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Abstract. The paper considers the class of Schrédinger multidimensional
discrete operators with quasi-periodic unbounded potential for which essenti-
ally complete spectral analysis may be carried out. In the case of sufficiently
high incommensurability of almost-periods, the spectrum of such operators
is found to be pure point and simple, the eigenfunctions exponentially localized
and the low frequency conductivity exponentially small. In the one-dimensional
case, for any incommensurability, the spectrum does not contain the absolutely
continuous component, while for small incommensurability the spectrum is
singular continuous.

1. Introduction

The spectral properties of differential and finite difference operators with almost
periodic coefficients raise at present considerable interest. The reason is both a
very wide range of their potential applications and the variety of types of spectral
behaviour that depends on the coefficients forms and the arithmetic properties
of almost periods. In terms of the theory of disordered systems, almost periodic
operators, which model in the one-body approximation the so-called incommensu-
rate structures, are in an intermediate position between completely ordered
systems, represented in the same approximation by equations with periodic
coefficients and completely disordered systems for which the respective coeffi-
cients are random functions with sufficiently good mixing properties. Whereas
in these two cases the structures and behaviours of basic physical quantities may
be regarded in quite a number of interesting cases as clear enough (at least qualita-
tively or on the theoretical physics level of rigour [8]), understanding of
the incommensurate system is now living through its formation (cf, e.g., refs. 1
and 13).

This paper, whose principal results were announced in ref. 11, studies the
structure of the spectrum and estimates the low frequency conductivity of the
incommensurate structure model described by a family of Hamiltonians H (w)
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of the form:

[HoW], = Y we ¥, +gtanay, (1.1)

yeZd

where w_ is a sequence of complex numbers satisfying the conditions

wo=w¥ |w|ZCe ™, Cp>0 1.2)

X

and

d

o, =m(a, x) — w, xeR?, we(0, 1), (o0, x) = %X (1.3)
i=1

The model (1.1)—(1.3) is the natural generalization for the case of arbitrary dimen-
sion d >1 of the remarkable one-dimensional model proposed by Fishman,
Grempel and Prange [4] in which, under the condition that an irrational number
o is not well approximated by rationals, essentially all the eigenfunctions are
explicitly found which prove to be exponentially localized and the corresponding
spectrum is shown to be a dense set in R. However the method of ref. [4] is
rather indirect and complicated even in the one-dimensional case. We shall
show that a simple and essentially algebraic procedure can yield a convenient
representation of the resolvent of the operator H, (see Eq. (2.4)) to be used in a
detailed spectral analysis of the operator.

Now we summarize the basic results. In order to avoid some merely technical
complications arising from the second term in Eq. (1.1) going to infinity, we shall
assume that’

w# % — 1(a, x)(mod 7), xe RY. (1.4

Theorem 2. Let a frequency vector a€R? satisfy the following diophantine con-
dition.

[(, x) —m| = C,|x|%,C,, >0, meR, xeR". (1.5)

Then for any w for which Eq. (1.4) is valid, the spectrum of the operator H, is pure
point, simple (nondegenerate)?, dense in R, and all the eigenfunctions decay exponenti-
ally when |x|— o0.

Theorem 3. Let a(v) be the conductivity of the system at zero temperature in an
oscillating electric field of the frequency v (for the definition see Sect. 5). Then for
v| 0 and o, satisfying condition (1.5),

o(v) < C, exp(— C,v™ 1/h), (1.6)

where the constant C, is of the same order of magnitude as the constant C in condition
(1.5).

1 Most of our results remain valid even when the condition is not observed; however in this case it
is only the sequences going to zero in the poles of tan «_ that will enter into the domain of the operator

(1.1)

2 There is one eigenfunction corresponding to each xeZ“ (localized in the neighbourhood of x)
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Theorems 2 and 3 show that the spectrum of H,, for any spectral parameter
value, is strongly localized, which in case of disordered systems is commonly
presumed to take place only in the vicinity of fluctuation boundaries [8]. This
seems natural in the one-dimensional case (d = 1) considered in ref. [4], because
the “potential” g tan (mno 4+ w) takes on, under condition (1.4), arbitrarily large
values on a sequence of points going to infinity3. It is however interesting that
these peaks are also rather thick and irregular under condition (1.5) in the multi-
dimensional case, so that a particle, no matter how large its energy is, still is
“entangled” in them and cannot escape to infinity.

Theorem 2, together with some additional considerations, provides rather
a detailed and complete description of the dependence of the spectrum of the
operator H, on the arithmetic properties of a.

In case of rational ¢, i.e. periodical “potential”,

g, =gtana, o =mnox+ow, xeR, (1.7)

the spectrum of operator (1.1)—(1.4) for d =1 is, as is well known, absolutely
continuous. In case of nearest neighbour interaction, i.e. of the second order
equation, where

w,o=0, x++1 (1.8)

the spectrum has multiplicity two.

If, on the contrary, « is irrational, there is no absolutely continuous component
in the spectrum H,. This statement might be proved by the method proposed
in ref. 9 based on positivity of the Lyapunov exponent. In the case under consider-
ation this positiveness follows from equality of the densities of states of operator
(1.1)~(1.4) and of the Lloyd model [cf. ref. 8], the Thouless formula [10, 13, 15]
relating the density of states to the Lyapunov exponent and positivity of the
Lyapunov exponent in the Lloyd model. However the statement of ref. 9 and the
Thouless formula have by now been only proved for second order equations
and for the case that the “potential” g_ has at least a finite first moment

< lim N~ Y |q.|< oo); therefore this proof of the absence of the absolutely
N- o |x|=N
continuous spectrum is strictly speaking inapplicable to operators of the form

involved. Therefore in the Appendix we present a proof of the absence of an
absolutely continuous component using the modification of the technique used
to prove Theorems 1-3, for operators (1.1)—(1.4), without assuming validity of
condition (1.5):

Theorem 4. Let d = 1 and o be any irrational number. T hen the spectrum of operator
(1.1)—(1.4) does not contain an absolutely continuous component, i.¢. is singular.

Note also that if the spectrum H, is under condition (1.8) singular, it has
multiplicity one. This statement (whose proof will be presented elsewhere) is
general in nature and follows from an extension to the discrete case of the theorem

3 In terms of the theory of almost periodic functions, tan(nna + w) is a Levitan (N) almost periodic
function, rather than a Bohr almost periodic function (uniform) [7]
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of I S. Kac [6] which states that the spectrum of a second order operator on the
whole axis has multiplicity one, if the Lebesgue measure of the intersection of
absolutely continuous spectra components of the Neumann problem on both
the semiaxes is zero.

Further, if o is irrational and is not well approximated by rationals, then,
according to Theorem 2, the spectrum of the operator H, is pure point and the
eigenfunctions decay exponentially. If on the other hand the number o approxi-
mation by rationals proves good enough, so that there exists a sequence of rational
numbers p,/q, satisfying the inequality

|o—p,/q,] < Constn™%,

then the spectrum of the operator H,, under the additional condition (1.8)%,
is pure singular continuous and the generalized eigenfunctions do not tend to
zero when |x|— oo. This can be proved both on the basis of the A. Ya. Gordon
theorem [5, 13], as was done to the almost Mathieu equation [13], and by the
technique we shall develop and use in this paper.

J. Bellissard et al. [2] considered the operators of the form of (1.1) and even
more general ones, with the periodic function as g_(1.7), having a pole in every
period, monotonically increasing between poles and can be meromorphically
continued into a certain strip. By using the KAM theory, the authors proved
validity of the statement similar to Theorem 2 under the additional condition of
smallness of the off-diagonal part W of the operator H,. Our results seem to
provide reasons to think that the latter condition has no close relation to the
essence of the problem and that the existence of poles in V ({) is probably sufficient
for localization of a particle with any energy.

In our case, by using the modified perturbation theory method similar to that
used in ref. 2, one can show that Theorem 2 remains valid when the following
term is added to operator (1.1):

eV(exp [2mi(et, x) + 2iw] W, (1.9)

where V(z), zeC is a function analytic in the vicinity of the unit circle |z|=1,
mapping it into the real axis, and ¢ is sufficiently small (cf. Theorem 2’ in Sect. 3).

Note also that existence of multidimensional finite difference operators with
an almost periodic and even a limit periodic potential, having a pure point spectrum
was proved by Craig [3] and Poschl [12]. Unlike ref. 2 and this paper, refs. 3 and
12 considered bounded potentials, and the spectrum closure in this case may be
either a Cantor set of zero measure or a whole interval. However the method
used there to construct the operator with the specified spectrum (inverse spectral
method) and based on the perturbation theory (KAM theory) cannot yield the
explicit form of the potential and with necessity implies a small off-diagonal
part.

To close this section we would like to point out that B. Simon and J. Avron
private communication) found independently and by other methods results
similar to ours: completeness of eigenfunctions of ref. 4, multidimensional generali-

4 Tt is sufficient to assume that the function W_has finite support
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zation, the phenomena that occur when the frequencies « have good diophantine
properties.

2. General Formalism and Density of States

Denote by W the operator in 4, (Z°) specified by the first term in (1.1), and by U
the unitary operator of multiplication by exp [2ri(, x) ]. Then, by virtue of rejation

tanz = — i1 — e**)(1 + ¢**) we may write that when Im z # 0,
Hd—Z=(W—Z—lg)[I-I-(W——-Z_‘_lg)(W_Z_lg)—leZuoU}

Hence, assuming that for Im z # 0,
B=(W—-z—ig) 4, C=~(W —z+ig)(W —z—ig) ", x=e* (22

we find that the resolvent R(z)=(H,;—z) ! of the operator H, from (1.1) may
be represented as

R(z) =(I + »U)(I — »xCU) ™ !B. (2.3)

Since for Imz # 0| C | < 1, then this representation suggests that R(z) may be
written as the following series uniformly divergent when Im z # 0:

R(z)= Z (I + 2°U)(CUY'Be*" = B — 2ig ZB(UC)" LUBe%om. (2.4)

n=1

Below we shall need the Fourier transformation transferring vectors ¥ from
/,(Z% into square-integrable functions ¥(y) on a d-dimensional torus T, =

{7]:772(7/15 ""nd)a [i’]J = 1}

P =Y YnSnT=0i g (2.5)
xezZd
Y= 2mi)~ [ W™ 'dn. (2.6)
Td

By this transformation the finite difference operators W, B, C of (1.1) and (2.2)
are converted into operators of multiplication by functions

W)= Y wa™ Bl =W(n) —z—ig)~ ", 2.7
xeZd
Clny=—-Wm)—z+ig(Wn) —z—ig)" ", (2.8)

and the operator U into a shift operator
(UPYn)=POon)s yn = 1y» - a1, v = (€Xp 2miat,, ..., exp 2mic)).  (2.9)
By virtue of the commutation relation
U"d(n) = (@(y"nU", neR, y" = (], ..., v3)» (2.10)
valid for any operator ¢ of multiplication by a bounded function ¢(y) in L,(T)),
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series (2.4) may be transformed also into the form

0 n—1
R=B-2ig ¥ B[] C*n)B(y" Ve (2.11)
n=1 s=0

All the analysis below will be based on Egs. (2.3), (2.4) and (2.11). We shall also
use the following general statements.

Let v(d2) be a complex-valued finite measure on R, and functions a(z) and
b(z) are specified by equalities
az)= [ |A—z|7?wdA), b(z)= [ (A—2z)""v(dA). (2.12)

— o0

Proposition 2.1. Let A be a union of a finite or countable set of intervals in R whose
ends have zero v-measure. Then

lim en ™! {a(L + ie)dA = v(4).

el0 4

In particular, if A is a self-adjoint operator in the Hilbert space H# with the
resolvent R(z) = (A — z)~ ! and resolution of unity E(dA), then for any vector he #
limen ™" || R(A + i) ||* = (E(A)h, h). (2.13)
A4

el0

Proposition 2.2. Let v, (dA) be an absolutely continuous component of the measure
v(d4)and v, its density. T hen for Lebesgue almost all

lim 7~ Im b(A + ig) = v, ().

el0
If the left-hand side limit exists at all points of a certain interval (o, p) and is a
bounded function, then the measure v(dA) is absolutely continuous on (a, ) and its
derivative coincides with this limit almost everywhere on (o, ff).

In particular, if #, A, R(z) and E(d1) are the same as in Proposition 2.1 and

E, (d) is an absolutely continuous component of the operator-valued measure
E(dA), then for any he #,

lim 7~ Im (h, R(A + ig)h) = I:;/l(h’ E,. h):l(i). (2.14)
el0

Before going on to proving the results formulated in Sect. 1, let us use the
above derived formula to calculate the integrated density of states (normalized
eigenvalue distribution function) N(4) of H,. Recall that the function is specified
as follows:

N(2) = M{(E(A)e,; €,) }, (2.15)
where 7,(Z%)se,=06_, and M{-} in this case denotes the operation

7' | ... dw. (As regards the properties-of this function and its role in the spectral
0
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analysis of metrically transitive random operators, the reader may consult, e.g.,
refs. 8 and 9.)

Theorem 1. The integrated density of states N(A) of the operator H, from (1.1)
is absolutely continuous and its derivative p(1) = N(1) (density of states) is

y d
= |

Proof. It follows from Egs. (2.15) and (2.4) that
[(A—2)7'N(dA) = M{(R(2)e,, €,)} = (R, (z + ig)e,, ¢,), (2.17)

where R(z)=(w—2z)"' is the resolvent of the “nonperturbed” operator W.
Since, according to (2.2), R (z + ig) = B and the operator B is a difference one,
then by going in (2.17) to the limit Im z |0 and using Proposition 2.1, we arrive
at Eq. (2.16).

Substitute now in Eq. (1.1), for o, random variables mutually independent
and uniformly distributed over [0, ). In this case the “potential” g_in operator
(1.1) is

(2.16)

g,=gtano_, (2.18)

and, as is clear, are random variables mutually independent and Cauchy-distribu-
ted, i.e. having the density

9 __
(g’ +g°)
and the corresponding operator is that of the Lloyd model [8]. For such
an operator, a formula analogous to (2.4) also establishes a relation similar to

Eq. (2.15), in which M{-} denotes now a mathematical expectation operation.’
As a result we obtain

pc@) = (2.19)

Corollary. The densities of states corresponding to the operator (1.1)—(1.3) and in
the Lloyd model are equal.
This fact was proved in refs. 4 and 14 in another way.
3. Proof of Theorem 2
Condition (1.5) is convenient to rewrite as follows:
[1—y*|2C|x| % xeR% x #0. (3.1

We shall also need the following
Lemma 3.1. Let ¢ > 0 and

S, ={¢eC:|¢|=1, 3C,>0:E—y*| = C.(1+|x|797%, xez4}. (3.2)

Then S, has a full Lebesgue measure on the unit circle S*.

5 Another method to calculate the density of states in the Lloyd model may be found in ref. 8
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We are proving this simple statement, because similar reasoning will be used
below more than once.
Put for any 6 > 0,
= J {¢eS, :|Arg & — Argy*| < 6(1 + |x|747*} (3.3)

xeZ4d

=SN\S;, St ={[¢] =1}

Then
mesS) <6 Y (1+]|x))"4 = —0,
xeZd 60
mes S} — 2n. (3.4)
6—0

Therefore the set of points of a unit circle

U St in (3.9
nz1
has a full Lebesgue measure and for all €S, |& — y*| 2 CE(1 + |x|) ™%~
Note also that from the definition of the set S} it follows that

|1 —y%¢| 281 +|x|)*, ee8L. (3.6)

Denote by T,,a polycylindric domain,
T,, = {neCher < Ir/jl <erj=1,...,d,p>0}.

Then, by virtue of condition (1.2), the function W(#y) specified by equality (2.7)
will be analytic in T, . Besides, because of equalities (2.7) and (2.8) and since the
function W(n) takes on real values on the set T, = T, , the functions B(y) and C(n)
will be analytic for a certain positive p in T . On the other hand, a function
¥(n) arbitrary and analytic in the domain T, ap may, as is known, be represented
therein as a Loran series (2.5) with the coefficients . specified by equalities (2.6).
These coefficients exponentially tend to zero when lx‘ — 00

0< py <y | = constexp (— py x)).
It follows from this inequality, condition (3.1) and Lemma 3.1, that the following
is valid
Lemma 3.2. Denote by F , the set of functions ¢(n) analytic in the polycylinder

T, , such that
P

o=Qmri)™ [ o~ 'dn=0

Ta

Then the operator 1 — U is a one-to-one mapping of &  into itself, and
[-U)"el,=0[U-U)"tp]l,=(1-79) "o, 3.7

Consider now the function C(y, z) specified by equalities (2.8). This function
will apparently be an analytic function of its variables # and z on the polycylindric
domain T,,xL, where p is a certain positive constant and the strip L is

L, = {zeC:|Im z| < g/2}. (3.8)
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The function C(y, z) is continuous up to the boundary of T,, x L, and apparently
does not assume in it nonpositive values. Therefore, having chosen in a standard
manner a logarithm branch on the plane C with a cut along the negative semiaxis,
we obtain the following function analytic in T,,xL;:

f(n,2z) =1n C(n, z). (3.9)
Using Lemma 3.2, solve the following equation for ¢:
S, 2)= fo(2) + tln, 2) = (Ut)(n, 2), (3.10)
fo(2) =(27ri)“‘T§f(f1, 2 Ldn. (3.11)
As a result, we have d
i, 2)=I = U)"'[f(n,2) — f,(2)], (3.12)

where functions t(#, z) and f|,(z) have the following properties.

Lemma 3.3. The function f(z) is analytic in L, and

Re f,(2) <0ifImz >0, (3.13)
Ref,(z2)=0ifImz=0,
SfoA)=im(2); 4, m(A)eR, (3.14a)
m(A) = 2(2ni)"“ | arctan [&g)——l]n' Ldn. (3.14b)
Tq

Then function m(1) is monotonic, gives one-to-one correspondence between R
and the interval ( — m, m) and is related to the integrated density of states N(A) of
Egs. (2.15)—(2.16) as follows:

2aN(4) = © — m(A). (3.14¢)
T he function t(n, z) is analytic in the domain T,,xL, and
Ret(n, z)=Re f(y,2)=0,Imz = 0. (3.15)

Proof. Equations (3.13) and (3.14) and the properties of functions f,(z) and
m(A) follow directly from the representation (3.9), (3.11) of Eq. (2.8) and Theorem 1.
Analyticity of #(y, z) follows from its representation by equality (3.12) and Lemma
3.2.

From Eq. (3.12) it immediately follows that Re t(y, z) = Re [ f(5, z) — f,(2)].
But, when Im z =0, we apparently have from (3.9) and (2.8) that Re f(y, z) = 0.
Therefore, due to Eq. (3.13), Eq. (3.15) is valid.

From equality (3.10) and commutation relations (2.10) we obtain the following
representation important for all the below discussion:

CU =¢'el®D e, (3.16)
Hence and from Eq. (2.1),
H,—zI =B 'e'[I —e/*@%Ule™ (I + xU)~ . (3.17)
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Lemma 3.4. The set of H , eigenvalues coincides with the set of solutions to equations
m(4) + 20 + 27(a, x) = 0 (mod 27), xe Z4. (3.18)

Here for every x, Eq. (3.18) has exactly one solution /., and when x| # x,, A # A, .
The set of H, eigenvalues {A_, xeZ?} is everywhere dense in R. There is for every
A a single eigenfunction u™ corresponding to it:

u(n) = (I + 2 U)e'®*y* xe7°. (3.19)

It follows from the analyticity of t that every eigenfunction u', after having been
represented as an element of the space £,(Z°%), will be exponentially decreasing at
infinity.

Proof. From representation (3.17) it follows that the vector u will be an eigenvector
of the operator H, corresponding to the eigenvalue A if and only if

(I — el D U)e "I +»U) 'u)=0, (3.20)
or, if put
v=e"'(I +»U) 1y, (3.21)
then Eq. (3.21) may be rewritten as
Uv =y te JoWy, (3.22)

Since the operator U has apparently the complete family of eigenvectors 7%,
xeZ¢ then it follows from Eq. (3.22) that all v’s satisfying Eq. (3.22) are exhausted
by the set of vectors #*, xe Z% and the corresponding eigenvalue 4_ is the solution
to Eq. (3.18). The properties of the set {1_, xeZ?} enumerated in the lemma follow
directly from the properties of the function m(4) of Lemma 3.3. The expression
for the eigenvector is to be obtained from Eq. (3.21) with substituting v =#*.

To prove Theorem 2 it only remains to show that the system of eigenvectors
of the operator H, is complete. We shall use equality (2.13) of Proposition 2.1
and show that for any finite interval 4 < R whose ends do not belong to the set
{A.,xeZ"} there is a sequence of imbedded intervals 4,, 5 >0, such that each
4, is a union of a countable number of intervals in R and

A5 4,5 AN {4, xe2% ;4,1 An{A , xeZ%, 8]0, E(4,) = E(4),5 > 0.

For this we shall need the following auxiliary statement which is a direct corollary
of the analyticity of the function f in the strip L, and relation (3.13).

Lemma 3.5. Let A be an arbitrary interval in R. Then there is a positive &, such
that for 0 S e S ¢y, Ae A and E€S', the inequality

Iefo(/Hie)é _ 1| > %lefo(l)é — 1|, (3.23)

is valid.

Proof. Let us take an arbitrary finite interval 4 in R whose ends do not belong
to the set of eigenvalues {4 , xeZ?}. Consider the image of 4 under the mapping
h:A—xexp[f,(4)]=xexp[im(2)] and denote it by hd4, with h4 = S'. As was
shown in Lemma 3.3, 24 is a diffeomorphism of R on S*\{ — 1}, and it follows
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from equality (3.18) that h(A )= y*. Take an arbitrary 6 >0 and consider sets
Ay=Anh7'S} and A;=Anh~'8} where S; and S} are specified by (3.3). Here
apparently,

A=A4,04,4,nd;=¢;4,] An{A_, xeZ%,5,0 (3.24)
Lemma 3.6. There exists such positive ¢, that when 6 >0,0=<¢=¢, and led 5

for a certain positive constant C  ; depending on 6 and yeZ’, the following inequality
is valid:

| R+ ie)y’ || < C, s (3.25)
Proof. Indeed, we have from (3.25):
R(z) = + »U)e'[I — e/*PxU] 'e 'B. (3.26)

Take an arbitrary yeZ* consider the vector R(z)n’, and denote
P(n, 2) = e ™" B(n, 2)’. (3.27)

Owing to analyticity of functions «(y, z) and B(s, z) in the domain T, A x L, there
exist such positive p, <p and k depending on 4 that for 0 Se < g/4 and A€,

[iA+ie)| < kexp[ — p,|x]], (3.28)
I+ » Vet | <k. (3.29)

Thus, it follows from (3.26) and (3.29) that the proof of (3.25) reduces to the proof
of inequality

|(I = e+ 0, U)~ 1y, 4+ i) | < C,, (3.30)

where C, is a certain positive constant dependent on 6. Let now be the same as
in Lemma 3.5 and ¢, < g/4. From Ae 4, it follows that

elo@y el (3.31)
Using inequality (3.23) of Lemma 3.5, we obtain for 0 <¢<¢, and ied 5
LU — e+ 5 U)~ 1 9] | = (1 — ol 950) 1y | S2](1 = o).
Hence as well as from Egs. (3.31) and (3.6), it follows that
[[I — e+ U)~ 1] | 26711 +|x|)**e| P, (3.32)

From inequality (3.28) and inequality (3.32) valid for 0 ¢ < ¢, and red ; follows
validity of (3.30) for the same conditions, which completes the proof of the Lemma.

If we now use equality (2.13), then by virtue of Lemma 3.6 we obtain for any
xeZ%and 6 > 0:

(E()r, m*) = (E(A ™, ).
Hence and from (3.24) it follows apparently that
E(4)= E(An {4, xeZ%).

The latter equality means completeness of the set of eigenvectors of the operator
H ,, which is the end of the proof to Theorem 2.
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We shall now consider an operator algebra that naturally arises here and
includes resolvents of operators of the form of (1.1), as well as its elementary
properties. The latter will be helpful in the calculation of the conductivity corres-
ponding to the operators of the form of (1.1) and a certain generalization
of Theorem 2.

Let us consider a polycylindric domain

T,,= {0, HeCitlier < |nj] <erj=1,...,d e "<|¢|S e, p,y >0},
(3.33)

and the family # o of functions u(n, &) which are analytic in T,.. Such functions
may be represented by the Loran series:

uin, &)=Y Uy ek, (3.34)

xeZ9,keZ
= (2mi)~ 7! § o oulm, &nmx" 1T dpde, (3.35)

In;l=1¢=1
lu, | < Conste™ =m0 < p < p 0<r <r (3.36)
The function ue # o induces the following operator:

uig, Uy= Y, U ™ U*. (3.37)

xeZ4,keZ

As the operators # and U do not commute, their order in equality (3.37) is impor-
tant. We shall refer to the function u_,, xeZ% keZ as the kernel of an operator
and denote the family of operators spemfxed by (3.37) forueF , by o . A,
will apparently be an algebra; by virtue of the commutation equatlon (2 10) and
the equality Uy* = y**, we shall have

(u + v)x,k = ux,k + vx,k’ (3‘38)
(uv)x k = Z ux—x k—k ’y(k—kl)xl' (339)
' x1€Z4,keZ b !

If the components of the vector « are rationally independent (for d = 1, « is an
irrational number), then one readily makes sure that

u(n, U)=0<u_, =0,xeZ% keZ. (3.40)

Because we shall not be interested in specific p and r values, we shall consider
the algebra o/ = U o/

pr>0

With every operator ue.«Z, the following family of operators may be associated :
uw — u("’ e2iw U) — Z“x,k }’]x(QZiw U)k, (341)
x,k
or, if, as before, put » = e?®,
u, =un, 2 U) =Y u_ n* (U (3.42)

With each such family we shall associate the following averages:
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Cuyy=n""fu do=Q2nri)"" [ ux 'dx, (3.43)
0 'uJZI
Cuy Yo =0° Cuy >n°). (3.44)
Obviously,
Cupy =2 uon® (U, Do =ty 4 (3.45)
xeZ4d

Since families u and u, are unambiguously specified by the operator U, para-
meters o and x will be often omitted from symbols (u >, (u,>,.

Lemma 3.7. Let ¥, (n), ¥,(n), ()€ F , . Then

(¥ (me(U)Y, ('7)>= ¥, (e, ¥, 1), (3.46a)
0o =Qmi)"" | oG)x 'dx, (3.46b)

[#]=1
vx,,x,eZ% k,, k,eZ,
G Uk Uk2>"7klx25x1+xz ki +ky?
where 6, =1 and for £ #0,0,=0.Ifu,, ..., u,est, then
gty ooty o= Uy oo Uy Uy Dy (3.48)

Proof. Equations (3.46) and (3.47) naturally follow from the respective defini-
tions, and Eq. (3.48) readily follows from (3.47).

(3.47)

Theorem 2. Let V(z),zeC, be a function analytic in the neighbourhood of the
unit circle S' and take on real values on S*. Then there exists such 6, > 0 that for
all 6eR, |5| < 0, the statements of Theorem 2 hold for the operator

H,=H,+ §V[exp (2ni(, x) + 2iw)].

To prove this theorem, let us show that the unitary operator mapping the basis
n*, xeZ% into the eigenfunctions u'”, xeZ* of the operator H, belongs to the
operator algebra /.

Make the following change of variables:

L=<
1+€

A= — =h¢), |¢=1 (3.49)

Then, as follows from the proof of Lemma 3.4, the ¢_values corresponding to
the 4_eigenvalue may be found from the relation

e = ppx xez? (3.50)

Notice now that the function f,(z) specified by equalities (3.9) and (3.11) is analytic
in the strip | Im z| < g/2 and the point z = co is the branching point; at the same
time, as follows from equalities (3.9) and (3.14), the difference between branches
of the function is proportional to 2zi. Therefore the function exp [ — f, (b(¢))]
is analytic in the neighbourhood of the circumference |2§| =1 and, in view of
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equalities (3.14), it is a one-to-one mapping of the circumference |£| =1 onto
itself, and its inverse function

a=[e JobN]~1 (3.51)
is also analytic and by virtue of (3.14), for certain positive constants C and r,
la(¢) —a(&)|=2ClE, =& e =[E L[ =e (3.52)
From (3.49) and (3.50) we have:
¢, =abey’), A, =bla(xy")). (3.53)

Besides, note also that the function exp [#(, b(¢))] is analytic in T, for some
p, r > 0, which can be proved in the same way as for the function exp [ — f,(b(¢))].

From (3.18), (3.19) and (3.11), making use of the commutation relations (2.10),
obtain

u¥(n) = — 2ige'™*IB(y, A ™ (3.54)

Now if we normalize the function u™ () to unity, then in view of equalities (3.14),
the corresponding normalized eigenfunction #™(n) of the operator H,, is

a®(y) = '™ B(n, A_n*, (3.55)
B(n;4) = exp [i arc tan A]B(n, 4) x [(2mi)~ | |B(n, A)|*n~*dn] =% (3.56)
Ta

Use representation (2.7) for the function B(y, z), then the function B(x, z) is readily
shown to be analyticin T, for some p, > 0.
Thus, it follows from equahtles (3.53) and (3.55), that

i) = s(n, 2y, (3.57)
) = €D By, b(E))] ,_ s (3.58)

where the function seZ ,,. In view of commutation relations (2.10), equality
(3.57) may be written as

™ = s(n, U, (3.59)

where the unitary operator se.o/.
Since apparently, if ue.o/, then u*e.s/ too, then s ' =s*e./. Thus, from
(3.49), (3.53) and (3.57) it follows that

s"'H,s = boa(xU), (3.60)

where the function bea(-) is meromorphic in the annulus K,:e "< [¢| < e, r>0
and maps the circumference |£| =1 into R. Consider now the family ¥~ similar
to that of ref. 3, which consists of the function ¥V meromorphic in the annulus
K, for some r > 0 and possessing the property

IV(fl) - V(éz)’ g Clél - 62'5 ép 526Kr’

where C is a V-dependent positive constant. Then, by virtue of Egs. (3.49) and
(3.52), boae¥” and, according to ref. 3, there is §, > 0 such that for any 6 :[5| < §,
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there exists a unitary operator U, e/ such that
Uy '[boa(xU) + s~ 'Vs]U; =V, (xU),
where V, €. Thus,
(sUS)™ " (H +6V)sU, =V, (»xU),
whence apparently follows the validity of Theorem 2'.

Remark. This theorem may be proved otherwise as well. Indeed, as follows
fromref. 9, the spectrum of operator (1.1) for almost all @’s (in the sense of Lebesgue)
will be pure point, if for any interval

Y. p(4)= N(4), (3.61)
where
p () =lim [dien™'M{|R, (4 +ig)]*}. (3.62)
el0 4

Therefore, one may calculate p_(4), using representations (2.4) and (3.10) and
then make sure that Eq. (3.61) is valid.

4. Upper Bound for Zero Temperature Conductivity

In this section, by way of avoiding cumbersome formulae, we shall consider
the one-dimensional case, but all results hold for the multidimensional case
without essential changes in reasoning.

Let z, =A+ig,z,=A+v+iee>0,v>0 and Rj(w)=R(zj,co)j=l,2 be a
resolvent of the operator H, from (1.1).
Put

Aty

o (v, A)=—v" 1 j (W'(R, = RHW'(R, — R%)>,dA'", W'(n) = 2nindW(n)/on,

' (4.1)
where ( A(w)), for the operator A(w) denotes, as in the preceding section, the
operation n'lfdw(no, A(w)n°). The term “conductivity corresponding to the
external field fr(e):quency v, the Fermi energy A and the zero temperature” will be
applied to

a(v, 2) = lima (v, 4). 4.2)
£l0

This definition proceeds from the Kubo formula [8] obtained in terms of the linear
response theory with “averaging” over the energy range of the length v in the
neighbourhood of the Fermi level. Besides, the formula omits the factor consisting
of the electron charge, the Planck constant and the number 7.

Let us calculate the integrand in (4.1). To do so, consider the following func-
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tions:
B(n,2) = (W(n) — z +ig) ", 4.3)
V() = WnBE (et ®BE*(n)et(y), (4.4)

where the function #(y, z) is specified by (3.12) and the subscript j of the function ¢,
as in case of other functions below, means substitution of z; for z. Introduce
also

E=Qmi)”' [ V" ldn, meZ. 4.5)

Inl=1

Note that in view of equality (2.7), B~ (1, z) = B(y, z) and here Eq. (2.8) becomes
as follows:

C*(n,2) = — 1 ¥ 2igB*(n, 2). (4.6)

Now it appears to be more convenient to use the usual Fourier transform, i.e.
to put

n=e*"r, |p|<1/2.

With this substitution, the above functions of #, [n| =1, W(x), B() and others
become periodic functions of p with the period 1, for which we shall use the symbols
as before: W(p), B(p), etc.

Lemma 4.1. If the function f,(z) is defined by equality (3.11),f, ;=/f,(z;) and
y = e*™ then for W'(p) = 0W(p)/dp,
1/2
(W(R, —RHW'(R, —R¥)>,=—4g+e)* | dpW'(p)|B,B,|*
—-1/2

s 1/2 ” . . 5 B +1+,ymef0,1+f5,2
+4g*Re [ dpW'*(p)B,BfB,BS —4g*Re Y B. B

i o
i = 1— ymef0,1 [H,2

4.7)

Progof. First of all, note that from the definition of the mean value of {-), and
Eq. (3.48) it follows that

(WRTW'RS ), = (W'R,W'R, )35, 48)
(W' R,W'RY>, =<(WRIW'R, >¥. 4.9)

In calculation of these mean values we shall use representation (3.26) for R(z).
To be able to use equalities (3.46) of Lemma 3.7, we transform, by commutation
relations (2.10), the said representation in the following way:

R=¢" (I+ C te/o@yU)I — e/o@xU) e 'B. (4.10)

Representation (4.10) was obtained by using also equality (3.10). Since, in view
of (3.13), R is analytic in the circle || < 1, then, by Lemma 3.7,
(W'R,W'R, >, =2ri)™" | W?n)B,(n)B,(nn~"dy. (4.11)

=1
Now use representation (4.10) for calculation of the average { W'R,W'R, ) ;
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that is, on the basis of commutation relations (2.10) and the above defined functions
V*, obtain

W'R, W'R —Z,B [Wen™(I + C;reorymeU) x (I — eo1y™xU) ™1

x (I — o1y~ Y)Y + x‘lU"left”ZC;"‘)e‘;].

The above expressions are, as functions of ¥ U, meromorphic in the unit circle
with the only pole at point x = e/32. From this fact, Egs. (3.46), (4.4) and identities
(4.6), by simple calculations, we arrive at the following:

(W'R,W'R, = Zﬁ< ‘et [1+4ng1+3;*

meZ

. VmeXp[fo,1+fg.2] :'et’£>
I—VmeXp[fo,l"f'fg,z]

'"exp[f01+f§2] 2
=4g> Y B V™ - y ===+ (W'*B B%)
n%l 1—y eXp[f0,1+f0,2] rhare
1/2
[ dp(WB,B —24*V*V ")
—172
1+V exp[f01+f02]
+2¢° BB,
nz:’z V exp[fo,1+f ,2]

(4.12)

From equalities (4.4), (4.8), (4.9), (4.11) and (4.12), by elementary transformations,
we obtain (4.7). The lemma is proved.

Substituting now (4.7) into (4.1) and (4.2), we note that the first two terms of
(4.7) are, by virtue of (4.3), continuous functions of z, when |Im z| £g/2, and
therefore, after going to the limit, ¢ |0 will give no contribution to a(v, 1). We
introduce now the function

0, (2)= —i[fo(2) = folz +V)]. 4.13)
From Lemma 3.3 and equality (2.15) the following holds:
Lemma 4.2. If z = ueR, then

utv

o,=2n | p(de. (4.14)

Further, with sufficiently small v>0, the function ¢ (u) is monotonic for
pel[A, A+ v], takes on values in the range [¢ (1), ¢ (A+v)] and the number of
solutions to the equation

¢ (1) = 2mmo(mod 2n), meZ (4.15)
in the interval [1, A+ v] is O or 1, depending on the validity of relation
2nmoe [ (A), ¢, (4 + v)](mod 27). 4.16)
Denote the set of solutions p, by 4, |
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Lemma 4.3. Let h(u) be a real-valued continuously differentiable function in the
interval [, A+ v]. Then, if ¢ is an internal point of the interval [¢ (), ¢, (2 + )],
ie. for a some p,e(4, A+ v), () = @, then

. A 1+ expi[p— +1
limRe [ duh( TSRO @ptie) ] 2nhiny) @17)
elo 2 I—expilp —o,+i)] o n,)

If @ coincides with one of the ends of the interval [¢ (), ¢ (A + V) ], then u,, is equal
to Aor A + v, and we shall have, instead of equality (4.17), the following :

Aty . _ . h
limRe | duh(u)i + exp f[(p o, 1+ {8)] _ ﬂ/(uw)_ @18)
20 2 —expilo—o (utig)] @u,)

Proof. Note first of all that from analyticity of the function ¢ (z), in view of (4.13),
and its monotonicity in the interval [4, A + v] by virtue of Lemma 4.2, it follows
that the function

1+ expilo — o (2)]/1 — expilo —,(2) ] (4.19)

is meromorphic and in the domain Reze[4, A+ v],|Imz|<e for sufficiently
small ¢, has its sole pole at the point z = y,. From this fact, smoothness of # and
the obvious fact that function (4.19) assumes imaginary values when ¢ (z) is real,
it follows that

Aty

1 o .
limRe | duh(u) + exp l_(«p o, (1 + lf)]
el0 2 1- €xp l[<0_(pv(:u+l£)]
Aty 1 : _ :
~ limh(u,)Re | du + exp {[w @v(u+{8)]_
£10 2 l—expilo—o (u+ie)]
By calculating the right-hand side of this equality using standard methods of
complex variable function theory, we obtain the sought Egs. (4.17) and (4.18).
In this case Lemma 4.3, as is readily seen, admits the following generalization:

Lemma 4.4. If h(u, ¢) is a continuously differentiable function of its arguments and
the function h(u) = h(u, 0) is real-valued, then Eqs. (4.17) and (4.18) will remain valid,
if h(p) is substituted by h(u, €) as the integrand.

Regarding the coefficients f entering into Eq. (4.7), note that in view of
(4.4)and (4.5) and analyticity of the functions V' *(n, z), whenne T, jand|Im z| < g/2
the following statement is true.

Lemma 4.5. There exist positive constants C and p such that when Reze[4, A + v]
and |Im z| < g/2,

|BE(z)| £ Ce "™, meZ. (4.20)
Besides, when z = ueR,
B (1) = (B, (w)*. 4.21)

Now calculate the conductivity (v, A) by Eq. (4.7). Consider the following
identity:
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L+y"exp[fo, +/5,]
1— ,))m exp[fo,l +f:)k,2]
+ym exp[fo‘1 +f§£] y 1 — yme_f%:'l + 'yme‘l:(/)v
Y exP[ Sy + 2,1 Ly [1—yre
Since by virtue of Lemma 3.3 in the case of e=0f, , + f&,= —ip, then, by
using Lemmas 4.3 and 4.4, where the role of the function 4 will be played by the

parenthetical expression in the right-hand side of identity (4.22), and also Lemma
4.5, we obtain from (4.7), (4.1), (4.2) the following:

BB

=B.B%, : (4.24)

87 | B (1) °
o(v,A)=—g> ) ‘ome (4.23)
v? MZAM @1,
where Z’ means that if one of the ends of the interval [4, A + v] equals y,, then
1/2 must be placed before the pertinent term. From Eq. (4.23) it apparently follows
that

8mg? B w,)?
Z I ’ [ *
v PmEA,V 1 (pv('u'm)|

The asymptotic bound of a simpler form for the conductivity o(v, 1) from inequality
(4.24) will be obtained by inequalities (4.20) and the following statement.

lo(v, 1) < (4.24)

Lemma 4.6. Let p ,w €A, be different. Then there exists a positive v-inde-
pendent constant C, such that

lm—m'|zC v 1, (4.25)

where f is the constant of condition (1.5).
Besides, if i, €A 4.0 Lhen
|m| 2 C v e (4.26)
Proof. Note first of all that condition (1.5) may be rewritten as Eq. (3.1), namely:
|e?mime — 1| = C|m|~~. 4.27)
Besides, by virtue of (4.14) it is apparent that
max  |o,(4) - ¢,()| S2v max pu). (4.28)

1,u'€lA, A+ v] ueli,2+v]

Because p,, and y,, are solutions to Eq. (4.15) in [ 4, A + v] then 2a(m — m’) = ¢ (u4,,)
— @,(t4,) (mod 2A). Hence, in view of Egs. (4.27) and (4.28), obtain for a certain

constant C independent of v:
Clm—m'|~# g |e?mtm=m= — 1| = |exp i[o,(1,) — ¢,(1, )] — 1| < Cv.
From the latter inequality easily follows validity of inequality (4.25).

For proving inequality (4.26) note that, in view of (4.14) for 0 < v < 1 and some
positive-independent constants C, and C,,

Crzlow|zCw pelhi+vl (429)
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Since p,, is the solution of Eq. (4.15), then
o (1) = 2nmo (mod 27).
Hence, and from Eqgs. (4.27), (4.29), we obtain that
Clm| P <|e?mime — 1| =€l — 1| £ C,v,

where C, is the positive v-independent constant. From the latter inequality
apparently follows the sought inequality (4.26).

From inequalities (4.20), (4.25), (4.26) and (4.24) it follows, as is easily seen,
validity of the asymptotic inequality (1.6), which is the conclusion of the proof of
Theorem 3.

Appendix: Proof of Theorem 4
If an irrational o is such that for any integer r and g,
| —r/q| Z g7, (A1)

then by virtue of Theorem 2 the spectrum of the operator H, will be pure point,
i.e. the absolutely continuous component of the spectrum is absent (we took
20 in (A.1) only to avoid fractional degrees of ¢ below). Assume now that condition
(A.1) is not fulfilled, i.e. there is a sequence of integers r, and natural g,, where
g, are mutually prime, that when n— oo, r,/q, — o, and

lo—r/q,| <q;%°. (A2)

Show now that for any w satisfying condition (1.4) and o satisfying (A.2), the
absolutely continuous component of the spectrum of the operator H, is absent.
To do so, it is by Proposition 2.2 sufficient to ascertain that for each fixed xeZ,
for Lebesgue almost all A’s, the following relation is valid:

lim Im (4%, R(A + ie}y™) = 0, (A.3)

el0
where for the resolvent R, its representation in the space L,(T,) = L,(S") should
be taken. The proof below of (A.3) is arranged as follows. The operator H, and
its resolvent R depend on o, i.e. R(A + ig) = R(A + ig, o). Since, in view of (A.2), «
is sufficiently well approximable by rational numbers, it is possible, by using the
representation of R as series (2.11), to reduce the proof of (A.3) to establishment
of validity of the following relation:

lim Im (4%, R(A + ie,, /g ") =0, x€Z,

n—oo
where ¢, = g, °, for Lebesgue almost all 4’s. This is proved with the use of suitable
estimates of the expression under the limit sign, which can be obtained on the
basis of the said representation (2.4).

In this Appendix, as in the preceding sections, it is convenient to consider the

operator representations in the space L,(S?); in particular here it is convenient,
as in Sect. 4, to substitute # by p:

Stan =e*™? peR. (A4)
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As a result, Eq. (2.10) becomes
UP)(p)=¥p+ o), Ud(p) = d(p + na)U", neZ. (A.5)

Hence, and from (2.4) we obtain

RG) = 3 R(p)U" (A6)
n=0
Ry(p) = B(p), R,(p) = — 2igB(p) [] C(p + s)B(p + o). (A7)
s=0

Now fix the arbitrary finite interval 4 and introduce:
L, ={zeC:Rezed,0<Imz < g/4}. (A.8)

From the definitions of functions B and C by equalities (2.7) and (2.8), we obtain
the following estimates valid for:

|B(p, A +ie)| = C,, (A.9)
|Clp, A+ ie)| < e™ <, (A.10)
|R,(p, A +ig)| < C e, (A.11)
B(p +
Cp+p,)
T)l— liécllpll’ (A.13)

where C, and C, are positive constants independent of ze L, and .

Lemma A.1. Let o,,a,eR,z=A+iscL,. Then there exist positive constants
C, and C, independent of ze L , and such that for any positive integer k,

| (%, RO + e, o ) — (7, R(A + e, o))
Csk|ay —az| 172 s
SCyloy—o,|V2 [ di(e” — 1)+ Cyem e Ok, (A.14)
0

Proof. 1t follows from Eq. (A.7) that

R(z, o™= Y. R, (p, o), (A.15)
n=0
R, (p, @) = R, (p, o) (xe*™)", (A.16)

and from the definition of R (p, «) by equalities (A.7) and inequalities (A.9)—(A.13)
we have for n 2 0 and do = |a, — o, |.

R
7"”‘—(1)’;“2)— 1| < 2ndon|x|
R, (b, o))
+ (1 +nC,40) [T (1 + C,s40) — 1 < 2nAan x| (A.17)

s=1
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+exp[C1nAa + ) ClsAn] — 1 Zexp[C\dan*] — 1.

s=1

From (A.11) and (A.17), in view of the identity

R
Rn,x(p’ %) = Rn.x(p’ &) = <R—”’%Z—2; -
n,x\E %1

we obtain with allowance for (A.7) and (A.15), (A.16):
|('1x, R()' + iaaa1)r]x) - (’1’5 R(j' + i8, o‘z)rlx)|

>R,,,x(p, #,). (A18)

o 1/2
= Z j dlen,x(p’ 062) - Rn,x(pa 0‘1)'
n=0 —1/2
k=1 w
é (eclAanz _ 1)C1e—C2ns+ z zcle—czna
n=0 n=k

k
S C, [du(e€iH 7 — 1)+ 2C, e~ CH(1 — =)7L,
0

From this estimate follows inequality (A.14).

Note now that the validity of the limiting relation (A.3) is enough to be esta-
blished for any sequence &, converging to zero. Choose it in the following way.
Consider the sequence r, /g, approximating the number o with the rate specified
by inequalities (A.2) and put

e, =4q,°. (A.19)
Now use Lemma A.1, putting o, = a, o, = r,/q, and substituting
k, = (A.20)
for k. As the result we obtain the following statement:
Lemma A.2. For any Ae4,
lim Im (y*, R(A + ie, o)) = lim Im(y*, R(A + ie,, 7,/q,)n7), (A.21)

el0 n— o
where R(z, ) is specified by equalities (A.7), and ¢, = g, °.
Indeed, in view of (A.20) and (A.2), when n — o, k,|o — r, g,|'/* = 0. Hence and
from inequality (A.14), we obtain for n — oo, with allowance for (A.19), (A.20) and
(A2):

|7, RO+ ie,,, a)n™) — (7, R(A + e, 7, /q,)07)]
<2032 |a = 1,/q,| + Cya, te™ S0,
Thus, Lemma A.2 is proved.

Now, for the proof of the theorem, by virtue of relation (A.21), it is enough to
ascertain that, when ¢, = q,° 5, for Lebesgue almost all 1e4,

lim Im(n*, R(A +ie, ;7,/q,)n) = 0. (A.22)

n— oo



Solvable Model of Incommensurate Structure 423

Investigate R(z,«) specified by (A.7) for rational o’s, ie. for «=r/q, where r,q
are integer mutually prime numbers.
Let us consider the following auxiliary functions:

= Iq—[ Clp+srq™1) (A.23)
s_l k
D,(p) = — 2igB(p)B(p + (k + 1)rq ™! ]_[ C(p +srq™1). (A.24)
Then, if we denote
X, = % €xp 2mirq~ 'x, x€Z, (A.25)
then »l = %% and forn 2 1 andn—1=/¢q+k 0=<k=<q—1, weshall have
C, ) = [C T D (prey" " (A.26)
Now if we use the identity
Im (™, R(A +iely™) =¢ “ R(A + ieln* ” 2, (A.27)

then in view of Eqs. (A.15) and (A.16), we shall obtain

1/2
Im ™, R(A +ie,r/q*)=¢ [ dp|Ry(p)+ Z R, (0|~ (A.28)

—1/2 n=1
If we use inequality (A.11), then by virtue of (A.28) for the proof of (A.22) it is
sufficient to ascertain the validity of the following statement:
Lemma A.3. For Lebesgue almost all )€ A,

1/2

lime | dp| ¥ R, (p,2+ie,1,/q,)> =0, (A.29)

n— o —1/2 m=1

where ¢, =g °

Proof. 1t follows from (A.26) that
© q—1
> R, .(n)= [ Y. D)yt :'( 1—=C,(pp " (A.30)
m=1 k=0

Hence, and from Egs. (A.10) and (A.11) follows existence of such a positive constant
C that VzeL,

n,x

z, r/q)'éCq“ — C(p)t| 7. (A.31)

Now consider the function C,(p), and note that in view of Egs. (A.23) and (3.9),
it may be represented as follows:

C= e><p[qf0 +aq ) fkqe“”‘q”]. (A.32)

k¥0
Since, as was shown in Sect. 3, the function f(y, z) is analytic in the domain
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T, ,x L, then there exists a pair of positive constants C, and C, such that
| ful)] < CremCim, (A33)
Hence, and from equality (A.32) we obtain for:
|C(p, 2) — e¥o?| < Cye™ (A.34)

where C, and C, are positive constants. Now if we use Lemma 3.3, then for z =
A+igeL, and eg < 1 we shall have:

| /ot tie) _ glam®)| < C gq. (A.35)

If we put g =g, and ¢, = g, °, then inequalities (A.34) and (A.35) will yield for
z=A+igeL:

|Cops 2 + ie,) — €4 P| < Coq, #, (A.36)

where C, is a positive constant.
From inequality (A.36) and x = ¢'?®, we have for a positive constant C, and
and z=A+1iecL,:

'an(p’ A+ g, )t — eiqn(mu)+2w)| < C7qn_4‘ (A37)

Now if we use the continuity and monotonicity of m(4), we shall see that for
Lebesgue almost all AeR,

Il . eiq(m(l)+2w)| g C7q_1-

Hence, and from inequalities (A.37) and (A.31) it follows that for almost all 14,

2

Z Rm,x(p’ /1 + isn’ rn/qn) g Cqu%
m=1

The latter inequality apparently implies validity of Eq. (A.29).
Equation (A.22) is thus true, which is the conclusion of the proof of Theorem 4.
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