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Abstract. We consider the dynamical system (X, i, T;) where (X, p) is the Gibbs
ensemble at some fixed temperature and density for a semi-infinite one-
dimensional ideal gas of point particles. The first particle has mass M, all the
other particles mass m< M. T,1s the time evolution which describes free motion
of the particles except for elastic collisions with each other and with the wall at
the origin. We prove that (X, i, T;) is a K-flow.

1. Introduction

The ergodic properties of the infinite ideal gas are well established, cf. [1, 2].
However there is at present no idea on how to treat interacting systems. We
investigate here a somewhat intermediate system, in which interaction is confined
to a finite subsystem.

More precisely, we consider an infinite system of point-like particles on the half
line R, =[0, o), which interact only by elastic collisions with each other and with
a “wall” placed at the origin g =0. We assume that the mass of the first particle, i.e.
the one closest to the wall, is M >0, and that all the other particles have a common
mass m <M. We shall refer to the first particle as the “heavy particle” (h.p.).

The Gibbs state for the ideal gas corresponding to any choice of the inverse
temperature § and of the particle density ¢ is an equilibrium state for the system.
The dynamics is most conveniently described in terms of “pulse trajectories.”
When two particles of mass m collide we let them cross each other, keeping their
velocities. The dynamics for these new objects (“pulses”) is as follows: they move
with constant velocity until they collide with the h.p., then they change their
velocity according to the law of elastic collisions, and keep their new velocity until
the next collision with the h.p. Clearly the new description is equivalent to the
traditional one and it has the advantage that the interaction is reduced to collisions
with the h.p.

Since the incoming flow of particles keeps the h.p. close to the wall, a pulse will
interact with the h.p. maybe several times, but finally it will escape to infinity
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without recollisions. It would seem that we have a cluster structure: the pulses
come in independent clusters, interact and go away. Therefore we would expect
good ergodic properties. However since the h.p. can reach any given point, the
existence of a cluster does depend on the future. In paper [3], which studies a
mechanical model for a thermal bath, the difficulty is removed by the presence of a
second wall at distance L, which is transparent for the pulses but reflects the h.p.
The ergodic properties of the system are essentially due to the fact that the past is
forgotten each time the h.p. reaches L, i.e. given its velocity at that time, the
distributions of the future evolution is completely determined.

In the proof which we give below the cluster idea still plays a fundamental role.
We prove that sooner or later a particular configuration of pulses arrives near the
origin, such that the last moment of interaction of the h.p. with them is a “good
candidate” to be a cluster time (i.e. a time after which the h.p. never collides again
with any of the particles with which it collided in the past). A “good candidate”
means that the probability of a recollision is very smail.

It seems to us that the idea of our proof recalls what Landau and Lifshitz [4]
say in the first pages of their Statistical Physics: “A subsystem of the system under
consideration is a mechanical system, but certainly not a closed one. On the
contrary it undergoes all kinds of interactions with other parts of the system ... .
Owing to their complexity it will pass sufficiently often through all its possible
states .... The substantial distribution of a given subsystem is independent of the
initial state of any other small part of the same system, because, after a sufficiently
long time, the influence of the initial state will be completely outweighed by the
influence of other, much larger parts of the system.”

The plan of the paper is the following. In Sect. 2 we give definitions and state
the results. We also establish the following criterion: The K property is equivalent
to the fact that the conditional measures, given the past history of the h.p., are
equivalent when relativized to the o-algebra generated by the behavior of the h.p.
in the distant future. In Sect. 3 we prove some probabilistic results, and we show
that there are cluster times in a set of full measure. In Sect. 4 we prove the
equivalence required by the criterion, making use of a “copying procedure,” by
which we “copy” the distant future history of the h.p. in a configuration x with that
determined by configurations x” which can have “almost any” trajectory of the h.p.
up to time ¢t =0. We do this by using the existence of cluster times proved in Sect. 3.
In the Appendix we prove some probabilistic estimates.

2. Description of the System and Formulation of the Results

The one-particle phase space is R = {(¢, v) € R*; ¢ >0}, where q denotes the posi-
tion of the particle and v its velocity. X denotes the space of the locally finite
configurationsin R% and 9 the o-algebra of the Borel sets of X. If xe X and ACR?
is a measurable set we denote by x , the configuration xn 4. M , denotes the sub-o-
algebra generated by x,. By X, we denote the phase space of a particle system
in A. Sometimes we shall not distinguish between X, and the subset
X,={xeX:x 2 4=0) and we shall identify the subsets of 3, with the corre-
sponding subsets of X, A point xeX can be identified by a sequence
x ={qu(x), v (%)}, in which the particles are labelled in order of increasing
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position, and, for equal position, of increasing velocity. M is the mass of the first
particle (qq,v,), and m< M the masses of the other particles.

u denotes the free gas Gibbs equilibrium measure corresponding to some fixed
values of the particle density ¢ and of the temperature . By u° we denote the same
measure for M equal to m. u° is a Poisson stochastic field on R? . By p 4, 44 we shall
denote the measure induced on M ,, ACR?%, measurable. We shall sometimes
understand such measures as measures on X .

The dynamics can be described as follows: all particles keep their velocity until
either (i) the h.p. reaches the origin and reflects its velocity, or (ii) the h.p. collides
with a light one (pulse). If Vand u are the velocities before collision of the h.p. and of
the light one, respectively, we prescribe that at the collision time they have the
outgoing velocities ¥V’ and u’ respectively:

V=aV+(1—-a)u, (2.1a)
wW=—ou+(1+a)V, (2.1b)
with
M-—m
o= Mim' (2.1¢)

We define in such a way a measure preserving flow { T;},, on an invariant set of
u-measure one. We denote by T.° the “free flow,” i.e. the flow when all masses are
equal to m, and (elastic) collisions occur only at the origin.

Our main result is the following:

Theorem 2.1. (X, u, T)) is a K-system.

To prove Theorem 2.1 we introduce the measurable partition {_ [5],
generated by the random variables g,(t), t <0, where ¢,(t) denotes the position of
the h.p. at time ¢ (here and in the following, partitions should always be understood
as defined p-modulo zero). By definition T,{ _ = _ for t =0,

\/ T =e, (2.2)

tz0

¢ being the partition of X into points. In fact with probability one all particles have
nonzero velocity, so they eventually collide, in the future or in the past, with the h.p.
Their velocities can therefore be reconstructed from the path of the h.p., which is
measurable with respect to the partition on the left-hand side of Eq. (2.2).
To show that the system is K it remains to prove that
N Tl =v, (2.3)
t<0
where v is the trivial partition. We will use a criterion given in Proposition 2.1
below, to state which we need some more notation.

If { is a partition we shall use the same symbol to denote the o-algebra
generated by it, and denote by {(x) the atom of { containing the point x. Let *
denote the partition generated by ¢,(t), t'>t and

(=N, (24)

>0
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Proposition 2.1. If there is a set E { _-measurable and such that u(E)=1, and for any
x, x"€ E, the measures u(-|{ _(x)) and u(- |{ _(x")) are equivalent on the o-algebra {*
[defined by Eq. (2.4)], then {* is trivial.

Remark 2.1. Under the assumptions of Proposition 2.1 (X, u, T, ') is a K-system,
and this implies that (X, 4, T;) is also a K-system [5].

Proof of Proposition 2.1. Let A€ {®, u(A)>0. Then there is a sequence (¢,, B,), with
¢,40 and B, cylindrical [i.e. measurable with respect to the g-algebra generated by
qo(?) for t in a bounded interval] such that

W(AAB,)<e, . 2.5)

(Here AAB, denotes, as usual, the symmetric difference of the sets.) Since B, is
cylindrical, for some negative ¢, the set D,=S, B, is {_-measurable. So for
A4,=S5, A we have

u(A,AD,)=u(A4B,) <S¢, = w(A,ND,)=¢,, (2.6)
where A¢ is the complement of 4,. From Eq. (2.6), using Chebyshev’s inequality
ul{xeDy: p( A - () > 6 SV

and setting

D, ={xeDy: WAl (x)<)/e} ={xeD,: AN () > 1]z},
we have, from Eq. (2.6)

w(D,)Z (D)~ )/ e, 2 p(A)—2)/, . 2.7)
Let D=limsupD,. Then by Eq. (2.7)
(D) u(A)>0.

Taking x € DNE there is a subsequence n; (depending on x) such that
lim p(4,JC-(x)=1. (2.8)
Since for x" € E u(-|{_(x") is equivalent to u(-|{_(x)), we have
lim p(4,J0-()=1 Vx'eE,
where {n;} is the same sequence as in Eq. (2.8). Since u(E)=1 we have

=] p(dx) lim p(4,[C-(x))=lim § u(@x (A4, JC - (x)) = pu(A).

3. Existence of Cluster Times

We prove in this section an intermediate result, which has interest also for itself,
namely the existence of “cluster times” for a.a. x € X.
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Definition 3.1. We say that is a cluster time (c.t.) for x € X if it is a collision time for
the h.p. such that the h.p. never collides for > with the particles with which it
collided for t<t.

We describe the collision of the h.p. by a set of “collision parameters.”

Definition 3.2. The triple Q=(t,q,v), where ¢ is the time of the collision, g its
position and v the outgoing velocity of the h.p., is the set of the collision parameters
of a collision of the h.p.

It can be seen that except for a set of p-measure 0 (for which multiple collisions
occur) the sequence of the collision parameters completely identifies the configu-
ration x € X.

Before proving the existence of cluster times we give three basic lemmas.

Lemma 3.1. There is a constant ¢>0 such that for p-a.a. x € X,

- , loo(TX)|

1) tllinw sup m . (318)
: p 4o(Tix)
ii) tllinw sup logli] . (3.1b)

Proof. Let E(t)={x€X: |vo(T,x)|>clog?|t|} with ¢> 2 > —2— Since the
pm M
. . . . . BM v?
distribution of v, is stationary with density —2n—exp —BM 5 ) we have
> u(E(u)) < oo, so that Ineq. (3.1a) holds for the integers. Now if [v,(x)| < c log!/?k
u=0

and |vo(T;x)| = clog!/?k for some t € (0, 1), there must be at least one particle with
velocity o< —clog!/?k in the region

{(g,v)e R} :ve(—o0, —c log'?k), g€ (qo, 290 +|vo| — )} -

If E, denotes the corresponding event, we have

M\1/2 o B clog!/2k _ N
M(Ek)=9<%_n~) (f) dgee™ | dvoe PMY2u(E,lqo, vo) -

—clog!/2k
ZM 1/2 o
B"Mm -
:Q< 4n? ) (f)dqoe e
clog!/2k Mo —clog!/2k ) ¢
dvge M2 [ dve P2 (go + ool —0) £ 115
—clogl/2k — o k

for some ¢, >0 and 6> 0. This proves Ineq. (3.1a). An analogous argument shows
that Ineq.(3.1b) holds for ¢ integer, and Ineq.(3.1b) is easily deduced for
continuous ¢ using Ineq. (3.1a).

Definition 3.3. For any L>0 and s>t >0 we set
C.(t,s)={(g,v)eR3 :q=L,q+vt=L for some t€[t,s)}, (3.2
R (t)=R3\C/(t, ). (3.3)
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q-L*Vt2=0

Fig. 1 q-L+vt; =0

In what follows we shorthand C, =C(0, o) and R, =R,(0, o) (see Fig. 1).
C,(t, s) contains the particles which, under free dynamics, cross L between times ¢
and s.

Since the h.p. is “confined” close to the wall we expect that “most” of the
negative particles never collided with it. We shall now show that those which
collided are a finite number, i.e. that for y-a.a. x we can find an L so large that all
such particles are in [0, L).

Lemma 3.2. Let A denote the subset of X for which q,<L and all the negative
particles which collided with it in the past have coordinates in [0, L). Then

lim u(A3)=1.

Proof. Consider the region I;CC,

={(4v)eR% :q2L,02v2 —|/Le” @D 1) (34)
(see Fig. 1), and a configuration x € A, N.A7, where
A, ={xeX:xp, =0} (3.5

is the subset for which I} is empty, and
Ny ={xeX:qo(Tx)<}/Llog,ltl,1<0}.

Then the h.p. in x did not collide with the particles of x., in the past. In fact,
suppose that such collisions took place, and that ¢, is the last collision time. Clearly
to <0 and for t, <t <0 we have

’l;x = ];xRLU T;OXCL .
So for te(ty, 0] the particles of x, are in the region C;(—t, 00)\[}(—t), where

I()={(¢g.v)eR% :q+vtelL} (3.7
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is the preimage of I;. But a simple computation shows that

inf{q: (g, v) € Cp(t, 0)NI;(c)} Zmax(L,]/Llog, 7).

So there is no such collision, or t, = — c0. Therefore A7 > A7/NU;. By Lemma 3.1
lim p(A7)=1. Moreover, since the Lebesgue measure of I is
L—w

meas(I)=Le” V2" — 0, (3.8)

we have

lim p(Ay)=1, (3.9)

which proves the result.
Remark 3.1. Clearly 47 €{_. Moreover if {; denotes the partition generated by
Xg,» then its restriction to A7, (|, is a refinement of {_|,, : (|, 2 |4,

Remark 3.2. 1t is easy to see that AN, =&, NW;, where & € My, (=) is given
by

8= {xeX:qy(Txg,)<|/Llog, |1, 120}, (3.10)

because there are no collisions with x,, and as a simple consequence of the proof
above we get

Llim wé)=1. (3.11)
The following simple lemma shows that the infimum of the positions of the
positive particles goes away faster than any power ¢,y <1/2.
Lemma 3.3. For a>0, ye(0,1/2), and t,>0, consider the set
14,,,0={(q, v)e[a,00) X [o,oo):minq+uz—a—ﬂgo}.
t>to

Then
Tim p({xixy, =0 =1,
and the limit is uniform in a€[0, o).
Proof. V, ., is the region between the half-line [a, co) on the g axis and the curve

ty—(q—a)
t
v(q)= q_oa 1=/
y(l_——y> for g—az=(1—y)}.

It is easily seen that for (1/y)—1>1 the Lebesgue measure of V, , goes to 0
uniformly in a as t,— o0, which proves the lemma.
We can now state the main result of this section.

for g—as(1-y)p
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Theorem 3.1. There is a set E’, W(E")=1, such that for x € E’ there is an infinite
number of positive cluster times.

Proof. The theorem is proved by proving the following two statements.

Statement 3.1.1f L >0 is large enough there is a set O X, u(X?) >0 such that for
xeX® there is a c.t with parameter Q=(t,4,7) such that te(0,1),
qe(2L/3,(e+2/3)L), e=L" ', 5<0.

Statement 3.2. There is a set ¥, | T_. % such that

20

Jim wE)=1. (3.12)

In fact, take an increasing sequence L, such that u(¥,,)>1—2"" Then by the
Borel-Cantelli Theorem the set '
E’=lim inf¥,, (3.13)

n— oo
has the required properties.

Proof of Statement 3.1. We construct (), by giving separate conditions on x r, and
xc,. To make the text legible we give some reference or commentary for each
condition.

A. Conditions on xg,

al) xe &y, : [see Eq. (3.10)];

a2) xg, NI}, =0: [see Eq. (3.7)];

a3) xe #y,: B, My, is defined in the appendix [Eq.(A.1)], and is a set
satisfying some condition of “uniform distribution” for the particles in [0, L);

a4) xe B . B; €My, is defined in the appendix (Eq. A.2) and is the set for
which the absolute value of the velocities in [0, L) does not exceed clog!/?L for
some constant ¢>0;

a5) xe ¥}, where

Yo={xeX: min g+vt>2L/3+*5 for t>r, (3.14)
q>(2ql’,%f;>0
for
r=(QL/3)%5 . (3.15)

_ We denote the set on which conditions al)-a5) are satisfied by . Clearly
& € My,, and by Lemmas 3.3 and A.1, Egs. (3.8) and (3.11) it follows that

Llim wéE=1. (3.16)

B. Conditions on X¢, ¢.,,)- The region Cr(0,r.) (given by Definition 3.3) contains
the negative particles which cross L before time r;. We want them to be arranged in
a very special way so that they can produce a c.t. The construction (as well as the
“copying” construction of next section) is made possible by the fact that, asit follows
from the collision equations (2.1), if we let u— — oo for fixed V,u'— + oo (and
V¥ —0), i.e. a very fast incoming particle reflects from the h.p. almost as from a
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“wall”, i.e. preserving a high energy. This clearly depends on the fact that o >0, i.c.
M >m. For M <m our arguments do not apply, although, presumably, the results
are still valid.

We shall describe the particles in C;(0,r;) as well as the effect which they
produce.

bl) A particle (g,v), —v(1 —a) e (e*, e“+ 1) and g +vt, =L, for some

c>cé=glog(l/u)t,€(0,1/2).

It follows from Proposition A.1 of the Appendix that if x e ;" %], then for Llarge
the h.p.in X, = xp, U(g, v) after colliding with (g, v) reflects from the wall and never
after reverses its velocity. Moreover, since |v] is large, the motion of the h.p.
becomes “almost deterministic” (on scale L), which implies (Corollary A.1) that
there is a time f, depending only on (gq,v) such that |f—t,|<2Le *F, 0<i
<min(¢, c—¢), and at time { the h.p. is in the interval (2L/3, (e+2/3)L) with
velocity VeV, Vag), Ve=(1—a)[p[a?X0*98 V1 = (1 — o) [pa?0 3 g=171/6,
Furthermore all the particles which collide with it in [0, L) get a velocity larger
than w=e*L.
b2) A second particle (q,,v,) such that

qi+iv, eQL/3,(e+2/3)L) and —v(1—a)e(1+0)V}.,2V).
In the configuration xg, U(q, v)U(qy,v,), (¢4, v;) it will collide at some place
Ge(L/3,(e+2/3)L)

l—o 1 _
% _ Hence i<1 for L large. Moreover the
T+aVy
outgoing velocity V; of the h.p. is such that —V, € (V;,, 2V},).
b3) Asequence (q;,v;),i=2,3, ..., N, which collides with the h.p. after time ¢ in

such a way that after hitting the wall the first time it is kept in [0, L/2) with velocity

and at some time ¢, |{—f]<eL

. ~ 2 o
less in modulus than V=1+ I——aaVM until time r, —1. The sequence can be

realized in the following way. Since |t — £| = 0(Le/Vy ) and V; € (—2V,,, — V,,), thereis
an interval (f,, {,) depending only on (g, v) such that for te (t,,,) the h.p. is in

~ ~ 1L .
[0,L/2) and t,~t; < v So if we take (gq,,v,) such that
M

o o
= 1. -
vze< o VL, _azm)

and g, +71v,=L/2 for some t€(f,,1,), it collides in [0,L/2), and the outgoing
velocity of the h.p. will be negative. To choose the other ones take the first integer /i
such that o < 1/2 and 6 so small that 26" < 1 —§/V. Then choose v, € (— V, — V+ )

2Va
hold for k=3,4, ..., 1. It is easy to see that the h.p. by colliding with such particles
and with the negative particles of x, which are left at time 7 (right of 2L/3) never
gets a velocity larger (in absolute value) than V. If it starts off at the wall with such
velocity, then because ¢, —t,_, is so small, it must undergo at least 7 collisions

. 1 L . o
and g, such that for the times f,= m(qk— 5) the inequalities #, —t, _; <
k
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before reaching L/2, which are enough to make it go back. So it cannot cross L/2
before colliding with the last particle of the sequence.

b4) A sequence of at least N >1log V/log(1/x) particles with velocity between
—1 and —2 which at time r,—1 are in (L/2, L).

We denote the set for which x¢, ., satisfies conditions bl)-b4) by F#?.
Clearly #? € M¢, o.,,) and

1(F9)>0. (3.17)

Remark 3.3. For x € ZX¢, 0.1,y 12=0 for L large, since x¢,.,,, does not
contain any particle (g, v) with |v]<1.

Remark 3.4. By b3) at time r, — 1 the h.p. is in [0, L/2) with velocity less than Vin
absolute value, and by condition b4) there are enough slow negative particles in
(L/2, L) to make it go back with velocity less than 2 in absolute value. So we
conclude that i) at time r,, it is still in [0, L) and ii) it cannot get out of L with
velocity larger than 2 unless it collides with particles which are not in

XR VX Cr(0,rLy

C. Conditions on Xc, . w)

1) Xc, 1,00 12=0. This condition, together with conditions a2) and Re-
mark 3.2 ensures that x € 47 ,. By the construction above the h.p. between times ¢
and r; does not collide with particles with which it collided before t.

So tis a c.t. unless it is spoiled by recollisions at times ¢ >r;. Such recollisions
can be i) with the particles of x,, which at time ¢ were to the right of g, and ii) with
other particles of x, and with the two incoming particles of points bl) and b2). By
condition a5) the particles of group i) are at least at distance 2L/3 + ¢*/> from the
origin. (The particles of group ii) go away with very high velocity, so that by time r;,
they will be farther away than that, and we don’t have to take account of them.)
Our next condition is stated in the following result.

Lemma 3.4. There is a set U, €Mc, 4, oy Umu(#)=1, such that if x e, and
satisfies conditions al)-a5), bl)-b4) above, then qo(T,,,x) <L+ L/4A+log*t for
t=rp.

Proof. First note that in order to get a bound for qo(T;,,,x) we cannot use
equilibrium estimates, since at time r;, the situation in [0, L) is certainly not typical.
We use the fact that for the h.p. to cross a point a > L before time r;, + T there must
be atime t € [r,,r, + T) at which it starts off at g =0 with a velocity V'so large that
MV >mn,t, t+a/V), where

(t, t+s)=m > lv] t,s>0 (3.18)

(q,0)€Cqlt, t+5)
is the absolute value of the total momentum of the negative particles which cross a
between times ¢t and t+s.
We shall prove that we can take

Uy ={X: X,y o€ T AUF}Y ko=[2L/9], (3.19)

where %) is defined by Eq. (A.11) of the Appendix. In fact we know that at time r;,
the h.p. is still in [0, L). Suppose that at some time ¢ >r, it starts off the wall and
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reaches L+ k before time t, = e'/ﬁ, k=1,2, ..., without inverting its velocity. If k is
so large that

v =2/pm) ()/k+1og(1/k*)>2 and X,y o) € T, RUL) (O TO,, UL

[see Eq. (A.9)] this cannot happen unless the h.p. collided in the time interval (r,, ¢]
with some particle of x¢,, ., With velocity larger than v, in modulus. Indeed,
otherwise the h.p. would start with a velocity less than 2 <u,, and it would be
driven back by the particles crossing L+k (see Proposition A.2). So if
T2Xc, s, o) € Z4(L) it cannot cross L+ k before time ¢, unless T,2X¢, (v, . o) € Zi(L).
Now if L is large v;,>2 for ko=[2L/9] and if T,2x¢, ¢, o) € %, k2 ko we find

Sup q(T4,,X)SL+1+4ko+log?t<5L/4+1og?t. (3.20)
<tZrt

The fact that lim w(%,)=1is an easy consequence of Eq. (A.16) of the Appendix.
L— o

We can now state our second condition:

c2) xe,. Note that, since 5L/4+log?t<2L/3+(t+ry)*5, if conditions
al)-a5), bl)-b4), and cl)-c2) are satisfied there is actually a c.t.

We denote by U the set for which conditions c1)-c2) hold. Clearly
AP € Mc, . ) and, by Eq. (3.8), Lemma 3.4,and Remark A.1 of the Appendix we
have

lim (A = lim oW =1., (3.21)
-0 L— o
The proof of Statement 3.1 is accomplished by setting
XO=80nFOnUD (3.22)
since we have
PE) = WO NULO(FO AUL) = WSO F )WL) > 0.

Proof of Statement 3.2. Statement 3.2 would follow from Statement 3.1 if we had an
ergodic theorem. Since we don’t, we give an explicit construction of the set ;. The
main point consists in the observation that for T.x e ¥ for some 7>0, it is
enough, in most cases, that T,xy, ., € &i” [see Definition (3.3)] and

0 0 (0
T; xCL(r,oo) € 9;[(4 )mm(L )’

i.e. we can assume the particles outside R;(7) to move freely. This is not surprising
for small 7, but it is true for t arbitrarily large, because, even if the h.p. can go by
time T much farther than L, it is nevertheless unlikely that it collides with the
particles of x¢, ;. )

Consider the sets [see Egs. (3.3), (3.4)]

&P ={xeX:q¢(T+Xp, )/ Llog, (), t<0)}, (3.23)
AP =T W, ={xeX:xp ,=0}. (3.24)

Following the proof of Lemma 3.2 it is easily shown that for x € A7 (1) = &P N AP
the h.p. does not interact with the particles of x¢, , .., for —oo <t<1t. Again the
main point in the proof is the inequality

min{q: (q,v) € C,(r, 0)NI;(1)} Zmax(L, |/L log., 1)
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which, by the way, implies (qo, )€ Ry(7) for xe.#;(r) and that (T°%)e,r
contains no particles of xg, . Moreover we have

N ={xeX:qo(T+.x)<)/Llog, [t,t<0}  AP=T_ N/ AP,

which, since the Lebesgue measure of I} () does not depend on t, by Lemma 3.2,
Eqg. (3.8) and the invariance of u under T, gives

lim u(Fe)=1. (3.29)

Set now
2 . #(0
EP={xeX: Txp,, €6ONU L}NED,,

where & is defined by conditions al)-a5). Making use of the fact that for
X € Ny 5(7) the particles of xc, (., o« mOving by free dynamics, cannot get into I at
time 7, and of Egs. (3.9), (3.16), and (3.25) we get

HED)> WEP AN ()= W N 1N T (00U ) = 1,

uniformly in 7 € [0, o). By the same argument for the set

EP=EPnE N {xeX:xp, NI =0}, (3.26)
we get
Llim _igfo wéM)=1. (3.27)

Consider now the set
XP=80nF LAY, (3.28)
where 7,9 = T 7%, AP = T° 9, and WY is given by conditions c1)-c2)above.
We prove that for all x e X there is a cluster time by proving that
TEPCED. (3.29)

Inclusion (3.29) follows from the two relations X & and X ¢ M,Z(t) The first
one is obvious. For the second one observe that for x e%(” the regions Iy ,(1)
NC(t+ry, 00)and I 5 (1) C(t, T+ r;) are empty because x € AP and x € F° (see
Remark 3.3). So since xe & C &, it follows x e .4 ,(r). The proof of State-
ment 3.2 will be accomphshed by the proof that for the set

¥ =U &b, (3.30)
k=0
we have
an wE)=1. (3.31)

For this we need Proposition 3.1 below. Before that we state a remark.

Remark 3.5. X C &,,,n U, C. Ay, This follows by the definition (3.26) and by the
fact that

I ,NCr(t+711, 00)CIpp(t) N Crt + 714, 0).
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Proposition 3.1. For any ¢>0 there is L, so large that
o]
,u( U (é”,f’”n%"’)) >1—¢. (3.32)
k=0

Proof. The sets #*), where k;=j([r]+1), j=0,1,2,... are independent with
respect to the measure p® and

WAF) = p((F(") >0,

So, by the Borel-Cantelli lemma

MO( () ﬁgkﬂ> ~1. (3.33)
k=0

ko
Therefore there is some k, so large that ,u°< U %"’) >1—¢/2. Consider the sets
k=0
. Nt .
Fgco)zgtlfko)’ Fﬁ‘o‘l)=r97(l’f0‘1)\‘!0 gﬂko—z), j= 1,2, ..., ko-
Clearly F# € M, .oy, k=0,1, ..., ko, and
k P
U E9ng)>@0nFp).
k=0
Since the sets F{ are disjoint, we have
ko ko ,\
#( U (fg’ik)ﬁg’l(k))> z Y WEPNFP)
k=0 k=0
QB 0 ik of (9 pa
=k§O wE W (FE) Z (1 —¢/2)p kgo F{P)>1—¢,

where we used the fact that u(F{|&®) = u®(F®) if €% ¢ {x : go(x) < L} and we took
L so large that pu(é®)>1—¢/2.

Proof of Eq. (3.31). By Proposition 3.1 for L large and suitable k,,
ko .
ﬂ< U (cf{")ﬂ«?’"‘é"))) >1—¢/2.
k=0

g 0 0 g (0
1 1 g (1 0 gz (0
g([ ) = (éa[( ) h/"[( ))\(5[( )( \Jl( )), ceey

ko—1
G = (FEIAFIN ) (EDFY).
j=0
Clearly the sets ¥ e My, are disjoint and

UO PAFPAUP) > U (GPNAP),
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so that

ko N ko o
M)z 3 WGP NAP)= Z WGP OAL)

ko
2(1—¢2)p <ka %") >1—e,

which proves Eq. (3.31).

4. Proof of Theorem 2.1 by a Copying Procedure

Consider the sets
Xy, = _(x)>1-27"2, 4.1)

where X, is given by Eq. (3.30), the partition {; is defined in Remark 3.1, and the
sequence L,, n=1,2, ...,nis the one used in defining the set E’ [Eq. (3.13)]. [Our
notation for the conditional probability suggests its interpretation as a measure
on the partition atom { _(x). We recall that we often use the same notation for the
partition and the o-algebra generated by it, which for {; is Mg, 1.

Consider the set

E=lim infX, . 4.2)

Clearly E e{_ and by a Borel-Cantelli argument we see that u(E)=1.

In the rest of this section we shall prove that the set E defined by Eq. (4.2)
satisfies the assumptions of Proposition 2.1, which by Remark 2.1 accomplishes
the proof of Theorem 2.1. Namely we shall prove the following result.

Proposition 4.1. For any x'V, x\® € E the measures u(- | _(xV)) and u(- |{ _(x*)) are
equivalent on {*.

Proof. The proof is based on the following lemma which we shall prove later. [We
recall that by {(x) we denote the atom of the partition { which contains x.]

Lemma 4.1. Suppose that for any L>0 and x, x'€ X, the condition:

/'l(AmiLlCL/Z(x)) >0
implies ,u(AmiLliL/Z(x’)) >0 for Ae{®. Then Proposition 4.1 holds.

In fact, suppose that x'V, x*) e E and that u(A|{ _(x'")) >0. We can take n, so
large that for nzn, 1) x'V, x® € X, and ii) (A, |¢ - (x1))>0. Since X, C. A},
and by Remark 3.1, {;oly,,,2( |4, ,,, We have

WACE DN = [ p(AnE, [ (0)mdx |- (x ) >0.

LDy,

Similarly we have

HANELIC- )= T aANR (X - ().

~-(xP)nXL,

Since x® e X, w(X, |¢_(x*)>1-2""2>0,s0 that we get (AN X, |(_ (x?))>0,
and the conclusion.
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Proof of Proposition 4.1. The conditional measure p( - |¢ L/Z(x)) for x e X, does not
depend on x and is a Poisson measure Le. u(- |Lp(x)=pl, .- In what follows we
set for brevity Y=2X., , and m= '“Cm Let now 4e{* and xe%L be such that
HWANIPIC, (x)) > 0. This implies that for some k pu(ANEP|(,,(x))>0, and
therefore the set & ={y:x,, ,uye ANXP} has positive m-measure m(®®) > 0.
From now on k is fixed. By the construction of ® in Sect. 3, we can divide
y € ®® into two parts: y=wuz, where w denotes the particles which collide with
the h.p. up to the cluster time t,=k-+t (t€(0,1)), which corresponds to the
collision of condition b2), and z denotes the particles which collide after that. We

introduce the spaces W= U (Cppy= U W% and Z=Y, so that (w,z)e Wx Z

for all ye ®®. Let P®(dw, dz) denote the ]omt distribution of w and z induced by
the measure yqm(y)m(dy) (x denotes as usual the indicator function). By the
properties of the Poisson measure it is easy to see that P®(dw, dz) <mes(dw)
x m(dz), where mes is the standard measure: the restriction to W, mes", is the
measure induced on WY by the Lebesgue measure in R, and mes(W®) = 1. So

P®(dw, dz) = f (w, z) mes (dw)m(dz) (4.3)

and f can be chosen in such a way that ®® =suppf. A point we WY can be

identified with a point of R* and, for mes-a.a. points w such that (w, z) e supp,

there is a neighborhood #(w)CR?* such that the collision parameters Q, (see

Definition 3.2) corresponding to the cluster time t,, are C* functions of w in %(w).

Clearly there is at least one such neighborhood % C R*/ for some j, such that
§ f(w,z) mes(dw)mes(dz) >0, and so the set

U Xz

O={(w,z)e @V :weu}

has positive m-measure, m(®) > 0. (For brevity, we do not distinguish here between
sets of R*/ and their images under symmetrization in W%.) We can suppose % so
small that there is a time t© which for all we % is larger than ¢, smaller than the
subsequent time of collision with the wall and moreover such that the h.p. at time ©
lies in the interval (L/3, L/2).

In the configuration xg, ,Uwuz for (w, z) € ® the position and velocity of the
h.p. at time 7, A= (g(7), vo(7)), are functions of w only, A= ¢(w), since the particles
of z, by the construction of Sect. 3, collide with the h.p. only after it reflects from the

wall, and the map ¢ : # — R is C* and of full rank, since det ( a?f(w;) )> +0, where
1» Y1

(g1, v,) is the last particle of w to collide with the h.p., as described in condition b2).
Therefore the joint distribution v of A and z induced by the restriction of P(dw, dz)
to % x Z is absolutely continuous with respect to mes(d4) x m(dz) [where mes(d1)
denotes the Lebesgue measure]:

v(dA, dz) = g(4, z) mes(dA)m(dz), 4.4

and we can assume that g(4,z)=0 unless there is a w such that ¢(w)=/4 and
(w,z) e @. As a consequence, the marginal distribution of A, o(dA)=v(dA, z), is
absolutely continuous with respect to mes(d4). Let A* =(g*, v*) be a density point
for it. This implies that for any neighborhood %* of A* we have

§ xa(A)g(4, z) mes(dAym(dz) >0,
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i.e. the set D*C P,
O*={(A,z): AelU*, g(,z)>0}

has positive v-measure. Moreover if Z .= {z:v(®*)>0}, by Fubini’s theorem we
have that m(Z,.) >0, and we can assume that @* C#* x Z,.. In what follows we
shall only consider a neighborhood of the type

U ={A=(q,v):|q—q* <0, jv—v*| <5},
where A* =(g*, v*) is a fixed density point, and we set Z;=Z,».

Copying Procedure. We now take another point x ‘e X;, and we are going to
construct a neighborhood % C W such that the trajectory of the h.p. for the
configurations x, ,uwuz for (w,z) e @* will be “copied,” at large times, by the
trajectories of the h. p. of the configurations x; R LUWUzZ, We W. To do that we first
construct a configuration w, depending on x Rij made of the following particles:

1) A particle (4,, 8,) with §,>L/2 and $,<0 such that in the configuration
Xk, (G0, Uo) the h.p. collides with (g,, ) at time t, <kr,, and, after bouncing off
the wall i) it collides with all the particles which at time ¢ were in the interval
[0, L/2), before they reach the point 3L/5, ii) impresses them a positive velocity > 1,
and iii) reaches 3L/5 at a time {; =7—(1/V*) (3L/5—q*);

2) Asecond particle (4, #,) with 4§, >3L/Sand §, +t,0; =3L/5 such that in the
collision at 3L/5 the h.p. is left with velocity 0. We can assume |6,| so large that the
particle (4,,?,) bounces off with a velocity ¢ >1;

3) A third particle (4,,9,), §,=3L/5—t*v,, v,=v*/(1—0a), which clearly
collides with the h.p. at time t* and gives to it a velocity v* such that at time T itisin
q*.

Clearly it is possible to determine w for a particular x € X, in such a way that all
the conditions above hold. Consider now a neighborhood % of W, and the map
d(w)=1=(4, ), which gives position and velocity of the h.p. in T(x&.,uW) as a
function of w. Clearly we can choose w and % in such a way that the map ¢ : % —R%
is C* and of full rank, and moreover such that ¢ (%)= (possibly by taking a
small 6).

Remark 4.1. The particles of W € % are located in a region of R% different from that
of the particles of z € Z;. This is because if (q,v)ez€ Z;, g+7tv>3L/5, whereas a
particle (¢’,v") € W has to be in the region ¢’ +tv < L/2.

The following observations show that the above construction achieves our aim
of “copying.”

i) For L large wn Iy, =0 for we 4, so that for ze Z, and x’e X, we have
Xk, WUz C N5, and there are no particles of the past right of L/2.

i) If (w,z)e® and W is such that A=g(w)=~A=¢(W), then the h.p. in
Xk, YWz will never catch up, after time 7, the particles with which it collided
previously. In fact at time ¢ it has the same position and velocity asin xg, ,Uwuz,
and until time k+r; — 1 it has the same story. After k+r, the bound (3.20) clearly
holds, because z € Z;, and, as in Sect. 3, we see that the h.p. can never reach the
particles of its past because x’ € X, and the particles of W have got a high positive
velocity. So the trajectories of X, ,UWuUz and xg, ,wwuz coincide for t 27, and
since xg, ,UwUz € 4, so does X, ,UWUz.
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By observation ii) Proposition 4.1 will be proved if we prove the following
statement.

Statement 4.1. The set & ={(W,2) €W x Z;: (§(W), z) € B*} has positive measure
m(®)>0.

Proof. The result will follow if we prove that R(®) >0, where R(dw, dz) =mes(dw)
-m(dz). Now we know that for zeZ; vw(®*z)>0 which implies
mes({A€ % : g(,z)>0})>0. Since we know that the map ¢4 -utis C, and
of full rank, and ¢(%) =%}, we conclude that mes({W: g(¢(W), z) >0}) >0, which
proves the result.

Appendix

We prove the “almost deterministic” behavior for very fast particles in
Proposition A.1, after proving a lemma.

Lemma A.l. Set
k(L)=[L'"], /=L/x(L), s=¢%°, I,=[(k—1)¢, k/1, k=1,2,...,k(L),
BY ={xeX:||xp «pl—0f|<s},

and
x(L)
#=1) B, (A1)
k=1
By = {xe%:( max lvlgclog”zL}. (A.2)
4q,V)€X[0, L) x R!

Then there is a constant ¢>0 such that l}im WAB,)=1, where B, =RB;N%;.

Proof. (x| denotes here the cardinality of a configuration x.) Since the measure
induced by p on the particle positions is the usual Poisson measure on R, with
intensity ¢ we have

x(L)
)= T W)= (WA,

Moreover, using the Chebyshev inequality for the exponential function
exp{Alx;, x g1/} and minimizing in 4, we get (a bar denotes the complementary set)

(A1) Sexp{—0otG(s/(0?))} »
where G=(1+x)log(l +x)—x is a C*® function in R, such that G(0)=G'(0)=0
and G”(0)=1. So we find

(ALY 2 (1 —exp{— ol G(s/(ef N} P —— 1,

and lim 4(#7)=1. Moreover by the properties of the measure 4 it is casy to see
that
uANzexpf—el [ e Pdul zexp{—coL/(L)},

|v| > log!/2L

and the last expression goes to 1 as L— oo if ¢’=c]/fm>1.
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Proposition A.1. Let xe€ %, and set £=xg, U(q,v) with —v(1—a)e (e, et h),
c>c=glog(l/a), and q+vty= L for some ty € (0, 1/2). Then for L large enough the
evolution of X is such that

i) after colliding with (g, v) the h.p. hits the wall at a time t, and for t >t never
inverts its velocity;

ii) (q,v) and all the particles which collide after time t, and are in [0,L) get a
positive velocity larger than e**, 0 <A <min(c,c—¢);

iii) after time t, the h.p. crosses the points k¢ + clog'/* L with a velocity smaller
than Vy(k), at a time larger than t,,k), and crosses the points k¢ —clog*/*k with a
velocity larger than V,(k) and at times not exceeding ty(k), k=1,2, ..., x(L), where
the quantities

Vi (k) = (1 — o) |plo e =1 +¢;), (A.3a)
Vi (k)= (1 — o) j]ok?et (1 —¢,), (A.3b)
and for k>1
L / 1 (k—1)ot(1 ~a)
l'm(k) =ty+ m + m<&> (1 —-SL), (A4a)
L / 1 kot(1+0)
tM(k)=t0+ |?| + m(g) (1 +é&p) (A.4b)

do not depend on xe %, e, =e *"° 1 (0,c—¢), and o =s/g/.

Proof. The absolute value of the velocity of the h.p. until it collides with (g, v) and of
all the other particles which collide with the h.p. after time ¢, in [0, L) is less than
Vo=clog'?L. The only possible exception is the (g, v) particle itself, which may
collide (for o> 1/2) twice with the h.p. However the analysis below is not changed
by adding a collision with a positive particle, and we will neglect this fact. By the
collision laws (2.1) we see that after colliding with (g, v) the h.p. has a velocity — V,
with

Vi=(l=o)pl(1+e;), legf<e ™™, 1e(0,0), (A.5)
and after time ¢, and before crossing L its velocity is always larger than
(1= |(1+e ) —Vo>w=e*t, 1e(0,c—0) (A.6)

[where n is the number of particles in [0, L)], which proves assertions i) and ii).
When it collides with (g,v) the h.p. can be at most a distance V}, from its

position at time 0 and therefore we have
L {4+ Vo

0<t,—ty,— — .
=hho T S i —a)

(A7)

By Ineq. (A.6) it follows that the particles which collide with the h.p. after time ¢, in
[0, L) are at most at a distance V}, from their position at time 0. So when the h.p.
crosses kZ + V, it has already collided with all the particles which were at time 0 in
[0, k/) and its velocity cannot exceed the value

oY LV < V()
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Similarly when it crosses kZ — Vj, it has collided at most with all the particles which
were in [0, k/) and its velocity will be larger than

ake?tay Vo>V, (k).
Therefore the time at which it crosses k£ + ¥, is larger than

S B A AL/ S pol
Rz VD) 777 T k=1 TV (=)ol =1 14g,

> tu(K),

where B =(1/2)2’" =9, and we suppose k>1 and make use of Ineq. (A.7).
In a similar way one sees that the time at which it crosses k¢ — V, cannot exceed

(—V, ¢ y
0 +m + ... +~_'Vm(k_1) éIM(k)

and assertion iii) is proved.

t+

Corollary A.1. Let X be as in Proposition A.1. Then for L large enough there is a
{>t, depending only on (q,v) such that |{—t,|<2Le ** and at time t the h.p.

is in the interval (2L/3,(¢+2/3)L) with a wvelocity Ve(V,,Vy) for

Vm= (1 __a)lvla(ZL/S)(l +s)g(1~a)’ VM — (1 _a)lv]a(ZL/S:)(l —e)g(1~a), = L— 1/6'

2L . 2L Us—8/25

Proof. Set ko= 37 +2. Since cko<20+ §70'=0(L 15-8 )— >0 for

large L, we have t,,(ko+2) > t,(ko) and (since V,/Z—0) for £ € (tp(ko), t,,(ko+2))

the h.p. is in (2L/3, (¢ +2/3)L) with a velocity

Moreover, since its collision with (g, v), the h.p. has always a velocity larger in

modulus than w=¢*", and therefore |f—to| <2L/w=2Le *L.

Proposition A.2. Let v? =(2/pm)()/k+log1/k?), t,=exp(|/k), k=1,2, ... and for
a>0 consider the sets

Ri(a) = {x €Xs: min  v>-— vk} , (A.8)

(q,v)eSa, kltx)

Ri(a)={xeXc, Vte[0,t,), 7, (t, t +4,)>Muv,},

(A9)
Ri(a) =R ()" (a) ,
where
S.p(O={(g.v)eR*:gea,a+b)}uC, (0,1 (A.10)
and A,=(a+k)/v,. Then the set
U= () Aa) (A11)

is such that klim po(uE) =1.

Proof. The complement %, =Xc_o. ,)\%: has measure

1O A(a)=1—exp(—4,), (A.12)
ﬂo({”a+k(t1t +4) <My ) Se M4,
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and
PR (a)) St~ Mt < o™ M3 (A.13)

where Z#;(a) =X \%;(a). The result follows from inequalities (A.12) and (A.13) by
the Borel-Cantelli lemma.

Remark A.1. Since 4, increases with a, by the definition of %% it follows that if
a’>a and §, denotes the space shift, then

S_(af_a)%lglch)D%[gkO), kozl, 2,...,
which implies
lim ) =1 (A16)

for any integer valued function ky(L)To0.
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