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Abstract. We discuss the one loop renormalization of the reparametrization
invariant non-local conserved charges of the Nambu-Goto string theory. In
addition we show the stability of a special well-known state under the
corresponding infinitesimal symmetry transformations — at least in the WKB-
approximation.

I. Classical Considerations

The classical Nambu-Goto string theory possesses infinitely many independent,
reparametrization invariant non-local conserved charges [1] which act as
infinitesimal generators of symmetry transformations. Here we want to argue in
the Euclidean version that these charges can be carried over to the quantum theory
as well-defined operators — at least in WK B-approximation — without introducing
unfamiliar counterterms. Further, we want to demonstrate that the renormalized
loop wave-functional y(%) constructed by the authors of [2] is invariant under the
above symmetry transformations — at least in WK B-approximation. Thus, y(%) is
likely to correspond to the “Euclidean” ground state of the system.

Associated with bosonic Euclidean closed strings are closed curves ¢ in RY,
d=3,4,.... Let x,=x,(0) =x,(c+2n), 6 €R be a parametrization of ¢ and let
M be a constant mass parameter. Classically the invariant charges in question are
given in terms of cyclic sums of path-ordered multiple integrals:

2n 2n
ZE = £ doy ... g doy0(o,—0,)...0(cy_1—0y)

x[1—~6—+M2x;1(01)]...[1 0 +M2x;N(oN)]

i0x,,(0,) — i 0x, (ox) —

+ cyclic permutations of the indices yq, ..., Uy.
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Here 6(o) denotes the step function

1 for 020
007):{0 for 0<0.

The dash denotes differentiation with respect to the parameter ¢:x,(0) = = o x,(0).

Planck’s constant fi has been absorbed in the mass parameter M. The actlon of the

operators [ S (o) @) +M 2x’ (o J):I is restricted: each one of these operators acts
J

only on the leadlng term in the 1/M?-expansion of the wave-functional of the state
to which the charge &, . is applied.

In [2] a particular well-defined, reparametrization invariant wave-functional
(%) was derived which solves in the leading and the first non-leading order in
1/M? (i.e. in #) the renormalized loop equation. It turned out necessary to add a
counterterm involving the curvature of the “trajectory” surface spanned by the
curve % to the original action given just by its area. As a consequence, there
appears a new dimensionless coupling constant 7.

For closed, infinite differentiable and double point free curves ¢ the wave-
functional (%) in WKB-approximation is given by

(%€)=Const Me ™ M*4® exp {yi(B) —2 Wy (A7)} .
Here the symbol A(%) denotes the Euclidean area of the minimal surface 2
enclosed by the curve €, 2 being parametrized by I'->R?:z—¢,(z).
A(%)=] d*zlg(2)"?,
r
0

9@ =detga@),  gaD=@P) @) GAE), A=,

gag" =8, —lgl” 28,9l g™ 0s0,=0.
The symbol (%) stands for the integral
(%) =2[ d*zlg(2)|"*K(2) ,
r
where K denotes the Gaussian curvature of the surface 2: K(z) £0. y is a free real
dimensionless parameter.

The symbol Wpy (A7) signifies the finite part of the logarithm of the determinant
of the transversal fluctuation operator A7

@ dt
W (A7) = — 0, C — !}T {Tre™ ™ —oyt ™1 —oy )t~ 17— a1 — 1)},

where the Schwarz operator H is defined by
= —1|g/~"*D,lg|'?g* Dy + U

with homogeneous Dirichlet boundary conditions on dI'. Here D, denotes the
covariant derivative

Di=0,09+AY, Ai=(-0,e%), ij=1,...,d—2,
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and U is given in terms of the second fundamental form of the surface X: i (2)
=—(0,6"0,0)(2),i=1,...,d—2 by

ij__|,—1 iyi
U= Ig| sacgbdl/tzbllc{i >

+1 for a=1,b=2
8,,,,—{ 1 for a=2,b=1
0 otherwise.

The vectors e, =ei(z), i=1,...,d—2 provide an orthonormal basis of the
complement of the tangent space to 2 at ¢(2). 4y, oy, and o, are Seeley coefficients
of AT, alias H [2], C is Euler’s constant.

We want to show that the state (%) to the leading and next to leading order in
1/M? is left invariant under the symmetry transformations generated by the
charges Z* 1=u;=d;j=1,...,N; N=1,2,.... In the leading order in 1/M*>

Ki...pN?

2n o1
2% #Nw(fg>=[M2]N{ f o Ta, ..

4 1

”g doy[ipa (o) £ X, (01)] ...

o [ipun(on) £ X, (0n) ]+ Cycl} (%),

where

)= 50T =K OI(0) @u0,) (0.

n(0)=19(z: 9(2(0)) (O)I'*g**(2(0))eye2 () -

The dot stands for differentiation with respect to the arc length: ;_s -z=2z(0)

=z(o+2m) is a parametrization of the boundary oI" of I'.

The minimal surface X of area A is mapped onto its conjugate minimal surface
5 of the same area A4 defined up to a global translation with the help of the
parametrization I'->R%: z— ,(z), where

) (2)= —alg(2)*g™(2) (.0,) (2) -

A point on the boundary curve 4 of X': x,(c) = ¢,(z(s)) with unit tangent vector

M(a) and unit outward normal vector in the surface 2 : p,(0)/|x'(0)| is mapped to a
point on the boundary curve € of X': y,(2(0)) with unit tangent vector p,(a)/|x"(o)|
and unit outward normal vector in the surface £': —x .(0). The curves ¥ and & have
equal lengths (cf,, for instance, [3, Sect. 121]). We set

2@ =ip () +0,2),
and define for 2n>0 = A =0 the path-ordered integrals

ON-1

REY. ,,N(z(o),za»Jdaleaz... 1 doylipa, (0, £%,(@)] ..
[lpuN(o-N) — uN(O-N)]
=£d0'1 £ do, ... j dUNX "(2(0y)) .. X,i;(z(o'zv))-
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The translation invariance of the state (%) implies
Pl = lirgl R ¥(z(0),2(0))=0.
al2n

We shall have proved in leading order in 1/M? that y(%) is annihilated by the
invariant charges %, ,. if we can show that all multiple integrals
R,i"f“uN(z(a), z(0)) vanish once the variable ¢ takes the value 27.

More generally, we shall prove that RE" , (z(0), z(0)) defined on the boundary

curve of I' can be continued to single-valued functions Ri“’ un(2,2(0)) over I

Proof by Induction. The clalm is true for N=1: y;.(z) = R},%(z, z(0)). Assume that

all path-ordered integrals R 1 (2(0),2(0)) withn <N (N 2 2) can be continued to

single-valued functions R“{’“ (z, z(0)) over the interior of I', in particular, that
lim R, (2(0), 20)=0.

Then for any closed curve z={(0), 0 <0 <2n contained in I" — its interior will be

denoted by I —

Iday [LONREY 1 ((0), 2(0) = +lfd0(5nxm) CONRL. 1 (L(0), 2(0))

=i f d*z|g(2)|"*(0ax) (2)9™(2) (Bptar) (DR, (2, 2(0)) =0

because of the identity (3,xr) (2)9*°(z) (9px;")(z)=0. This means that also the
integrals

RiY 1 (2(0),2(0)) = f do 1/ (2(0 )R 1 (2(041),2(0))

with z=2z(0) 0 < 0 <2n parametrizing the boundary curve 0I" can be continued to
single-valued functions RfY , (z,z(0)) over I' and that in particular

M.  UN
n=N.
This completes the proof that to leading order in 1/M?. y(%) is annihilated by
the invariant charges 2,5, .
By a similar argument to the one just given we conclude that for 1<u;<d;

j=1,..,N; N=1,2,...,
l%’;l Ruil“’#N(z(a), Z(’l)) s 27T>;L§0

I#m R*¥  (z(0),z(0)) vanish. Thus the induction hypothesis is also valid for

can be continued to single-valued functions lim R,ﬁ‘{’__ ux(2(0), z) over I'. Actually,

lle REY . (2(0),2)=(— 1)NR:N‘” (2, 2(0)) .
Moreover, for infinite differentiable and double point free curves € the path-
ordered integrals Rr" , (z(0),z(0)) are infinite differentiable complex periodic
functions in ¢ of period 2n with an N-fold zero at =0, 2=,.... Also,
RIv , (z(0),z(4)) are infinite differentiable complex functions of ¢ and A periodic

I EN
of i)CI‘lOd 27 in both variables separately with N-fold zeros at ¢ =4 modulo 27.
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This information will be useful in the sequel when we study the action of the
invariant charges 2,5, = or rather their building blocks on the state (%) in the
next to leading order in the 1/M? expansion.

II. The Invariant Charges in WKB-Approximation

We are faced with the problem to turn the formal expressions for the invariant
charges in the Schrodinger representation

2n+ton 2n+

gﬁ...m=[M2]N§dU .f doy .. j doy_10(c;—0,)...0(0x_,—0y_1)

Xt (o) ... u;N(JN)

with
1

= M2 idx,(0) £ x,(9)
(cf. [4]) into well-defined operators in WKB-approximation. This approximation
arises from the classical one by slightly relaxing the restriction on the action of the
operators ui(a ): all of these operators with one possible exception act only on the
leading term in the 1 /M?-expansion of the wave-functional of the state to which
Z,5 . has been applied. Each operator i, (g;) in its turn plays the part of the
exceptional one. As such it may either act on the next to leading term in the
1/M?-expansion of the wave-functional or on the factors in front of the wave-
functional resulting from the “classical” action of the operators standing on its
right. In the latter case it must be assumed that the order of the operators has been
specified and that appropriate counterterms have been added.

Only those definitions of Z;% . in terms of products of 12;—:_(6 ;) operators are
admitted which preserve the independence of the initial and final point of
integration and the invariance of Z;, ,, under cyclic permutations of the tensor
indices. More generally, the passage to the quantum theory should be such that all
linear identities continue to hold. Two particular orderings suggest themselves:

cyclic path-ordering:

1 N
Gt it 4
P, (04) ...ty (oy) =N E e <J>(°'nm) nrs s (Ot 1) o Mm( V)
X ﬁ;—“

i—
u

At
(1)(O-1t(1)) (- 2)(O-1t(j— 2))ul‘ﬂ:(j— 1)(0-75(j_ 1))

and cyclic anti path-ordering:

_ 1 N ot
Pui(ol) ,;_L (on )=ﬁ '21 uui (J,(O'n(n)“,;,,(, 1)(0'7:(1 1) o B (Tn)
j=
~t e At
XUy, <N>( ﬂ(N)) Uy, <J+2>(aﬂ(j+2))uun(j+ 1>(aﬂ(j+ 1))'

Here x,=x,(0): x,(c+21) =x,(0) is a parametrization of the curve & such that
the curve & oriented in the direction of increasing values of ¢ surrounds the
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minimal surface X counter-clockwise and the permutation =

1 2 .. N )
(1) n(2)...n(N)
— determined up to an element of the cyclic group — is such that

Or(1)> On2)> «+- > Opy)s

turning once around the minimal surface counter-clockwise. Since neither
ordering is preferred to the alternative one, we are led to take the average

P+ Py (0y) ... 1, (oy).

For the WKB-approximation this is equivalent to total symmetrization of
operator products.
Thus we arrive at the still formal expression for the invariant charges:

L =T T MY

1IN
al 5 tcl 2 < 0 )
X do R ¢ _@rto,0)| ——
j§1§ j u,+1-.-unmu,-1( j J) laxuj(o.j) WKB
MM S T o | do Ix (0,,0%)
2 1</Sk=N 0 jO kusoiy ... un\9 > Ok

5, _
X [71. 5%,(0) (o) + (I""k)] ,

where the operator < acts only on the next to leading order in the

o)
iaxuj(o' j) WKB
1/M*expansion of the wave-functional ¢(%) of the state to which Z; _,, has been
applied. The symbol R;% , (4, 1), 0= 4 denotes

R (o,7)={do, | doy... | doyit(ey)...0t(e)=RE , (0+2m, A+2m).
A A A

The operators i, () act “classically”:
RE (0, )& =R, (0, (),

R0 =] doy { do, ... 3; dou(ay)...ut(s,),

u, (0)=ip,(0) £ x,(0),
where p, (o) stands for the factor in front of the wave-functional ¢(%) resulting from

o
the classical action of the operator p,(0) = — —5———- p, will be assumed to be a
p pu(0) M25%,(0) Pu
continuous function of the curve parameter o.

Finally:

rtel
Iltl--

. 5+ )
.Iij...iik...uN(a.j, O-k) = G(Jj_ O.k)Rika Lo AN ey — I(Zﬂ + O O-j) ' R;icfl..,uk_ 1(aj> O-k)

+0(O-k_o-j)ﬁid [N (% O'j)'ﬁid (2r+o0j,04).

Hic+ 1. Hj+1eBre—1
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The symbol ... d... indicates the omission of the object a. Temporarily, we shall
now identify the operators éi¥(a), R*... (0, 4), and I* ... (0, 0,) with the factors
u,(0), R* ...(0,4), and I* ...(5;,0,) they produce when acting on the wave-
functional ¢(%).

Notice that the “probing” functions Rfj+ vty (2T +050;)  and
I el e (0}, 03) are periodic of period 27 in each one of their arguments:in g;
and in o; and gy, respectively. Only the contribution

2n 2n
M2 % Ef)dajidakli...,:j.,.,zk...uN(aj,ok)

1<j<k=<N

1)
X [W {pu (o) Fix,, (0} + (e k):|

requires definition. The latter one is achieved with the help of the short distance
expansion [2]:

@R[  xtp,
s = o o)

1 x;>/ / <p#>/
- 7 xv+ 7] v
n(4s) {<|x| x1) ?

+ <%I-311> xfupv]} (0)+ O(In|4s)),

where 4s is the shorter arc length between x(¢) and x(A) and where along the
shorter arc, with our convention on the parametrization of the curve €, ¢ is larger
than A.

We concentrate on the infinite subtractions which are needed in WKB-
approximation. For that we rewrite

212 T do, § doyIE s s aop o)
0 0
[ - ‘5( 7] (P (G Fix,, (00} +o«»k)]

27
Z[MZ]N_1/4 g da] jO‘ do-k{Iﬂi1...ﬁj...ﬁk...uN(aﬂ O-k)

OPua(w)
=Lyt un(O1 0} ﬁ
HiNT g

2n 2n
+[M2]N_1/4 g do-j £ do—k{lﬁi...ﬁj...ﬁk...uN(o'ﬁ Gk)

+
1 ...)iJ...)ik...uN(ak’ Gj)}

{Pul0) Fix,, (0} + UHk)]

+1

[ B
0x,,(0))
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It is the second term which requires special attention:

Lty iieun@5 00+ Ly e (00 0)
=0(G O-k)[Rﬂk+l VAN ey - 1(27‘5-}-0’,‘, J)Ruju Ilk—l(o-j’o-k)
+R i e (0, 0)R; (2n+0y,0))]
+0(c,—0) [R u_2n+0;, ak)Ruﬁ1 e (01:0))

+ +
+Rﬂk+1 CUN M- 1(O-k’ O-j)R#ij 1 --~uk—1(2n+aj’ Gk)] :

This is a periodic function (1 £j<k=<N) which is in the general case
a) continuously differentiable at least with a double zero at o;= 0, provided
k—j=3 and N—k+j=3;
b) continuous with a simple zero and a discontinuous first derivative at 6; =g,
provided k—j=2 and N—k+j=2 or N—k+j=2 and k—j=2;
¢) continuous with the finite value:
R: _@n+0,,0) (R}

Hic+ 1 BN oo j— 1 2. BN -1

Bj+ 1o Mc—1

Hic+ 1o N -ee

(2n+0;,0))

and a discontinuous first derivative at o;=0, for k=j+1 (j=1and k=N).
Case a) does not require subtractions. Case c) can be reduced to case b):

N 2=

[M?11/4 ¥ [ do, ydg
X{I gl ﬂN(61’6}+1)+I[li]...ltjﬂj+1.“”N(0-j+1>o'j)}
o ey o
g [5—77 Py (05 D) F X3, (05 )} + (o) + 1)}
J

=—[M*]¥~2/4 Z IdaR Q2n+o0,0)

Hj+20j+3. Hj—1

0 0
Pcl + Pd:'
[5x o) M,H(a)

+[M2]N_1/4 -Zl ‘(‘;do-j -f d6j+1{9(aj ]+1) [RMJ+2HJ+3 #j-l(2n+aj+l’oj)
j=
RE:J+2#J+3 - (@2n+a, 1)+Ru1+zﬂj+3 #J—l(af’af“)]
+0(0,41—=0)[RE sy QR+ 05,0541)
R:Hzﬂns ﬂj—1(2n+a 6)+Rﬂj+zﬂ1+3 ”j*l(o-j"'l’aj)]}
0

5xuj(o' ;

) {pu1+1(o-]+ 1)+ lxu)+ 1(0-]+ 1)}

M7 1/42 Ida,ﬂfda {0051 —0) [RE Qn+0,0,0,)

Hj+2Mj+3ly—1

+
Ru”zuﬁs uj_,(2n+0'j+1> j+ 1)+R‘l1+zllj+3o-./,tj‘1(o-j+1’ Uj)]+0(6j—6j+1)

x[RMJ+2/tJ+3 By 1(2n+61+1’ J) Rﬂ1+zu1+3 #j—1(2n+6j+1’6i+1)

4
+Ru1+zu1+3 #j—1(6j’ Oj+ 1)]} S

xﬂjn(af"'l)

We have employed an enumeration modulo N.

{puj(o.j):': iij(O'j)} .
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In order to proceed, we replace the remaining step functions by their
regularized expressions

a1
{1 if {dolx(c)]=6>0
05(0,,0,)= 72
$01,02) 0 otherwise
and determine the divergence of the correspondingly regularized expression for
Z . . as the invariant cut-off parameter ¢ tends to zero. (The singularities at the
endpoints of the various integrations are integrable!) For N =3, the regularized
expression for Z: = diverges like

75 AN S D X' p
Tln5 Z jd(f (xz) ! x[u, u,+1]+p[u,pu,+1]+2 2 x[u,pu,+1] (O‘)
j=10
x R;:ttjcarl 2K+ 3. Ly~ 1(277: + o, O') - [5ﬂjﬂ1 +1 (x/Z) ! (x;hx;lj +1 + ﬁﬂjﬁ#ﬁ 1)] (G)

x[i%, (ORE!, . _Qu+e,0)+REY, . (Qr+o,0)il (0)]

Hj+2.
+ 200,50, = () T (X0 X o+ DBy .21 (0)

x[RES, ., 2r+a,0)iy,, (0)+0naPy,, g, 1(6)]}

For N =3 the last two terms inside the curled bracket must be omitted.

After having added corresponding counterterms to the regularized expression
for ;. and subsequently havmg removed the regularization, we obtain a
bona ﬁde deﬁmtlon for 5., in WKB-approximation. At first sight, the
subtractions seem to be attended with new free parameters. Actually, this point is
rather subtle because of possible admixtures of total derivatives. For an analogous
problem discussed further below there appears just one (already familiar)
parameter!

Now we are in a position to show that the state described by the wave-func-
tional (%) is left invariant under the action of the infinitesimal generators
ZE . of symmetry transformations — at least in WKB-approximation.

i) Inthe first section we have already established the invariance in the classical
approximation: Z;5 , w(%)=0.

ii) For the wave -functional W(%):

w0, A=REY | (2(0),2(2), n=1,2,....

Hence

RS ..., Q2n+0,00=0, n=1,2,..,
and consequently

0
M2Vt d - (@2n+o;0; <—> €)=0.
[M~] Z§ ;R ﬂ;+1l‘1+2 "J"‘( »%) laxﬂj(af) e

WKB
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iii) For the same reason, the remaining terms of %, when acting on y(%)
do not require any subtractions. Their effect is uniquely determined:

[MZ]N_1 271 27n
> ldo (I) dody, o e un(05 00

2 1<j<ks=N 0
o
X [m U, (o) + (I"—’k)] (%)

[MZ]N 1 N 2= 5
Z fd 5 ( ) AZ+1M;+2 “Hji-1
“J

2 j=10

2n+oaj, aj)] w(%)=0.

Summarizing, we have proved in WKB-approximation that the state with
wave-functional (%) is annihilated by every one of the invariant charges 2.5,
i.e. that this particular state is invariant under the transformations generated by
the charges 3” e li=1,..,d,i=1,..,N, N=(1,2)3,4, ...

This result could have been anticipated by the following consideration. Ac-
cording to the analysis of [1], apart from the case N =1: Z; = P,, classically each
invariant charge Z,° . is a polynomial of second or higher degree in the build-
ing blocks

R =R 0
2n 27
i[Mz:'r .[ do-1 ." do-rg(o-l_o-Z) H(Gr—l r)u (Gl) \;_t( r)

with the classical restriction on the action of the operators (a ). If in the WKB-
approximation to the quantum theory the effect of the charge EZ i » on the state
with wave-functional y(%) can still be viewed as being produced by operating with
the same polynomial in the corresponding suitably renormalized building blocks
ﬁ+ v, on (%) — the order of the factors in each monomial being prescribed
somehow — then %, annihilates this state. The reason is that for each
monomial at least one “classical” factor R*¥ .. (z(2n) z(0)) is being produced —
possibly as a whole acted upon by some operator i, (cr ) from some other building
block — and this “classical” factor vanishes as has been shown before.

Indeed, there are two very appealing alternatives to define the action of the
building blocks R, on (%) in WKB-approximation. The first alternative,
again denoted by R i corresponds to naive path- ordering the second one,
denoted by R to naive anti path-ordering of the operators i, (a ). Formally:

- UN?

2n

" 2n
RE = g do, ... g doy0(c,—0,)...0(0y_ —0y)

0 , 0 2,
<[ o0 - g £t |

R: .= (f) do, ... z[) doy0(c,—0,) ... 0(cy_ 1 —0y)

5 , 5 ,
X[zéxwwn—Mz" ("”)] [&cm( By (o) =M (‘“)]
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In order to determine the necessary subtractions for R .uy and R:l .

respectively, we proceed — to begin with — in close analogy to ordinary
perturbation theory. There time-ordering and anti time-ordering of Wick ordered
products of free field operators have to be defined. We observe that according to
the formula

0(c,—03)... 0oy —oy) +(=1D) 0oy —0oy_1) ... 0(c,—0y)
N-1
== ;1 (=1)"0(0,—0,-1) ... 0(6,—01) - 0(0,11—0y43) ... O(0y -1 —0y)

the action of the sum Ay
RE et (=R

on (%) is already defined (in WK B-approximation) when the actions of all R;ﬁ ot
and R, _,, with n<N on (%) have been defined (in WKB-approximation):

«Hn
R+ (=D
annihilates y(%). Thus it suffices to define the action of
R . —(—1)'R

UN ...l

UN ..o 11

UN ... U1

on (%) in WKB-approximation.

The definition is achieved with the help of the short distance expansion [2]
quoted above.

Replacing the step functions 6 by 6;, we obtain the regularized expression

[MPIYAG, L+ IMPTY (Bl i+ Ctyin)

with
2n 2n
Ail...uNi g doy ... (j) don05(01,02) ... 05(ay—1,0n)
X 15@(0) . 120 — (= DY (“1 “N),
Uy - By
2n 2n
sy j doy ... J doy0y(01,05) ... 0,(0n_1,0y)

x Z 1 (2(01)) - 24, (2(0,-1))

1 9
x [; ) (yx(%)—%WPV(AT))]

X X/;tn/+ 1(Z(Gn+ 1)) o XMN(Z(O-N)) ( 1)N (Zl 'u1>

Cz, ...uNﬁzfdﬂ andaNH(,(ol, 03) ... 05(0n_1,0%)
X ZZ X,i’(Z(Gl)) M (Z(G,)) i (2(01) - (2 (a)

iSj<

% 5Puk(0'k) (=¥ (ﬂx #N>.
Uy - [

5x,,j(a 7 1
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As before, the symbol ... d ... indicates the omission of the object a. As the cut-off §
tends to zero from above, 43, . tends to

REY un(2Qm), 2(0) = (= DYRY ,,(2(27), 2(0)) =0,

B, ., tends to
2rn —_—
(f) doy .. f doy Z %0 (2(01) . 1 (2(0,)) - Aus(2(ay))

X [1 0 (VK(%)_%VVPV(AT))] —(=1N <Z1 NN>

i 0x,,(0,) N M

and C%, . diverges logarithmically like

Iné i
| | § d { Z ( 1)” 1|:R,‘ln 1.0 1 ﬂn(D e#n+ lle—n+ 2. I‘N)l
- (D Ryn 1 1 u,.)' l Hn+ 1R:nu+)- 2. ﬂN]

_2";2( )n ZRILn 2. 11 #n 1Xun un+1R;ity.+2 uN}
with
R}Y.,,=R;" , (2(0), 2(0)).

Here D, denotes the tangential covariant derivative D,=27D,. Similarly, in the
following D, will denote the normal covariant derivative D, =n’D,.
The diverging part of C, . can be reexpressed

Ind n— i i
l I { Z ( ) ! §d$ Rﬂn 1. ule[#n(DSe)#n+ 1]R#inui 2. UN
Nt - + i i +
ti 3 (=1 : £ azlg|" g Re" | [(Da€)iu, - O )

- (aaX;;_t. - 1) (Dbe)fﬂnezn + 1]]R:n‘ﬁ 2. MN}

Here we have used Gauss’ theorem, the differential equation for minimal surfaces
and the relations

Qatii )9 @o1)=0, (D), g"(@pxs7) =0.
The last relation is proved again with the help of the differential equation of
minimal surfaces, here in the form
gVi=0, i=1,2,...,d-2.
We claim: [M*]¥ ! times the diverging part of Cj, . is cancelled by the factor

which is produced when the following counter term — to be added to the
regularized expression for R}, , —(— 1)NRMN _u, — is applied to the state with
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wave-functional (%). (The operators

15 .

act “classically”!)
Inéd 27
_ 'Id 01 T do[06,=0) . 00w 1 —0)

_(—I)NO(O'N—O'N—l) (o, —0y)]

N1 0§ , 1 B , ox(%)
anl[z A R (““)]‘ [ S (on ) EM X "”)]iéxun(o,o

X [1 o + M2x ;“H(anﬂ)].. [1 0 +M?x,, (O‘N):|.

1 5xﬂn+ 1(0n+ 1) _ l 5X#N(0'N) _

If this is true, then the subtraction may be considered as being generated essentially
by the functional ns ns
exp(~4s},  4s="2 (@ k=T o)
and the only free parameter coincides with the parameter y.
We shall now proceed to verify the above claim. To this end we apply the
debatable subtraction operator to y(%). The wave-functional y(%) is reproduced
up to the factor

M |1n5|

5K()
0x,,(0)

Z (=t f doR;Y . 4, (2(0), 2 20)5
XRED, i (2(0), 20) — (= 1) (’“ "”>.
Hy - By
Using the Gauss-Bonnet formula,
2n
K(B)=2[ d?z|g|'*K =4n+2 | dA(p- %) (),
T 0

we obtain

o) (o)
o) =2 @K O

+e,(z(0)) [Dij ((I |> e’> (0)—(D,h) (Z(G))]}

where the quantities hi(z), i=1, ...,d —2 are defined by the following conditions:

(Hh)'(z)=0 for zel', h(z(0))=(x(0)- (Dse)'(z(0))).

. . . . . .. OKk(®) .
When we insert this expression for the functional derivative ) , integrate by

parts and use the following identity: 0x,(0)

K, Plo) _ (”,~ )(o)(D Ol (2(0)).
o)~ ]

s i) (0) (Dy0),,(z(0)) + <| T
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we can bring the factor in question into the form
_,[Ind| X _
2qN—1 1191 _qy-t
{R:nw 1. u1(z(s)s Z(O)) [(I | (D e)> (S) (D e) (Z(S))

+ e, (2(5)) (Dnh)'(z(s»] RE,(2(5), 2(0))

=R, (2(5),2(0) e, 1(Z(S))<| 7 (s i)(S)
€ (ZDREY i (2(5), 2(0))
—R:Y L u(E(9), 2(0))<, 7 ~(Dy e))(S)eun(Z(S))

(W[ BBy
xXMn+1(Z(S))Rﬂn+2 MN(Z(S)’ Z(O))} ( 1) <[,LN#1>

Further, using the fact that (D,e):(z(s)) and (D,e).(z(s)) are vectors in the linear
Dy
x|

span of )(S) and x,(s) and taking advantage of the following relations:

<| T >(S)=(>€~(Dne)")(5), <| T )(S)=~(>€'(Ds€)i)(8)

— the latter one is derived from the differential equation of minimal surfaces in the
form g*Vi=0,i=1,2,...,d—2 — we arrive at

Ind
! '{z< D GASIREY e (D) REY e

+
+lR v ﬂ1(D e)[un Mn+1]Rﬂn+2 ﬂN]

Un-1.
+ Z( )" 1§ds[h(D Run 1 .‘lleﬂan:llﬁl uzv)i

—RE¥  oi REv (D,,h)"]}.

Hn—1... 141 ﬂn Un+ 1. UN

Finally, by applying Gauss’ theorem, the relation
(G 9™ (@) =0,

and the differential equations
(He);ZO, (Hh)l=0, _lg|—1/26a|g|1/zgababxi=0,
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we are led to
2N -1 |1n5| n—1 i i ty
[M] Z ( 1) §dSRun 1- me[un(Dse)unH]Rumz “UN
A —2( 321 11/2 abp+ i ; +
il 22 (_1)n }[‘d Zlg' / a R“an ﬂl[(Dae)[ﬂn—leﬂn](abxﬂl_n+1)
_(aaxllin 1) (Dbe)lun Hn + 1]]Run+z #N}
. 2 N—l'lnélN_1 n—1 2 1/2 ab Ty
+2i[M~] — ; (=1 I[d zlg| hR#n —

X (Dae)iun(ab%uiw 1])R:nui 2. LN

The last sum vanishes on account of the relation
(D), g™ (Op17)=0.

Thus we are left with exactly the right subtraction to cancel the divergence of the
regularized expression for Iim —(=D¥ RﬂN _u; applied to y(%) as the cut-off is
removed. This completes the Verlﬁcatlon of the claim.

According to the above analysis, the necessary modifications of the action of
the operators R .un ON the wave-functional y(%) due to one loop order
renormalization are well understood.

Actually, as to the structure of the counterterms, the operators RE |, are for
the wave-functional (%) exactly what the invariant charges & ,:—; 4y are for the
general string wave-functional ¢(%). Hence, the renormalization of the charges
Z ., in WKB-approximation should be attended with a single free parameter
related to y. Moreover, it should be possible to fix this parameter in terms of y by
requiring the renormalized invariant charges to commute with the renormalized
loop wave-operator [2]. The latter one involves the parameter y.

We shall return to these questions in a separate paper.
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