
Communications in
Commun. Math. Phys. 101, 47-85 (1985) MathβΓΓiatiCal

Physics
© Springer-Verjag 1985

A Solution to the Navier-Stokes Inequality with an
Internal Singularity

Vladimir Scheffer*
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Abstract. We consider weak solutions to the time dependent Navier-Stokes
equations of incompressible fluid flow in three dimensional space with an
external force that always acts against the direction of the flow. We show that
there exists a solution with an internal singularity. The speed of the flow reaches
infinity at this singular point. In addition, the solution has finite kinetic energy.

Section 1. Introduction

The purpose of this paper is to prove Theorem 1.1 below. The statement of this
theorem is followed by an informal explanation of what it says.

Definition. If / is a function defined on an open subset of R3 xi?, then the laplacian
and the gradient of / will involve only the R3 variables. Thus,

Λf(XJ)= i^f(X,t) and

The norm | / | will always be the euclidean norm. For example, in (1.7) we have

Theorem 1.1. There exist functions u:R3 x [0, oo) -> R3 andp: R3 x [0, oo) -> R with
the following properties:

there is a compact set K<^R3 such that u(x, t) = 0 for all xφK, (1.1)

for fixed ί, the function ut:R
3-+R3 defined by ut(x) = tφc, t) is a C00 function,

(1.2)
3 du.

Στr(*,t) = 0, (1.3)
i = l VXi

3 3 du- du
**>*)= ί Σ Σ -^-{y9t)-^{y9t)(4π\x-y\r'dy9 (1.4)

R3 ΐ = l j=l VXi OXj
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there exists M < oo such that \\ut\\2 < M for all ί, (ut is defined in (1.2)),
(1.5)

|Vu|2, \u\3 and \u\\p\ are integrable, (1.6)

if φ: R3 x (0, QC)-+R is a C00 function with compact support and φ^O, then

oo
(1.7)

u is not essentially bounded on any neighborhood of the point (0,1)

(which is an interior point of the domain of u). (1.8)

Before explaining this, we digress to place this theorem in the context of other
papers. Let S(u) be the set of points (x, ήeR3 x (0, oo) satisfying the following
condition: If U is a neighborhood of (x, ή (in the natural topology of R3 x (0, oo)),
then u is not essentially bounded on U. The first theorem in [4] implies the following:
if u:R3 x [0, oo)->K3 and p: R3 x [0, oo)->K satisfy (1.1)—(1.7), then the Hausdorff
dimension of S(w) is at most 2. The definition of Hausdorff dimension is given in [3],
starting on page 171. Under slightly different conditions, L. Caffarelli, R. Kohn and
L. Nirenberg have shown in [1] that the Hausdorff dimension of S(w) is at most 1.
Theorem 1.1, which says (0, l)eS(u), shows that conditions (1.1)—(1.7) are not enough
to imply that S(w) is empty.

I have found examples in which (1.1)—(1.7) hold and the Hausdorff dimension
of S(M) is equal to 1 - ε for any preassigned ε between 0 and 1. This shows that
the Caffarelli, Kohn, Nirenberg estimate is the best possible. Since these examples
are an order of magnitude more complex than what is presented in this paper, I
am postponing publication until I can bring the exposition into a more readable
form.

Now we give an informal discussion of the connection between (1.1)—(1.8)
and the Navier-Stokes equations. If JR3 is space, [0, oo) is time, and u: R3 x
[0, OO)-»JR3 is a solution to the Navier-Stokes equations of incompressible,
time-dependent fluid flow with viscosity = 1, then we have the classical equations

where p:R3 x [0, oo)-># is the pressure. In this paper we consider solutions to
the Navier-Stokes inequality, which can be written as (1.10) and (1.11):

Σfiuao, t¥L = 0, (1.11)
i = l i = l OXi

where /: R3 x [0, oo) -• R3 is a function and w, p have the same domain and range as
before. Condition (1.10) says that there is an external force / acting on the
viscous, incompressible fluid. The first part of (1.11) says that this force does not
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increase the magnitude of the velocity vector at any point in space-time. We will give
an informal proof of the following:

Assertion 1. Properties (1.3), (1.4), (1.7) imply that the Navier-Stokes inequality
holds in a weak sense.

This says that Theorem 1.1 can be rewritten informally as follows:

Assertion 2. There exists a solution to the Navier-Stokes inequality with an
internal singularity.

What we would really like to do is to prove the following conjecture:

Conjecture 1. There exists a solution to the Navier-Stokes equations with an
internal singularity.

This paper is a step towards proving this conjecture. At first glance, it seems that the
presence of / makes it more difficult to come up with an example of an interior

3

singularity. After all, the inequality £ fi^i ^ 0 only makes it harder for u to become
ί = l

unbounded. The force / tends to push down on \u\. This argument seems to imply
that Theorem 1.1 is at least as strong as Conjecture 1. Actually, the introduction of/
gives us more freedom in constructing an example because we can decrease |u| at
some points in order to create a situation in which the pressure term causes an
increase in \u\ at some other points at a later time. In summary, Conjecture 1 is more
difficult to prove than Theorem 1.1, but this theorem suggests that Conjecture 1
should be true.

Now we present the informal proof of Assertion 1. The identity u-Δu =
2~ίΔ\u\2 - |VM|2, (1.3), (1.7) and integration by parts give us

δu
— +J J ί i i

iϊφ:R3 x (0, oo)-> R is C°° with compact support and φ^O. This is a weak form of

dt

which can be rewritten as

du / a du\ Λ n

u — + u \ > u,-—I + u vp — u Δu<0.
dt \M Jdxjj

Setting

/ = — + Σ Uj— + Vp-Δu, (1.12)

we conclude the first part of (1.11). If we take the divergence of (1.12) and use (1.3),
then we obtain

3 Ά -f 3 3 r\it 7\it

> - — = > > —-^-- h 4 p .
,= i βχ£ j= ! j= i ^X; OXj
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3 3 βy _ ()n.

Since (1.4) yields Δp=— ]Γ £ ^ " p " " ^ ^ e a b ° v e implies the second

part of (1.11). Property (1.10) follows from (1.12) and (1.3).
It should be emphasized that the / in the example is very singular. This means

that our solution is nonphysical. It is possible to smooth / a bit and make it C00

on R3 x (0,1), but / would still be a bizarre function that would not come up in
real life situations. Nevertheless, the example shows that energy-based methods
are not enough to prove the regularity of weak solutions to the Navier-Stokes
equations. After all, these methods are based on (1.7) and (1.3) rather than (1.9).

The key ideas in the construction are the following:

(A) Changing the Direction of u at Discrete Times. If u is a solution on a time
interval (ίo,ίi) and u' is one on (t1,t2), then they combine to give a solution of
the Navier-Stokes inequality on (to,t2) iff

|M(X, ί t ) | 2 ^ \u'(x9 tx)\2 for almost all xeR3.

(B) Changing the Viscosity. We construct u in such a way that it is a solution to
the Navier-Stokes inequality for all sufficiently small viscosities. Then we make
the viscosity equal to 1 with a change of scale.

(C) Self-Similarity. If one could solve

2~1w + 2~1χ Vw + wVw — vΔw + Vq = g, V w = 0

for some w(x), g(x) with wg ^ 0, then u = (1 - ί ) " 1 / 2 w((l - t)~1/2x) would be a
singular solution of the Navier-Stokes inequality. The construction used in this
paper is different, but similar in spirit.

(D) Nonlocal Effects. The example has compactly supported velocity u = u' + u"
with spt (uf) n spt (w") = 0 . The direction of u' is chosen to oscillate in a way that
makes the magnitude of u" grow, via the nonlocal effect of the pressure.

Section 2. Additional Definitions and Preliminaries

Definition. If U is an open subset of Rm, then Cc°°(ί/, Rn) is the set of C00 functions
from U into Rn with compact support. If feC™(U,R% then the support of / will
be denoted spt (/). If {fγ, f2} c CC°°(K

3, fl), f ^ 0, a < b and v > 0 then the 5-tuple
(fι,f2,a,b,v) is called admissible when there exist functions u:R3 x [α,ft]—>.R3

and p:R3 x [«,&]-•# satisfying (1.1)—(1.6) and the condition

J 2-\f2(x))2φ(x,b)dx- J 2-\f1(x))2φ(x,a)dx + ] J v|Va|2(/>
R 3 K 3 a K3

^ J J (2~1\u\2 + p)u-Vφ + § § 2~1\u
a R3 a R3

for every φeC™ (R3 x #, K) with the property φ ^ 0. We set
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If c = (cuc2)eR2 and c\ + c\ = 1, then RC:R
3^R3 is the rotation

Rc(x1,x2,x3) = (xl9c1x2- c2x39c1x3-\-c2x2)

about the xx axis. If {gl9g2} <= C?(P9R)9 #,-^0, a < ft and v>0, then the 5-tuple
(0i5#2>flAv) i s called P-admίssίble if there exists {fl9f2}

 c C™(R3,R) such that
If ceR\ \c\ = l and (x 1,x 2)eP, then ft(Re(xl9 x2,0)) = gt(xl9 x2),

<Jl9f29a9b9v) is admissible. If feC?{P9R\ v = (vuv2)εC?(P,R2\ / £ 0 , and
f(x) > \v(x)\ holds for all xespt(u), then p*[υ9 / ] is the C00 function from R3 into #
defined by

P*lv,Ω(χ)= ! Σ ί f / - ^ ) ^

where u[υ9 / ] = (II^I?, / ] , u2[v9 / ] , ιι3[i;, /])eCc

cc (K3, R3) is given by

ux2,0)) = Rc(ulv,n(x1,x2,0)) iϊceR\\c\ = l9{xl9x2)eP9

w[ϋ,/](xi,0,0) = 0.

Note that w equals 0 in a neighborhood of the xx axis. We also set

If X and B are sets we define A~B = {xeA xφB}. If feC?{P9 R) we set

-—(x1 ?x2) )-x 2- 2/(x l 5x 2) if (x1}

We will often encounter repeated indices (for example, in (2.6)). These indices are
not summed unless there is a summation sign. In other words, the summation
convention for repeated indices is never used. Furthermore, the function vt in (2.3)
and (3.2) is not a component of a vector valued function. Rather, we have two
unrelated functions, vί and υ29 and these functions have components vίl9 v12 and
υ2i9 ϋ22> respectively.

Lemma 2.1. Suppose that a, b, J, Cί9 C 2 , C'l9 C 2 , Sί9 S29 η, υί9 v29 qί9 q2

satisfy conditions (2.1)-(2.9):

a < b, J is an open set containing [α, ft], (2.1)

C\ c Cx c= P9 C{ and C\ are compact, C1 and C2 are disjoint, (2.2)

S£e{l,-1}, η>0, Όt = (vn,υ^eCr{P,R2\ s p ^ c C , , (2.3)

q,:P xJ->R is a C°° function, qi{x,t) = 0 if xφCt, (2.4)

ίj^O, qi(x,t)>\vi(x)\ if xespt{Vi), (2.5)

If xeCΊ then, using the notation qt ,(x) = qt{x, t), we have—2~1(qi(x, t))2

at

(2.6)
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j2-\qi{x,t))2^ ifxφQ, (2.7)

UaMZO if xφQisee (2.6)), (2.8)

*i ^-vil(x1, x2) + x2-^-vi2(xί9 x2) + vi2(xί, x2) = 0. (2.9)

Then there exists v0 > 0 swc/z that the 5-tuple

is P-admissible for all v satisfying 0 < v < v0 (where qUt(x) = qix, t)).

Proof Hypotheses (2.1)-(2.5) and the notation in (2.6) allow us to define
uL.R3 xJ-*R3 and pL.R3 x J-+R for i = 1,2 using the formulas

i φ , ί) = ̂ i i ^ , ί i i t](x), p\x91) = p*[Όi9 qitt ]{x). (2.10)

If E is a subset of P we define R(E) <= JR3 as follows:

R(E) = {Rc(xux2,0):ceR\ \c\ = 1, (X 1 9 X 2 )G£}. (2.11)

Using (2.1)-(2.4) we obtain

wf is a C00 function on R3 x J, u^x, t) = 0 if xφR(C^. (2.12)

In addition, (2.11) and (2.2) imply

RίCi) and Λ(C;) are compact, R(CX) and Λ(C2) are disjoint.
(2.13)

We let p:R3 x J-*R be the C00 function given by

R3 i 1 j ! OX OXj i j

(2.14)

Using (2.12), (2.13) we find d/dxiuJ(y,t)d/dxJuUy,ή = O iim^n. This fact, the
identity (S,)2 = 1 (see (2.3)), and (2.10), (2.14) imply

1+p2)(x,t), hence

2) if (x1,x2)eP. (2.15)

From (2.12), (2.13), (2.10), (2.3) we conclude

= (q1{x1,x2,t))2 + (q2(xi,X2,t))2 if (xux2)eP. (2.16)

If xeCΊ u C2 then (2.6), the disjointness of Cx and C2, and (2.2)-(2.4) yield
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Combining this with (2.16), the identity

ui (xl9 x2, 0, t) = Siv^x^ x2) for k = 1,2

(see (2.10)) and (2.15), we find that every (xl9x2)eC1uC2 satisfies

όt

The rotational symmetry of |u* + u 2 | 2 and p about the x t axis implies

^ (2.17)

Hence, using the 3-dimensional gradient V, we obtain

if (x 1 ,x 2 )eC /

1 uC 2 . The rotational symmetry and (2.11) allow us to rewrite the
above as

ί) if x

Since (2.3), (2.13) imply that η is positive and R(CΊ)uΛ(C2) is compact, we can
use (2.1), (2.12) to find v0 > 0 with the following property:

ot

if xeR{C\)κjR(C2\te[_a,b~\ and 0 < v < v o . (2.18)

From (2.3), (2.5) we obtain

w[^«ι. ί](^i^2 J0) = (0,0,β l i t(z1,z2)) if (Z1,Z2)EP^(C1KJC2). (2.19)

If (Xi,x2,x3) = Rc(zl9z2,0) and (zuz2)eP, then we must have

c ^ x ^ x i + x 2)- 1 ' 2, c2 = x3(x^ + x | )" 1 / 2 , Zl=xl9 z2 = {x\ + xiγι\

The above, (2.19) and (2.11) imply

w 3 [ ^ ^ , i ] ( ^ i ^ 2 ^ 3 ) = c1qitt(zί9z2) = x 2 (x | + xl)~1/2qiAxi>(x 1/2

if (x 1 ,x 2 ,x 3 )eΛ(P-(C /

1 uC 2 )) . This fact and (2.10) yield

{u\ + ul)(xl9x29x391) = x 2(x 2 + xl)
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for (xί,x2,x3)eR(P~(Cf

ίuCf

2)). This gives us

Δ{u\ + u2)(xl9x2909 t) = (S^faJ + S2L(q2tt))(x»Xi) ^ (*i,x2)eP~ (Q uC'2).
(2.20)

Using (2.19) and (2.10) we get

(u1 + u2)(xl9x290, ί) = (0,0,(S xg u + S2q2tt)(xl9x2)) if (xl9x2)eP~ (C\ u C 2 ) .
(2.21)

From (2.20), (2.21), (2.2), (2.4) we obtain

if {xux2)eP~{C\vC2). Combining this with (2.3), (2.5), (2.8) we find

The above, (2.11) and the rotational symmetry of u1 + u2 imply

{(u1 +u2)-Δ(u1 +u2))(x,t)^0 if X G K ( P - ( C ; U C 2 ) ) . (2.22)

The general formula Zl(2- 1 |/ | 2) - |V/|2 = f Δf and (2.22) imply

4(2- 1 | W

1 +M 2 | 2 )(x , ί )- |V(w 1 + w 2) | 2(x,ί)^0 if xeR{P~{C\vC2)). (2.23)

From (2.9) and (2.10) we conclude

Σ ( 1 + ? ) 0

Using (2.16) and (2.7) we find

^ 2 - 1 | « 1 + t / 2 | 2 ( x 1 , x 2 , 0 , ί ) ^ 0 if (x l 5

The above, (2.11) and rotational symmetry yield

—2"11w1 + w 2 | 2 (x ,0^0 if xeK(P - (CΊ uC 2)). (2.25)

If ( x ^ J e P - I C i u Q ) then (2.3), (2.10) imply (u\ + wΛ

2)(x1,x2,0,ί) = 0 for
fe = 1,2. This fact and (2.17) yield

((W

1 + w2) V(2- 1 |M 1 +w 2 | 2 + p))(x 1 ,x 2 ,0, ί)-0 if (xux2)sP~iC\vC2).

The above, (2.11) and rotational symmetry imply

((u1+u2yV(2-i\u1+u2\2 + p))(x,ή = 0 if xeR{P~{C\κjC2)). (2.26)

Combining (2.23), (2.25), (2.26) we obtain

2 - 1 μ 1 + 2 | 2 (
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1\u1 +u2\2 + p))(x,t) + vΔ(2-1\u1 + u2\2)(x,t)

if XER(P ~ (C\ u C2)) and v > 0. (2.27)

Suppose φεC?(R3 x R,R) satisfies φ^O and v satisfies 0 < v < v0. Multiplying
(2.18) and (2.27) by φ(x9t)9 recalling (2.11) and (2.12), integrating over R3 x [α,fo],
and applying integration by parts and (2.24) we obtain

j 2 " V +u2\2{x,b)φ{x,b)dx- J 2-1\u1 + u2\2(x,ά)φ{x,a)

b

• dx + f ί 1

^ ) \ { \ \ p ) { ) φ ) \ \ ^
a R3 aR* [vt

The conclusion follows from (2.2)-(2.4), (2.10)-(2.12), (2.14), (2.24), the definitions
f γ(x) = Iw1 + u2\(x,a) and f2(x) = \uι + w2|(x,fo), the rotational symmetry
of fi and (2.16).

Lemma 2.2. // a<b<c, (gl9g2,a>b9v) is P-admissible and (g2,g3,b,c,v) is P-
admissible then (gl9g39a,c9v) is P-admissible.

Proof. This is elementary.

Lemma 2.3. // τ, T, v are real numbers, 0 < τ < 1, T >0,v > 09aeR3, {/i,/2} c=
CC°°(Λ

3, i^), / f ̂  0,/i # 0, (/1 ? / 2 , 0 , T,v) is admissible and the inequality

f2{τxΛ-a)^τ~ιf1{x) if xeR3 (2.28)

is satisfied, then there exist functions u.R3 x [0, oo) -> JR3 andp'.R3 x [0, ao)-^R such
that (1.1)—(1.6) are satisfied and, in addition, we have (2.29) and (2.30):

OO

ifφ'.R3 x (0, oo)->β is C00 with compact support and φ^0 then J J v|Vw|2(/>

(2.29)

w is noί essentially bounded on any neighborhood of the point

((l-τΓVσ-τT1^. (2.30)

Proof. Since (/i,/ 2,0, T, v) is admissible, we can find functions uι\R3 x [0, T]->
# 3 and p 1 :/* 3 x [0, T] -•# satisfying (1.1)—(1.6) (with u and p replaced by u1 and
p1) and the condition

ί 2-1(f2(χ))2φ(x,T)dx~ J 2 - 1 ( / 1 W ) 2 0 ( x , O ) ^ + J f v l ^ 1 ! 2 ^
Λ3 i?3 0 R3

2 + /'V V^+ί

?(R3
if φeC?(R3 xR,R) and 0 ^ 0 . (2.31)
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/j-i \

Recalling the hypothesis 0 < τ < l , we set Γ, = Σ τ2k )T for j = 0,1,2,...
\fc = 0 /

(with the convention T o = 0) and Γ^ = lim Tj = (l - τ 2 ) " 1 T. The functions

f{:R3-+R,uj:R3 x[_Tj_uTjli-+R3 and pJ'.R3 x [Tj_u Tj]-+R are defined

inductively by the equations

fl=fiJί+1ix) = τ-ίfί(τ-1{x-a)) i f i = l , 2 ,

for je{l,2,3,...}, where u1 and p 1 are the functions that appear in (2.31). The
required functions u and p are given by the following conditions:

if Tj_1St<Tp then u(x,t) = uj(x,t) and p(x,t) = pj(x,ή,

if T^ = ί, then M(X, ί) = 0 and p(x, t) = 0.

From (2.31) we conclude

f 2"1(/iW)20(x,TJ.)i/x- j 2-1(/{W)2^,ΓJ._1)Jx+ f7 J v\Vuψφ
R* R* Tj^R3

f 2-Vl 2 ί^ + vzl

if φeC?(R3 x K,K) and φ = 0. (2.32)

Since /< is nonnegative and (2.28) implies f\ (x) = τ " V} (τ " x (x - α)) = f\(x) for all
3, we can use induction to show

(/ί(x))2

 = (/{+1(x))2 fora l lxeK 3 and j= 1,2,3,.... (2.33)

The definition of w1,/?1 and 0 < τ < 1 imply

livu|ii= Σ nvι*Ίii= ΣT>-M

ll«ll3=.Σ H"JΊli = £ τ 2 ϋ " 1 ) n« 1 l l i=(i-τ 2 r 1 l l«Ίl3<oo,

00 00

7 = 1 7 = 1

2d <τ^1su ί \u1(xt)2dxΌ<t<τ\< i-'M2

(2.34)

Now (2.32)-(2.34) and lim τj~1M2 = 0 yield
7 " * oo

- f 2-1(/l(x))20(x,O)dx+ J J V|VM|20
R3 0 R3
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^ Σ ( ί 2-\fi(x))2φ(x,Tj)dx- f 2-1(/{W)20(x,TJ _1)ίix)

OD Tj 00 00 f/9ί/)

+ Σ ί J V | V M J " | 2 Φ ^ J $ ( 2 - 1 \ u \ 2 + p)u-Vφ+ J J 2 - 1 | M | 2 ] - ^ + V 4
7=1 η. j ^ 3 OR 3 OR3 [Ot

if φεC?(R3 x #,#) and φ^O. The above, (2.34) and the properties of w1,/?1 imply
(2.29) and (1.1)—(1.6). It remains to prove (2.30). From (2.28), / f ^ 0 and / ^ O w e get
f2 φ 0. Let x'eR3 satisfy (/2(x'))2 > ° Choosing 0 ^ 0 such that φ(x'9 T) > 0 and
(/>(x, 0) = 0 for all xeR3 we see from (2.31) that u1 cannot be zero almost everywhere
on R3 x (0, T). Conclusion (2.30) follows from this fact, 0 < τ < 1 and the identity

u(τjx + ( Σ τ* Uτ 2 ^ + ( Ϋ τ2* J Tj = T"V(X, ί) if 0 < ί < T.

Lemma 2.4. Suppose τ,T,v,aί,a2 ore real numbers, 0 < τ < l , T > 0 , v>0,
{9i> Qi) <= C^(P,R)9gi^09g1 Φθ9 (gl9g29θ9 7 » is P-admίssίble and the following
property holds: If (x l9 x2, x 3 )e^ 3 ^nd (xi,(x |+ x|)1 / 2)espt(^1), ί/ẑ π (τx2 +
α2)2 + (τx3)

2 > 0 and

g2(τx!+ al9 ((τx2 + α2)2 + (τx3)
2)1/2) ^ τ " J ^ (x l s(xi + xf.)1/2)

Then Theorem 1.1 is true.

Proof. Let / 1 ? / 2 be functions in C?(R3,R) such that / ^ 0 , / i(Λc(x1,x2,0)) =
Sfi(xi,x2) if CGK 2 , |C| = 1 and (xl9x2)eP9 and (/i,/2,0, T,v) is admissible.
Then the property / t ^ 0 implies / 2 (τx + (α 1,fl2,0))^τ~ 1/ 1(x) for xe,R3.
Lemma 2.3 (with a = (aί9a29θ)) implies the existence of u:R3 x [0, OO)-»JR3 and
p:R3 x [0, oo)-># such that (1.1)—(1.6), (2.29) and (2.30) are satisfied. We obtain
Theorem 1.1 if we use u9 p with a change of scale (i.e., M(X, ί) is replaced by au(bx, ct)
and p(x, t) is replaced by a2p(bx, ct) for appropriate a, b, c) and a translation in the
space coordinates.

Section 3. The Basic Construction

Throughout this section weRxT,θ,KuK2,U1,U2, fu f2,vuv2 such that T > 0,
θ > 0, and properties (3.1)—(3.7) are satisfied:

Kt c t/f a P9 Kι is compact, Ut is open, closure(ί/f) c P9 (3.1)

fteC?(P9R), ^ ( D ^ ^ e C ^ n (3-2)

closure((71) and closure(l/2) are disjoint compact sets, spt(i;f) <= X ί5 (3.3)

/,, / ί (x)>Mx) | ifxeUt9 (3.4)

( ) -^/2(^1, xi) + vi2(x1, x2) = 0, (3.5)

| 2- Tv2(x) Viplυ,, / J - pίO, /J)(x) > |t;2(x)|2 i/xeI/ 2, (3.6)

^ 0 i/x^X, L(/t )(x)>0 ifxeUi-Ki. (3.7)
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Note that (3.1)-(3.4) imply that the functions p[v1,fί] and p [ 0 , / J (which appear
in (3.6)) are defined. We will see, in the course of the proof of Lemma 3.1, that
the functions p[υί9hUr}9 p[0, ΛlfΓ] appearing in (3.13) are also defined. Assumptions
(3.1), (3.3), (3.6) imply that the quantity under the square root sign in (3.14) is
nonnegative.

Lemma 3.1. There exist δ9gί9g29hl9h2 such that δ>0and (3.8)—(3.15) are satisfied:

hi:Px(-δ,T + δ)^>RisaCco function, (3.8)

^{x:gix)=l}, 0^.(x)^l ifxeP, (3.9)

Λ«^0, hi(x,t)>\vi(x)\ if xespt(gi\ (3.10)

hi(x,t) = fi(x) ifxφspHgd, (3.H)

(M*, t))2 = (/i(x))2 - 2tδgi(x)9 (3.12)

(Λ2(x, ί))2 = ( Λ M ) 2 - 2tδg2(x) - } υ2(xyV(plvuhUr] - p[0, ΛlίΓ])(x)dr,

ftif Xx) = /ιf(x, ί), (3.13)

/*2(x, T) + θ > ((/2(x))2 - Tv2(xyW(plυufJ-p[_OJ^)(x))^ if xeP9 (3.14)

L(ΛM)(x) ^ 0 if Qi{x) < 1 {where hUt{x) = ht(x, t) as in (3.13)). (3.15)

Proof. Assumption (3.1) allows us to find an open set Vt with compact closure such
that KidVi and closure(^) c Ut. Let gieC?{P9R) satisfy spt(^) c Ui9gt{x)= 1
if xeclosure(]^), and

0 ^ ^t(x) ̂  1 for all xeP. (3.16)

Let Wi be an open set with compact closure such that spt(gff) c VF( and closure
a υt. Using (3.3), (3.4), (3.2) we get

sptfo) c iC t c Vt cclosure(Kf) c {x:gt(χ) = 1} c sp% f) c ^ c closure(P^)

c E7, c {x: /,(x) > h(x)|} cz spt(/t.) c P. (3.17)

From (3.17) we conclude / f(x)> |ι>f(x)| for all x in the compact set c losure^) .
From (3.7) and (3.17) we conclude L(/ ί )(x)>0 for all x in the compact set
closure(W^) ~ V{. Hence there exists ε > 0 such that

fix) > (ε2 + |^(x)| 2) 1 / 2 if xeclosure(WJ), (3.18)

Wd(x) > ε i f ^eclosure(^ ) - Vt. (3.19)

If ie{ 1,2}, xeP and δeR satisfy Iδgfc) S (Λx))2 we define

Φ, δ) = ((/ t (x))2 ~ 2δgi(x))1'\ kUδ{x) = fc^x, 5). (3.20)

If xeWt and <5<ε2/2 then (3.16) and (3.18) imply 2δgjx) < ε2 < (/f(x))2. Hence
fcf is C00 on Pyf x ( - oo, ε2/2). The function fct is C0 0 on (P - spt (^f)) x R because (3.4)
implies kfaδ) = ((/ f(x))2)1 / 2 = fix) for (x9δ) in that set. All this and (3.17) (which
implies sp% t ) cz Wi and spt(^f) cz spt(/f)) yield
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fc£is C00 o n P x ( - oo,ε2/2), kt ^ 0, spt(fcw) c spt(/f). (3.21)

Setting L(fci)(x,5) = L(/c^)(x) (see(3.20)), we conclude that L(kt) is a C00 function on
P x (— oo,ε2/2). In particular, L(fcf) is uniformly continuous on the compact set
(closure(WQ ~ Ff) x [ - ε2/4, ε2/4]. Hence there exist δ0 > 0 such that (50 < ε2/4 and

|L(/ct.)(x,(5) - L(fcf)(x,0)| < ε/2 if xedosure(WQ - Kf and |<$| ̂  δ

Combining this with L(kt)(x,0) = L(β(x) (see (3.4)) and (3.19) we obtain

L(kt)(x, δ) > ε/2 if xGclosure(^) - Vt and \δ\ < δ0.

lixeP - closure(VKi) then (3.17) yields gt{x) = 0 and x^^^. In this case, (3.4) and (3.7)
imply L{k^(x9 δ) = L{f^{x) ^ 0. All this implies

L(kitδ)(x) = L{kύ{x,δ) ^ 0 if xeP - Vt a n d \δ\< δ0. (3.22)

i) and (5 < ε2/2 then (3.16)-(3.18) imply (fix))2 - 2δgi(x) > (fix))2 -
ε2 > \vix)\2. We obtain (see (3.20))

kUδ(x)>\vix)\^0 ifxεsptfo) and (5<ε2/2. (3.23)

Assertions (3.17), (3.21) and (3.23) imply that p[vl9klδ~] and p[0,fc1><5]

make sense for (5 < ε2/2. Hence, using the convention J = — J and the notation
ft

x) - } i;2(x) VίpCt?!, kUrJ - p[0, fcliΓJ)(x)dr, (3.24)

we can say

H i s a C 0 0 function on P x (-2T,2Γ) x (-ε2/(4T),ε2/(4T)). (3.25)

From (3.24), (3.20), (3.4) we obtain

H(x, ί,0) = (/2(x))2 - ίi;2(x) VίpCϋ!, Λ ] - p[0, Λ])(x). (3.26)

If xeclosure(W2) then (3.26), (3.17), (3.6) yield Jf(x,0,0)> |ι;2(x)|2 and
H(x, % 0) > |ι?2(x)|2. The linearity of (3.26) in the variable t implies H(x, ί, 0) > 11?2(x) | 2

if XGclosure(W2) and £G[0, T]. NOW the compactness of closure(W2) x [0, T], (3.2)
and (3.25) imply that there exists α > 0 such that α < T, α < ε2/(4T) and

//(x,ί,<5)>|ί;2(x)|2 if xGclosure(W2), ί e [ - α , Γ + α], \δ\ ^ α. (3.27)

We will use the notation

ft(x, ί, (5) = (if(x, ί, 5))i/2 if H ^ u δ ) ^ o. (3.28)

If x£spt(#2) then the properties xφspt(v2) (see (3.17)), (3.28), (3.24), (3.4) imply
h(x, t, δ) = ((f2(x))2)112 = /2(x). Hence (3.25) implies that h is C00 on the set

(P - spt(flf2)) x ( - 2T, 2T) x ( - ε2/(4T), ε2/(4T)).

From (3.25), (3.27), (3.28) we obtain that h is C00 on the set W2 x ( - α, T + α) x
( - α,α). All this, (3.17), α < T and α < ε2/(4Γ) imply

h ^ 0, Λis C00 o n P x ( - α, T + α) x ( - α,α). (3.29)



60 V. Scheffer

Furthermore, (3.27), (3.28) and (3.17) yield

h(x,t9δ)>\v2(x)\ ίfxespt(g2), ίe(-α,T + α), |5|<α. (3.30)

Using spt(ϋ2) c spt(g2) c spt(/2) (see (3.17)), (3.24), (3.28), (3.4) we find

h(x,t,δ) = 0 iϊ xφspt(f2), h(x,t,δ)=f2(x) if xφspt(g2). (3.31)

Recall that we fixed θ > 0 at the beginning of this section. Now we use (3.29) and
(3.2) to fix ^ ! > 0 such that (T + δί)δ1 < δ0 < ε2/4, δ^oc and the inequality
\h(x9T9δί)-h(x9T90)\<θ h o l d s for all xespt(/2). From (3.31) we obtain that
\h(x9T,δί)-h(x,T90)\<θ holds for all xeP. This implies (see (3.26), (3.28),
(3.29))

h(x, T9δx) + θ > ((/2(x))2 - Tv2(x) V(plvx,/J - p[0,/J)(x)) 1 / 2 (3.32)

for all xeP. We define /zf:P x ( - δl9 T + δJ^R and Λitί by (see (3.21))

Mx, ί) = /c^x, tδx)9 h2(x91) = h(x, t9δx), hu(x) = hi(x, t).

If (x, t)eP x(-δί9T + δj) satisfies g2(x) < 1 then (3.17) implies v2(x) = 0. There-
fore, (3.28), (3.24), (3.20) yield

h2(x91) = h(x, t, (5,) = ((/2(x))2 - Iδ.tgάxψ2 = fc2(x, ί5x)

in this case. The definition of /ix and the above imply

ifgf£(x)<l and - < 5 1 < ί < T + ̂ 1 then hi(x,ή = ki(x,tδ1). (3.33)

The number δ in the statement of the lemma will be δt. From the definition of
gi9 0 < δx < α, (T + δjδ,^ < ε2/2, (3.21), (3.29) we conclude (3.8). Assertion (3.9) is
a consequence of (3.16), (3.17). Properties (3.23), (3.20), (T + δ1)δ1 < ε2/2, (3.29),
(3.30), 0 < δx < α imply (3.10). Assertions (3.4), (3.20), (3.31) imply (3.11). We obtain
(3.12)-(3.14) from (3.20), (3.24), (3.28) and (3.32). Finally, (3.15) follows from (3.22),
(3.33), (3.17) and (T + 6 ^ <δ0.

Lemma 3.2. Let δ, gh hi be as in Lemma 3.1. Then there exist d, N, Jz for ze{l, 2,3},
and (fifor ie{l92}9 ze{l, 2, 3} such that (3.34)-(3.41) are satisfied:

N is a positive integer, d = T/(4N)9 (3.34)

Jz is an open subset of ( - δ,T + δ\qz:P x Jz ^R is C 0 0 , (3.35)

[And, And + d] c J 1 , [And + d9 And + 2d] c J 2 ,

l4nd + 2dAnd + Ad]aJ3 if ne{09l9...9N- 1}, (3.36)

q\{x9 And + d) = qf(x, And + d\ qf(x, And + 2d) = qf(x, And + d\

qf(x9 And + Ad) = qf(x9 And + Ad) ifne{09l9...9N-l}9 (3.37)

tf^O, qz(x,t) = hi(x,t) ifxφspt(Vi), (3.38)

qt(x9t)>Mx)\ ί/xespt^.), (3.39)

ftx(x, 0) = hix9 0), 9?(x, D = ht(x, T), (3.40)
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jl-\<fi(x9 ί))2 ^ (5/2 - ^ x ) - Sffflx)-V(2"Htf,,)2 + p K , tfif] + p[i4,g|.J)(x),

wΛerβSl=Sί = Si = S? = l, Sf = S | = — 1, v\=v\

= vl9 υl = 09 vz

2 = v2, and gf^x) = tff(x, t). (3.41)

Proo/. If ie{l,2} andje{ί,2} we define wj.P^R2 as follows:

wί = v1 Ϊ/(«,/)# (2,2), w| = 0. (3.42)

From (3.9), (3.4) we obtain

spt^czspt^czsptC/;.). (3.43)

Recall the notation hUt{x) = ftf(x, t) introduced in (3.13). Properties (3.8), (3.10), (3.42),
(343) (32) i l t h t [ / f t ] and p[vh] k f ( δ T δ )

b a

Recall the notation hUt{x) = ftf(x, t) introduced in (3.13). Properties (3.8), (3.10), (3.42),
(3.43), (3.2) imply that p[w/,ftlfί] and p[v2,h2t] make sense for te(-δ,T+δ).

b a

This fact, (3.8), and the convention J = — j allow us to use the notation
a b

M/(x, ί,5) = (Λ^x, ί))2 - 25^,(x) + ( - iy J i ̂ x)- V(2~\h u t + r)
2

2ft+r])(x)dr (3.44)

if {ij} c {1,2}, xeP, - δ/3 < ί < T + δ/3 and |s| < δ/3. We have

M/is a C00 function on P x (-δ/3, T+ δ/3) x (-δ/3, δ/3). (3.45)

We will also use the notation

m/(x, ί, s) = (Mftx, ί, s))1 / 2 if (x, ί, 5) satisfies M/(x, ί, s) ^ 0. (3.46)

If (x,ί) is in the compact set spt(^) x [0, T] then (3.44), (3.45), (3.10) yield

M / ( 0 ) ( Λ ( ) ) 2 | ( ) | 2 H (345) (32) i l h t h i7(x,ί,0) = (ft i(x,ί))2>|i; i(x)|2. Hence (3.45), (3.2) imply that there exist an open
set Et <=. P and a number j8 > 0 such that spt(#t-) aEh β< δ/3 and

M/(x,ί,s)> l^x) | 2 if (x, ί ,s)eEiX(-β 9 T + β)x(-β,β). (3.47)

Using (3.45)-(3.47) we conclude

m/isC00on^i x(-β9T + β)x(-β9β). (3.48)

If x^spt(^i) then (3.43) and (3.44) yield M/(x, t,s) = (h^x, t))2. Combining this with
(3.45), (3.46), ht ^ 0 (see (3.10)) and β < δ/3 we find

and hence (3.8) implies that m{ is C00 on the set mentioned in (3.49). This last

assertion, (3.48), and spt(^) <= Et imply

m/ is C00 on P x ( - β9 T + β) x ( - ft j8). (3.50)

Using (3.46), (3.47) and sp%,) c ££ we find

m/(x, ί, s) > I ϋ,(x) I if (x, ί, s) e s p t ^ ) x ( - ft T + jB) x ( - ft /J). (3.51)
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For future reference, we use (3.44), (3.46), (3.50) to write

(mi(x,t,s))2 = (hi(x,t))2 -2sδglx)

if (x,t,s)eP x(-β,T + β)x(-β,β). (3.52)

We will use the notation

mius(x) = mί(x,t,s). (3.53)

Properties (3.49), (3.11), sptfo,) <=. spt(/,) (which follows from (3.4) and (3.9)) and
(3.46) imply

spt(m{M)cspt(/J, m/,,,,^0 if (t,s)e(-β, T + β) x (~β,β). (3.54)

Now (3.53), (3.51), (3.43), (3.54), (3.2) imply that p[ι>j,m{(>s] and p[0,m{M] make
sense if (ί,s)e( -β,T + β)x(-β, β).We define

p(x, ί,s) = ίiM Vfpfe,mir,J)(x)ifk = ί,2,
3(x, ί, s) = v2(x) V(p[0, m?.t. J)(x) (3.55)

for (x,t,s)ePx(-β,T + β)x(-β,β). We use (3.2), (3.50) to choose rf>0 such
that 8d < )?/2, JV = T/(4d) is an integer and

\F{'k(x,t,s)-F{'k(x,t',0)\<δ/6

it{t,t}<=l-ββ,T + β/2], \t-t'\<%d, \s\<U. (3.56)

For ne{0,1,...,JV-1} we set

j i = (4nrf - dβ, 4nd + d + dβ),

Jl = (And + d- dβ, And + 2d + dβ),

j3 = (And + 2d- dβ, And + 4d + dβ),

Jz = N{jj*n ifze{l,2,3}. (3.57)

If z is fixed then the intervals JQ, J l , . . . , J^_i are disjoint. Hence the properties
JV = T/(4d\ U < β/2, β < (5/3, (3.8) and (3.50) allow us to define q\\? x F^R as
follows:

If te J\ then q\(x, t) = m\{x, 4nd, t - And),

ΉteJi then q\{x, t) = m\(x, And + 2d,t- (And + 2d))9

lϊteJl t n en qftx, t) = h^x, t),

lϊteJl then q\(x, t) = m\(x, And, t — And),
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If te J2 then q\(x, t) = m\(x9 And, t - And),

If tePn then q\{x9t) = m|(x, And + Ad,t- {And + Ad)). (3.58)

Note that, in (3.58), m{ is evaluated only at points in P x ( - β/2, T + β/2) x
{-β/2,β/2). Using (3.46), (3.10) we find

4ί^0. (3.59)

If x^spt(^) then (3.12), (3.13) imply that the identity in (3.52) reduces to

(m/(x, ί, 5))2 = ( / φ , 0) 2 - 25^(x) = {fix))2 - 2tδQi{x) - Isδgix) = (Jφc, ί + s))2.

The above and (3.58) yield (qz

i(x,t))2 = (hι{x,t))2 if x^spt(^). Now (3.10) and (3.59)
imply

gf(x,ί) = fti(x,ί) if xeP~ spt{vt) and ίeJ z . (3.60)

From (3.58), (3.51) and (3.10) we conclude

q!{x,t)>\Όtx)\ ifxGspt(^) and teJ\ (3.61)

Properties (3.58), (3.57), (3.52), (3.42), (3.12) and the argument

Id 0 -Id

$F{r)dr= } F{2d + r)dr=- J F{2d + r)dr,
0 - 2 d 0

which is valid for an arbitrary F, yield

(q{(x9 And + rf))2 = (m}(x, 4wd, rf))2 = {h,{x, And))2 - 2dδQι{x)

2ά 2

- J v1(xyW~i(
o

A J
A i = l

+ Ίdδg^x)

J t;1(x) V(2- 1(A 1, 4 n d + 2 ( i + r)
2+ Σ

0 fc=l

Id, -d))2 = (q\{x, And + d))2. (3.62)

From (3.13) we obtain

(h2(x,4nd + Ad))2 - (h2{x,4nd))2

= -8dδg2(x)- " j v2(xyV(plVl,hUr-]-pl0,hUr])(x)dr
4-nd

Ad

= - 8 d ^ ^ 2 ( x ) - J v2{x)'V{plvι,hι 4nd+r]-p[O,h1 4nd+r]){x)dr. (3.63)
o
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Using (3.58), (3.57), (3.52), (3.42) and the argument

J F(r)dr=- J F(r)dr = - J F(r - 4d)dr,
0 -4d 0

for arbitrary F, we find

(q\(xAnd + Id))2 - (qUxAnd + Id))1

= (mftx, And + 4d, - Id))2 - (m\(x, 4nd, Id))2

-4-d

»2(x) V ( 2 - 1 ( Λ 2 > 4 β l l + ί M + r )
2

+ PίO,h1And+4d+r] + p[_v2,h2And+4d+r])(x)dr -(h2(x,4nd))2 + 4dδg2(x)

= (Λ2(x,4nrf + 4d))2 - (h2(x,4nd))2 + Uδg2{x)

Ad

v2{x) V{plv1,hίAnd+r']-piO,hιΛnd+r'\){x)dr

The above and (3.63) yield

(ql(x,4nd + 2d))2 = (q3

2(x,4nd + 2d))2. (3.64)

Using (3.58), (3.57), (3.52) we obtain

(ql(x, 4nd + Id))2 = {m\{x, 4nd + Id, 0))2 = (ht {x, 4nd + Id))2

= (ql(x,4nd + 2d))2, (3.65)

{q\{x,4nd + 4d))2 = (A1(x,4nd + 4d))2 = (m\(x,4nd + 4d,0))2

= (mi (x, 4(n+l)d, 0))2 = (q{ (x, 4(n + ί)d))2, (3.66)

q\ (x, 4nd + d) = m\ (x, 4nd, d) = q\{x, 4nd + d), (3.67)

x, 4nd + 4d)f = {m\{x, 4nd + 4d, 0))2 = (h2(x, 4nd + 4d))2

= {m\(x,4nd + 4d,0))2 = (m2(x,4(n + l)d,0))2

(3.68)

Our construction yields (3.34)-(3.36). Assertion (3.37) is a consequence of (3.59),
(3.62), (3.64M3.68). Properties (3.59), (3.60) yield (3.38). From (3.61) and (3.43) we
obtain (3.39). Using (3.58), (3.57), N = T/(4d), (3.52), (3.59), (3.10) we conclude (3.40).
The proof of the lemma will be completed by showing (3.41).

From (3.52), (3.53)-(3.55), (3.10) we get

F{'k(x,ί,0) = Vi(xyV(pίvk,fcM])(x) if k = 1,2,

f2 3(x,t,0) = t;2(x) V(p[0,/Il,r])(x). (3.69)
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The identity (3.52) gives us

(3-70)

We will use the notation qi,(x) = qϊ(x>t) Assertions (3.59)-(3.61), (3.11), (3.43),
(3.2) imply that pθ, ,<z?,t] and p[0,qlJ make sense. If teJ* then (3.58), (3.53),
(3.55) imply

»t(x) V(2- \ql)2){x) = F} °(x,4nd, t - And),

vi(xyV(pίvk,qlt-])(x)=Fl'k(x,4nd,t-4nd) if fc=l,2.

The above, (3.69), (3.70), (3.58) and (3.42) yield the following for ίeJ*:

-δ0ι(x)+ Σ (Fl'k(x,4nd,t-4nd)-Fi k(x,2t-4nd,0))
fc 0

= -ίf t(x)- Σ Ff-k{x,2t-4nd,0)
fc = 0

= -5ft(x)-» iW V(2-1(Λ l>2,_4J
2+ Σ P[»»,Λw,-

fc=l

= ̂ 2- 1 (^(x, ί)) 2 .

The above, (3.56) and the definition of Jl imply

j-t2~ι(qHx,t))2 ^ δ/2 - δgt(x)- ϋί(x)-V(2-1(^)2 + plv»«}, ,

(3.71)

If ί eJ 2 then (3.58), (3.53), (3.55) imply

. i, ί -

The above, (3.69), (3.70), (3.58) and (3.42) yield the following for teJ2:

-δg1{x)+ Σ (F2 k(x,2t-4nd-2d,0)-F2 k(x,4nd + 2d,t-4nd-
k 0Σ
k = 0
(F\ 2(x,2t-4nd-2d,ϋ)-F\'2{x,4nd,t-4nd))

= -δgi(x)+
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2

+ Σ pίvk,ι
fe=l

The above, (3.56) and the definition of J2 imply

^2-\q\{x,t)f ^δ/2-δgι(x) + v1(x) V(2-1(q2

u)
2 + p[_vu<??,,] + p\y2,^ ,J)(x).

ot

(3.72)

If teJ2 then (3.58), (3.53), (3.55) imply

v2(x) V(2" Hqit)
2)(x) = F\'\x, *nd, t - And),

v2{x)V(plv2, βi J ) (x) = F{'2{x, And, t - And).

The above, (3.69), (3.70), (3.58) and (3.42) yield the following for teJ2:

- δg2(x) + (Fl °(x, And, t-And)- F\ °{x, 2ί - And, 0))

+ (F\Λ (x, And + 2d,t- And -2ά)- Ffι(x, 2ί - And, 0))

+ {F\-2(x, And, t - And) - Fι

2

 2(x, 2t - And,0))

= - δg2(x) - F | °(x,2t - And,0) - Ffι(x, 2ί - 4nd,

Σ= - δ g 2 ( x ) - v A x y W ' i h ^ J 2 + fcΣ Pίvk,hkat.4nd])(x)

The above, (3.56) and the definition of J2 imply

^2-ι(q2(x, t)f ^ δ/2 - δg2(x) - v2(x)- V(2~ ι{ql t)

(3.73)

Finally, if tePn then (3.58), (3.53), (3.55), (3.69) imply

υ2(xyV(2-1(ql,)2)(x) = F2 θ(x,And + Ad,t- (And + Ad)),

v2(xyV(p[0,qlJ)(x)=F2

2

 3{x,t,0),

2, qhl)(x)=F2

2'
2(x, *nd + Ad,t- (And + Ad)).
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The above, (3.69), (3.70), (3.58) and (3.42) yield the following for

- δg2(x) + (F22° (x, It - And - Ad, 0) - F2>°(x, And + Ad,t- {And + Ad)))

+ (F|' 3(x, It - And - Ad, 0) - Fψ(x, t, 0))

+ (F\2(x, It - And - Ad, 0) - F\2(x, And + Ad,t- (And + Ad)))

ϊ°(x>2t ~ 4nd ~ M* 0) + F | 3(x, It - And - Ad, 0)

F2

2>
2(x,2t-And-Ad,0)

The above, (3.56) and the definition of Jl imply

— 2 " i(q\(χ, t))2 ^ δ/2 - δg2(x) + v2 (x) V(2" ι{qlΛ)
2 + p[0, g?,,] + p[v2, ^,J)(x).

(3.74)

Using (3.58), (3.12) we obtain

^2-\q\{x,t))2=^2-\hι{x,t))2=-δgι{x) if teJ*. (3.75)

Conclusion (3.41) follows from (3.71)-(3.75).

Lemma 3.3. There exists v0 > 0 such that the 5-tuple

(hlf0 + h2O,hlτ + h2T90, T,v)

is P-admissible when 0 < v < v0.

Proof. We recall Lemmas 3.1, 3.2. For ne{0,1,2,...,N — 1} we define a\ —And,
b\ =a2 = And + d,b2 = a%= And + 2d, bl = And + Ad. Let ze {1,2,3} and n
be fixed. From (3.9) and (3.4) we conclude s p t ^ c {χ:gi(χ) = 1} c s p t ^ ) . Using
(3.3), (3.4) we find that spt(/\) and sρt(/2) are disjoint. Properties (3.11), (3.38),
(3.9), (3.4) imply tf(x,ί) = 0 if xφspttfd. Using (3.38), (3.15), (3.9) we obtain
L(qz

it)(x)^0 if x${x:gi(x)= 1}. All this, the hypotheses of this section, and
Lemmas 3.1, 3.2 imply that (2.1)—(2.9) are satisfied if a, b, J, Cb C , Sb η, vb qx are
az

n, bz

n, J
z, spt(/f), {x:gi(x)=l}, Sz, δ/2, v\, q\, respectively. Now Lemma 2.1

implies that there exist positive numbers v̂ , v2, v̂  such that the 5-tuple

(01.4*1 + <l2Λnd><llAnd + d + ^And + dAndAnd + d, v)

is P-admissible if 0 < v < v J, the 5-tuple

(<l2lAnd + d + 122And + d><l2Artd + 2d + 02 And +2dMd + d,And + 2d,



68 V. Scheffer

is P-admissible if 0 < v < v2, and the 5-tuple

, 2d,

is P-admissible if 0 < v < v3,. The conclusion follows from the above, Lemma 2.2,
(3.34), (3.37), (3.40), and the choice of v0 such that v0 > 0 and v0 < v* for all z and n.

Section 4. The Geometric Arrangement

Throughout this section, we fix F, A, B, C, D such that (4.1)-(4.4) are satisfied:

F = (Fl9 F2) is a C00 function from R2 into R2, (4.1)

A, £, C, D are real numbers, B > 0, C > 0, D > 0, (4.2)

ίΊ(A,0) = 5, ifxetf then |FX(x,0)| ^ B and F2(x,0) = 0, (4.3)

l imx 4 ίΊ(x,0) = A if x e # 2 then |F(x)| ^ C | x | " 4

JC->OO

and | V F ( x ) | ^ C | x Γ 5 . (4.4)

When (xeR,p>0,σ>0 we let Fa'p'σ = (Fa

ί-
p'σ9F*2'

p'σ) be the C00 function
from R2 into Λ2 which is defined by

xu x2) = {σ2/p)F{{x1 - α)/p, x2/p) if (xl9 x2)eR2. (4.5)

From (4.1)-(4.3) we conclude the existence of G with the properties

0 < G < ( 6 C 1 / 4 B ~ 1 / 4 + |/l|)/8, iϊ\x-A\^G then F1{x,0)>(.999)B. (4.6)

Lemma 4.1. // oceR, p > 0, σ > 0 am/ a = A — pA then the following two properties
are satisfied:

ι / | x - y 4 | ^ ( 6 C 1 / 4 β - 1 / 4 + |^l|)p, then F"ί-
p>σ(x,0)> - 10~3(σ2/p)5;

if\x -A\^Gp, then Fγ*σ(x9 0) > (.999)(σ2jp)B.

Proof. If | x - A | ^ ( 6 C 1 / 4 β - 1 / 4 + |yl|)p, then the hypothesis a = A-pA

implies

^\x - A\- p\A\^(6C1/4 B~1/4 + \A\)p - p\A\ = 6C1/4 B~1/4 p.

The above and (4.5), (4.4), (4.2) yield

ίx - α)/p,0)| ^ (σ2/p)C\x - α | " 4 p 4

^ ( σ / p ) C ( 6 C β p ) P = ( σ / p ) 6 5 < 1 0 ( σ / p ) β .

This proves the first property. If \x — A\f^Gp, then oc = A — pA implies
I (x — α)/p — A\ = \x — θί — pA\/p = \x — A\/p^G. This inequality, (4.5) and
(4.6) imply

* T *(x, 0) = (σVp)*1! ({x ~ *)IP, 0) > (σ2/p)(.999)J5,

which yields the second property.
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Let a\ a", r\ r", s', s" be the real numbers determined by (4.7) and (4.8):

r' = G/(6C 1 / 4 5" 1 / 4 + | ,4 |)>0, r" = (r ' ) 2 >0, (4.7)

a' = A - r'A, a" = A- r"A, s' = (2r')1 / 2 > 0, s" = (4r")1/2 > 0. (4.8)

From (4.5), (4.3), (4.8) we conclude

(Ff ' ' s ' + Ff' r"' s" + Fγ){A, 0) = 25 + 4 5 + 5 = 75 (4.9)

Using (4.7) and (4.6) we find

0<r'<l/8, 0<r"<r'/8. (4.10)

Lemma 4.2. IfxeR, then (F} v ' ' 5 ' -f F(''r">s" + Ft)(x9 0) ̂  - (1.006)B.

Proof. The fact Gr' < G (see (4.6), (4.10)) allows us to separate the argument into
the following three cases: \x-A\^ Gr\ Gr' ̂  |x - A\ ̂  G, |x - A\ ̂  G.
If |x - A\ ̂  Gr\ then |x - A\ < G (see above). Hence (4.5), (4.7), (4.8), Lemma 4.1,
(4.3), (4.6), (4.2) imply (in the first case)

(Fα>',s' + pa",r",s" + pjfaQ) ^ (.999)((s)2//)B - {{s")2/r")B + (.999)5

= (.999)(25) -4B + (.999)5 > - (1.006)5.

If Gr1 S \x - Λ\ ̂  G, then (4.7) yields

\x-A\^ Gr' = (6C 1 / 4 5~ 1 / 4 + \A\){r')2 = (6C 1 / 4 5" 1 / 4 + \A\)r".

Hence (4.5), (4.3), (4.7), (4.8), Lemma 4.1, (4.6), (4.2) imply

(F}''1"'5' + Ff' r"' s" + FiX*,0) ^ - ( ( s ' ) 2 / ^ - 10"3((s")2/r")B + (.999)5

= - 25 - 10"3(45) + (.999)5 > - (1.006)5.

If |x - A\ ̂  G, then (4.7), (4.10) yield

|x - A\ ̂  G = ( 6 C 1 / 4 5 " 1 / 4 + l ^ i y > ( 6 C 1 / 4 5 " 1 / 4 + μ |)r" .

Hence (4.3), (4.7), (4.8), Lemma 4.1 imply

{Fϊy>s> + Ff'Γ"' s" + Fi)(x,0) ^ - 10" 3((s02/rr)5 - 10-3((s")2/r")5 - 5

= - 10"3(25) - 10"3(45) - 5 = - (1.006)5.

Lemma 4.3. There exists E such that (4.11)-(4.13) hold:

£>0, £<r"/8<r//8<l/8, (4.11)

if x,eR and \x2\£E9 then (F f l

1 ' r ' s ' + Ff' r"' s" + F1)(xux2) > - (1.01)5,

(4.12)

if\x1-A\S{^4C/D)E and \x2\£E,

then(Fγ'>s> -f F f 'Γ"' s" + F 1)(xi,x 2) ^ (6.99)5. (4.13)

Proo/. This follows from (4.10), Lemma 4.2, (4.5), (4.1), (4.4), (4.2), (4.9).
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Lemma 4.4. // xeR2, |x| > 2\A\, then \(Fa'y's' + Fa">r">s" + F)(x)\ ̂  2C|x|"4.

Proof. Using (4.8), (4.10), \(xl9x2)\>2\A\ we find

l(xi - a'9x2)\ ^ \(xux2)\ - W\ = |(x1 ?x2)| - (1 - r')\A\

^\(xux2)\-\A\>\(xux2)\/2.

Then (4.5), (4.7), (4.8), (4.4), the above and (4.10) imply

\Fa'>r'>s'(xux2)\ = ((sf/r')\F((Xi ~ a')/r\x2/r')\

(x1 - a')lr\ x2/r')\ ^ 2C\{xx - α ; ,x 2 )ΓV) 4

A similar argument yields \Fa">r">s"(xux2)\ ̂ 4C|(x 1 ,x 2 )Γ 4 4" 4 if |(x1,x2)|>2|yl|.
The conclusion follows from all this and (4.4).

Assumptions (4.2), (4.4) imply that we can choose M large enough to satisfy

(4.14)

ifm^M and \xx -m\ ^ 104C/Z), then ^F^x^O)-D\ ^(.0005)/), (4.15)

ifm ^ M, then C{m - 104C/D)~5 ̂  (.0005)m"4D. (4.16)

If m ̂  M, \χx -m\S 104C/Z) and |x2| ^ 1 then the mean value theorem, (4.4), (4.14)
and (4.16) yield

xi,ξ)\ ^ l*2|CxΓ5 ^ Cx,5

^ C(m - 104C/D)~5 ^ (.0005)m-4D.

The above and (4.15) give us

if m^M, IXi-ml^lO^/D, |x2| ^ 1 thenfF^x^x^-m" 4 ! ) !

^10" 3 m" 4 D. (4.17)

We choose ε > 0 small enough to satisfy (4.18) and (4.19):

1(l +ε2)1/2£/10)~4 < 10"3ε25, (4.18)

0<ε<.01, ε"1103C/D>M, ε~1102C/D> \04C/D, (.99)(1 +ε 2 ) 1 / 2 < 1.
(4.19)

We set

, a = - φ - ^ O ^ / D ) , (4.20)

A = r(104C/D), s = [((1.02)β/(.999))(ε-1103C/D)4(r/D)]1/2. (4.21)
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Using (4.20), we can rewrite (4.18) and the last inequality in (4.19) in the form

r/10 > 2\Λ\ + 1, 2C(r/10Γ4 < 10" 3 ε 2 £, (.99)rε < E. (4.22)

From (4.2), (4.4), (4.21) we get

C/D ^ 1, hence d ̂  104r. (4.23)

If |*i -Λ\S (104C/D)£, then (4.22), (4.21), (4.23), (4.20), (4.19), (4.23) allow us to write

\xx\ S \A\ + (IO4C/D)E < r/20 + d(E/r) < 10"4d/20 + dε<(l- 1 0 " 4 ) d ^ d - r.

The above, (4.19) and (4.20) imply

[A - (104C/Z))£, A + (104C/Z))£] c(r-d,d-r) and E < r/10. (4.24)

Lemma 4.5. If — dtk^iύd and 0 ̂  x 2 =
 r» t n e n

\Fa

2>
r>s(xux2)\^(.002)Bε and (1.02)£ ^Fa{r>s(xl9x2)< (1.03)5.

Proof. Using (4.5), (4.20), (4.3), the mean value theorem, (4.4), our assumptions on xi9

(4.19) and (4.21) we obtain

l*T' s(*i ,x2)\ = (s2/r)\F2(xJr -f ε~1103C/Z), x2/r)\

= (s2/r)\F2(xt/r + ε ^ l O 3 C/D, JC2/Γ) - F2(xi/r + ε-'

^ {s2lr){x2/r)\VF2{xJr + ε" H0 3C/A 01

x W3C/D - 104C/D)"5 ^ (52/r)C((.9)ε " x 103C/D) ~ 5

= ((1.02)B/(.999))(€-' 103C/D)-\C/DX.9)-5 < (.002)5ε,

which gives us the first conclusion. Using (4.5), (4.20) we find

(s2/r)-ιFr-\xl9x2) = Ft((Xl -α)/r,x2/r) = F^xjr + ε~ι103C/D.xjr).

If we set m = ε" 1103C/D, then the above, our assumptions on x/5 (4.17), (4.19) and
(4.21) yield

\{s2/r)-1FY>s(xlix2)-{&-HtfC/D)-*D\ ^ lO

Substituting (4.21) into this inequality, we obtain

\Fa<r>s(xux2)-(1.02)B/(.999)\ g 10-3(1.02)5/(.999),

which implies the second conclusion.

Lemma 4.6. If — d^x1^d and 0^x2^E, then
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Proof. This follows from Lemma 4.5, (4.12) and (4.24).

Lemma 4.7. // \xx -A\g, (ίO4C/D)E and 0^x2^E, then

(Fϊ ' * + Ff ' ' s ' + F f r " s " + F 1 )(x 1 ,x 2 ) ̂  (8.01)5.

Proof. This is a consequence of Lemma 4.5, (4.13) and (4.24).

Lemma 4.8. There exists weC™{P,R2) such that we have

spt(w) c ( - d, d) x (10-3εr, r), (4.25)

spt(vv) and [r — d,d — r] x [£,r/10] are disjoint, (4.26)

x2~w1(x1,x2) + x2—w2{xt, x2) + w2(x!, x2) = 0, (4.27)

and the function h(xι,x2) = w(xux2y(Fa'r s + F"' r' s' + Fa"''" s" + F)(Xl,x2)

satisfies (4.28)-(4.30):

if | x 1 - ^ | ^ ( 1 0 4 C / D ) £ and (.0

(4.28)

if | χ t | ^ d - r and (.02)εr ^ x 2 ^(.98)er, then A(x l 9x2)^(.01)B, (4.29)

i/ xeP, ί/ien h(x)^-ε2(l.032)B (4.30)

Proof. We set (see Fig. 1)

Hi = {(*!, x 2):x 2 = ε(Xi + d), (.01)εr ^ x 2 ^ ( 99)εr},

7Ϊ2 = {(jcxj):!*! + d)x2 = (.9801)ε? 2 , (.99)er ^ x 2 ^ (.0199)1/2r},

/ί 3 = {(x1,x2):x1 +d = ε(r2 - xl)/x2, (.0199)1/2r ^ x 2 ^ (.9999)1/2r},

H4 = {(x» x2):(x! + d)x2 = (.0001)εr2, (.01)er ^ x 2 ^ (.9999)1/2r},

H i + 4 = { ( x 1 , x 2 ) : ( - x 1 , x 2 ) e i ί ί } for i = 1,2,3,4,

Fig.1
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H9={(xl9x2):\Xl\£d-(.0l)r9x2 = (.

H10= {(*!, x2):\xi\ύd- (.99)r,x2 = (.99)εr}9

Hx! = {(xl5 x2):|Xi I g d - ((.9801)/(.0199)1/2)εr, x2 = (.0199)1/2r},

H12 = {(*i>*2): |xiI ^ d - ((.0001)/(.9999)1/2)εr,x2 = (.9999)1/2r}.

The topological notions of this paragraph will always refer to the natural
topology of P(not R2). The sets RU...,R6 are open subsets of P determined by
the following conditions: Rί9...9R5 are bounded, R6 is unbounded,

H1uH10uH5uH9 = b o u n d a r y ^ ) , H5uH6uHΊuH8 = boundary(i^2),

= boundary(R3), Hι*uH2vH3vH4 = boundary(KJ,

= boundary(R5), H9uH8uHi2uH4= boundary(R6).

The function v = (vί9v2) from P into R2 is defined almost everywhere by the
equations

υ(xl9x2) = (x2,0) if (xux2)eRί9

v(xux2) = ((ε/2)(d-x1l (ε/2)x2) if (xl9x2)eR29

v(xί9x2) = (-ε2x2,0) if (xux2)eR3,

υ(xux2)=((ε/2)(xί + d\ - (ε/2)x2) if (xl9x2)eRA9

i?(x1,x2) = (0,0) if ( x l s x 2 ) e Λ 5 u Λ 6 .

Let ϋι be the continuous function on closure (Ri) that agrees with v on Rt. If
Hi = c losure^) n closure(Λk) then the restrictions of vj and vk to i/£ have the
same normal components with respect to Ht. If feC?(P9R) then v-Wf = di\(fv)
is valid on each Rt. Hence, applying the divergence theorem to each Rt and adding
up the resulting six equations, we conclude

jtV(xl9x2)'Vf(xl9x2)dx1dx2 = 0 iffsC?(P9R). (4.31)

We have

0 < ε(d — x x) < x2 if (x l 9 x2)eR2, 0 < ε(xί + d) < x2 if (xί9

This implies 0 < v1(xux2)<x2/2 if (xux2)eR2vR4. Combining this with
0 < ε < 1 (see (4.19)) we conclude

v1(xl9x2)^-ε2x29 \Ό2(xl9x2)\£(ε/2)x2 (4.32)

for almost every (x 1 ? x 2 )eP. Using (.99)εr < £<r/10<(.0199) 1 / 2 r (see (4.22),
(4.24)) we obtain

spt(υ)c(-d9d) x [10" 2εr,r), (4.33)

spt(ι ) and [r — d,d — r] x [E,r/10] are disjoint sets. (4.34)

Hence we can choose geC™(R2

9 R) such that (extending v by 0 to all of R2) we get

if |x| = |)i0(x) = O if | x | ^ 1 0 " 3 ε r , (4.35)



74 V. Scheffer

spt(v*g) c ( - d9d) x (10~3εr,r\ (4.36)

spt(i;*#) and [r - d,d — r] x [£,r/10] are disjoint sets. (4.37)

From (4.32), (4.33) and (4.35) we obtain

ux2)\^x2, (υί*g)(xί,x2)^ -ε2x2,

(4.38)

The definition of υ on Rί9 R5, # 6 , 0 < ε < 1 (see (4.19)), E<r/10 (see (4.24)) and
(4.35) give us

i f l x j ^ d - r and (.02) er ^ x 2 ^(.98)εr then{v*g)(xl9x2) = (x290)9 (4.39)

if |x x | ^ rf — r and 0<x2<E then (ϋ1*gf)(x1,x2) = ®> (v2*g)(xi>x2) = Q'

(4.40)

Recalling (4.36), we define weC?(P,R2) using the formula

w(xi,x2) = X2Hv*9)(xi>X2)> (4-41)

and use (4.38), (4.39) to conclude

|w(x)| g 1, w x (x)^ - ε 2 , |w2(x)| ^ ε/2 if XGP, (4.42)

i f l x j ^ d - r and (.02)εr ^ x 2 ^(.98)εr, then w(x) = (1,0). (4.43)

Conclusions (4.25), (4.26) follow from (4.41), (4.36), (4.37). Properties (4.31), (4.33)
give us div(t?*0) = 0, which implies (4.27). Using (4.43), (4.24), (4.22) and Lemma 4.7
we get (4.28). From (4.43), (4.22) and Lemma 4.6 we conclude (4.29). All we have to do
now is prove (4.30).

We may assume (x l5x2)espt(w). If (x l 5x 2) satisfies |(x l 9x 2) | >r/10, then (4.42),
(4.25), Lemma 4.5, 2\A\ <r/10< |(x 1,x 2)| (see (4.22)), Lemma 4.4, (4.22) imply

w(xux2) (Fa>r>s + Fa'y's> + Fa">r">s" + F ) ( x 1 ? x 2 )

+ w(x1,x2) ( F w + Fa" >'">*" + F)(xl9x2)

> -ε2(1.03)β-(ε/2)(.002)5ε-2C|(x1?x2)\~4

> -ε 2(1.031)5-2C(r/10Γ 4> -ε 2(1.031)5-10~ 3ε 2J?- -ε2(1.032)J5.

It remains to show that (4.30) holds if |(x l 9x2)| gr/10. In this case, properties
(4.23), (x^x^espφv), (4.25) imply

\XlI ^ r/10^ 10~5d<(1 - 10~ 4 )d^d-r, 0<x2S r/10.

The above and (4.26) imply 0 < x 2 < £ . Then (4.40), (4.41) yield w1(x1,x2)^0,
w2(x l5x2) = 0 and Lemma 4.6 gives us h(x1,x2) ^ 0. The conclusion follows from
this and (4.2).

Section 5. Edge Effects

Lemma 5.1. // ceR,s> 0 and f:(c — s,c + s)->K is a C00 function such that

> 0 ifc<x<c + s,
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then every xe(c,c -f- s) satisfies

/"(x)>0, 0</(x)<(x-c)2/"(4 0</'(x)<(x-c)/"(x).

Proof. Iϊc<x<c + s then the theory of divided differences (see [2], pp. 41,52)
and c-s<2c-x<c imply that there exists ξe(2c-x,x) such that

f{x) = /(2c - x) - 2f(c) + /(x) = 2(x - c)2/[2c - x, c, x]

The remaining conclusions follow from the mean value theorem.

Lemma 5.2. // ceR, s > 0 and f:(c — s,c + s)^R is a C00 function such that

/(3)(x)<0 ifc~s<x<c, /(x) = 0 */c^x<c + s,

ί/ien every xe(c — s,c) satisfies

/"(x) > 0, 0 < /(x) < (x - c)2 /"(x), (x - c)f"{x) <ff(x) < 0.

Proof. This is a consequence of Lemma 5.1 and a reflection of / .

Lemma 5.3. Suppose ax < bu 0 < a2 < b2, ε > 0, b( - at > 2ε for each U f\ and f2

are C00 functions from R into R, h(xι,x1) = fι{xι)f2{
χi) and the following

properties hold for each ie{l,2}:

fi(x)>0 ι/αί<x

/ί3)(x)>0 i/αi<x<αί + ε, /|3)(x)<0 ifbi-e<x<bi.

Then there exists δ>0 such that the inequality

L(h)(xux2) = ΔΛ(x l9x2) + x2

 1 — h ( x l 9 x 2 ) - x2

 2 h(xl9x2) > 0

is satisfied for every point (xi,x2) that has the properties

(xl9x2)Φubι) x (α2?b2), (xi,x2)Φίa t + δ,bί - (5] x [α2 + δ9b2-δ].

Proof. If xίeR and x 2 > 0, we set

0i(*i) = / Ϊ (xiλ ^ i

This notation implies

L(Λ)(x1,x2) =

We may assume ε/a2 < 1/2, ε/(fe2 - ε) < 1/2 without loss of generality. If
x 2 e(α 2 ,α 2 + ε), then (5.1), Lemma 5.1 and ε/a2 < 1/2 imply

If x2e(b2 — ε,fo2), then (5.1), Lemma 5.2 and ε/(b2 — ε) < 1/2 imply

> fiixi) + (x2 ~ b2)Γ2(x2)/x2 - (x2 - fc2)
2/2(x2)/x

> (1 - ε/(fc2 - ε) - (ε/(b2 - ε))2)/^(x2) > /2(x2)/4.
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From the above and Lemmas 5.1, 5.2 we obtain

ft(**) >/2(**)/4 > 0 if xke(ak,ak + ε)u(bk -ε,bk). (5.3)

The positivity offk on (ak,bk\ bk — ak>2ε, (5.2) and (5.3) yield

L(h)(xu x2) > 0 if xfce(afc, αk + ε) u(ftk - ε, ftk). (5.4)

There are numbers m > 0, M < oo such that

x*e |A + ̂ A - ε ] implies fk(xk)>m and \gk(xk)\ <M. (5.5)

We can find δ>0 such that δ<ε, m/4-δ2M>0. Now suppose that (ij) is a
permutation of (1,2) and the point (xl9x2) satisfies

x( e [di + ε9bi-έ]9 XjE(ap α, + δ)u (bj - (5, bj). (5.6)

The assumptions fc, — αf > 2ε, (5 < ε imply that (ap a} + δ) and (fry - ^, bj) are disjoint.
Hence we can define

c = cij if XjE(ap dj + δ), c = bj if xje{bj — δ, bj). (5.7)

The properties δ < ε, (5.2), (5.3), (5.5), (5.6), (5.7) and Lemmas 5.1, 5.2 yield

L(h)(xu x2) = MxiWxj) + fMMM > fi(Xi)fj"(Xj)/4 ~ fj(Xj)M

> mf!'(xj)/4 - (Xj ~ c)2fj'(xj)M > (m/4 - δ2M)fj'(xj) > 0.

This estimate and (5.4) imply that L(h) is positive on the union of the sets

((aua1 + ε)u(&! - ε,^)) x ((a29a2 + ε)u(fc2 - ε,fc2)),

[αx + ε,bi - ε] x ((a29a2 + ̂ )u(b 2 - δ,b2)%

((aί9a1+δ)v(b1-δ9b1))x [α2 + ε,fe2-ε].

The conclusion of the lemma follows from this and 0 < δ < ε.

Lemma 5.4. If ax<b^ 0 < α 2 < b 2 , d>0 and b.-a^ld for each i9 then there
exist δ>0 and a C™ function h:R2^[0,1] such that δ<d,

Hu i bi) x (α2» b2),

h(xux2)=\ if(x1,x2)ela1+d,b1-d'] x [a2 + d9b2-d]9

0 < h(xl9 x2) ύ 1 if(xi, x2)Φu bi) x («2» *2λ

L(h)(x)> 0 ϊ/xe(α l 9frj x (α2,ft2),x^[αx + δ9bx - (3] x [α2 + δ, h 2 - 5].

Proo/. We can find ε ' > 0 and C0 0 functions / * : # - • [0,1] for ί = 1,2 such that
0 < ε' < d9 spt(/f) c [αf, bJJt(x) > 0 if xe( f l ί, fct), /,(*) = 1 if xe[α f + d,fc, - d],

/;(*) = exp( — (x — flf)" 2) if «£ < x < at + ε',

/i(x)= exp(- (ftj - x)" 2) if 6j - εr < x < bt.

Setting fc(x) = exp( —x" 2 ) for x > 0 , we can find ε such that 0 < ε < ε r and
fc(3)(x)>0 for all xe(0,ε). Then / | 3 ) ( x ) > 0 for x e f e ^ + ε), / | 3 ) ( x ) < 0 for
xe(bi — ε,bi). The conclusion follows from Lemma 5.3 and the definition
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Lemma 5.5. If at < b1 and 0 < d < a2 < b2, then there exist δ>0 and a C00 func-
tion g:R2 -> [0,1] such that δ<d,

(a2 -d,b2 + d\

L(0)(x)>O ί/x6(α1-(5,&1 + 5)x(α 2 -<5,6 2 + 5), x^Cα^bJ x [α 2 ,6 2 ] .

Proof. We can find ε ' > 0 and C00 functions / . ^ ^ [ 0 , 1 ] for ί= 1,2 such that
εr < rf, / f(x) = 0 if xe[α ί } bf],/i(x) > 0 if

exp( — (αf — x)~2) if at — ε' <x <ah

fi(x) = exp( - (x - bt)"2) if ft( < x < bt + ε'.

As in the proof of Lemma 5.4, there exists ε such that 0 < ε < ε ' , / P ) ( x ) < 0 if
xe(α / -ε ,α ί ) ,/ | 3 ) (x)>0 if xe(bi9bi + ε). Setting Λ(xi,x2) = /i(xi) + / 2 (x 2 ), we
find

L(h)(xux2) = (/ϊ (x,) - fγ(Xl)/xl) + (/^(x2) -f f'2(x2)/x2 - /2(x2)/xi). (5.8)

We may impose the conditions ε/(a2 — ε)< 1/2, ε/b2 < 1/2 on ε. If we use these
conditions and interchange a2y b2 in the argument that led to (5.3), then we obtain

/S (*2) + fiixiVxi ~ fi(x2)/x22 > 0 if x2e(a2 - ε,α2)u(ft2,62 + ε). (5.9)

Our definitions (which imply a2 — ε > 0) give us

/2(x2) + /2(x 2yx2-/2(x2)/x! = 0 if x 2 E[α 2 ,b 2 ] , (5.10)

/ϊ(xi)-/i(xi)/xl=0 ifx^C^A] and x2>^2-ε. (5.11)

Now suppose xίe(a1 —ε,a1)^j(bXib1 +ε) and x 2 > a2 — ε. If we set

c = aγ if xιe(aί — ε9a1\ c = bx if xίe(bl9bί H-ε),

then Lemmas 5.1, 5.2 and ε/(α2 — ε) < 1/2 yield

Combining this with (5.8)—(5.11) and the definition of fi9 we find that L(h)(x) and
h(x) are positive when x satisfies

xe{ai-ε9bί +ε) x (a2 - ε,b2 + ε), x^Cα^foJ x [α2,f?2].

We can construct a C00 function g ^ - ^ O , 1] such that

g(xi,Xi) = 1 i f (^i,^2)^(^1 - ^ h + d) x («2 -d9b2+ d\

0 < ό f ( x l 5 x 2 ) ^ l if ( x ^ x ^ ^ C α ^ b J x [ α 2 , b 2 ] ,

g(xu x2) = A(xl9 x2) if (x l 5 x2)e(ax - δ, bx + δ) x (a2 - δ, b2 + δ)

are satisfied for some δ with 0 < δ < ε. This concludes the proof.
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Section 6. Conclusion

3
Lemma 6.1. Suppose ueC™(R3,R3) satisfies £ duJdx^O and the functions£
p:R3^R9G = (Gu G2, G 3):R 3 ->R 3 are defined by

3 3

Then we have

lim xί
Xl-»OO

am/ ί/iere exίsίs

Proof. We set

3

assumption £ duJdx^O imply3 3

= ί Σ Σ "
Λ 3 i = l j = l

x1,0,0) = 3(4π)"1 J
i?3

SWC/Ϊ that C > 0

|G(x) |^C|xΓ 4 ,

= (4π|x|)~1 for

+ (M 3 (X)) 2 -2( W l (x)) 2 dx, (6.2)

| ^ C | x Γ 5 . (6.3)

Integration by parts and the

dG 3 3

)= ί Σ Σ ^(y)«ι
R*i=lj=l

if x^spt(ιι),

if

(6.4)

(6.5)

Let r be a positive real number such that u(x) = 0 holds if |x | ^ r. Then (6.4),
(6.5) imply that |x | 4 |G(x) | and |x | 5 |VG(x)| are bounded on the set
{x : |x |^2r} . Since (6.1) implies that these functions are also bounded on the
compact set {x: |x |^2r}, we conclude (6.3). Assertion (6.2) is a consequence
of (6.4).

Lemma 6.2. Let U be the open subset of P defined by

U = {(X1,X2)ER2:\X1 I < 1,1/8 < x 2 < 7/8}.

There exist f,z,F,K,A,B,C,D such that (6.7)-(6.15) are satisfied:

= (zuz2)eC?(P9R
2), F = (FuF2)eC™(R2,R2),

K is compact, spt(z)ci(c[/,

(x) = 0 ifxφU, /(x)>|z(x)| ifxeU,

^0 ifxφK, L(/)(x)>0 ifxeU-K,

V(p[0,/] - p[z,/])(x) = F(x) if xeP,

A, B, C, D are real numbers, B > 0, C > 0,2) > 0,

(6.6)

(6.7)

(6.8)

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

F1(A,0) = B, ifxeR, then \F^,0)1 ^B and F2(x,0) = 0, (6.14)
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Kmx*F1(x,0) = D9 if xeR2, then \F(x)\^C\x\~4 and |VF(x)| ^ C\x\~5.
χ->oo

(6.15)

Proof. Let k:R2^R2 be the function defined by

fc(^1,x2) = (-(x 2-l/2),x 1) if 1/16 <(x? + (x 2-l/2) 2) 1/ 2< 1/8

and k(x1,x2) = 0 otherwise. Let geC?(R2,R) satisfy

g(χ)^09 g(χ) = 0 i f | x | ^ l / l 6 , Hflf l l^l, g(χ) = g(y) X \χ\ = \y\.

Setting z(x lJx2) = x^"1 (fc*^)(xi,x2) f°r xεP, w e obtain

zeC?(P,R2), spt(z) c=[-3/16,3/16] x [5/16,11/16], | |z| |0 0^2/5, (6.16)

z1(x1,x2) = z 1 (-x l J x 2 ) , z 2(x l 9x 2)= - z 2 ( - x l 9 x 2 ) , (6.17)

Setting flj = — 1, i?! = 1, a2 = 1/8, b2 = 7/8, we use Lemma 5.4 (with 1/16 in place
of the d that appears there) to obtain the function h and δ < 1/16. We then define

= Λ(x) if xeP, X = {(x 1,x 2): |xi |gl-δ,l/8 + δ ^ x 2 g 7 / 8 - 5 } , (6.19)

and observe that the properties of /z, δ < 1/16, (6.6) and (6.16) imply

feC?(P,R\ /(x)>0 ifxel/, /(x)=l if xespt(z), (6.20)

L(/)(x) > 0 if xe 1/ - X, /(x) = 0 if x^ί/, spt(z) aKcU. (6.21)

Using (6.16), (6.20) we find
/(x)>|z(x)| ifxel/. (6.22)

Assertions (6.16), (6.20)-(6.22) imply that the definition

^ 1 2 ) ^ ) (6.23)

3

makes sense for (x1,x2)eR2. Using (6.16), (6.18) we obtain £ (d/dx^w^z,/] =0.
ί = l

3

This fact, the identity £ (3/3X/)M, [ 0 , / ] = 0, (6.16), (6.20) and Lemma 6.1 imply

(6.24) and (6.25):

lim xtF1(x1,0) = 3(4π)"1 f (^2[0,/](x))2+ (t/3[0,/](x))2-2(Wl[0,/](x))2rfx
xi-*oo R3

- 3(4π)"»
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= 3(4π)"1 j (f(Xl,(x2

2 + xψ2))2dx,dx2dx3

2(Xl,(x22 + xl)ll2))2dXιdx2dx3

ί
R3

χ J -2{zι(x1,(x22 + 4)ίl2))2dx1dx2dx3

= 9(4π)"1 J (z1(x1,(xl + x|) 1 / 2)) 2rfx 1rfx 2dx 3>0, (6.24)
R3

\F(x)\^C\x\~\ |VF(x) |^C |xΓ 5 for some C < oo. (6.25)

Using (6.24), (6.25) we find that the function F1(xί90) of the variable x1 achieves
a positive maximum at some number A. Let B be this maximum value. From
(6.17) and (6.23) we obtain F1(-xu0) = - F1(xu0) for all x^R. All this implies

F^ϋj^B, IF^xM^B ifxeR. (6.26)

Finally, (6.20), (6.16), (6.23) imply (6.7); (6.19), (6.21) imply (6.8); (6.20)-(6.22) imply
(6.9); (6.6), (6.21) imply (6.10); (6.18) implies (6.11); (6.23) implies (6.12); and
(6.13)-(6.15) follow from (6.23)-(6.26) and the fact p*[υJ~](Rcx) = p*[u,/](x). The
proof of the lemma is complete.

Now we tie together the results from Sects. 3, 4, 5. We will use the U, /, z, F,
K, A, B, C, D from Lemma 6.2. Since (6.7), (6.13)—(6.15) say that the hypotheses
of Sect. 4 are satisfied, we can use the machinery developed in that section. In
particular, we will use the function w in Lemma 4.8 and the numbers a, r, s, a',
r\ s\ a% r", s", £, ε, d introduced in Sect. 4 (see (4.7), (4.8), (4.18)-(4.21), Lemma 4.3).

When aeR, p > 0, σ > 0 we let

f">p>σeC?(P,R) and f = W,fi»*)eC?(P,R2) (6.27)

be given by

/«•'•*(*!,x2) = σf{{x, - a)/'p,x2jp\ f(xl9x2)

= σz((xί-oc)/p,x2/p). (6.28)

If cceR and p > 0, we set

U*>o = {xeR2:((Xl -a)/p9x2/p)eU}9

K^ = {xeR2:((Xί - oc)/P,x2/p)eK}. (6.29)

We will use the notation

/ i = / α ' r ' s + / α ' ' r ' ' s ' + r " ' r " ' s " + / ,

Vί = za>r>s + zfl''r''s' + z

f l"' r"' s" + z,

K1 =Ka>rvKa'>τ'vKa"'r"vK. (6.30)
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Properties (6.9), (6.28), (6.29) imply

spt(/) = closure^), spt(/α'p'σ) = closure^"'"). (6.31)

From (4.20), 0 < ε < .01 (see (4.19)), (4.23) and (4.21) we conclude

a + r= -rε-1103C/D + r < -rlO5C/D+ 10"4d = - 1(W + l(Γ 4 d< -d.

This inequality, (6.6), (6.29) and (6.31) imply

spt(/αr's) and [-</,</] x [10~3εr,r]aredisjoint. (6.32)

Using (4.10), (4.11), r/10 > 1 (see (4.22)), (6.6), (6.29), (6.31) we find

spt(/α'r's') u spt(/α"'"'s") u spt(/) c i ? x ( £ , r/10). (6.33)

From (4.8), (4.10) we get \a'\ + r'< \A\ + 1, |α"| + r" < \A\ + 1. Properties (4.22), (4.23)
imply \A\ + 1 <r/10<d-r. These facts, (6.6), (6.29), (6.31) and (6.33) yield

spt(/α V ' s)uspt(/α"' r "'s") u spt(/)a(r-d,d-r)x (£,r/10). (6.34)

In addition, (4.10), (6.6), (6.29), (6.31) yield

spt(/αV''s'), spt(/Λ"'Γ"'s") and spt(/) are disjoint. (6.35)

From (4.22) and (4.24) we conclude

[r-d,d-r]x [£,r/10] cz(-d,d) x (10"3εr,r). (6.36)

Now (6.32), (6.34)-(6.36) yield

spt(/α'r's), spt(/ f l'r''s), spt(/Λ"'r"'s") and spt(/) are disjoint. (6.37)

Properties (6.6)-(6.9), (6.28), (6.30), (6.37) imply

(6.38)

]. (6.39)

Using (6.12), (6.28), (4.5) we conclude

V(p[0, /α 'p 'σ] - p[zα'p'σ,/α'p'σ])(Λ;) = Fα'p'σ(x) ίfxeP. (6.40)

From (6.12) and (6.38)-(6.40) we get

V(p[0,/J -p[υl9/J)(x) = (Fα ' r ' s + F f l ' 'Γ ' ' s ' + F Λ " ' r " ' s " + F)(χ) if xeP. (6.41)

Recalling (6.36), we set

P. (6.42)

The proof of (6.36) shows that we can find d1 > 0 satisfying 2dί <d—(d — r\ 2d1 <
E — 10~3εr, 2dx <r — r/10. Since Lemma 4.8 says spt(w)cz U2 (see (6.42)), we can
assume that d1 is small enough to yield

spt(w) cz ( - d + dγ,d - dj x (10"3εr + dx,r - dt),

spt(w) and [r — d — d1,d — r + dγ~\ x [E — ̂ , r/10 + d x ] are disjoint.
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We let h be the function of Lemma 5.4 which is obtained when aί = — d, b1= d,
a2 = 10~3εr, b2 = r and the number d in the statement of that lemma is equal
to dt. Similarly, we let g be the function of Lemma 5.5 which is obtained when
a1=r — d,b1 = d — r,a2 = E,b2 = r/10 and the number d in the statement of Lemma
5.5 is equal to d1. Setting k(x) = h(x)g(x), we find that there exists K2 satisfying (6.43)-
(6.45):

spt(w) czK2c:U2, K2 is compact, keC?(P, R% 0 ^ k ^ 1, (6.43)

k(x) = 0 if xφU2, k(x)>0 iϊxeU2, k(x)=l if xespt(w), (6.44)

L(k)(x) ^ 0 if xφK2, L(k)(x) > 0 if xe U2 ~ K2. (6.45)

We choose μ > 0 large enough to satisfy

/ ι 2 >10( | |w |β + l), (6.46)

μ > 1 0 0 | | / w | | o o and μ> 10(||/ f l'''"' s' | |00 + | | / α " ' r " ' s Ί L + \\f\\J. (6.47)

Noting that (6.46) implies μ2 - ||w||^ - 1 > 0, we set

0, τ = (.48)ε. (6.48)

If xespt(ι?2) = spt(w), then (6.48), (6.44), (6.41), v2 = w9 T>0 and Lemma 4.8 (in
particular, (4.30)) yield

- TΌ2(X) Wipίv,, / J - p[0,/J)(x)

= μ2 -f Tw(x) (F f l ' r ' s + F f l > ' ' s ' 4- F α " ' Γ " ' s " + F)(x)

^μ2- Tε2(1.032)B = || v2 \\i + 1 > |ι;2(x)|2.

If xeί/ 2 and x<£spt(t?2) = spt(w), then (6.48), (6.44) and μ > 0 imply

(ΛW) 2 - T ^ W V O ^ , / ! ] -p[0JJ)(x) = (/2(x))2 = //2(fc(x))2 > 0 = |ί;2(x)|2.

All this shows

(AW) 2 - Tv2(x)'V(p[vu/J - p[0,/J)(χ) > |t;2(x)|2 if xeί/ 2 . (6.49)

Conditions (6.46) and (6.48) imply

μ2 ~ \\v2\\l - 1 > C9)/i2, hence T> (.9)μ2/(ε2(l.032)5). (6.50)

Now (6.50), (6.48), (6.47) yield

(μ2 + Γ(8.01)β)1/2 > (T(8.01)β)1/2 > [(.9)μ2(8.01)/(ε2(1.032))]1/2> ((.48)ε)"1(l.l)μ

= τ-\lA)μ>τ-1(\\fa'>r'>s'\\O0 + \\fa''>r'f>s''\\cx, + \\f\\o0 + μ). (6.51)

Similarly, (6.50), (6.48), (6.47) yield

(μ2 + Γ(.01)β)1/2 >(T(.01)B)1/2 > [(.9)μ2(.01)/(ε2(1.032))]1/2

> ((.48)ε)" Hμ/lOO) = τ~ Hμ/lOO) > τ " 1 | | / ^ ' s | | „. (6.52)

Assertions (6.51), (6.52) allow us to choose θ > 0 such that (6.53), (6.54) hold:

(μ2 + T(δ.Ol)B)1/2 - θ > τ' \ \\ fa'>r>>s> || „ + || fa">r">s" || «, + || /1|«, + μ). (6.53)
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Lemma 6.3. The parameters T9θ9Kί9K29Uί9 U29 / i , fi> υι>v2 defined above satisfy

T>0, 0>O and (3.l)-(3.7).

Proof. This follows from (6.27)-(6.49) and the definition of θ.
The above lemma says that all the hypotheses of Sect. 3 are satisfied. We will

now use the machinery developed in that section. In what follows, we refer to the
functions ft,, and hit that are featured in Lemmas 3.1, 3.3.

Lemma 6.4. Let hί9 h2 be the functions that were introduced in Lemma 3.1. Set
h3 = hi+h2 and h3tt(x) = h3(x9t) for ίe[0,Γ]. // (xux2,x3)eR3 and (xί9

(x\ + x^)1/2)espt(/z3j0), then (τx2 + εr/2)2 + (τx3)
2 > 0 and

ft3>Γ(τx1 + A,((τx2 + εr/2)2 + (τx,)2)1'2) >τ-1h3tO(xl9(xl + x2)1'2).

Proof Part (4.29) of Lemma 4.8, B > 0, (6.48), (3.1) and (3.3) (see Lemma 6.3) imply

lr-d9d-r]x [(.02)εr, (.98)εr] c spt(w) = spt(ι?2) c= l/2. (6.55)

Properties (3.4), (3.9), (3.11) imply hί(y,t) = 0ϊoτ yφU^ This fact, (6.55), and the
disjointness of Uί9 U2 (see (3.3)) imply

i f b i l ^ d - r and (.02)εr ^y 2 ^(.98)εr, thenhί(yί9y29T)=0. (6.56)

Using (3.12), (3.13), /, ^ 0, ft, ̂  0 (see (3.4), (3.10)), (6.30) we find

3̂,o = /i + f2 = r ' r ' s + r v ' s ' + r "'r"'s" + / + / 2 . (6.57)

Suppose (x1?(xi-hxl)1/2)espt(ft3>0). Then (6.57), (6.31), (6.29), (6.6), (6.34), (6.36),
(6.48), (6.44), (6.42) imply that either Case 1 or Case 2 is satisfied:

Case 1: (xu{x\ + x^)1/2)espt(/fl'r's) = closure(£/α'r) = [α-r,a + r] x [r/8,7r/8],

C ^ 2: (x^ixl + x ^ ^ ^ e s p t i / ^ ' O ^ s p t i r ' ^ ' ^ V s p t ^ u s p t i / J c z C - r f ^ ] x
[10-3εr,r].

In either case, we have (x\ + x^)1/2 ^ r. This fact, (6.48), and the general inequality

- (x2 + z2)1 / 2 + y ^ ((x + y)2 + z2)1 / 2 S (x2 + z2)112 + y if y > 0

imply

0 < (.02)εr = - τr + εr/2 ^ - ((τx2)
2 + (τx3)

2)1/2 + εr/2

^ ((τx2 + εr/2)2 + (τx3)
2)1/2 ^ ((τx2)

2 + (τx3)
2)1/2 + εr/2 ^ τr + εr/2

- ( 9 8 ) ^ (6.58)

In particular, (6.58) gives us (τx2 + εr/2)2 + (τx3)
2 > 0. In both cases we also have

|xx| < \a\ + r + d. Using this fact, (6.48), (4.20), (4.22), (4.21), (4.19) and (4.23) we find

|τxi + A\ S Φ J + |A| S τ(\a\ + r + d) + |A|

^ (.48)εrε"x 103C/D + (.48)ε(r + d) + r/20

^ (.048)d + (.0048)(1.0001)d + 10"4d/20 <d-r. (6.59)
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From (6.58), (6.59), (6.55), (6.44), (6.48) we conclude

f2(τXl + A, ((τx2 + εr/2)2 + (τx3)ψ2) = μ. (6.60)

Properties (6.48), (6.44), (6.42), (6.32), (6.34), (6.37) yield

spt(/" r s), spt(/"' r ' s '), spt(/"" r " s"), spt(/), spt(/2) are disjoint. (6.61)

Recalling (6.58), we set

0 Ί > yi) = ( « i + A, {(τx2 + εr/2)2 + (τx3)2) 1 / 2)eP. (6.62)

From (6.62), (3.14), (6.60), (6.48) and (6.41) we conclude

h2(yχ,y2, T) + θ > ((/ 2(y 1,y 2)) 2 - Tv2(yi,y2)-V(p[Pl, / J - p[0, Λ])( y i , y2ψ
2

= (μ2 + TW(yι,y2y(F"'r>° + F"' ' 's' + Fa" '" s" + F)(y1,y2))1'2. (6.63)

Properties (6.56), (6.58), (6.59), (6.62) imply

h3Myi,y2) = h1(yι,y2,T) + h2(yuy2,T) = h2(yι,y2,T). (6.64)

Now suppose that Case 1 holds. Using (6.63), part (4.29) of Lemma 4.8, (6.58), (6.59),
(6.54), (6.61) and (6.57) we obtain

Λ2OΊ, y2,T) + θ > (μ2 + T(.Ol)B)1'2 > θ + τ-1 | | / α r s | L

The above and (6.64) yield

Case 1 implies h3iT(y1,y2)>τ~1h3i0(x1,(x2

2 + xl)1'2). (6.65)

On the other hand, suppose that Case 2 holds. This implies |x t | ^ d. This fact, (6.48),
(4.21) and (4.22) yield

|(τxj +A)-A\ = φ i l ^ τd = (.48)εrlO4C/£) < £(104C/D).

Now (6.63), part (4.28) of Lemma 4.8, (6.58), the above inequality, (6.53), (6.43),
(6.48), (6.61) and (6.57) yield

^ θ + τ" ι(fa'r''s' + f"" r" s" + f

This inequality and (6.64) yield

Case 2 implies h^T(yuy2)>τ-1h3f0(xu(xl + x^)1/2). (6.66)

The conclusion of the lemma follows from (6.58), (6.62), (6.65), (6.66).

Finally, Theorem 1.1 is a consequence of Lemma 6.4, Lemma 3.3 and Lemma 2.4.
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