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Abstract. The inverse scattering method approach is developed for calculation
of correlation functions in completely integrable quantum models with the R-
matrix of XXX-type. These models include the one-dimensional Bose-gas and
the Heisenberg XXX-model. The algebraic questions of the problem are
considered.

1. Introduction

The quantum inverse scattering method (QISM) [1] is extremely useful for analysis
of completely integrable systems. In this paper we formulate the problem of
calculation of correlation functions for these models in the frame of QISM. Our
approach is essentially different from the one based on the quantum Gelfand—
Levitan equation [2, 3]. We use results of papers [4, 5] where the generalized
integrable model was introduced. This model depends on an arbitrary functional
parameter. Concrete models such as one-dimensional Bose-gas and the Heisenberg
XXX-model can be obtained as special cases at particular values of this parameter.
The crucial point is a simple dependence of the generalized model on this functional
parameter. We call this generalized model the “one-site” model. By means of this
mode] the simple formula for norms of Bethe wave functions was proved.

In this paper we introduce the “two-site” generalized model which permits us to
give a natural formulation of a problem of calculation of correlation functions. This
approach can be applied to any model with the R-matrix of XXX or XXZ models.
Here we restrict ourselves to the XXX-case only.

We deal in this paper with algebraic aspects of the problem, but to clarify the
statement of the problem turn now to the one-dimensional Bose-gas with repulsion
which is described by the quantum nonlinear Schrédinger equation (so we call this
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model the NS-model). The Hamiltonian of this model is equal to
L L
H= [dx(00 "0 + o YY) —h [dxyp *y. (1.1)
Y 0

Here ¢ > 0 is a coupling constant, h > 0—a chemical potential, L—a length of a
box, ¥(x)—a canonical Bose-field: [Y(x), ¥ *())]1=6(x—1y), [W&),¥(»)]=
[V (x),¥*(1»)]=0. The “bare” vacuum [0) is defined by ¥(x)|0)> =0,
<0]0) =1. Eigenstates of H were constructed in [6—8] by means of the coordinate
Bethe’s Ansatz:
L
[Pu(Ai--Ax)D =\/% [dVzyn(zy .. .2yl Ay AW T (2)).. W F(2y)[0),

Y

(1.2)
where eigenfunction y is
—-1/2
NGz -zl Ay = {N TG+ cz)}
>k
N
X (= D] (Ap,p, —ice(z; — zk))exp{i Y Z,,/lpn}. (1.3)
P Jj>k n=1

Here 4 = A; — 4 ; the sum is taken over all the permutations P of 1, 2,...N; [P]
denotes a parity of P. All the momenta 4; are real, different [9] and satisfy the system
of “transcendental” equations (s.t.e) which expresses the periodicity of wave

functions:

N
exp{id,L} =kl:[1 [y + i)/Ay —ic)]5j=1,...,N. (1.4)
k#j

This system can also be rewritten in the form ¢; = 0(mod2n), where

@, =ML+ Y 0y (1.5)

k=1
k% j

Here &(1) =iln[(1+ic)(A—ic)] is a scattering phase of bare particles. The
N

eigenvalue of H for wavefunction (1.3)is ) (4 f — h). The norm of the wave function
j=1

is equal to [4, 10]
L
CONA e APy 2> = jd"’zl;(,\,l2 =dety(@)). (1.6)
0

Here the N x N-matrix ¢’ is defined as ¢} = 0¢;/04,.

Consider the current operator j(x) =y *(x){(x). We want to study the N-
particle mean value {¥y|/(x,)#(x,)| ¥y, which is a real positive function of |x;
—X,|. For |¥y > =|Q) it is a correlation function. The physical vacuum |2 is the
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state with the minimal energy; its construction in the thermodynamical limit (N
— 0; L - o0; N/L =Const) see, for example, in [9]. The operator of number of

particles for the interval [x,,x,] (L = x, > x; 2 0)is defined as Q,,,, = [ #(2)dz. It

X1

is easy to see that

62
CNAx) )Py D = — CPNIQL, [P (L.7)
20x,0x,
Due to the translation invariance, one can put x; =0:
1 2
CHuli0 7012y =-——<PylQH ¥y, (1.9)
20x?
where
Q,=Q,, = [/(2dz, x>0. (1.9
0

So the calculation of <{¥y|/(x)/(0)|¥y)> is reduced to the calculation of
(¥Px1Q3|Py>. In terms of Bethe’s wave functions (1.3), { ¥y |QZ%| ¥y ) is expressed as

x L
CPNIQIUPN> = NIN = 1) [d?y [dV 2zl yp(y, 9,25 2y)I?
0 0

+ {PNQu ¥y (L.10)

Here the mean value of operator Q, is equal to

xN xN
CPNIQLI PN =<'PNIlPN>—L—=TdetN(q)’)~ (11D

The mean value { ¥|QZ| ¥, for small N is also easy to calculate: { ¥, |Q?|¥,>
=0; {?,IQIY,) =x;
16¢

/lfz + Cz

2 </112+ic) 2 [Ayy +ic
i (1 _e—ixllz)_i__( 21 ) [ — e-ixdary
Afa Ny, —ic ATy Ngy —ic ( ) (.12

Here we denote y = L — x. One can see that ( ¥,|Q?| ¥, > depends on the distance in
two essentially different ways: in a polynomial way and in an exponential one. The
“exponential” part we call the irreducible part I,(I, =1, =0):

2 (A, +ic ) 2 (A, +ic ;
3, A1s N\, —ic

A, —ic
The notion of irreducible part will be extremely useful. Let us give the
corresponding definition for arbitrary N. Below we’ll show that { ¥ |Q? ¥, can

<lP2|Qf|le> =4x> + 2xy +

X
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be uniquely represented in the form
N N-1
CPHQITy> =Y X Janx"y™. (1.14)
n=0m=0

Coefficients J{)), here are rational functions of 4;and of exp {ix2;}(j = 1,...,N). The

N-particle irreducible part I, is defined as follows:
Iy=J%N. (L.15)

The irreducible part depends on x through exp{ + ix4;} only, and this dependence
can be separated in the following form

Iy= Y eI 4D of (AT}, {AT 1 {A%)). (1.16)
(F=(atiuatiuiag
The sum here is taken over all the partitions of the set {4}, j=1,...,N into three
disjoint subsets {A*},{47},{4°}, the number of elements in the subsets being card
{A*} =card {A"} =n; card {A°} = N —2n(n < [N/2]). The coefficients ./ are
rational functions of momenta A; and do not depend on x. They will be called the
Fourier coefficients of irreducible part I,. We shall see that all the coefficients J() in
(1.14) can be expressed in terms of irreducible parts I,, 2 < k < N. That is the reason
why irreducible parts are important.
In this paper we prove also the following properties of irreducible parts. Iy is a
symmetric function of all the 4,(j = 1,...,N). It is real and bounded when A jarereal.
It is a function of the coupling constant ¢ and is small at ¢c—0 or c— oo

N—-2

Iy~c at ¢—0; Iy~c*™N at c->w(N22). (1.17)

If x =0, then I, = 0. Fourier coefficients have similar properties:

AE~cN"? at ¢-0; Lh~c*V at c¢- o0, (1.18)
and if all the 4; are real,
AN L{A%)) = SN2 H{ATL{2D). (1.19)

The Fourier coefficients are symmetric functions in all 4;",4; and /15.’ (separately).

By means of (1.10), (1.14), (1.15) it is easy to calculate I, for small N (see, for
example, I in (8.13),(8.14)), but it is impossible to study the general properties of I .
To prove all the properties of I, presented here we introduce the two-site
generalized model in Sect. 2. The important formulae concerning “scalar products”
in the generalized model are given in Sect. 3. Matrix elements of operators exp {¢Q, }
and Q, are studied in Sects. 4-6. The definition of irreducible parts and method of
their calculation in terms of these quantities are given in Sect. 7. Main results
concerning the mean value { ¥ |QZ?|¥, ) are given in Sect. 8.

The properties of irreducible parts established here will be used by one of us
(V.E.K)) in the next publication [11] for calculation of the correlation function of
currents in the NS-model. The answer appears to be a series, the n'® term of the series
being generated by irreducible part I,,.
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2. QISM and the Two-site Generalized Model

Here we introduce the two-site generalized model, the NS-model (as well as other
models with the same R-matrix) being the particular case of it. Properties of
correlation functions are easy to investigate in the frame of this model.

The main object in QISM (see, for example, [1]) is the monodromy matrix T'(1)
of the auxiliary linear problem. In our case itisa 2 x 2 matrix depending on complex
spectral parameter A:

A BU»)) @

CA; D)

The matrix elements of T(4) do not commute—they are “quantum operators.”
Their commutation relations are given by

RAWTA @ T(w) = T(W) ® T(DR(A, p), 22
where R(4,u) is the XXX-model R-matrix:
fwad) 0 0 0

T = <

guh 1 0
R(A,p) = 0 L (2.3)
0 0 0 f(4w
A—u+ic ic
f (/Lu)=-—l_—; g, p) = i 249

Let us introduce the two-site generalized model. It is a model with a monodromy
matrix T(A) which is a matrix product of two monodromy matrices

T() = T,(WT,(%); (2.9
Ti(/l)=<Ai(/D ; Bi(l)), i=1,2 2.6)
C(h; D(4)

The matrix T,(%) can be associated with the first site and T,(4) with the second site of
a lattice with two sites. Matrix elements of T(4) are quantum operators which
commute at different sites of the lattice. Operators at the same site commute
according to the rule (2.2). The monodromy matrix T(A)(i = 1,2) has the vacuum
|0)>,—the state in quantum space with the following properties:

CiDI0Y;=0; A0, =aDI0);;

@7

D0 ;= d(A)]0;B(N]0>; # 0.

The state [0) =[0), ® [0, is the vacuum for T(4) (2.5):
CHI0> =05 AMDI0> =a(H|0); DA)[0> =d(D]|0,

where

a(d) = a,(Day(A);  d(2) = dy(2) dy(2). (2.3)
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Here a/(4), d(2) are c-number functions which are defined by the choice of concrete
models. The crucial point is that there exist monodromy matrices T(4) for arbitrary
functions a,(4), d(4) [5]. It should be noted that in the XXX-case all such
monodromy matrices can be generated by the L-operator of the lattice nonlinear
Schrédinger model [12, 13]. It is convenient to use the following notations:

() = a,(A)/d(A); m(%) = a)(A)/dy(4);
2.9
r(2) = a(H/d(2) = £(Am(A).

Different functions #(1) and m(J) correspond to essentially different models.
Function #(4) will be the main free functional parameter in the two-site model. It
occurs that the dependence of correlation functions on #(4) is rather simple and can
be explicitly evaluated.

The trace of the monodromy matrix (1) = A(1) + D(4) generates the Hamil-
tonians of completely integrable systems. Eigenfunctions of ©(4) are of the form

N
[Wn(Ay. . Ay)> = ]__[ B(4)105, (2.10)
where
B(4) = B(A)/d(A). (2.1D

Here all the 4; are different [14] and satisfy the system of transcendental equations
(s.t.e)

N
rjn(fjk/fkj)zl; Jj=1...,N. (2.12)
=
Here f; = f(4;,4) and r; =r(4). The s.t.e. may be put into the form ¢; = O(mod 27),
where

N

o;=ilnr,+i Y In(f/f,)- (2.13)
k=1
k#j

The corresponding eigenvalue of 7(4) is
TDIWN(Ay - AW)D = (A Ay AW N(Ay - A s (2.14)
N N
ty=ad) [ f(A2) +d) [] £(4;,2.
j=1 j=1

The dual vacuum {0]=,{0|®,;<0| satisfies relations <O0[B(1)=0; {0JA(4)
=a(H<0[; <O|D(}) = d(2)<0|. We put also ;<0[{0>, =<0|0) = 1. The dual state

N
CYnGy- AW =<0 TT T T = C(A)/d(A) (2.15)
j=1

is an eigenstate of t(4), {Yy|t(4) = ty (¥ yl, with the same eigenvalue (2.14) if the s.t.e.



Correlation Functions 73

(2.12) 1s valid. The “norm” is equal to [4]:

CYNAqe ANy 2D = cN< 1 fjk>detN(<p’), (2.16)
itk
where the N x N-matrix ¢’ is defined as ¢, = 0¢;/04,. Notice that eigenfunctions
corresponding to different sets of A; are orthogonal due to different eigenvalues
(2.14).
The operators of number of particles will play an important role. Operator Q, of
number of particles at the i'® site of the lattice (i = 1, 2) is defined as follows:

[Qi. T(N] =3[e5, T(HId;;; Q0> =0. (2.17)

A quantum commutator is at the left-hand side here and a matrix commutator of
T(4) with the Pauli matrix ¢ is at the right-hand side. Operator Q of complete
number of particles is Q = Q, + Q,. Eigenvectors of operator Q; are

Q; [[ BAAI0Y> =n ] B(AYI0> (i=1,2); (2.18)
k=1 k=1

<0l n Ci(A)Q; =n<0 1_[ C) @(=12.
k=1 k=1

Notice that ; here are arbitrary and are not supposed to satisfy s.t.e. (2.12). The
definition of arbitrary function of operator Q, is quite obvious. Operator Q? is of
special interest for us. It is however more convenient to consider a generating
function exp{xQ,}. As it is shown in Appendix A its matrix elements can be
represented in the form:

N N
<Ol TT C(A5)exp{«Q;} kﬂ B(4)10)
j=1 =1

- 3 S expom)

(4B = (AP} O (AT} 1S = Dfyo g}

x O [C,GDTTB,GDI0>COITTCATD [ [BAAF)I0>
I I 11 11

9 (nm(lf)><n/(lﬁ >< [1sGe.an )( I f(zlf,,zlf)). 219

I I INI IIr1
Here the sum is taken over all the partitions of the set {Af ;j=1,...,N} into two
disjoint subsets {4} and {A%,}, and over similar partitions of the set {A°}. These
partitions are independent except that card{i}} =card{if}=n,; card{15} =
card{A{;} =n, =N —n,. Product [] denotes the product over all the ie{4,},

I

and thus contains n, factors. Product [ ] denotes double product over all 1e{4,} and
Lir

over all Ae{4,,} and contains n,n, factors. Notice that values of A, A% in (2.19) are

quite arbitrary. This equation is a basic one for investigation in the two-site model
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the mean value

Unl QN> = iy Ay QE WAy - Ax) D (2.20)

in terms of which correlation functions can be expressed (as it will be seen later).

Let us discuss the connection of the two-site model with the NS-model. The NS-
model was imbedded in QISM in papers [1, 15, 16]. The monodromy matrix Tyg(4)
of this model is constructed in a standard way by means of local L-operators.
Vacuum eigenvalues of A(4) and D(J) are

ans(D) =exp{ —iAL/2}; dyg(4) =exp{ilL/2};
rns(h) =exp{ —ilL}. (2.21)

The Hamiltonian (1.1) can be expressed in terms of t(1) by means of trace identities
[17]. Equation (2.5) has the following meaning in the NS-model: T,(4) is the
monodromy matrix of the NS-model for the interval [0, x], T,(4) is the monodromy
matrix for the interval [x, L]. So we have the correspondence:

{ns(A) =exp{ —idx}; myg(d) =exp{id(x—L)}. (2.22)

Operator Q, introduced in the two-site model by Eq. (2.17) turns into operator Q,
(1.9). So the calculation of the mean value(1.7) in the NS-model which is necessary to
calculate the correlation function is reduced to the calculation of the mean value
(2.20) in the generalized model. This reduction is very useful due to the arbitrary
functional parameter £(4) (2.9) existing in the generalized model.

Below we’ll study the mean value (2.20) in the two-site model. By means of Eq.
(2.19) this object is expressed in terms of “scalar products” (O[[JC()] [B(4)|0 ). The
next section is devoted to the description of properties of these scalar products.

3. Scalar Products

We call “scalar product” a quantity

<0 ]:[1 C(if)kljl B0, G.D

which is a symmetric function of all 1§ and a symmetric function of all AE. Here all
2N momenta A¢,A® are different and arbitrary (the s.te. (2.12) is not in general
supposed to be fulfilled). Note that the number of operators B in (3.1) is equal to the
number of operators C; otherwise the scalar product is equal to zero. Scalar
products can be calculated by means of the commutation relations (2.2). For
instance, {0|C(A9)B(A5)|0) = g(A€,AB)[r(A°) —r(4B)]. For N arbitrary the depen-
dence of scalar products on vacuum eigenvalues r(1) can be explicitly extracted [4]:

N N N

O s [T B0y = Z( I1 F(%"”)) ky(part) (32
Jj=1 k=1 part \j=1

The sum here is taken over all the partitions of the set {A°},u {4%} into two

disjoint subsets {4*}, and {1“"}, (subindex N in {i}, means the number of

elements in this set). Coefficients I, do not depend on r(4) being rational functions

of 2N variables A2, A€ decreasing in each A as 1/1 at 41— oo and other A’s fixed.
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Return now to the scalar product (3.2). It depends on values of an arbitrary
function r(A) at 2N points if,/l 2. Due to the arbitrariness of function r(4) the values
r(2€) can be considered as 2N independent complex variables:

r$=r(A); r=rAd) (Gik=1,...,N). (3.3

So scalar product (3.2) is a function of 4N independent variables: {1}y, {A®}y, {r} x>
{r}n-

Properties of scalar products can be restored from paper [4]. The most
important property is that scalar product (3.2) has a simple pole when lf—»
A2,k =1,...,N), the residue being also some scalar product. For example, at
25— A% — Ay one has (the general case is obvious due to the symmetry):

N N
OITTCEN T B(lff)IONAg%g
j=1 k=1

. N—-1 N-1 N-1
e ZB(rﬁ—rﬁ)( Il fﬁ,f§j><0r [T Cu) [1 Baploy=; (4
N N j=1 j=1 k=1

ﬁj = f(’lN’/lf); fNj = f(/?-Nﬂlf)-
The scalar product at the right hand side must be calculated with the modified

vacuum values @(4) = a(4) f(4,4y); d(A) = d(%) f(Ay,4). Due to this modification one
has:

COITT G [T BUDI0>™

= Z(Nﬁl f(%””)> Ky-i(part); card{A®}y_, =N—1, (3.5)

part \ j=1

where

7(2) = r()LS (2 )/ f Ay, A) 1. (3.6)

It isessential that coefficients [y _; are not modified: they are just the same asin Eq.
(3.2) at N > N — 1. Notice that modified scalar product in Eq. (3.4) does not contain
rB€, and Ay is included in 7(J) (see (3.5), (3.6)).

In physical cases variables r; are the values of smooth function (1) at different
points (see Eq. (3.3)). In this special case the residue in Eq. (3.4) becomes zero; the
corresponding limit is finite. At A5 — A5 — 4, the dependence of the scalar product
on the vacuum eigenvalue at point Ay is represented naturally in terms of two
variables: ry = r(4y) and zy = id[Inr(2)]/04|,_, - The dependence on zy is linear, the
coefficient at z, being essentially the residue in Eq. (3.4):

0 N-1 N-1 .
g<01< I1 @(if)>C(lN)B(iN)< 11 B(lk)>10>
N j=1 k=1

=crN<Nﬁ fﬁkf§k><0| T1 €GS9 1 BODI0Y™. 37
k=1 j=1 k=1
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Let us consider now the scalar product at the limit lf—» Af—» A(j=1,...,N);all
the 4; are different. In this case the scalar product depends on 3N complex variables

{A}ns {z}n> {r}y- Here
z,=i0[Inr(2) /64 ,_ . (3.9)

Equation (3.7) is valid also in this case; in the scalar product at the right-hand side
not only r(4) is modified according to (3.6) but also z; according to the rule:

2c )
G—L)yte '~ L,L..,N—1. (39

J

Zi=z;+ Kyy; Kjy=K(4;,4y) =

Discuss now the case where only the part of {1} coincides with the part of {1%}.
Then the scalar product (3.1) depends on r; and z; of coinciding A’s and on r} of
remaining A’s. Equation (3.7) is also valid in this case.

Finally consider the situation when Af = Af =1;(G=1,...,N),all 4;are different
and satisfy s.t.e. (2.12). In this case r; are expressed by s.t.e. as explicit rational
functions of 4’s, the scalar product depends only on {4} and {z}, and is called the
“norm” of the wave function (the explicit expression is given in (2.16)). Equation (3.7)
remains valid. It should be noted that in this case the scalar product at the right-
hand side of (3.7) can be also considered as the norm corresponding to the modified

s.te.
N
ijn ([l fi)=1; Fi=r{fin/fn); i=1...,N—1,
Fi
which is valid due to (2.12).

4. Properties of Operator exp{« Q,} in the Generalized Model

In the previous section we considered properties of scalar products which are valid
also in the two-site model. This model, however, permits us to consider operators Q,
(2.17). Properties of their matrix elements are investigated in the same way as
propertfes of scalar products. Consider the matrix element < OIHC(AC) X
exp{aQ,}[[B(2%)|0)> with all A* and A€ arbitrary. Equation (2.19) shows that this
matrix element depends on 6N complex variables: on 2N momenta A$, 47 and on 4N
variables 7 f,/ H ,mf,m,’f (2.9), being a rational function of all these variables. So we
denote:

N N
<0l l_[1 C(A)exp{eQ,} [T B(A)(0>
j= k=1

= M{({A} v {47 {2 S {4 P {m Sy M), (4.1

Due to commutation relations (2.2): [C(A),C(w]=[B(1),B(x)]=0. Hence
Mg is a symmetric function with respect to replacement of triples (45,/§,m$) <
(A5, £€, mS) and with respect to (A7, /2, m?) < (AF, /2, m?). The main property of My,
is that it has first-order poles at Af — 7, the residue being expressed in terms of
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M5 _ . One has for (4.1) if 15— 2E— A (other possibilities are easily restored from
the symmetry):

N-1
Mﬁl/\gﬂﬁ = 25 [/NmN rﬁ]é“( I—[l fgjfgj>
j=

X MZ—1({/1C}1v—n“ﬂw—p{zf}z\zﬂ,{zf}zv—1’{mJC'}N—1a{mf}N—1)
/11v iB[rN £5mey (,1:[1 fﬁjfﬁj> 4.2

X M?‘V—1({)'(':}N—1’{’IE}N—1’{ZE}N——1’{/?}N—1’{mf}N—l’{rh?}N—l)'
Here f{f = f(iy,A5P) and

PR =t SUSGEIRD; mEP =mERf PSP, (4.3)

(Compare with (3.5), (3.6)). Equat1on (4.2) can be obtained by substitution of Eq.(3.4)
into Eq. (2.19). Notice that M%_, here are modified according to the rule (4.3)
(compare with (3.6).) It is essential that M%_, does not depend on ¢y,my. The
variable 1, enters only into the modified 7 ; and r%j in M%_,.

Formula (4.2) is a basic one for the investigation of the matrix element M. It can
be considered in two different ways depending on the smoothness of functions £(4),

m(A). :
(1) In physical cases variables /; and m; are the values of smooth functions £(4)
and m(4):

£PC=1(%C); mPC=m(239) (4.4

(for the NS-model /(1) =exp{ —ixi}; m(A) =exp{i(x —L)A}). In this case the
residue in (4.2) becomes zero; the corresponding limit is finite. At 15— A5 — Ay the
dependence of the scalar product on vacuum eigenvalues at point A, is represented
in terms of four variables:

Cy="C(Ay); my=mliy)
and

=i0[Inf(H)1/0A,_, 5 yN=ia[1nm(z)]/az|l=AN.

The dependence on x, and yy is linear, the coefficients at x and y,, being essentially
the residue in Eq. (4.2):

oMoy = cr(iN)eXP{a}< 1 fgjf£j>
N—1({’1?}N—1’{’1f}N—1’{Zf}N—D{Zf}N—l’{mJG}N—la{mf}N—l); 4.5
MR/ Oyy = Cr()w)< 1;11 f%fﬁj)

x Mg _ 1({/15}1\1— 1’{/1?}14— 1’{/§}N— 1’{/?}N— 1’{ﬁ1]¢}N— u{'ﬁf}N— - (4.6)

The modification here is to be done using the same rule (4.3).
Let us consider now the matrix element at the limit /lf - /1? -2;G=1,... ,N),all
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the 4; being different. In this case My depends on SN complex variables (compare
with (3.8)):
M3 = M{({A}n (X ns {0 ns (€ s im ) 4.7
where
X = i0[In¢()1/02],— 5 v = i6Tlnm() 104, _,,. 438)

Notice that for the NS-model x;=x; y;=L — x. The linearity in each x;,y; is
preserved and Egs. (4.5), (4.6) are valid also for M, (4.7):

OM3/0xy = cr(lN)exp{a}< I_:I Inif, ~j>
XMy (At - % v v - 1’{21'}1‘1— pimiy-1, (49
OM3/dyy = cr(AN)< l_:[1 fNij,->

X MaN—I({j'j}N—l’{xj}N—17{§j}N-1’{/j}N—l3{n~1i}NA1)' (4-10)
Here fy; = f(4y,4)); the modification of # and m is done according to (4.3) and
Xi=x;+Ky; y;=y;+Ky (j=1L...,N—1) 4.11

with Ky defined in (3.9).

Consider now the case where not only lf = /If =Aj=1,...,N) but also s.te.
(2.12) for 4;is valid. The matrix element in this case is the mean value with respect to
eigenfunctions yy (2.10), (2.15):

M§ = Yn(y.. ./1N)|€Xp{0(Q1}ll//N(/11 o AN)D
= M MnAX N AV in AL S )- 4.12

Here we have written down explicitly all 4N independent variables. The matter is
that variables m; in this case can be expressed in terms of remaining variables due to
s.te. (2.12):

m;={¢; ! kl;['(fkj/fjk)- (4.13)

Equations (4.9), (4.10) are rewritten in the form:

OMy[0xy = cexp{oc}( ljl fNjij>

X ﬂqu({’{j}z\/—l’{%‘}z\'—1’{}’;}1\1—1’{2,'}1\'—1); 4.14)
N-1
5%%/6%\':0( 1:[1 fNjij)
X %7\!—1({lj}N—1a{xj}N—lﬁ{ﬁj}N—l’{/j}N—l) (4.15)

Modification here is made according to rules (4.3), (4.11). Formulae (4.14), (4.15) are
very important because they give an opportunity to restore all the coefficients J,, , in
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Eq. (1.14) in terms of irreducible parts (1.15). This restoration is done in [11].

(2) Return now to Egs. (4.1), (4.2) and consider another situation. Suppose that
{2} as well as { AP} satisfys.t.e.(2.12) but these sets do not coincide. In this case “bra”
and “ket”in(4.1) are different eigenfunctions (2.10),(2.15). The corresponding matrix
element we call “form factor™:

= Py APlexp {aQ (A5, .. A0
= FR({A°L (%L {0047, (4.16)

The variables m? presented in(4.1) are here expressed by means of the s.t.¢. It is easy
to obtain from formula (4.2) that:

F?vlnf,-.zﬁ-»z,v /1C B[/ (f - IJeXp{a}

(n 1€, )Fz N L NIV NP

+Ic—lc“l_ﬁ|:<jl;[1f1¢N gj) /C(/ )—1<n fN, )}
X F?‘v—1({ﬂ~c}1v—1a{iB}N—1’{/C}N—1a{fB}N—1)- (4.17)

The modification of Z here is defined in (4.3). These properties are used in the
next Section to obtain a representation for F% which permits to study
irreducible parts.

5. Representation of the Form Factor of Operator exp{a¢Q,}

Here we consider form factor F§ (4.16). Our aim is to obtain a representatlon
for it which is similar to the one for scalar products given in [4].

Discuss at first the dependence of F% on variables 72, It is more
convenient here to use notations (4.4) denotmg (25 / c.n (due to the
arbitrariness of function /(4), its values /(A7%) can be considered as
independent variables). The dependence of F on these variables can be
explicitly separated as follows:

FR{2% . 8 {0 1%
= Z(H/ () )(H/’ “(/12,)>R~(part). 6.1

part

Here the sum is taken over all the partitions of set {1}, into two disjoint subsets
{45}, and {45}, and over partitions of set {4%} into two disjoint subsets {/13 }
and {25} 5 —»- These partitions are independent except that card {4, }, = card {4}, }

=n; card{A$,}y_, =card{1%}y_, = N — n. Product H/(i ) denotes the product
of n factors /(ic) /Ice{/l },- Product H/ /IB ) denotes the product on n factors

¢ =Y (AD);A7e{iL,},. So form factor F§ is a linear function of each £(%) and a linear
functlon of each/ ™ 1(/1“3) Coefficient R ~(part) does not depend on # and is arational
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function of all A’s:

_ {'lgr}n’ {’q‘ab N-n
RN(part) B RN<{l§r}n’ {'Iab N-— n> (52)

The proof of (5.1) is straightforward but rather tiresome. It is given in Appendix B.
Our next step is to study the properties of coefficients R,. It is proved in
Appendix B that they are represented in the following “factorized” form:

S S\
g <{l Bl (A ) on({ At {2 )

T (V5 NI /% S {nl__[f(’{pr”lacb }{ﬂﬂf(lab’ } (5.3)

pr ab pr ab

Product []]] denotes the independent products over all 1e{4,,} and all Ae{A,};

pr ab
this product contains n(N — n) factors. Rational functions ¢%(n=0,1,2,...) are
uniquely defined by the following five properties:
(1) % is a rational function of 2n momenta:

0% =a*({1°},,{A%} ) 5.4
(2) It is a symmetrical function of /10(1 =1,...,n) and a symmetrical function of
Ak=1,...,n).
©) For n 2 1 it decreases as 1/17 at 1% — oo and all other 4” and A€ fixed. It also
decreases as 1/4§ at A5 — 0o and all other A€ and A* fixed.
(4) The only smgulantles of functions ¢ are first-order poles at AS
= .,n). The residue at the pole is expressed interms of 62 _, ;as AS > A,
has

- Uik
— 1, one

b

az({lC}n,{lB} )l;hC_,AB
—/1 { Hf Hf } oi (2 0% (59

Here as usual f$;% = f(A$°% — 4,). There are no 15°% at o;_, at the right-hand side
here. The residues of o%at lC — AP for other j,k can be easﬂy restored from (5.5) due to
symmetry property (2)

Notice that due to properties (1)—(4) function ¢ can be represented in the form

a({AC}n,{;LB} )__ a({,{ }n’{l }) (56)
ﬂkﬂ (A7 =2

Here 7% is a polynomial in each of 4; the degree of the polynomial in given 4 being
n — 1 at all the other 4 fixed.

(5) By definition ¢§ = 1.

Functions ¢ thus defined exist and are defined uniquely. It is proved in
Appendix B. These functions can be calculated by recursion using these properties;
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the first function, for example, is 6%(A¢;15) = g(A¢,1®)[exp(®) — 1]. The following
property will be of further importance

on({A%},,{4%},) = exp{nafo, ({4}, {A"}). (&)
Formulae (5.1)—(5.3) give the representation for form factor F§ which appears to be
very useful in investigating properties of irreducible parts.
6. Form Factor of Operator Q,

Our aim is to investigate the irreducible part of the mean value of operator Q%. To
do this one has to study the form factor F of operator Q,:

FA({A A28y {0 T {0 Ph) = QS ARDIQuIVNGT . 20> (6.)

Here y are eigenfunctions (2.10), (2.15). Form factor F, is easily expressed in terms
of F% (4.16):

F}, = 0F%/dul,_,. (6.2)

The orthogonality of eigenfunctions for different sets of A leads to the property:
F4%|,-=0 = 0yo- Considering representation (5.1)—(5.3) one concludes:

Orly—o = 0no- 6.3)

Differentiating representation (5.1)—(5.3) with respect to a at a = 0, one then obtains:

N N
= { 'l:_[1 42 ‘H1/ G }O'I,V({AC}Na{lB}N)a 6.4

where
({2 N {48 ) = 00%({A} N, { AP} W) 0al = o (6.5)

(see (5.3)). Here we use the property o y({A},{1%}) = — ap({A%},{4°}) which follows
from (5.7).

Properties of functions ¢, is restored from properties of functions ¢ discussed in
the previous section:

(1) o, is a rational function of 2n variables {A},,{4"},.

(2) It is a symmetrical function of A{ and of 1} (separately).

(3) It decreases as 1/4 in given / when all the other A’s are fixed.

(4) The only singularities of functions ¢, are first-order poles at 1§ — A2(j,k
=1,...,n). If A5 A% >4, one has

L E B P

ic n—1 n—1 ) ,
=/1C—AB{ 1f§':n fj_jl:[l ff, ﬁ.}an—l({lc}n—la{’lB}n—l)' (66)

n Uj=

(5) For small n one has: o), =0; ;(1°;1%) = (1, 15);

2
oy ({ATAS){ATA31) = 2ic* AT + 25 — AT =29 T] (A5 —aB~ L. (6.7
Jk=1
These properties define ¢, uniquely and can be used as a practical tool for



82 A. G. Izergin and V. E. Korepin

calculation of ¢, ;05 was calculated in this way. The asymptotics in the coupling
constant at A fixed are especially easy to obtain. At ¢— oo one has

N N N-1

N 1(jNN -1+ 1(2’1? _ Z’ljc>
~ NWN-D+1.
b

O-I/V({/IC}N’{)*B}N)[c—»oo = - N
jkf_jl(lf )
(6.8)
at c—0
U;v({lC}N,{AB}NNc—»O
i y B y C al B C B C 2N—-1
=Nc Zl/lj - 1’11' PQI—L 9(Ap,»20,)9(Ap, , > Ag,) ~ ¢ . (6.9
J= J= Qn=

Here the sum is over two independent permutations P and Q of n numbers.

7. Irreducible Parts in the Generalized Model

Consider the “normalized” mean value of operator exp{«Q,} with respect to the
eigenfunction (see (4.12)):

Cexp{aQ,} )y = C_N< l;[kfjk>_ M A A AV AL - (7.1)

Let us write down explicitly the independent variables

Cexp{aQ,} )y = exp{aQ} >x({A}y. {x}n, {v}w- {7 }n)- (7.2)
The value of (7.2) at x,=y; =0 we call the irreducible part I} of {exp{aQ,})y:
Iy = I({A}n, {1} y) = Cexp{aQ, } ONlx,=y=00=1,...m) (73)

“Normalized” mean values of operators Q%(m =0,1,2,...) are defined in terms of
generating mean value (7.1) as

QMY =0"exp{aQ,} D /0™ —o- 74
The irreducible part of {Q7 > is generated by I% (7.3):
I = 0m15/00™ |- 7.5

The mean value (1), of the unit operator is already calculated (2.16): {1},
= dety(¢'). The corresponding irreducible part I’ is equal to

10=5,. (1.6)
Irreducible parts 1{(m = 1) are rather difficult to calculate starting directly from

their definition. So we give a method of calculation in terms of form factor (4.16),
6.1):
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R = ( T )

JFk
X £i_1}10 F?\]({;{f = ;[j}N9{’1f =A;+ S}N’{/}C = /j}N’{/? = /j}N)' (7.7

This formula explains why we studied in detail the form factor in previous sections
and is proved in Appendix C. Equation (7.7) is applied below to investigate and
calculate irreducible parts. For example it is quite obvious from (6.4) and (7.7) that

V=0 (N=0,1,2,...). (7.8)

Of most interest for us is the irreducible part I which is much more
complicated. Further we denote it simply I{? = I, suppressing the superscript. It is
obvious that for the NS-model definitions (7.3), (7.5) for m =2 lead to (1.15). The
irreducible part I, of ( Q7> does not vanish for N > 2. To investigate it let us study
the form factor of operator Q?:

Fi((SL 0P 20127 = QS ADIQENGE. . 2D)>
= 0°F 300, -o. (19)

Using representation (5.1)—(5.3) for F% and Eq. (6.3), one obtains:
N
Fr= o ah + [0 )i %))
=1

N-1zn21

42 Y oSk Aok (2B (2SN )
{H/(z S }{ﬂﬂf(z,,,, }{m‘b[f(zab, }

(7.10)

The sum here is taken as is explained after (5.1) but we have written down explicitly
the two terms corresponding to partition {5} = &; {12} = & and to partition
{25} ={2}y: {2} = {AB}y. We denote card{/l S —card{/l ' },=n and o,
08 2100%|,=0-

Now we can investigate the irreducible part Iy using Eq.(7.7). One can see that I
can be represented in the form:

0=n=([N/2]

Wit = Y f[fmn/ )

=11, ofatoldel (H) (-
X&{I':I({l+}n3{’1—}n7{’10}N—2n . (711)

The sum here is taken over all the partitions of the set {1}, into three disjoint
subsets: card {4, },=card{A_}, =n; card{ly}y_,, =N —2n; 0=<n=<[N/2]. Co-
efficients o/} are the Fourier coefficients of the irreducible part I, (compare (1.16)).
They do not depend on Z; but only on A; being a rational functions of 1. Fourier
coefficients depend on the R-matrix only and do not depend on the concrete model.
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All the dependence on concerete models enters through vacuum values Z(/) and is
written in (7.11) explicitly.

Turning now to Eq.(7.7) one sees that the first two terms in(7.10) contribute only
to the term with n = 0 in the sum in (7.11). This term with n = 0 can be expressed as a
linear function of other terms with n = 1. Indeed, it is shown in Appendix D that
In({A}y,{¢; = 1}y) = 0. Hence one can rewrite (7.11) as follows:

1=n

<I[N/2]
L({bn {2 ) = Y {ngﬂf 1) — 1}

(A ={2,Juia_jufag) LH) (-)
4GV S V3N S /7N SV ) (7.12)

where the sum does not contain coefficient .o/ . Coefficients .o §(n = 1) are expressed
through functions ¢, only. So we do not need functions g, to calculate I. The
functions ¢, defined in the previous section can be calculated rather simply by
recurrence. Formulae (7.7) and (7.10) then permit us to calculate the irreducible part
I. Irreducible parts I, =1, =0. Irreducible parts I, and I, are given in the next
section. The computation of I (N = 4) also is quite straightforward. We could not
obtain the simple formula for general I,. However one can easily establish the
behavior of Iy in coupling constant ¢ for ¢ — co and ¢ — 0, using formulae (6.8), (6.9),
(7.7), (7.10). One obtains

N

at cooo (N=2), (7.13)
at ¢—>0 (Nz2). (7.14)

2_
Iy~c
N-2
Iy~c

This remarkable behavior means that I is small in coupling constant in the weak as
well as the strong coupling limit. This is one of the main results of the paper which
permits us to construct an effective perturbation theory for correlation functions

[11].
Our results are summarized in the next section.
8. Main Properties of the Mean Value of Operator Q?

We begin with the mean value of the identity operator with respect to eigenfunctions

(2.10) (see (2.16)):

-1
<1>NEC_N<I;[kfjk> YNy AIWN(Ay - Ay) D
N _

—( TTawpac ] )
K%/

1 N N
<O €@y [1 Ba10>
= dety(@). 3.1)

Here A(j=1,...,N) satisfy s.t.e. (2.12). The irreducible part of the identity operator
I3 =3y, (see (7.5), (7.6)).
We now remind the reader of the main properties of the mean value (Q, >, with
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respect to eigenfunctions:

<Qi Dy EC—N< n fjk) YAy ADIQy N4y ... Ax) )
Jjtk

- c—~< [1a(4)dC)[] fu> O TT C(4pQ, [T BUYI0Y. (82
. j=1 kEL i=1 i1

j=

It depends on 4N variables: <Q; >y = <{Q; >x({A}n,{x}n,{¢ }y and possesses the
following properties as a function of these variables:
(1) It is invariant under replacement

(Ak’xk’yk5/k)(_)(/ljaxj’yj>fj); ka.]= 1’~-~,N-

(2) 1t is a linear function of xy and of yy.
(3) The coefficient at y, is equal to

£<01>N=<Ql>N_1<{z,-}N_1,{xj}N_1,{y,-+KJN}~_1,{fj}N_1), (8.3)
N

and the coefficient at x is equal to
0 5
M<Ql In=CQy + 1>y (({Ay_1{x;+ KjN}N—ls{yj}N—D{/j}N—l)’

where Ky and 7, are defined in (3.9) and (4.3) as (8.4)
Ky =2¢/[(4;— in)? 4’1, ZJ =Sl In)-

Here we use the notation <Q; +1>y =<Q, >y +<{1)>y. It should be noted that
variables xy, yy,/y are absent at the right-hand side of (8.3), (8.4) and 1 enters only
in K;y and in factors fy and fy; modifying £ to 7. These three properties can be
easily obtained from (4.12)—(4.15).

(4) The mean value {Q, )y is equal to zero at x; = y; = 0(j = 1,...,N) and 4,7,
fixed: <Q; >v({A}n»{0}x>{0}n.{ }y) =0; N =0,1,2,.... This means that the irreduc-
ible part of (Q, Dy is equal to zero (see (7.8)):

IP=0 (N=0,1,2,...). 8.5

(5) It can be easily seen that in the one-particle sector (Q;>; = x;.
Now let us turn to the mean value of operator Q3 :

-1
(QPy= C_N< I—kajk> Py A)IQE W N(Ay - - Ay) )
¥
N

-1 N N
- c—~< [1aG)di) 1 f) COHT C@Qi [T BEI0Y,  86)
; j=1 k=1

=1 k#s
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which depends on the same 4N variables

QPHy= <Qf>N({A}N’{x}N9{y}N’{/}N) 8.7

Its properties are as follows.
(1) It is invariant under replacement of

(AosXies Vol ) (A%, )5 kj=1,...,N.

(2) It is a linear function of xy and yy.
(3) The coefficients at y, and x, are

0
E<Qf>1v = <Qf>N—1({'1j}N—1’{xj}N—1’{J’j + KjN}N—l’{/j}N—l); (3.8

0 ~
—<Qf on =<(Q + 1)2 >N({/1'}N—1’ {x. + KjN}N—l’ {y'}N—l’ {/'}N—l)’ (8.9)

with the same Ky and / as in (8.3), (8.4). Here we put {(Q; + )*>y=<Q%>y
+2{Q >y +<1 >N On the right-hand side of (8.8), (8 9) xN,yN,f are absent and Ay
enters only in K ;y and fy, fy; modifying Z,(j = 1,. —Dto / These properties
(1)—(3) can be easily obtained from (4.12)—(4.15).

(4) The mean value at x; =y, =0 is equal to the irreducible part Iy =1 &) (see

(7.5):

Q% >N({’{j}N’{xj = O}Nr{yj = O}N>{/j}1v)
= IN({lj}N’ {fj}N)’ (8.10)

which was studied in Sect. 7.

(5) In the one-particle sector (Q?), =x

Remember now properties of the irreducible part I,. It was shown in Sect. 7 that
it can be represented in the form (7.11), (7.12). The function I, is symmetric under
replacement of pairs (4,,7) = (4;,¢). f £*(A*) =/~ 1(2) (as for the NS-model), then
Iy is real at A; real (j=1,...,N). In Sect. 7 important properties (7.13), (7.14)
concerning the asymptotics of the irreducible parts in the coupling constant were
proved. The methods of calculation of I, were discussed in Sect. 1 and in Sect. 7,
which is especially simple. By means of these methods I, can be easily calculated for
small N; for example, I, =1, =0;

LA = A 50,00 L 31 = D)+ 300000 0 = 1); (81D

Ay, +ic
A 0nds) = =75 < - ) (8.12)
12 12

The irreducible part I, is equal to
13({’111213},{/1/2/3}) = ;dé(lplipzllg) [/(/IP,)/ N 1(/2~P2 - 11 (8~13)

The sum here is taken over all the permutations of 1,,1,,4;. The Fourier coefficient
</} is equal to

Ay, tic 31_| 1
3(/1 Aaks) = /12 (llz )[i * 32J('131 +ic)(Ay3 + lc) .19
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It should be noted that the properties presented in this section permit us to
restore the mean value { Q%) in terms of the irreducible parts I, ;k < N [11]. Let us
remind the reader that for the NS-model r(1) =exp{ —ilL}; /(J) =exp{ — iAx};
m(2) = exp{ —iAy}; AN =L; x()) = x; yH=y=L - x.

9. Conclusion

So we have demonstrated that the two-site generalized model permits a formulation
of the problem of calculation of correlation functions of currents in the frame of
QISM. It should be emphasized that our approach can be applied to the calculation
of any correlation function. To do this one has to use the generalized model with
more than two sites. For example, one can calculate the field correlator {y(x)y *(y) >
in the NS-model by means of a 4-site generalized model, representing the
monodromy matrix in the form T(4) = T,(A)L (A)T,(A)L (4) (compare with (2.5)).
Here L(4) is the local L-operator for the NS-model [1]. The correlation function of
currents is special in two aspects. It is connected with the simplest two-site model,
and its irreducible parts are small in the strong coupling limit (7.13) (for the field
correlator this is not the case).

In our paper we considered the XXX case only. It should be mentioned that the
generalization to the XXZ-case is quite obvious. So this approach gives the
opportunity to calculate the correlation function for the XXZ Heisenberg model and
for the sine-Gordon model.

Appendix A

Let us consider the state
N
[TB()I10) (A.])
j=1

Here all /; are independent and s.t.e.(2.12) is not supposed to be satisfied. By means
of the formula

B(2) = [A5(D)/d,(A)]B,(4) + [D(A)/d,(2) ]B,(A), (A2

we present this state in terms of states [ [B,(4)[0) and [[B,(4)|0). The generali-
zation of standard arguments of QISM [1, 18] shows that

N ny+ny=N
[IBI0y=" % }(Hl;[m(iz)f(lnlfl))

i=1 (A ={}oiay I
x <ﬂ Bzau))(HBlu,))m (A3)
Ir I

Here the sum is taken over all the partitions of the set {1} into two disjoint subsets
{Ar}n, and {A,},,; card {4}, =n,; card{A;},, =n, and n; +n, =card{A}y = N.

Product ][] is an independent product over all {4} and Ae{4,;}, and thus
I 11
contains n,n, factors.
Formula (A.3) permits us to calculate the action of operator exp {«Q,} on state

(A.1):
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ny+ny=N

N
exp{aQ,} U B(4)10)> = Z exp {an, }

{4 ={aouia)
XOﬁﬂmﬂﬂﬂ%JﬂO<ngmﬁ(ﬂBxbﬂw> (Ad)

Similar representation can be obtained for the state

<Ol C04:
N nyt+ny=N
<ol C(i,):{}_{z} “ }<0!<UCI(/11)><11—1[®2(1”)>
x (HHJ[(’IH’AIV(%I{))- (AS)

Combining these two formulae one gets representation (2.19).

It is remarkable that representation (A.3) permits us to find eigenfunctions and
eigenvalues of the translation operator O which is defined for the two-site model as
follows (see (2.5), (2.1)):

~ AD: B
Oﬂwﬂw0*=ﬂwnwsrm=<(& HD)

cty; D) (A9

Notice that O is a scalar quantum operator and Q|0 ) = |0 . Vacuum eigenvalues of
matrix 7T(1) are the same a(4) and d(2) as the ones of matrix T(1)(2.8). Let us consider
the state

N

N
O[] B(A)I0> = [T BA)I0) = [Py(Zy... 2)>
j=1

= Ol Ay))- (A7)

If momenta 1, satisfy s.te. (2.12) it is the eigenstate |Yy(4,...4y)> of the trace
#(A) = A(A) + D(}) of matrix T(J) with the same eigenvalue (2.14) as the state
Ya(A, ... Ay)> (2.10) is an eigenstate of ©(4) = A(4) + D(A). The state |fy(A;...Ay)>
also can be represented in the form (A.3). By means of s.t.e.(2.12) one can see that the
states (2.10) and (A.7) are proportional

WAy A)> = Ry lWn(Ay o A D s (A.8)
N
ky = [[ £(2). (A.9)

One can easily show also that if l_[ [B(,I)|0> -Const H B(2)[0), then the s.te.
(2.12) is valid and Const is given by (A 9). It is also true that
<¢N(/11""1N)|= 1\71<l//1v(/11--- N)l, (A.10)

with just the same k,. The generalization for an N-site model is also quite obvious.
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Appendix B

Consider first the proof of structure in # (5.1). The main points of the proof are as
follows:

(i) It is obvious from (3.2), (2.19) that the dependence of F on each individual f(ﬂ )
is of the form F§= o/ /() + B;+ €,/ ~ 1(/1) where </;,%;,% ; do not depend on
Z(/;). Hence one can write

FR=%11¢ (h)ﬂf (4 _)Ry(part), (B.1)
part (+)
where the sum is over all the partitions of set {A®}, {15} into disjoint sets
(A e, s A2 }e. and {Zo},,5 ny +n_ +ng=2N.
(ii) Using the fact that R-matrix (2.3) commutes with matrix ¢ ® &, where

e=(> 0
“\o, &)

one can show that F({A§},{A%},{e” ¢S}, {e72(%}) = Fy((A5HL{ATLACSA4T).
Noting that / #€ are independent variables, one then obtains that in (B.1) card {4, }
=card{i_},ie.n, =n_.

(iii) Considering monodromy matrix 7(4) (A.6) and using formulae (A.8), (A.10)
for eigenfunctions one comes to the relation

(T 2R lexp{aQy Hyn(AT. .. 20)>
N
= (5. AD exp{aQ  }[Py(AT. .. A0 [1£G97 7). (B.2)

Based on this relation it is easy to prove that in (B.1) set {4, } contains only A<’s and
set {A_} contains only A®’s. Thus representation (5.1) for F% is proved.

Turn now to the proof of (5.3) which is straightforward but rather lengthy. So we
mention only the main points. The idea is to prove (5.3) using induction in N.

(i) For N =1 the validity of (5.3) is established by direct calculation.

(ii) It is easy to prove that rational function Ry (5.2) is a symmetrical function of
all 4 entering set {AS,} as well as {15 },{A5,}, {/1 "} (separately). So the symmetry
properties of the left-hand side of (5.3) under replacement of A’s are the same as of the
right hand side.

(iii) Equation (2.19) and properties of scalar products discussed in detail in [4]
permit us to establish the structure of singularities of rational function R (5.2). One
can easily see that the only possible singularities of this function are first order poles
of the following two kinds. (a) Poles at A, — /, =0 where 4;,4, is any pairs of 4
belonging to the set {1%},Y {A°} 5. (b) Poles at f(47,47) =0 or f(4§,4;) = 0 which
could occur due to (4.13). However, not all these poles really do occur. Residues at
first order poles corresponding to:

/{ab N ’lab ks )C

prJ pr k>

/'lB ).B _ AB

lab oJ ab,k pr.j prk
are equal to zero due to the symmetry property (ii). Residues at all the poles of the
kind (b) also appear to be zero which can be shown using Egs. (A.7), (A.8) of paper

[4].
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So one comes to the statement that the only singularities of the left-hand side of
(5.3) are the first-order poles at A5, =A%, A0 =20 345, ;= Ab iAG ;= Ab -
Thus the singularities of the left-hand side of (5.3) are the same as of the right-hand
side.

(iv) The most subtle point is to prove that Ry (5.2) has zeros at f(AS,,45) =0
and f(47,,45)=0. It can be done using formula (B.2). The form factor at the
right-hand 51de is easily seen to be equal to (PSlexp{aQ, s> —exp{aN }x
PSlexp{ — aQ,} 8> = exp{aN} Fy *({A},{4B},{mC},{m"}). Here Q, is a
number of particle operator at the second site of the lattice (2.17) and m(4)
is defined in (2.9). The representation of the kind (5.1) for Fy * is valid. It should be
noted that m’s and not ¢’s enter this representation. Using s.t.e. (4.13) one can,
however, return to /’s. Comparing now both sides of (B.2) one can see that R indeed
has the required zeros and

w( )

(nnf(/lpr’)"ab)f(iab, )) <{)p’}"? {’lab N— ,,)

pr ab { prin> {lab}N~n

The only singularities of rational function £ are first order polesat 25, ;= 15, ,
Ay ;= A5 It also decreases as 1/4 in each A at other A’s fixed.

) Now the proof of (5.3) can be done by induction in N, assuming that it is valid
for N < M. The proof of its validity for N = M + 1 may be done by comparison of
the residues of both sides at A}, . =4(, , and 1}, ;=4S , using (4.17), (5.5). The
residues appear to be equal which is sufficient for the proof of (5.3).

Formula (5.3) shows that

isiii-a( 5 12)

(ie. {15} = {18} = O, where Jis anempty set). This is the best way to introduce the
functlon g% and to prove all its properties.

and

Appendix C

Let us prove Eq.(7.7). Consider matrix element M§ (4.1) in special case /' €= =7 B ={;
and m§ =m? = m;. It can be represented in the form:

MR APLACT = 23405 = 03 {m§ = mj}, {m = mj})

=) <Hm<pr,><ﬂf(pr))9{f(part). (C.D)

part

Coefficient A" here depends on a partition and it is a rational function of /1
A%(j=1,...,N). According to the definition (7.3)

Iy= lim ME’G({%}"{%+3},{4},{4},{%},{mj})c_N<]—[f,-k>, €2

JFk

where one has to put m; =" [ (f,;/f;) due to (2.12). On the other hand, form

k#j
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factor (4.16) is expressed in terms of M$ (4.1) as follows:

F = MA({ATL 2L {2107 {m ) (m), (C3)

where one has to put m§ =)' [](f5/fS) and m¥ =)~ [T (S2/f ) The
k#j k¥ j

limit (7.7) is easily seen to lead exactly to expression (C.2).

Appendix D

Let us consider the two-site model in the trivial situation where

10
T 1(/1)=<0 1>, (D.1)

which corresponds to #(4) =1. Such T,(4) satisfies all the requirements to be a
monodromy matrix. In this case B,(4) = 0, which means that Q, [ [ B(% 0> =0,and
hence (Yy(4y... A)IQFWy(4, ... A4y) > = 0and Iy = 0.Inourcase /; = 1, but all 4; are
some values satisfying s.t.e. (2.12). Hence I({4;},{¢;=1})=0.
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