollary from
the d = 10, N = 1 result.

2. Superconnection Constraint Equations => Super Field Equations

In most of what follows, we shall be considering the complex version of the theory,
although reality conditions are easily imposed at the end. The complexified super
Minkowski space considered is of dimension (10|16), with standard co-ordinates
{xμ

9θ
A}μ = Qt ..9,4 = 1, ..16 consisting of commuting Cartesian co-ordinates {xμ} and

anti-commuting spinorial co-ordinates {ΘA}. An upper A index refers to a basis for
the fundamental 16-dimensional representation of the Spin (10, C) group, which is
an irreducible component of the standard 32 = 16 + 16* dimensional representation
associated to the Clifford algebra, the other component 16* being the contragredient
representation. A lower A index refers to the dual basis. No invariant quadratic (or
symplectic) form exists since the 16 and 16* are inequivalent, and hence one cannot
raise and lower indices. However, each representation is virtually real (i.e. invariant
under an antilinear involution), which is what allows one to impose Majorana-type
reality conditions [6]. The Γ matrices in this representation map the 16 and 16* into
each other, and thus have the off diagonal block decomposition:

Similarly, the quadratic elements of the Clifford algebra have the decomposition:

ί22a)(2 2a)[ yμvA Λ ~|β

o -^nj
where

_ /^ΓgJ. (2.2b)
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We may define a frame using either the infinitesimal left translations {dμ, q^} or
the right translations {dμ9q*}.

dμ = A» (13a)

«L__L + Γ»ΘB^ (23b)( l A — ^ ^ Λ ^ 1 A B σ Λ ,1.5 J/"JU;

Λ Λ

ΠR — Γ" flB C? Vϊq*~W~ AB w' ( '
Each set generates a representation of the superalgebra, with non-vanishing
brackets:

^? (2.4a)

or {<MH-2ΓV5μ, (2.4b)

and the two sets commute with each other. We shall adopt the convention of
expressing the null line integrability conditions and superfield equations in terms of
the set {dβ,qfa}9 while regarding the set {9μ,g$} as the supersymmetry generators.

Now, given a connection on a bundle1 E-+M defined in some gauge by a 1-
form ω on M with values in the gauge algebra, the covariant derivative operator
along any vector X is:

2X = X + ω(X). (2.5)

In particular, we denote:

^ = ®μ = 3μ + ωμ (2.6a)

and

® = QA = ti + o>A, (2.6b)

(2.7)

where ωμ = ω(dμ), ωA =
The constraint equations are:

According to Witten's twistor-type formulation [1] of d=10, N=l super-
symmetric Yang-Mills theory, their interpretation is the vanishing of curvature on
super null lines. As such, they are the compatibility conditions for the integrability of
the equations for a covariant constant section:

= 0, (2.8a)

=09 (2.8b)

A bundle over superspace can be thought of as a locally free sheaf of modules of type (n | m) over the
sheaf of superfunctions. A choice of gauge is a choice of local basis for the module. There are n even
sections and m odd sections
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where F:M-»Cn|m represents a section of the bundle E on which our super
connection is operating, and λμλμ = 0. Defining the spinor superfield:

Qj (29a)

and bosonic curvature:

Fμv = [0μ,0v], (2.9b)

it follows from (2.7), together with the Bianchi identities, that the covariant
derivative operator QA acts as follows on @μ, the bosonic part of the connection, ψB

and Fμv respectively:

LQA,@μ]=-ΓμABψ
B, (2.10a)

QAφ
B=+^Σ^B

AFμv9 (2.10b)

QAFμv = ΓμAB@vψ
B - ΓvAB@μψ

B. (2.10c)

These relations were all derived in [1] by Witten. They follow from the
definitions in an elementary way with the help of a number of identities satisfied by
the jΓ-matrices which we list here:

Γμ

AB = Γμ

BA, (2.1 la)

ΓμABΓv

BC + ΓvABΓμ

BC = 2gμvδA

:, (2.1 Ib)

+ Γμ

ACΓμBD + Γμ

ADΓμBC = 0, (2.1 Ic)

Γ%ΓA

μ

c=lOδc

B. (2.1 Id)

Γ»ABΓΐB=l6δμ, (2.1 le)

- 2gμσΓvAC, (2.1 li)

= - 4ΓμCEΓμFA + 12ί?55
+ 8(5V£F (2.1 Ij)

Equation (2.1 Ob) can be derived using the fact that QAψ
B = Σμv

Aχμv for some χμv,
which follows from the Bianchi identity involving QA,QB,Dμ.

Actually, only identities (2. 11 a, b, d, f, h, i, j) are needed in deriving (2.10a, b, c),
but they are all useful in the computations to follow. Now, expressing:

^ίij^μ = i(β>ιβB + βjιQx) (2.12)

and applying it to ψB, using (2.10a, b, c) for each derivation by QA or QB, and the
identity (2.11g), we find the superfield Dirac equation:

ΓV2>β = 0. (2.13)
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Finally, applying ΓACQC to (2.13), using (2.10a, b) and the identities (2.1 la, c, e, i), we
find the superfield Yang-Mills equations:

@μFμv + 2^vAβ{ψA9 ΨB] = 0- (2-14)

This completes our summary of Witten's derivation of the superfield equations
from the constraints. In the following two sections, we shall be concerned with the
inverse implication.

3. The ^-Gauge: Reconstruction of Superfields and Superconnection

To reconstruct the superfields and superconnection from any given set of leading
component fields, it is necessary to eliminate the gauge freedom associated with the
{ΘA} co-ordinates. Proceeding exactly as in [4], we do this by requiring that the
superconnection vanish along the transverse Euler vector field defined by the
operator:

® = ΘA-J§A> ί3'1)

i.e. ω(@>) = ΘAωA = 0. (3.2)

(Geometrically this means that the horizontal lift of 2 is tangential to the local
section defining the gauge.2) Any two gauges satisfying such a condition can be
related by a transformation g independent of the {ΘA} variables, since (3.2) for each
choice of gauge implies: 2g = 0, and hence g is a homogeneous polynomial of degree
zero in the {ΘA}. It also follows that in such a gauge the covariant Euler operator
equals the ordinary one:

Using this fact, we deduce from the constraint equation (2.7) and from (2,10a-c), that
2 acts as follows upon the superconnection, spinor superfield ψB and curvature
superfield Fμv:

(3.4)

, (3.5)

μv, (3.6)

®Fμv = θAΓμAB@vψ
B - θAΓvAB@μψ

B. (3.7)

(Note that (3.7) is not an independent relation, but follows from (3.5).)

2 Given a superconnection in an arbitrary gauge, the ^-gauge is obtained by applying the
transformation g defined by the ODE:

dg
ΘA = 9AωAg.

3ΘA

The existence of a unique solution with g\0A = l is immediate from a component-wise expansion in ΘA
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These relations are non-dynamic, but serve to determine the superfields
(ωμ,ωA,ψ

B) uniquely from the leading components (ώμ,ψ
B) in a {ΘA} expansion,

since <& is positive semidefmite with integer eigenvalues equal to the degree of
homogeneity in {ΘA}. (We have ώλ = 0 by the gauge condition 3.2.) Specifically, one
can recover (ωμ,ψ ) recursively from (ώμ,ψB) by repeated application of (3.5) and
(3.6), and then deduce ωB from (3.4) by dividing each term in the expansion of the
right-hand side by the suitable integer eigenvalue of (1 +3)\ The leading terms are:

F^+ , (3.8a)

ψB+. , (3.8b)

θAθcΓ»ABΓμCDψc + - . . . (3.8c)

The higher terms are easily computed, but will not be needed in what follows.
The relations (3.5) and (3.6) resemble the supersymmetry transformations, but

should not be confused with them. They are to be regarded as the non-dynamical
part of the constraint equations, which allow us to reconstruct the superfields and
superconnection uniquely in terms of the leading components (ώμ,ψ

B). The
supersymmetry transformations are:

δώμ = *AδAώμ = - xAΓμABψ
B, (3.9a)

δψB = *AδAψB = &AΣ^B

AFμv (3.9b)

and are thus obtained formally from (3.5), (3.6) by replacing the superfields {ω^, ψB}
by their leading components {ώμ, \I/B] and the super-space co-ordinates {ΘA} by the
parameters {or4} defining the transformation.

In fact, Eqs. (3.9a,b) may be deduced from (3.5), (3.6) by correct interpretation of
their geometrical meaning. Recalling the definition (2.9a) of φB as a part of the
supercurvature tensor, the supersymmetry transformation (3.9b) should be regarded
as the leading term of the corresponding Lie derivative of the curvature with respect
to the supersymmetry generator X = uAqA. Since left and right translations
commute, we have:

(&XΩ)(Y,Z) = X(Ω(Y,Z))9 (3.10)

where Ω is the curvature 2-form and Y, Z are any pair of left translations. Thus, by
definition:

δψ* = ̂ Γ»ABl3>xΩ(dμ, qL

A)-] by (2.9a)

= (α^fV) by (3.10)

= ̂ AΣ^B

AFμv by(3.8b).

A similar computation for δώμ yields (3.9a).
Although this provides an interpretation of the relations (3.9a, b), it does not yet

justify regarding these as infinitesimal variations of the leading components of a
superfield constructed from (3.5)-(3.7), since the relations (3.4)-(3.7) are not
invariant under supersymmetry transformations for arbitrary superfields. This is
what underlies the usual observation that such transformations do not define a
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representation of the superalgebra off shell [11]. We shall see however in the next
section that the recursive relations (3.4)-(3.7) together with the field equations for the
leading components {ώμ, ψ

B} are in fact fully equivalent to the constraint equations,
and hence are supersymmetric on shell (up to a gauge transformation which does not
affect the leading terms). This is what will justify regarding (3.9a,b) as transform-
ations of leading components of a superfield on shell.

4. Inductive Proof: Field Equations => Constraint Equations

Having constructed superfields {ωμ,ω^,^β} from the leading component fields
{ώμ, ψ

B} through the procedure of the preceding section, we must now verify that the
resulting connection does indeed satisfy the constraints, provided {ώμ,ψ

B} satisfy
the field equations:

ΓVV = 0, (4. la)

We do this in three stages. First, we prove by induction on the homogeneity in {ΘA}
that (4.1a,b), together with (3.5)-(3.7) imply the superfield equations (2.13), (2.14).
The usual argument for this sort of result [1 1] is that the supersymmetry of (4.1a, b),
together with the closure of the algebra generated by transformations (3.9a, b) on
shell imply that the superfields defined by applying the operator exp {θAδA} formally
to the leading components will necessarily satisfy the superfield equations. Our
inductive proof will in effect justify this formal manipulation. Secondly, we shall
prove, again inductively, that if ωμ and ψB satisfy the superfield equations, the
relations (2.10a, b, c) will be satisfied. The computation involved in the inductive step
will be seen for this case to be formally equivalent to the closure of the superalgebra
on shell. Finally, we show explicitly that relations (2.10a-c) imply the constraint
equation (2.7) in the ^-gauge.

/. Inductive Proof (iii) -> (ii). The first step of the induction, corresponding to ΘA

homogeneity zero is verified because of the leading component field equations
(4.1a,b). Now, assuming validity of the superfield equations up to order n in ΘA, we
have, by application of the operator 2 to (2.13) and use of the recursions (3.5), (3.6),
(3.7):

iV) (to order n + 1) = - θcΓ»ABΓμCD{ψD, ψB} + ±

to order n, using
(2.14) by inductive

hypothesis and (2. lie).

-o,
where the last step follows from the Γ-matrix identity (2.11h) and the Bianchi
identity:

^μ* στ ~> ^τ* μσ * °"σ* τμ ^ \*"^)

Thus, Eq. (2.13) holds to order n + 1 in ΘA, since 2 is positive on this term. Similarly,
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applying 3) to the difference between the two sides of (2.14), and using the recursions
(3.5H3.7),

MΪ + ±ΓvΛB{ψA, t^} ] (to order n + 1)

to order n by inductive hypothesis as explained below

= 0 (by identity (2,1 lh)).

In the inductive step, we have used both the super-Dirac equation (2.13) (to order n)
and its consequence:

®*9μψ
B = - i^μv?[Fμv, <AC1 (4.3)

This completes the inductive proof of the superfϊeld equations. Note that if we
replaced all superfields by their leading components and Q) -» δ, ΘA -+ or4, the above
computation would be identical to the verification that Eqs. (4.1a,b) are invariant
under the supersymmetry transformations (3.8a,b).

//. Inductive Proof: Superβeld Equations — > Equations (2.10a-c). The first step of the
induction follows by substituting the leading terms of the expansions (3.8a, b, c) into
the relations (2.10a,b) and verifying that the ^-independent terms are equal.

(Since (2.10c) is not independent of (2.10a, b), but follows from (2.10a) by taking even
covariant derivatives, it need not be considered separately.)

Next, we apply the operator (1 + ®) to the difference between the two sides of
(2.10a, b), assuming these relations to be valid to order n in ΘA, and using the
superfield equations, and the recursions (3.5)-(3.7),

(1 + ®}\\ΆA, ®J + Γ^ψ*] (to order n + 1)

to order n, by inductive
hypothesis

= 0. (by identity (2.1 lh))

Note that this computation is formally identical to the verification that the
transformations (3.9a,b) close under anti-commutation when applied to ώμ,
defining a representation of the superalgebra. The inductive hypothesis was used
here, but not the superfield equations. However, the corresponding computation for
(2.1 Ob) requires the super-Dirac equation (2.13). Once again, applying (1 + 2) to the
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difference between the two sides of (2.10b) and using (3.5)-(3.7),

(1 + @)ίQAψ* - ±Σv*fμv-\ (to order n + 1)

μ Q} il/B yμvBp Q, I D yμ\Bp <n
AC-^μΨ ~ ̂  C1 μAD^vΨ ~ ̂  A1 μCD~^

to order n by inductive
hypothesis

= 2θcΓ»AC@μψ
D - θc{ΓvBEΓ»EDΓμAC}®vψ

D (by 2.1 Ic)

= 0. (by identity (2.1 Ib) and the super-Dirac equation (2.13)).

Note again that this computation is formally identical to the verification that the
transformations (3.9a, b) close under anti-commutation when applied to ψB. This
completes the inductive proof of Eqs. (2.10a, b) (and also, by consequence (2.10c)).

It now remains to verify that the superconnection constructed from (3.4)-(3.6)
actually satisfies the constraint equation (2.7). To do this, we apply the positive
operator (2 + Qi) to the difference between the two sides, giving:

2{QA,QB} + {2

, QB} -

ΓμBDψc + 2θcΓ»BCΓμADψD

ΓμCDψD (by2.10a)

= 0. (by identity (2. lie)).

Therefore Eq. (2.7) holds, completing the demonstration.

5. Dimensional Reduction to d = 4, N= 4 and d = 6, N = 2

We now consider an orthogonal splitting M = M4 © M6 of complexified ten
dimensional Minkowski space into the sum of a four dimensional subspace and a six
dimensional one. The complex isometry group is 0(10, C), and it is convenient to
express its representations, as well as those of the complex spin group Spin (10, C) in
a basis adapted to this decomposition, with the corresponding reductions:

0(10, C) =3 0(4, C) x 0(6, C) (5. la)

and

Spin (10, C) =D (Sl(2, C) x Sl(2, C)) x Sl(4, C). (5.1b)

Although we shall remain mainly in the complex setting, it is worth noting that the
reality conditions which lead to the usual 4 and 6 dimensional structures involve the
decompositions:

0(1, 9)=) 0(1, 3) x 0(6, R) (5,2a)

and

Spin(l, 9) ID Sl(2, C) x SU(4) (5.2b)
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for the case where M4

R c M4 is Minkowskian and M6

R c M6 is Euclidean [6], or

0(9,1) => 0(4, U) x 0(5,1) (5.3a)

and

Spin (9,1) ZD (SU(2) x SU(2)) x SU*(4) (5.3b)

when M4

R is Euclidean and M6

R Minkowskian [7-10].
The 16-dimensional spinor representation under which the {ΘA} transform has the

following decomposition relative to these reductions:

16 = 4 x 2 +4* x 2, (5.4)

where 4 and 4* are the fundamental representation of Sl(4, C) (or SU(4) or SU*(4))
and its dual, respectively, while 2 and 2 represent the fundamental (undotted)
representations of Sl(2, C) and^Sl(2, C), respectively. Under the first type of reality
condition, we must identify Sl(2, C) with the complex conjugate of Sl(2, C), and
hence 2 with the dotted Sl(2, C) spinor representation. Under the second type, the 2
and 2 are identified as representations of the two different SU(2)'s. Denoting
components relative to the standard basis in the 4 and 4* respectively by an upper or
lower Roman index (i= 1,2,3,4) and those for the standard basis in 2 and 2 by
(α = 0,1}, {a = 0,1}, (regardless of whether or not these are really complex conju-

gate representations), we may identify {A} = < (/α), ί . ) > and write the odd co-

ordinates as
WA\ = ίθίa θά]
*• -* ~~ '•" *• ' J J l >3 ~ 1 ...4. (j.ja)

α,α = 0,l V '

Similarly, the 10-dimensional vector representation splits into the sum of an 0(4, C)
vector, equivalent to 2 x 2 , for which we use the tensor product basis, with
components labelled by a pair {α/?}, and an O(6, C) fundamental representation,
equivalent to the bivector representation 4 Λ 4 ~ 4* Λ 4* (this latter equivalence
given by the volume form), with components labelled by an antisymmetric pair (ij) =
— (ji). Thus, we identify {μ} = {(α/J), (ij)} and write the even co-ordinates

{xμ}μ = _9 = {x«β,yij= -/}, (5.5b)

in terms of which the underlying complex metric is:

ds2 = det(dx«β) - ^sijkldyijdykl. (5.6)

The reality condition corresponding to (5.2a) is given by

x+=χ y = *y, (5.7)

where (*y)ίj = ̂ είjklykl. That corresponding to (5.3a) is given by:

x = εxεί y = 4- TyT*, (5.8)

where

/ c Π\ / Π 1\

(5.9)



194 J. Harnad and S. Shnider

Relative to these bases, we identify the nonvanishing components of the /"-matrices
as follows:

for Γμ

AB and:

τ-'kί(iα)O'β) ")0aβ0ijkl /c 1 Π^Ί
i — Z,G o , V vyt/y

for jΓM5. The left translation generators on M may then be identified as:

(q^) = (qiα, qjβ\ (5.11 a)

(d^ = (dφd^ (5. l ib)

where

g.α = —- + Of—-r + εαβθ
ίβ—7τ, (5.12a)

flά = —ά + 0ία—54 + 2£ijkl£άβθίj—kϊ> (5.12b)

δrf = i (5.12c)

satisfy the superalgebra relations

{qiΛ9qjβ}=2εαβdij9 (5.13a)

< /7^ flJ'\ P .p^J fi l^i 1 Λ Γ Ϊ I
I ^Cf 5 ~l β Γ (Ϋ/ί fci 5 ^^J.1.-J L/y

{^iα>^} = 2δ}5αjί. (5.13c)

Note that when acting upon functions independent of the {yj} co-ordinates, the
generators {gία, ̂ , 3α/5} reproduce the d = 4, JV = 4 superalgebra relations. Similarly,
on functions independent of the {xα/*}, they reproduce the d = 6, N = 2 relations3.

The covariant derivatives may similarly be decomposed as:

(QA) = (βία, Q|), (5.14a)

(̂  ) = (^,? ̂  )? (5.14b)

3 This is not really a precise characterization, since in this complex version the algebra has an internal
symmetry Sl(2, C) x Sl(2, C) covariance rather than just S1(2,C). It may be regarded as a second
complexification of the N = 2, algebra, involving complex left and right spinors
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where

βiα = fe + ωία, (5.15a)

β2, = «ί + ω*. (5.15b)

®«ί = ̂  + Λί> (5 15c)

®tj = dlJ+WlJ, (5.15d)

and

K) = (ω;α,α4), (5.16a)

(<»„) = (/g,Wy). (5.16b)

In this notation, the constraint equation (2.7) may be expressed:

{Qi.,QJf} = 2*.β®,j, (5 17a)

(5.i7b)

(5.17c)

Similarly, the spίnor superfield ψB may be decomposed as:

Gn = (̂ ?), (5.18)

where, defining

fci^k, (5 19a)

Eq. (2.10a) may be re-expressed

[βta,®»] = <WΦ (5.20a)

[βi%] = εά4, (5.20b)

CδI α>%] = %Λl, (5.20c)

[βl̂ ] = ̂ -% (5 20d)

Decomposing the curvature tensor

(Fμy) ~ (fφ fφ FΛβ,ii> Fij,kl\ (5-21)

where

[^«i» ̂ ^ = ε«βf*e + ε«ef«β> (5.22a)

[^d,^]ΞjFαS>i/, (5.22b)

[ ί̂y,®H] = Fy,H> (5.22c)

we have, from Eq. (2.10b),

(5.23a)

, (5.23b)
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+ ̂ ^jklmFlm,ik, (5.23c)

$WJklmFιm,ik (5.23d)

Equation (2.10c) may be similarly decomposed, giving the action of (gια, Qj) on each
component of the curvature, but since this follows as a consequence of (2.10a,b)
through application of even derivations only, it need not be listed separately.

Decomposing the field equations (2.13), (2.14) in the basis, we obtain,

(5-24a)

(5.24b)

for the fermionic part, and

' p
lΓ

γγ,ιj 1 y J

_λpmnkl^ p _L lc«^c /y f c yU-l-P^ίv
2ε ^mnΓkl,ij^2ε εijkl{Xa> X β f ' ε l/Ciάί

for the bosonic part.
The ^-gauge condition (3.2) in our reduced basis takes the form

<rωία + #fωi = 0, (5.26)

and the 3) recursion relations (3.4)-(3.6) allowing us to reconstruct the superfields
and superconnection from leading components become:

(5.27a)

(5.27b)

(5.28a)

(5.28c)

(5.28d)

The reality conditions corresponding to (5.2a, b), (5.7) may be extended to the
superspace M so as to preserve the super-algebra relations (5.13a, b, c) if we require:

θl« = 0«, 0f - θία, (5.30a)

fe = ̂ ' 3& = fe> (5.30b)

where the bar indicates an extension to M of the anti-linear involution (generalized
complex conjugation) on M underlying the reality condition (5.7). Correspondingly,
the constraints and field equations will be preserved if the superconnection
components and spinor superfield satisfy:

σ(ωία) = c4, (τ(ωi) = ωίαs (5.31a)

<Φ4«/)) = V (5 31b)

(5.31c)

(5.3 id)
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where σ is the anti-linear involutive automorphism of the gauge algebra defining the
particular real form considered, (e.g., σ(ξ)= — ξ+ if the gauge group is U(n)).
Similarly, the reality conditions corresponding to (5.3a, b), (5.8) may be extended to
M by requiring:

0τα = fβTφjβ9 g* = ε^τ/6>f, (5.32a)

qi* = εΛβqjβTi, & = εάβTί

jqb (5.32b)

where (Tj ) is the matrix defined in (5.9). The corresponding conditions on the
superfields are:

σ(ωia) = εΛβωjβT
j

h ω< = ε^Tχ, (5.33a)

σ(4/?) = V^fl>> (5.33b)

σ(WiJ)=Tk

iWklT
l

j9 (5.33c)

*to = -εMfi, σ(χiά) = -sάβT{χjβ. (5.33d)

Now, assuming the superconnection to be invariant under the six dimensional
translation group generated by {<90 }, we obtain the dimensional reduction to a (4116)
dimensional supermanifold M4 defined as the quotient of M by this action. All
superfields derived above retain the same form, but become independent of the {yij}
co-ordinates. The covariant derivative operators &tj reduce to Lie multiplication by
the gauge algebra valued Lorentz scalar superfields Wtj which, in view of the
constraint equations (5.17a,b) may be identified as the antisymmetric part of the
curvature term (βία, Qjβ} under the transposition {α<->/?}:

W^-s^iQ^Qjβ}. (5.34)

The constraint equations then reduce to the usual form for the d = 4, N = 4 theory,

{βi.,e^ + {e^ej«}=0, (5.35a)

(5.35b)

(5>35c)

f'{Qt*,QJP}=biju^{QiQfr (5.35d)

The relations (5.35a-c) represent the usual integrability conditions on super null
lines in M4, while (5.35d) is an additional linear vanishing condition on the
curvature required by the dimensional reduction.

Since the dimensional reduction does not affect the anti-commuting co-
ordinates {ΘA}, all the relations (5.20a-d), (5.23a-c) remain valid in the reduced
space, provided we make the appropriate substitutions:

®ij^lWij9 I (5.36a)

F*to->®*fiWij, (5.36b)

Fijίkι^[.Wij9Wkl ]. (5.36c)

The ^-recursion relations (5.27), (5.28), (5.29) also remain valid with these
substitutions, allowing us again to uniquely reconstruct the reduced (4|16)
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dimensional superconnection from the leading component fields {A/b^u'£*>$}•
The reduced form of the field equations implied by the constraints (5.35a-d) may be
read off from Eqs. (5.24a, b) and (5.25a, b) again by making the substitutions (5.36a-
c). Equations (5.24a, b) reproduce the usual Dirac equations, with coupling to the
scalar fields {W^}, while Eq. (5.25a) becomes the four dimensional super Yang-Mills
equation and (5.25b) the superfield form of the scalar field equations. By restriction
of our inductive argument to this case, we see that the full equivalence of field
equations and constraints for the d = 4, N = 4 case follows as a corollary to the
d = 10, N = 1 result.

Similarly, to obtain the d = 6, N = 2 reduction, we assume the superconnection
to be invariant under the four dimensional translation group generated by {dΛ.
Quotienting M by this action gives rise to the (6| 16) dimensional supermanifold M6

extending M6. All superfields obtained by the previous construction become
independent of the {xα/J} co-ordinates, and the covariant derivative operators 2^
reduce to Lie multiplication by the gauge algebra valued scalar superfields A^. The
latter, in view of the reduced form of the constraint equation (5.17c) may be defined
as the trace part of the supercurvature term (Qία, Qty:

Λ* = i{βte,β&} (5-37)

The constraint equations (5.17a-c) then reduce to the correct form of the complex
d = 6,N = 2 theory [7-10]:

{Q^Qjβ} = 2εaβ^ij, (5.38a)

(5.38b)

} = ̂  (5.38c)

which again are interpretable as integrability conditions along super null lines [9]
inM 6 .

The relations (5.20), (5.23) and the ^-recursions (5.27), (5.23) remain valid in the
reduced space, as a consequence of (5.38a-c), provided we make the substitutions:

®4-*\.λφ I, (5.39a)

Lβ-+-^βl^Aββl (5.39b)

f^-&*[Λ«,A^ (5.39c)

^α/U/--^W (5.39d)

The same substitutions reduce the field equations (5.24a, b), (5.25a, b) to those for the
d = 6, N = 2 theory, with (5.25b) becoming the Yang-Mills equation with spinor and
scalar sources, and (5.25a) the superfield form of the scalar field equations for {A^}.
Once again, the implications: constraints => field equations are preserved by the
reductions, since these do not affect the {ΘA} variables, and so are the inductive proofs
of the implications: component field equations => superfield equations => constraint
equations. Thus, the d = 6, N = 2 equivalence is also established as a corollary to the
d=iQ^N=l result.

Finally, the reality conditions discussed above may all be equally applied to the
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reduced spaces, the set (5.2a, b), (5.7), (5.20a, b) and (5.31a-d) reproducing the usual
four dimensional real Minkowski superspace results and the set (5.3a,b), (5.8),
(5.32a, b) and (5.33a-d) those for the real six dimensional case.
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