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Abstract. We use the random-walk representation to prove the first few of a
new family of correlation inequalities for ferromagnetic @* lattice models.
These inequalities state that the finite partial sums of the propagator-
resummed perturbation expansion for the 4-point function form an alternating
set of rigorous upper and lower bounds for the exact 4-point function.
Generalizations to 2n-point functions are also given. A simple construction of
the continuum ¢ quantum field theory (d <4), based on these inequalities, is
described in a companion paper.

1. Introduction

This paper is a continuation of the work begun in preceding papers [1-3], where a
random-walk expansion due originally to Symanzik [4,5] (see also [6,7]) is
employed to derive a variety of correlation inequalities (among other results) for
lattice models in classical statistical mechanics. The main result of [2] (see also [3]
for a variant of the proof) is the new correlation inequality
02 uy(x1, X0 X3 )2 = ), 05,00 0,000 0020, P00
—two permutations — &, (1.1)
where & is an extra term which turns out to be irrelevant in applications. This
inequality implies [2,3,8-10] the ¢riviality (i.e. Gaussianness) of the continuum
limit for ¢* or Ising models in dimension d > 4. (For the Ising model this result was
first obtained by Aizenman [8,9], who proved a correlation inequality similar to
(1.1) by graphical methods. A version of Aizenman’s inequality also applies to the
@* model.)
In this paper we restrict attention to ¢* models, and derive new correlation
inequalities which will be (among other things) important ingredients in the proof of
the nontriviality (i.e. non-Gaussianness) of the continuum limit for weakly coupled
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@ field theories in dimension d <4. (This proof is carried out in a companion paper
[11]) Of course, the existence and nontriviality of these superrenormalizable
continuum field theories is already well known (see [12, 13] for d=2 and [14-24]
for d=3); indeed, the construction for d=3 is one of the most difficult and subtle
proofs ever devised in mathematical physics. Thus, the primary goal of the present
work is to provide a simpler (though less powerful) construction of these models,
roughly along the lines proposed previously by one of us [10]. For further
discussion of this application, see the Introduction to [11].

What we prove in the present paper are in fact the first few of an entire family of
correlation inequalities which can be described in words as follows : Consider the
perturbation expansion (in powers of the bare coupling constant A,) for the
connected 4-point function u, in the ¢* lattice model. We now form the propagator-
resummed perturbation expansion by considering only those graphs which contain
no self-energy part, and by considering each line in these graphs to be the exact
(interacting) 2-point function. Formally this is a partial resummation of ordinary
perturbation theory. We then claim that the finite partial sums of this expansion
form an alternating set of rigorous upper and lower bounds for the exact u,, valid for
all A, =0. Actually, in this paper we give a complete proof only for the first three
inequalities of this family (ie. those to order 1, A,, and A}); although we are
convinced that the entire family of inequalities is true, and we sketch briefly at the
end of Sect. 3 how a proof ought to go, we must confess that the combinatorics
required has been (up to now) beyond our ability.

Thus, the correlation inequalities proven in this paper are the following:

u4(x17x29x37x4)§07 (12)

Uy(X 1, X5, X3, X)) 2 = Ao ) <94, 0.0 P, 0, P, 0.5 P, 0., (1.3)

Uy(X 1, X 00 X35 X ) S = g . <P, 0,0 {0, 0, P, 0.5 P, ,0,>

/12
+ 7° Y 92,9 £0,0.) <0.0.0*€0.0,,) 9.0,

+two permutations. (1.4)

Inequality (1.2) is, of course, the well-known Lebowitz inequality [25-29, 1,3].
Inequalities (1.3) and (1.4) are improvements of inequalities proposed in [10,
Egs. (3.29) and (3.30)] and proven there subject to a conjectured correlation
inequality on the 6-point function. We emphasize that no such conjecture is needed
in the present work. An inequality of the type (1.3) is also a consequence of the work
of Aizenman [9, Proposition 11.2].

Although (1.3) is similar in structure to (1.1) — both are “tree-graph bounds” —
they have quite different meaning due to the different multiplying factors (4, vs. J2).
Inequality (1.1) yields a universal (ie. A,-independent) upper bound on the
renormalized coupling constant g; this bound is excellent for d>4 (it implies
triviality!), but is useless for d <4 (it is worse than the Glimm-Jaffe bound g <const
[30], see also [31-33, 9]). Inequality (1.3), on the other hand, is not very useful for
proving triviality in d >4, but is an excellent bound for superrenormalizable models
in d <4 — as our analysis of these models [11] will show.
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The plan of this paper is as follows: In Sect. 2, we recapitulate briefly the
formalism of the random-walk expansion ; more details can be found in [1] (see also
[3] for a pedagogical introduction). The key new ingredient is a lemma on the
“splitting of paths” (Lemma 2.1). In Sect. 3, we give a complete proof of inequalities
(1.2)~1.4) and a brief sketch of how one should be able to prove higher order
inequalities. In Sect. 4, we derive some analogous inequalities for 2n-point
functions. In Sect. 5, we give a simple proof of a very strong form of the Gaussian
inequality [34, 35], and derive as a corollary a truncated Gaussian inequality.
Finally, in Sect. 6, we discuss briefly some extensions and applications.

2. Basic Formalism

In this section we briefly recapitulate the basic formalism of the random-walk
expansion; see [1, 3] for more details. We consider a model of one-component
classical spins on a finite lattice, with partition function

1
— (0, Jp)
z=fe """ [gf0Dde;. @1
J

Here J (called the “pair interaction”) is a symmetric matrix, ie. J;;=J ;. Beginning in
Sect. 3, we shall require that J;;20 for all i,j (“ferromagnetism”); however, this
assumption is unnecessary for the identities derived in the present section. We
assume that each g;is C* and decays faster than exponentially at infinity along with
all its derivatives. This very strong restriction on g; (much stronger than really
necessary) is made solely to avoid uninteresting technical problems; it can be
removed by taking limits in the final formulae.

The 2-point function of our model is

1
—(0,Jp)

(p.00=2""[o.pe2 " " []g/0})de;. (22)

J
We insert into (2.2) the Fourier representation

gj(¢?) :I e—iaj€0j gj(aj)daj > (2.3)
then interchange the order of integration and “half-perform” the now-Gaussian ¢
integral ; the result is .

{9 0,>=2Z""[(2ia— J)x_ylez

(¢, (J — 2ia)p)

[1dega)da;. (24

This interchange of integrals may appear somewhat dubious, but it yields a correct
result because we can first move the contour of an integration in (2.3) to Ima; =large
negative constant, which makes the integrals absolutely convergent. Later we move
the contour back again! This exploits the analyticity and decay of §,(a;), which is a
consequence of our decay and smoothness assumptions on g;.

Next we expand (2ia—J)~ ! in a Neumann series

(ia— N~ =2ia)" ' +(2ia)” 1J(2ia) "t + ... (2.9

(which converges because of our distortion of a-integration contours). The sums
over matrix indices implicit in (2.5) can be combined into one sum over a random
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walk ; doing this and inserting into (2.4), we get
_ e ( ,(J ~ 2ia)g) i
(p0>=2""1 3% J°f (H (2ia;) " )) ’ "[1doéfa)da;. (26)
w:ix=y J
Here the sum ranges over all walks @ =(w(0), (1), ..., w(n)) on the lattice starting at
x and ending at y [i.e., ®(0)=x, w(n)=y with n=0 and w(1), ..., w(n— 1) arbitrary],
njw) is the number of times that w visits the site j, and

o _
JO= Jw(O)w(l)Jw(l)w(Z) s Jw(n —1w(n) (27)

Using, for each site j, the identity

© —txt 1

=1

0 —

rdt (nz1) (2.8)

in (2.6), we find
(o0, y=2"" T I fdvy(0e 2o “”qu; e a0} 20 (ayda,,  (29)

wix—y

LY el pe ¢)l—[gj((pj+2t Yo, (2.10)

wix—y

where we have introduced the positive measure

de(t) = n dvnj(a))(tj) > (21 1)
with !

5(s)ds if n=0,

av,(s)= (2.12)

(n—1)! 7 X0, w)(8)dS it nx1.
Now the ¢-integral in (2.10) is precisely the partition function (2.1), except that each
9,(9;) has been replaced by g,(q), +2t). Thus, defining

Z(t)=je2("’ 03 +2t)do,, (2.13)

and !
Z=21)/Z, (2.14)

we have derived the fundamental formula
Goy= T I [ 020). 215)

Similar formulas can be derived for 2n-point functions; for example,

(91, 05,00,0x 0= 2 T [dvy, (6)dv,(6,)2 (2, +15)

W1ixXg X2
W2:X377X4

+two permutations (2.16)
= Y Jfdv (ZO0., 00

W:x17rX2

+two permutations, 2.17)
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where ¢ - >, denotes normalized expectation with respect to the measurein (2.13), i.e.
1
_ =(0,J0)
CF@),=Z(0) " [F@)e* """ [1 g0 +2t)do,. (2.18)
J

(We have also written J°* 2 as a convenient shorthand for J**J°2) In fact, (2.15),
(2.17) and their generalizations to higher-point functions can be unified into the
single integration-by-parts formula

0
(O F@>=Y T J°[dv0Z() <£> : 2.19)

y @ix-y v/t

see [1, 3] for the proof.
Finally, we present a lemma on the “splitting of paths” which we shall use
repeatedly in what follows:

Lemma 2.1. Let j,, ...,j, be lattice sites, and let f be any (decent) function. Then

IR A AN (3 Ry ()

w:ix>y

=Y Yoo Jeoterenfdy, (t) . dv, (t) (o + ... +1,).  (2.20)

nePn  W0IX jn(1)
W1 Jm(1) 7 In(2)

wn:jf:(n)-'y
Here @, is the set of all permutations of {1,...,n}.

Proof. We consider first the case n=1. By (2.11) and (2.12), the measure ¢;dv,(t)
vanishes identically if the path w never visits the site j ; moreover if w does visit j, then

t;dv () =njw)dv,(t), (2.21)
where o’ is any path having
, () for k=*j
= 222
) {nk(a)) +1 for k=j. 222)

(For example, @' can be a walk obtained from w by converting one of the visits to j
into a double visit.) Now if @, and w, are any two paths such that

n(@’)=n(w,)+nw,) for all k, (2.23)
it follows easily from (2.11)/(2.12) [or from (2.8)] that
Jdv (O f (O =] dv,(to)dv,, (t,)f(Eo+1,). (2.24)

‘So let w, and w, be the pieces of the path w formed by splitting it at any one of its
visits to the site j. These w, and w, satisfy (2.22)/(2.23): the extra visit to site j arises
because j is now counted both as the final point of path w, and as the initial point of
path w,. Moreover, for each w arising on the left side of (2.20) there are n(w) ways of
splitting it into w, and w, arising on the right side of (2.20). This exactly accounts for
the factor n(w) in (2.21), and completes the proof of the lemma for the case n=1.
(Note that J=J“°* ! because there is no double-counting of bonds, only of sites.)
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The general case now follows by induction. Indeed, assume that the lemma is
true for n=m. We wish to show that it holds for n=m+ 1. Apply the case n=mto the
function

g)=t;, ., f@). (2.25)

Thus
Y Jofdv, (o), oty f(0)

WXy

= > Jfdv, 0, ...t; g(t)

w:ix—y

=y Y, JeoteFemfdy, (ty)...dv,, (t,)9(te+ ... +1,)

nEPm 001X jr(1)

O jrm)™ Y

=) Y Jeotetemfdy, (to) ... dv,, (1)

MEPm WO:Xjm(1)

Omi jre(m) =Y

Ttg)y s+ o+ Iflto+ o 1) (2.26)

Now apply the case n=1 to each of the functions h(¢,)=f(t,+ ... +t,) [0Sr=m]
with {t.},., considered fixed; this splits the path w, at the site j,,, , and leaves all
other paths {w,},., unchanged. The sum of all these contributions is precisely the
sum over n'eZ,, ., needed for the right side of (2.20). This completes the proof.

3. Bounds on u,: Up to Second Order

We now assume that the pair interaction is ferromagnetic, ie. J;;=20 for all i,j.
Moreover, we specialize to the case of a ¢* model

A B
2y _ 20420 2
g{@°)=exp TR } (3.1)
(4o =0) for all sites j. Then
A B, Aot Aot?
2 _ 0 4 0 0 2 __ 0
gilo°+2t)=exp A4 (—2 +——6 )(p (—6 +B0t)}, (3.2

so that the primary effect of the t variables is to add a space-dependent mass term
lot}.(pf/6 to the Hamiltonian. (The t-dependent constant term lot]?/6+BOtj will
affect the partition function Z(t) but not the expectations < -»,.) The crucial fact is
that all variables ¢; are nonnegative [by (2.12)], so that Griffiths’ first and second
inequalities [27] give

0=y, =<0, (3.3)
for any product ¢ =[] ¢{* of the spins ¢,. [Here < - ) is, of course, the same as { - ) ;

i
we append the subscript 0 to emphasize that this is the expectation in the measure
with all ¢;=0. It should not be confused with a “free” (or Gaussian) expectation.]
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Remark. It is allowable for 1, and B, to depend on the site j being considered.
Indeed, a site-dependent B, is essential for the inductive proof given below (which
uses lower-order inequalities applied to < - »,in place of - > ). A site-dependent 4 is
optional; it would change the final results only by replacing 4, by (4,), and A2 by
(A0).(A0).- in (1.3)/(1.4). We have pretended that 4, and B, are the same at all sites
simply to lighten the notation.

We now consider the connected 4-point function (Ursell function)

Uy (X1, X5, X35 X)) =P 0,0, P> — P, 0,0 P, 0D
P, 02,0 P, 010 — P, @0 P, 0,0 - (3.4)
By (2.17) and (2.15), this can be written as
U (X1, X5 X3, X,) = F(X 1, X,0%5, X,) + F(x 1, X50%5, X,) + F(x 1, X,40%,,%x3),  (3.5)
with
Fx;, Xolx5,x)= ), J[dv,(0Z(O) [P, 0.0~ P, 0:00]-  (3.6)

wixy X2

Since J*, dv,, and Z(¢) are all nonnegative, Griffiths’ second inequality (3.3) implies
that F <0, and hence u, <0. This is the Lebowitz inequality (1.2), proved by the
method of [1].

To get alower bound on u,, we examine more closely the bracket in (3.6). By the
fundamental theorem of calculus,

d
<(px3(px4>t <¢x3(px4>0 Ida <¢x3¢x4>at
=] daZ(— —6‘1) PP O] Duts (3.7)
0 J

where we have introduced the notation

{A;By={AB)—<{A){B). (3.8)

Now
P, 03 P00t = 2£ 0,0 i P @ e F 144X 35 X g s e (3.9
260,070, 0 (3.10)

by the Griffiths inequality (3.3) and the Lebowitz inequality u, <0 (valid also for the
theory (-, since the ot is merely a mass term). The « integration is now trivial, and
we conclude

A
P00 =P 0. D0 2 — —332 1P @90 Pxs®0 > (3.11)
J
and hence

F(xy,X,0x3,x4) 2 — EQZ[ > wade(t)g(t)tj}<q0x3(pj>0<§0x4(pj>0' (3.12)

wW:ixX; X2
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Finally, we use Lemma 2.1 to handle the t; factor:
Y Jfdv,Z W)= Y T fdv, (t)dv,, ()2 (t, +1,)

Wix1 X2 wyix1>j
W2:j=x2

= Y I, ()Z(,)<00,),,

wy:x1=j

S Y T dv, (6)Z(t,) <000

wy:x1—j
=<0, ®70{P;P:,70> (3.13)

where we have again used Griffiths’ second inequality. Thus
F(xy,%,x3,Xx,) 2 — Z (00,200 P0, 100 P10 0{Ps®0»  (3.14)
and
u4(x1, X5, X3, x4) 2— /10 Z <(px1q0j>O<<px2(pj>0<(px3q)j>0<q)x4(pj>o s (3.15)
J

which is the “tree-graph lower bound” (1.3). In the Feynman-diagram notation [11,
Sect. 3], (1.3)/(3.15) would be written

X1 X2

Uy(X 1, X500 X5,X4) 2 — g (3.15")
X3 Xa

To prove the second-order bound (1.4), we analyze more carefully the terms
thrown away by correlation inequalities in (3.10) and (3.13). Thus, we return to (3.9)
and now seek a lower bound. For u, we use the tree-graph lower bound which we
have just proved, namely

u (x3’x4’-] ]) -4 Z <(px3¢k>at<¢x‘1(pk>at<¢]¢k>
=20 240,00 oL P, P10 P05 - (3.16)
k

For each of the terms (@@}, we use the lower bound (3.11); this generates four
terms, of which we drop the last one (namely the one of order A3), which we are
permitted to do since it is nonnegative. This gives

KO0l P 2280, 8,00 P, P V0
2
=920 Zatk<¢x4<pk> (P00

24
- ‘3—0<§0x4¢j>0;atk<¢x3(9k>o<¢j¢k>o- (3.17)
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We can now insert (3.16) and (3.17) into (3.9) and thence into (3.7), and perform the
easy o integral; the result is

A
(Pr0x = 000000 = = T L1000 000?10
J

12
+ ?0 Z tj<(px3q)k>0<¢x4¢k>0<¢jq)k>(2)
Jik

/12
+ T% Z tjtk<¢'x3(Pj>o<¢x4§0k>o<§0ﬂ)k>o
Jk
A
+ 1—8_2 tjtk<(px4(pj>0<q)x3§0k>o<¢’j§0k>o . (318)
Jk

(The last two terms in this formula can now be combined because they differ only by
the labelling of dummy indices.) We now insert (3.18) into (3.6). The order-A3 terms
in (3.18) are handled as before [see (3.13)]: we use Lemma 2.1 to split the path w,
then successively use (2.15) and Griffiths’ second inequality to resum the random-
walk expansion, bounding it from above by a product of 2-point functions. The
result is

)'2
g" Y404, 200€ P, @10 0P @1 0 P @i 0 P01
Jik
/’{2
+ 3"2 P00 6{P 1,010 0 P, @1 6P 1) oK P ;0,0
Jik
23 2
+ gZ (P4, 0100 P, 100K P, D0 P, P10 oK @005 (3.19)
gk

Finally, we consider the order-4, term in (3.18); we must handle it a bit more
carefully, because it is only of order 4, so there will be corrections to the tree graph
of order A3 when the random-walk expansion is resummed [equivalently, the
inequality (3.13) now goes in the wrong direction, since the term carries an overall
minus sign]. We still use Lemma 2.1, but insert an inequality going in the opposite
direction to (3.13):

Y Ifdv 0Z@0= Y T dv, (t)dv, (62 (t +1,)

W:ixX1X2 w1ix1—>j
wyijr Xy

= L T 0200,

={04,92 08P, 00+ Flx1,jlis x5)

20,9 0{P;9:,00

- %Zk {Prs P10 P, 010 0 QP15 » (3.20)

where we have used the definition (3.6) of F and the tree-graph lower bound (3.14).
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Combining (3.18), (3.19), (3.20) and inserting them into (3.6), we conclude
A
Flxy, x,%5,%x,) S — _392 <(Px,(Pj>0<¢x2¢j>o<(Px3(Pj>o<(Px4(Pj>o
J
A
+ Zk P, @100 P, 00 P 12108 P, 01> 0 P iV
Js

,12
+ g" Y L0000 P, @00 P 10105 P, 01 0L P P
ik

/12
+ 30 Y {0,090 P5 0900108 P, 0. oL P, 01V » (3:21)
Jsk

and hence
Ug(X 15 X5y X3, X,) S — A Z<<0M<p,> DRI DI IR BN

2
70 Y L0, 9625, 090 P00 0P, 01> o P, P10
ik

+two permutations. (3.22)

This is precisely second-order propagator-resummed perturbation theory — even
the coefficients are correct! In Feynman-diagram notation, (1.4)/(3.22) would be
written

Ug(X 15 X500 X35 X)) S

X1 X2 X1 X3

—Zo + N3/2 + two permutations

X3 Xga Xz X4

It is now fairly clear how to extend this procedure to arbitrary order in 4. (It is
also clear how tedious the computations will be!) The argument is inductive : at each
order n, one produces both a bound on {¢¢), and a bound on F and u,, each
expressed in terms of (@@}, (an upper bound for n even, a lower bound for n odd);
for example, (3.3) and (3.6)ff. for n=0, (3.11) and (3.14)/(3.15) for n=1, (3.18) and
(3.21)/(3.22) for n=2. Given all of the bounds of order 0<k=<n— 1, one constructs
the bounds of order n as follows:

1) In (3.9) one inserts the bound of order n—1 for (u,),,; the result is a sum of
products of {@¢>,,, with coefficients of order A% with 0<k=<n-—1.

2) In the term of order A%, one inserts everywhere the bound of order n—1—k
for (@@}, ; these bounds will always have exactly the desired sign. The result is a
sum of products of (@), with also explicit factors of at.

3) One now inserts this into (3.7) and performs the easy « integrations. The
result is the bound of order n for (@@}, ; it involves sums of products of {p¢), with
also explicit factors of 14t. Unfortunately, terms of order higher than (4,t)" do ap-
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pear, if n=2. For n=2 this caused us no trouble, since the only such term was of
order (Aot)"*! and hence of a sign allowing it to be simply discarded [cf. (3.17)
and (3.18)]. However, for n=3, higher-order correction terms of both signs will
apparently occur and we do not know exactly what to do. It appears that one must
keep these terms for the time being; later in the proof, one hopes, they may combine
with other high-order terms and take on an unoffending sign.

4) One inserts the order-n bound for (@@}, into (3.6) and uses Lemma 2.1 to
handle the explicit factors of ¢. This produces yet more terms involving {¢¢>, and
F, which again have to be handled using the lower-order bounds on these quantities
[cf. (3.19) and (3.20)]. And so on....

As the reader can see, the extension of our method to order n=3 is not entirely
trivial. We have not pursued the matter, because for our main intended application
— the construction of the @3 and ¢% quantum field theories [11] — the inequalities of
orders n=0, 1,2 are sufficient. (In fact they suffice for ¢} theories for any d<10/3;
see Remark 1 at the end of Sect. 6 of [11].) We invite the reader to try to work out
the case n=3. This should be a good warm-up toward constructing a proof to all
orders.

Note added in proof. A. Bovier and G. Felder have recently proved the inequalities to all orders.

4. Bounds on 2n-Point Functions

In this section we derive analogues of the preceding inequalities for general 2n-point
functions. Let

H(x;, %505, o0 X)= Y, J[dv, (0Z()<o,, .. 0., ;- 4.1

w:x) X2

[Note that here, unlike (3.6), we find it more convenient to consider untruncated
correlation functions.] Then, by (2.19),

2n

Py o Py )= Z H(x,x0%5 oo Xis o0y X2) 5 4.2)
i=2
where ¥, denotes that x; has been deleted from the list. Since
<(px3 ce (px2n>t§<¢x3 (px2">0 (43)
by Griffiths’ second inequality, we obtain immediately [using (2.15)] that

H(xp X2|X3, vy x2n)§<¢x1¢x:>0<¢x3 <Px2n>0 5 (44)

and hence

2n

Py o P D= Y P 0 D0 Py oo By - Py Do - (4.5)
i=2

This is the strong Gaussian inequality of Newman [34, 35, 97, proved by the method
of [1]. By iterating (4.5) one can obtain the ordinary Gaussian inequality [34-36, 1],

(Os, -0 0s Y 1Ko 0., (4.6)

pairings
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However, in some applications the strong form (4.5) may be essential : compare, for
example, the proof of the generalized Simon-Lieb-Rivasseau inequality as given in
[1] with the inconclusive discussion in [37].

To obtain the first-order lower bound, we write

1
d
Py @, > =L Psy o P, Dot | docd— {Pyy e Py Dt
o do

! A
=@y, e P, Do+ [ du Z(— ?0) 1Py Py P (47)
0 i
Moreover, by the strong Gaussian inequality (4.5),
2n

<(px3 te (px;_,. ; (p}?>at é Z <(pj(Px.'>at<(pj¢x3 ce ¢x,~ b q)xz,,>at
i=3
2n
S Y K900 P P, o Py Py D0 (4.8)
i=3
Inserting (4.7) and (4.8) into (4.1), and using the splitting lemma (Lemma 2.1) in the

accustomed way, and then again using Griffiths’ second inequality, we get

H(xl,x2|x3, ""x2n); <¢x1(pxz>0<(px3"'(px2n>0
/1 2n
- —6(1 Y 0206 P 0ok P 0. Dok P P - Pry o Py Do (4.9)
i=3

Using (4.2) we find

2n

Pyy o 0, D2 Y P P D@y, o P, - P Do
i=2

}’ 2n
_‘30_ Z <(Px1(Pj>o<(Pxi(pj>o<¢xkq)j>0
i,k=2
i<k
KPPy oo P P P V0 (4.10)

However, it is probably more convenient (although weaker) to apply the strong
Gaussian inequality (4.5) to the last term in (4.9)/(4.10), yielding

H(x 1, X5x35 s X,) 2P, 0,00 Py, - P, Do

Y 2n
-3 123 (0%, 910005, 220€P9x.20{ PP, 00
i<l

R N NN N PN (4.11)

and

2n
Py P, 22 2 KPP D0 P, o B, o Py Do
i=2

2n

_AOZ Z <q)x1q)j>0<(pxi(pj>0<(pxkq)j>0<q)xl(pj>0
Jj oLk l1=2
i<k<l

R S S N ¥ (4.12)

1
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An alternative (though weaker still) form of these inequalities can be obtained by
applying the Gaussian inequality (4.6) to the last term in (4.11)/(4.12), yielding

H(X 1, X,0%35 -+ X5,) 2Py, P, 0Py -+ Py D0

A 2n
- ?OZ 23 <(le¢j>o<(Px2¢j>o<¢jfpx,»>o<§0ﬂ’x,>o

Jil=

) [1<0..0.,>0- 4.13)

pairingsof
{x3, s Xiyeees X1y oons X20}

and
2n

Py 0, D2 Y KPP D0 Py oo Py - Py Do
i=2

2n
—ho 2 04,8600 0{0590CP: 90
Berst
) [1<0..0.,%- (4.14)
pairings of
(X2 coes Risevrs Fhes coos £y ooy X2n}

(We beg the reader’s indulgence if our attempts to find an understandable notation
have not met with success.) Inequalities (4.9), (4.11), and (4.13) are the com-
plementary bounds to (4.4); (4.10), (4.12), and (4.14) are the complementary bounds
to (4.5). To derive a bound complementary to (4.6), we insert (4.14) [or (4.10) or
(4.12)] repeatedly into itself, i.e., use (4.14) [or (4.10) or (4.12)] to get a lower bound
on the (2n—2)-point function {@,, ... ¢, ... ¢, >,. The result is

N> Y B R

pairings of
{X1,...,X2n}
2n
=AY Y 000,000,900y, 0
PEEnz)
2 [[<o., 0., (4.15)
pairings of

(X1, Xisoes iy ooy XLy eevs Emy ovns X2}
Inequality (4.15) is exactly first-order propagator-resummed perturbation theory:
one picks four indices i, k, [, m out of the 2n points and connects them in a tree graph
with the internal vertex j; the remaining 2n — 4 points are paired in all possible ways
and connected using 2-point functions.

Remark. It would be interesting to know whether the tree graph with factor — 2, in
(4.15) [or (4.11)~(4.14)] can be replaced by the actual u,(x;, x;, x;, x,,) ; in view of (1.3)
this would be an improvement. Such an inequality is proven by Aizenman [9,
Proposition 12.1] with, however, a sub-optimal coefficient multiplying the u, (3
instead of 1). Even more interestingly, Aizenman proves a reverse bound of the same
structure [with coefficient 2/n(n— 1) multiplying the u,]. Both these bounds are
quite interesting because, unlike (4.15), they are universal, i.e., Ay-independent. They
give, for example, an explicit proof that for ¢* or Ising models, u, =0 implies that the
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theory is Gaussian. This was first proven by Newman [38] using the Lee-Yang
theorem. Aizenman’s methods are, however, somewhat complicated (unlike his
proof of (4.5) for the Ising model, which is exceedingly simple). It would be of
interest, therefore, to study these same questions within the random-walk
formalism. See also [2, 3].

Order-22 bounds on the 2n-point functions [analogous to (1.4)] can also be
derived, but we shall leave these as an exercise for the reader.

5. More on the Gaussian Inequality

In [34] Newman proved, by graphical methods, a very general form of the Gaussian
inequality : this general inequality includes (4.5) and (4.6) but has other interesting
consequences as well. Subsequently, Sylvester [35] gave a slightly simpler proof,
also using graphical methods. In this section we rederive Newman’s result using the
random-walk formalism. Actually, we prove a slight generalization, which Newman
conjectured [34, Eq. (3.11)] but was unable to prove. Although our method of proof
is quite different from Newman’s, the underlying combinatoric structure is the same.

The first result, Proposition 5.1, is a corollary of the main theorem. We state it
first, because it is easy to understand and because it will be used in our
accompanying paper on the construction of ¢3 [11].

We consider models of the form (2.1); thus, expectations are given by

Flp)y=2"*[Fg)e> """ T1g,2)do;, (5.1)

where F is any (reasonable) function of the spins {¢,;}. We assume, as before, that
J;j=J;;20foralli, j(“ferromagnetism”). Furthermore, we assume that each g;is log
concave (N.B.: as a function of goj?, not ¢;) and decays faster than exponentially for
(pf large. This includes, for example, the ¢* model (3.1) ; more generally, it includes
the Ellis-Monroe-Newman [28, 29] class

gie)=e""0, (5.2)

where each ¥, is even and C' and grows faster than quadratically at infinity, with Vé’
convex on (0, c0). The inclusion is strict, as can be shown by simple examples of ¢
models. (A partially contrary statement made in [1] is incorrect.) Of course, limits of
such models — for example, the spin-3 Ising model - can also be handled by taking
limits in the final inequalities.

Remark. Since the graphical formalism of [34, 35, 9] applies only to the Ising
model, the resulting proofs are valid only for models obtainable from the Ising
model by the Griffiths-Simon “analog system” trick [39, 40, 97. This class includes
the @* model but does not include the whole Ellis-Monroe-Newman class.

We now denote by { - »¢ the expectation corresponding to the Gaussian measure
(of mean zero) whose covariance is the same as that of the system (- ). That is,

<¢i¢j>6=<¢i¢j> > (5.32)
$0:0,0:00° ={0,0,> 0,0 +{0,0,> {@,;0,) +{0,0> {9;0,>, (5.3b)
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and so on. Let A={A,} be a multi-index, and let
| (5.4)

Then the Gaussian inequality (4.6) states that
(o) =<p*)° (5.5)

for any multi-index 4. Now it turns out that once-truncated expectations are also
dominated by their Gaussian analogues. That is, let

(o;0") =<p"9") — (") <o">, (5.6)
and similarly for {-»°. Then:
Proposition 5.1. For any multi-indices A, B,
(p*;9%) <o 9%)°. (5.7)

Sketch of Proof. It is enough to prove Proposition 5.1 when 4 and B are even
(otherwise the truncation is trivial, in which case the result is the ordinary Gaussian
inequality). It is convenient to use the notation

Z(,,..,0,)= (ﬁ J“")j ﬁ dvy, (L)Xt + ... +1,),
i=1 i=1

and to use explicit products, @, ... ¢, , instead of multi-indices. (Of course, the
X, ..., X,, need not all be distinct.) We set X =(x,, ..., X,,), Y=(y;,....¥,) As in
Sect. 2, one may derive the identity

<¢x1 (pxzk > q’yl ('0th>
= )Y [Z,.. 0,0, .. 0)—Z(®,,..,0)Z ), .. )]

1.0 Y
... 00X«

/ U " 11
+ Y Z,...0,0),.. 0,0, ..., 0),
W1.. 0 Y
0.0 X
of .0 X-Y

where a <k, f=1—(k—a), y=2(k—a). Here @, ... w,: X < ranges over all possible
choices of o walks whose endpoints are 2 distinct elements of X, and two such
choices of « walks are considered to be identical if they differ merely by a re-ordering
of the & walks and/or by interchanges of starting and ending points of one or more of
those walks. The notation wf ... ] : X — Yindicates that the starting point of / is in
X and the ending point is in ¥, for all j=1,...,7.

We note the inequality

Y Q"(wl,...,wk,w’l,...,w;)g{ > ff(wl,...,wk)}g(w’l,...,wg),

1.0 We w1 ...0: W<

where Wis a set of 2k points, w,, ..., w,,. This inequality can be derived by repeated
application of Griffiths’ second inequality, as in Sects. 3 and 4. By successive
applications of this inequality we see that
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. ’ ’ " "
( Py Prys Py 0,0 Y, L@, 0@, 0, @, @)
Wy ... W0u: X<
ol..wp: Y+
of.. 05 X->Y

< ¥ . Z(,)... Z(@)Z(0) ... Z(@)Z () ... Z())
oh oY
of.. 0 X>Y

=<q0x1 "‘(pxzk;qoyx "’q0y21>G’ D

We now discuss the general Gaussian inequality (Theorem 5.2). It is convenient
to continue to talk about explicit products ¢, ... ¢, instead of multi-indices. Now
fix an integer n>1, and let € be a class of partitions of the set {1, ...,2n}. Here € is
said to be admissible (following [34]) if each way of partitioning {1, ..., 2n} into pairs
is a refinement of some partition in 4. A trivial example of an admissible class is the
class of all pair-partitions. As we shall see shortly, however, there exist many other
interesting examples.

Theorem 5.2. Let € be an admissible class of partitions of {1, ...,2n}. Then

CRRN DL < > (5.8)
ne¥ Yen \ieY

Proof. We first introduce some notation (which is by far the worst part of this
subject): Let 2 be the set of all partitions of {1,...,2n} into pairs. Now let

72:0 = {{i17j1}7 {i23j2}> ey {in’jn}}

be one of those pair partitions. Let @ =(w,, ..., »,) be a family of walks on the lattice.
We then say that o is subordinate to m,, which we write as ®<r, in case

Wy 1X;, =X,
W, X, X,

W, X; X .

(Note that since reorderings of the n pairs, or the switching of i and j within one or
more pairs, do not create a distinct partition, the same is considered to be true of the
®; that is, ® should be considered to be an unordered family of unoriented walks.
Alternatively, we could consider @ to be an ordered family of oriented walks and
then divide everywhere by the factor 2"n!.)
Using the random-walk formalism (see Sect. 2), it is now easy to derive the
identity
@H=Y ¥ J[d®Z@). (5.9)
ToEP O<To

2n

Here ¢* is shorthand for H @, J¢ for H J, dv, (t) for H dv,, (t), and t for Z t.

i=1
For example, the case n= 2 of (5.9)is Just (2 16). Now let % be an admissible class of

partitions of {1, ..., 2n}. Since every 7, 2 refines at least one me % (we denote this
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by n,<m), it follows from (5.9) (and the positivity of everything in sight) that
@Y Y Y Jodv,)Z(). (5.10)

ne¥ noe? W<mo
Mo<T

Now fix a partition n={I, ..., 1,,}. Since o is subordinate to 7, which refines 7, we
can decompose ® into subfamilies o)l, ..., ®,, (each consisting of one or more walks)

corresponding to the sets I,,.. Slmllarly we decompose t into subfamlhes
t,,...,t, with corresponding part1a1 sums t,,...,t,; clearly t—t + . e NOte
now that
Je=Jo . g0, (5.11)
dve(t)=dve (t))...dv, (t,), (5.12)
and

a2ty A . HL) 2+ . L) Z0E,)
Z(f)= .
Z(t,+ ... +t,) Z(ty+ ... +1,) VA

(5.13)

[recall (2.14)]. We now perform the sum over o in (5.10) in steps, starting first with
the subfamily w,, then @ etc., through ®,. At each stage, we use the by now
familiar relation

m—1°

ZJQ jd H = <(pXi>t‘,~+‘+ +£m§<¢Xi> ’ (5~14)

where @*is shorthand for [] ¢, » the equality is a resummation based on a multi-
Jjel;

spin analogue of (2.15), and the inequality is Griffiths’ second inequality (which
applies here because of the hypothesis on the single-spin distribution g;; see [1]).
Collecting results, we get precisely (5.8). [

We sympathize with the reader who is by now totally mesmerized by the
notational and combinatoric complexity — this proof was painful for us to write out,
too. But let us emphasize again that the underlying ideas are extremely simple : they
are nothing more than the ideas involved in our proof of the Lebowitz inequality
(3.4)(3.6) ff. or the Gaussian inequality (4.4)—(4.6)ff.

Example 1. Let {I,,1,} be a partition of {1, ...,2n} into two subsets. The class of
partitions consisting of this single partition is not admissible, because any partition
of {1, ...,2n} into pairs where one or more pairs “join” I, and I, (i.e., one element of
a pair is in I, and the other in I,) cannot be a refinement of {1,, I,}. However, we can
produce an admissible class 4 by supplementing {I,,I,} with all partitions of the
form

(I\Z, 1,\Z,, Py, s P, (5.15)

where Z,CI,Z,Cl,,|Z,|=|Z,|=121, and P, ..., P, are pairs each of which has
one element taken from Z, and the other taken from Z,. Using this admissible class
in Theorem 5.2, we get the following strong form of the truncated Gaussian
inequality :
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Corollary 5.3.
e Y Y Y (eFHe* ) [[{e,0,,.>,  (5.16)

Z1CX1 Z2C Xy v:Z1— 2, i€Zy

where |Z,|=|Z,|Z1 and y is summed over all bijections from Z, to Z,.

Example 2. As in the preceding example, let {I,,1,} be a partition of {1, ..., 2n) into
two subsets. We now produce an admissible class ¢’ by supplementing {I,, I, } with
all partitions of the form

{P,... P}, (5.17)

where P, ..., P, are pairs, at least one of which has one element taken from I, and
the other from I,. Using this admissible class in Theorem 5.2, we recover the
ordinary truncated Gaussian inequality, Proposition 5.1. (Alternatively,
Proposition 5.1 can be derived by applying the ordinary Gaussian inequality (4.6) to
(p¥1\ZrpX2\22% in Corollary 5.3.)

Finally, we sketch the proof of a first-order skeleton inequality for

<q)x1 (pxzk;(P.vx §0y21>,

complementary to Proposition 5.1. Let H denote an arbitrary Feynman diagram
with a single internal vertex of order 4 and with external vertices at the elements of
X UY, which connects at least one element of X to at least one element of Y. Let I,
denote the Feynman amplitude corresponding to H, with propagators given by the
exact two-point function, {¢,¢ >.

Proposition 5.4.

<q)x1 e Py Py oo (py21>;<q)xl v Py Py e (py21>G_AO§IH'

The proof is a straightforward, but notationally cumbersome, combination of
the arguments leading to (4.14) and those of the proof of Proposition 5.1.

6. Assorted Remarks

(1) Two-component models. The results established in this paper can be extended to
two-component 4,|@|*-models:

Firstly, all the results proven in previous sections are valid for two-component
isotropic ferromagnets (with some changes in combinatoric coefficients in the
second-order skeleton inequalities) if ¢ is replaced by ¢?, the 1-component of ¢. The
proofs are virtually identical to the one-component case, once one knows that

QL @i > =Lk 0l g (6.1)

whenever ¢; 20, for all j. This in turn is an immediate consequence of the Ginibre
inequality [41, 42],

(oL - 0k 12,2 0. (6.2)



Skeleton Inequalities 135

More generally, one can establish numerous correlation inequalities for mixed
expectations (@j ... (pikqoyzl <p§1> and certain truncated versions thereof. For
example, using the random-walk formulation, it is extremely easy to show that

(@l oL 020250, (6.3)

an inequality first proven in [43]. The methods of proving all these inequalities are
essentially identical to those used in Sects. 3-5, for the one-component case; for
example, (6.3) is proven by the arguments leading to (3.6)ff. The key fact is that

Y ([k] J“’*)j ﬁ v, (1) 2t + ... +1,+9)
i=1

1.0 \i=1
k
=11 [; T [ dv, (6)Z (ti)} - Z(s); (6.4)

this is a consequence of the Ginibre inequality (6.2). [There are more general
versions of (6.4), proven by the same arguments, which we refrain from stating.] The
beauty of the random-walk formalism, in the isotropic case, is that the quantities
Z(t) make no reference to internal indices; the only effect of internal indices is to
restrict the class of pairings (endpoints of random walks) entering into the sum over
random walks; only like indices can be paired.

One can also develop a random-walk representation for models with anisotrop-
ic pair interaction, JL 0! @} +J39}@?, J}Z|J?|, and/or anisotropic ¢* coupling
[e.g., Ao(@2)*(¢2)*]. In the latter case, the variables ¢, carry internal indices. One can
prove numerous correlation inequalities, some of which go in the reverse direction
from the usual isotropic case.

Finally, the correlation inequalities discussed in this paper would extend to
general N-component 4,|@|* models if the Ginibre inequality were known for these

models. Unfortunately it is known, at present, only for N=1,2 [44].

(2) Edwards model (self-suppressing walk). The Edwards model [45] of self-
suppressing walks is a simplified description of the excluded-volume effects in
polymer physics. Correlation functions in the Edwards model are defined as
follows:

GyX Vi X )= 2. Z(o,,...,0,), (6.5)
o
where
Z(wy,....,0,)= (]_[ J“"’)j 1_[ dv, ()2t + ... +1t,), (6.6)
i=1 i=1
and
&“’(t)=]—[e"“°/6)’fz‘30’f; 2o>0. (6.7)
j

We note that

> G onlX 1y Xp(2y> -+ Xp(zn— 1 Xp(2m) »
14
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where p ranges over all pairings, is analogous to the correlation function
{@,, --- @, > in a one-component A,p*-model; however, in the Edwards model,
Z(t) is given explicitly by (6.7). The key identity in the analysis of the Edwards model
is

F(t+5)=Z )% (s)exp {—- 240 ; tjsj] , (6.8)
from which follow
Zit+s)SZ0)Z(s) (6.9)
and
Z(t+5)2Z0)Z(s) [1 —2 ; ts J] : (6.10)

From (6.9) we obtain the analogue of the Lebowitz and the Gaussian inequalities,
and from (6.10) we deduce first-order skeleton inequalities. Higher-order skeleton
inequalities have been established recently by A. Bovier, G. Felder et al. (private
communication).

(3) Skeleton vs. universal bounds. Let Z(¢) be as in (2.14) (A,¢*-model), or as in (6.7)
(Edwards model). We define

F(t)= [] et/ + Botigr (1) (6.11)
i

We claim that if t;20,5;20 for all j,
F+s)2F0)Z(s). (6.12)

In the Edwards model this is an equality. In the 1,¢*-model,

G
1a—a§”(t+ocs)

ln&%’(t+s)=lnfcg"(t)+ gm

Clearly, by (2.13)/(2.14) and (3.2),

a o
—%
Em (t+oas)

=- '—OZS<¢2> as
F(t+as) 6 ST
and, by the second Griffiths inequality,

0

) , af(us)
— O SO Z = 2N KO =
6 ;S‘]<(p1 >t+as= 6 ;S1<(p1 >“s g(as) ’

for positive 4,. Thus 5
L & (o)

. . o
> I et M
ln&“’(t+s)=lnﬂ”(t)+(f) Fas) do

=InZ () +InZ(s), (6.13)
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proving (6.12). By (6.11),
Z(t+)ZZ(OZ(s)[ [ e P/ (6.14)
j

see [2]. Now, note that by (2.16) and (3.4),
Uy(X gy X g0 X3 X,) =D Y J”"J“”fdel(t)dez(s) [Z(t+s)—Z(1)Z(s)]

P @1iXp(1)7Xp(2)
W21Xp(3)Xp(4)

>y Y JOJ [ dv,, (8)dv,,(s)

P @1:Xp(1)7Xp(2)
W21Xp(3)™ Xp(4)

FO)Z(s) []f[ e~ (o/3ssi _ 1] ) (6.15)

If we now use the bound
A
He—(/lomtjsj_ 1=>— ?OZIJ-S,', (6.16)
j

J
and apply the splitting lemma, we obtain the first-order skeleton inequality, (1.3).
The universal lower bound, (1.1), follows by inserting the bound

{—1 if w,Nw,*0

6.17
0 otherwise, (6.17)

H e~ (Gol3)tis; _ 1 >
J
and using a Simon-Lieb type inequality; see [2, 3]. Aizenman [9, Proposition 11.2]
also has a bound which unifies the universal and first-order skeleton inequalities.
Similar arguments work also for 2n-point functions.

(4) Correction of an error in [1]. A. Holtkamp and E. B. Dynkin (private
communications) have independently pointed out to us that the equation asserted
in Lemma 1.2 of [1] is incorrect. The correct formula is

det(A—J) ' =(detA) *exp|Y, Y, J—“’Il—[).i'"(i’“’) ) (6.18)

j o] Jj

The difference in the formulas arises from walks @ which traverse some loop
several times. This inaccuracy does not affect any of the theorems of [1].

(5) Dynkin [46] has reformulated the ideas of [1] in a more probabilistic
language.
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