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Abstract. The small time asymptotics of the kernel of e is defined and

. d?
derived for H= pe + — on R'. Lemmas on singular asymptotics in the sense
of distributions are formulated and used. The results are applied to derive an
index formula on R

1. Introduction
In this and a few subsequent papers I intend to discuss the heat equation with
coefficients containing singularities of the kind exemplified by . I shall study

some general properties and asymptotic behavior with an eye toward applications
in spectral theory and in quantum theory. From the point of view of the latter, one
only needs to concentrate on Euclidean space, but our discussion will eventually
be extended to arbitrary manifolds in a straightforward way.

My motivation for this study originated in an earlier attempt to compute
quantum corrections to classical solutions in Euclidean Yang-Mills theory [1]. In
a steepest descent approximation scheme one has to calculate the determinant of a
second order expansion operator about the extremum of the exponential in a
function space integral. The operator in question is a second order differential
operator on R* and the determinant is defined by the derivative of the analytic
continuation of the zeta function

1 [ee]
()= e g dss*~ 1 Tr(e *H — ¢~ 5Ho) (1.1)

to A=0 according to the formula
IndetH=—{(0). (1.2)
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Here H, is a fixed operator used, roughly speaking, to normalize the determinant.
The heat equation enters the picture at this point and in our work we unavoidably
had to deal with the case of singular coefficients.

In the case where H is an elliptic operator with smooth coefficients on a
compact manifold without boundary it is known that the heat equation exhibits
some convenient and attractive features [2]. For example, if H is a second order
operator which is also self-adjoint on a suitable domain (the second Sobolev
space), it is known that e *¥ is an infinitely smoothing operator for Res>0 and
the kernel e~ *#(x, y) of e ~*H as an integral operator, is smooth as a function of x
and y for Res>0. Further, as s—0+ one obtains an asymptotic expansion of the
diagonal x=y of the form

e H(x, x)~ s ay(x) + a,(x) s+ ...), (1.3)

where the g,(x) are functions of the coefficients of the differential operator
H and their derivatives evaluated at the point x. Here d is the dimension
of the manifold. This asymptotic expansion is responsible for a lot of useful
applications of the heat equation to spectral theory.

One can see from this asymptotic expansion that the situation is going to be
drastically different for operators whose coefficients are allowed a certain singular
behavior. For example, if H is again an elliptic (according to the highest order
term) self-adjoint second order differential operator whose zero™ order coefficient
has singularities like 1/]x|? near some point on the manifold, it follows from the
fact that a,(x) are polynomials of increasing order as k— co in the derivatives of the
coefficients of H that a,(x) ~ 1/|x|™ near the singular point where n, increases with k.
This renders the asymptotic expansion useless (or almost useless) when one tries to
compute a quantity like [ e™*¥(x, x)dx over the manifold.

It was conjectured in [1] that e *#(x,x) has in a situation of this kind an
asymptotic expansion in the sense of distributions containing terms with a
different s-behavior from what appears in (1.3), for example, terms with different
powers of s and perhaps Ins. The presence of a Ins term was actually demonstrated
there by making use of some previous calculations on the model at hand. The
present work will prove that conjecture and it will also introduce calculational
schemes that are general and quite manageable at least for the first few orders.

In the present paper we discuss the operators

d2
H = x

« —w+?, (1.4)

where x=3/4 as differential operators on the real line IR. They deserve special
treatment, not as illuminating examples, but rather as fundamental operators that
will be used to generate the general theory. In Sect. 2, I shall discuss (1.4) as an
operator in the Hilbert space I*(R.) or L*(R). In Sect. 3, I shall describe the
behavior of the kernel e *#=(x, y) as a function of x and y away from and on the
diagonal x=y. In Sect. 5, I use a theorem of Sect.4 to prove an asymptotic
expansion in the sense of distributions of the form

e

e—SHK(Xay)N Z Ck(K)ukSk_ 1/2+ Z dk(K)Wk.Sk7 (15)
k=0 k=0
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where ¢,(x), d,(x) are real functions of x = 3/4, u, and w, are distributions, w, being
a combination of Dirac distributions and their derivatives. The coefficients will
also be computed there as compact algebraic expressions in x and k by using
formulas for traces like

Trx*(e™ "= —leading behavior), (1.6)

where x is treated on a multiplication operator by x and “leading behavior” is a
combination of operators that have kernels which cancel e *¥<(x,x), when
evaluated on the diagonal, to order |x| ™! as |x|— oo. It is shown that (1.6) isolates
the 6% term in (1.5). The prototype of a formula for a trace like (1.6) is the striking
identity
Tr(e st —e™sHo) = (x4 1/4)1/2 (1.7)

2
T X
originally derived using the properties of Bessel functions.

In Sect. 6, I apply the results to the derivation of an index formula on the line.
Some results from the next paper in the series are used there, to the effect that the

asymptotic expansion of the heat kernel as s—0 for operators having the same
leading behavior as (1.4) agrees with that of (1.5) to order s°.

where H,= In Sect.7, I discuss the trace formula (1.7), which was

2. The Operators H, on L*(R)

Because of the singularity at x=0, one begins by defining H, as an operator on
Cy(IR\{0}), the smooth functions with compact support away from 0. If k=3/4,
this definition uniquely determines a self-adjoint operator on L*(RR), precisely:

Proposition (2.1). The operator H, on C5 (R, \{0}) defined by

?dp(x) «x
dx +P

(H,¢)(x)=— d(x)

is essentially self-adjoint if x=3/4.

Proof [3]. The equation — ¢"(x)+ £2¢(x)=0 has the two linearly independent
X

13+ 1)1?
B 2
o_ < —1/2. Thus ¢, is not square integrable near co and ¢ _ is not I? near 0,

solutions ¢, (x)=x**, o, . If k=3/4, we have a,=3/2 and

which means that — is in the limit point case near both 0 and infinity. This implies
x

that H, is essentially self-adjoint on Cg(R,\{0}) by Weyl’s criterion (see [3,
Theorem X.7]).

For the construction of functions of the operator H, we need to characterize
the domain of the closed operator. The following proposition is not the strongest
possible result but is sufficient for the present purposes (see also [3, Proposition
X.2]).
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Proposition (2.2). Let k=3/4. Let e L*(R,) be in the domain of the closure of the
operator H, defined on Cy(R,\{0}). Extend ¢ to R_ by ¢|g_=0. Then we have
pe HY(R) = {ye IX(R)|(1+ k?)?p(k)e I*(R)}, ¢’ is absolutely continuous on (0, 00)
and li_r)r(x) ¢(x)=0. (¢ is the Fourier transform of y.)

Proof. Since H, is essentially self-adjoint on Cg(R,\{0}) the closure is self-
adjoint. Thus ¢eD, if and only if there exists a vector H, ¢ such that

(p, H.)= (— %221/% %w, ¢) = (— di;‘l/), ¢> + (;?gw ¢)

for each peCF(R,\{0}). Thus the second derivative of ¢ in the sense of
distributions is a distribution, say u, such that |Ju(y)| = C- | y||,, locally. This means
that i—qs is locally I%, and it follows by Sobolev’s lemma that ¢ belongs to C*.
Therefore ¢’ is absolutely continuous and —¢" + — ¢6L2(IR ). Now we have for
¢e CFR\{0})[¢'l|*+x %d’ 2=(¢,HK¢)§II¢II “|Hpl, so that [|¢'|2<lll - H,ll

%q& i <|l¢|-|H.¢l. Since any ¢€ D can be approximated from Cg (IR\{0}) in
the norm | .||+ | H,||?, we see tha’e %q& ’

and

< oo and ¢pe HY(R) for all ¢peD. It

follows that ¢ is continuous on R, so that ¢(0)= lirr(l) d(x)=0.

Henceforth we assume k=3/4 and let H, denote a closed operator. The
spectrum of the operator H, is a subset of R, . Consider now the solutions of the
differential equation

a2 x
[_W—*—P—FZ}IP:O x>0, (21)
where z¢ R_. It is then clear that v cannot be in L*(R.) and if ye I? near 0
(respectively, near co) we must have lgr}) w(x)=0 [respectively, xlin;lo w(x)=0>.

With the substitution p=x?{ we get Bessel’s equation for {:

2 1d x+1/4

—th ——P+zp=0, 2.1

xdxw

so that the solutions of (2.1) are given in terms of the so-called modified Bessel
functions I, and K, as (Re |/z>0) [4].

wl(x>=(1/2x)“21<v(1/2x)=q/;x)uz%n1 —V(I/EI%D—IVMMD’

sin (vr)

0

k. 2k
Y0 =/ 202122 =()/ 2 )" (l/x) 2 %

We shall describe the necessary properties of I, and K, below. Here
v=(x+HV*. (2.3)
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We assume at this point and in the following that v is not an integer. First we note
(see below) that y,(x)—0 as x—oco and p,(x)—0 as x—0. Since p, and p, are
solutions of the differential equations (2.1) their Wronskian must be a constant:

(X)) =, (X (x) = |/ Z.

This is obtained by evaluating the left-hand side asymptotically as x—0 from (2.2).
Form the function of two variables:

1
G.(x,y)= ﬁ LO0x— y)w, ()w,(») + 0(y — x)w, (M, (x)], 2.4

where 0(x)=1, x=0 and 6(x)=0, x <0. G, satisfies

J(z+ H)9)(x)G,(x, yyw(y)dxdy = | p(x)yp(x)dx ,

where ¢eCZ(0, ), pe Cg(0, ), as can be seen from the differential equation
satisfied by y, and y,. Thus for z¢ R_, G,(x, y) is the kernel of an integral operator
representing the bounded operator (H, +z)~ .

Let us describe the behavior of G (x, y) more precisely as a function of x and y.
We need to know some of the properties of the modified Bessel functions which
have been studied exhaustively in the literature. As a consequence of their
definition which is contained in (2.2), we have the leading order

K(@~3T(MGo)™,

as -0 (2.5)
L@~Grv+D).  °

On the other hand it is known that as g— co one obtains

‘ /T _
KV(Q)~ Eée Qa

. (2.6)
I,(0)~ el.
// 2no
The entire asymptotic expansion, as g— 0o, is given by
T 4v2—1 (42 —1)(4v?*-9)
K,(0)~ e“@{l +
I/Z 80 21(80)?
(4v2—1)(4v2—9)(4v%2 —25) N }
3180 P o
o 2 1. 2 2 ’
Lio)~ e {1_4v 1 +(4v 1)(4v 9)_“‘}’
|/ 2ne 8¢ 2!(80)

from which we obtain a useful asymptotic expansion of the product as g— o0

1 4v2—1 13 (4v2—=1)(4v*—-9)
220 24 (0° _}

+

1
K (o)1,(0)~ % {1 (2.8)
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If we write G,(x, ) in terms of the Bessel functions

G,(x, ) =(x) [0~ VK 2 )/ 29) + 00— 0K/ z)(/20)],  (29)

we can prove the following properties (Re ]/;>0):
a) G,(x,y) is continuous as a function of two variables.
b) G, (x,y) is smooth for 0<x<y or O0<y<x.

) G,(x,y)~ (% 1/5) X F2PIZK (1/2y) as x—0; G (x, )~V 3(2]/z) V212

~Iv(l/;y)e_ﬁx as x— oo.
d) G,(x,y)=1,(z,x,y)+2'x" " 21,(z,x, y), where [, and I, are analytic in z,x,y
for x in a neighborhood of 0.

1
e) G,(x, x)~% as x—0; G,(x,x)~ —= as x— 0.
Z

f) G,(x,x)=1,(z,x,x)+2x>"* 'I,(z, x), where [, and I, are analytic in x and z
for x in a neighborhood of 0.

g) (H,+2)G,(x,y)=46,, the Dirac distribution at the point y with respect to the
variable x, in the sense of distributions.

The last property repeats the definition of G, as the Green’s function for H,,
i.e., the kernel of (H,+z)~ ! as an integral operator. To indicate the dependence of
G, on x we shall write sometimes G (x, y; k).

We conclude this section by an easy extension to operators on the entire real
line R

Let H,_ ., be the operator defined by

¢ K_
T T

d? K .
dﬁ(zx_) + x_;qs(x) if x>0,

$x) if x<0,
(Hy_ d)x)=

for pe CF(R\{0}). We have

Proposition (2.3). H, is essentially self-adjoint on Cg(IR\{0}) if x, =3/4. The
domain of the closed operator is D~ @D, where D™ is D reflected through the origin.
The Green’s function is given by

G, y)ik k) =(H,_ ., +2)7 (6 ) =0)00)G.(x,y:x)
+0(=x)0(—y)-G(=x, —y;x_).
The proof is straightforward.

3. The Heat Kernel Function for H,
a) Definition of the Heat Kernel

Let H be a self-adjoint operator on a Hilbert space with a discrete or continuous
spectrum which is a subset of the positive real axis. By the spectral theorem, e ™*#
can be defined as a bounded operator on the Hilbert space if Res>0; if z¢R_,
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(H+z)~!1is also defined as a bounded operator and we have the relation via an
inverse Laplace transform:

d
e_SH=j"—Z,esz(H+z)_l, (3.)
27i

where the contour of integration is indicated in the figure

—
T

Fig. 1

For an operator on L*(R) where (H +2z)™ ! is an integral operator such as G, of the
previous section, we can write (3.1) as a relation between the kernels. Thus

d
2 2G (x, y:5). 3.2)

—sH, —
e x, )= 5

One can study the heat kernel from the already known properties of G,(x, y;x).
Using the expression (2.9) we may write

d
e n(x, ) = ()2 | T e 00— YK()/ 201,/ 2)
+0(y— K,/ 20}/ zx)]. (3.3)

Lemma (3.1). We can write K ( ]ﬁx)]v( ]/Ey) =x7""9,(z2x*)g,(zy*) + 2°x"y" - g,(2x?)
g,(zy?), where g,(zx*) and g,(xy*) are analytic functions of their arguments
(depending on v) for v not an integer.

Proof. From the definition of I, in (2.2), we see that Iv(l/;x)oc(]/gx)”gz(zxz),
where g, is entire and remains entire if v is replaced by — v (in which case we write
it as g,). The lemma follows.

If we now apply the lemma to (3.3) we see that the g,g, term vanishes for
x, >0 by analyticity : the exponential ¢** allows us to close the contour at — oo, if
Res>0, and obtain 0 by Cauchy’s theorem. Thus we can write

d
e, 1) = (o) 2 [ ) 29l Ng ) (34)

where g (=g¢,) is an entire function of its argument. Thus

Proposition (3.2). e *¥x(x, y) is C* as a function of the two variables x and y for
x>0, y>0 if Res>0.

b) Behavior of the Heat Kernel off the Diagonal
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Proposition (3.3). For fixed y e *#~(x,y) is C* for x in a neighborhood of 0
including 0 if k<v+3, v=(k+"? and

-8 v n dZ SZ .V,
e )~ H/2<— 2v“F(v+1)sinvn)§%e z lzlv(wy)ym

as x—0. As x— 00, we have

x2/s

—sH,c(

_ 1
e X,y)~c-e S

where ¢ depends on y, k.

Proof. The differentiability property at x=0 follows from Lemma (3.1). The
asymptotic estimates follow from the corresponding estimates for the Bessel
functions given in the previous section. For the estimate near x=0 we keep in
mind that Lemma (3.1) effectively says that the I_, term in the definition of K by
(2.2) is dropped when writing down the heat kernel. Finally, I remark that one can
integrate the asymptotic estimates for the Bessel functions to obtain the leading
behavior of e~ *Hx(x, y) because they are essentially Taylor expansions about ¢ =0

1
as 9—0 and about 0 in 2 as g— 0.

As we shall not need the behavior of e *#=(x, y) off the diagonal for small s,
I defer the precise statement and proof of the exponential decay as s—0 to the next

paper.

¢) Behavior on the Diagonal

The crucial property of e *¥<(x,y) that makes a treatment by the classical
asymptotic expansion (1.3) of the heat operator impossible is a scaling property in
the s, x, y variables, which is stated in the following theorem. In the next section, it
is explained how scaling of this kind necessitates an asymptotic expansion in the
sense of distribution. On the other hand it is this exact scaling that makes H, a
fundamental operator more tractable than other operators with similar singular
behavior.

Theorem (3.4). We have for k=3/4

x y
—sH, <« 1/2 ,—H,
e (x,y)=s e (51/2,51/2).

Proof. Make a change of variable z—s !z in (3.3).
The ultimate objective of this paper is to derive an asymptotic expansion for
e sHx(x,x) as s—0. Consider therefore the function:

x X
—sH, — e V2,-Hy|_~ ™
e rx,x)=s5"""e K(Sm’suz)‘

The asymptotic behavior for fixed x>0 as s—0 is completely equivalent to the
behavior for fixed s as x—co. A similar duality holds between s— oo and x—0. It
suffices therefore to look at the function e~ #<(w, w) for w=0.
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Proposition (3.5). e ®<(w,w) is analytic in w for w>0. It is C* for k<2v+1,
v=(x+2)?* for w in a neighborhood of 0. Asymptotically,

2v+1

e He(w, w)~w c(x) as w—0,

1 1 4
e He(w, w)~ ———{1— —-2-—12 -|-} as w—o.
21/}{ 24w
Proof. Analyticity follows from the analyticity of I, and K,. Differentiability and
the asymptotic behavior as w—0 follow from (3.4). The asymptotic expansion as

w— oo follows by term-by-term integration of (2.8) (where g is replaced by ]/Ew),
. o1
remembering that the latter is the Taylor series in — about 0.
@

The proof of Proposition (3.5) tells us how to work out the asymptotic
expansion as w—oo to all orders. This expansion together with the rest of the
information contained in Proposition (3.5) and the scaling property of Theorem
(3.4) is all we need to prove the term-by-term s-behavior of e~ *#(x, x) as s—0. The
coefficients in the expansion require more detailed information about the heat
kernel and they will be derived in Sect. 5.

4. Singular Asymptotics of Functions on the Real Line
In this section I study the asymptotics of a function of two real variables, f(x,s), as

s—0+ in the sense of distributions if f(x, s) is of the form F (%) , where F(y) is C®

in a neighborhood of y=0. It is then clear that the asymptotic expansion of F (%)

as s—0 for x+0, which is just a Taylor series, becomes singular when extended to
x=0. Theorem (3.4) and Proposition (3.5) show that e~ *#*(x, x) can be written as
s Y2f(x,s) where f is a function of the kind just described for x =0. I prefer to
consider functions f((x, s) with x ranging over the entire real line with f(x, s)=0 for
x <0. The asymptotics will be studied in D'(R). In other words we do not want our
test functions to have support away from zero even though f is a function on the
half-line. In this way we shall be able to apply the one-dimensional results to
higher dimensions by using spherical coordinates. It will also be possible to treat
the operator H, . (see the end of Sect. 2), which are unsymmetric about the
origin, because by Proposition (2.3) we can write e~ #x—.x+(x, x) =5~ Y2[f_(—x,s)
+ f.(x,s)], where f, are again functions of the kind treated in this section.

The present results will later be generalized in different directions. First, to
functions f(x, s) with singular asymptotic behavior but not necessarily of the exact

form F (—SE) Second, to functions of x in higher dimensional space, which will be
X
treated, as mentioned by using the half-line results. An easy generalization to

functions f of the form y(x)F (%) , where y is C*, will be worked out at the end of
X
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this section. The general expressions for the asymptotic coefficients and a detailed
derivation are given in the appendix to the paper because they are not needed for
my present or later purposes.

Theorem (4.1). Let f(x,s) be a family of functions of xeR with s>0 and suppose

that f(x,s)=0 for x<0 and f(x,s)=F<%) for x>0, where F(y) is C*, y=0.

Assume further that o

F(y)~ ) Fp* as y-0,
k=0

F(y)SB< as y—oo.

Consider the distribution f, defined in the canonical way by the functions f(x,s) of x
in D'(R). We then have in D'(R) as s—>0+

o) 9] o0
fime D us™+ Y w,s"lns+ Y v, sm V2.
m=0 m=1 m=1

If 6, denotes the Dirac distribution at 0, we have :

a) u,, is a linear combination of the 2m™ distribution derivative of Inx and the
distribution 8™~V if m>0.

uq is a distribution of order O with singsuppu,={0}.

b) w,, is a constant times 5™V,

¢) v,, is a constant times 6§™~ 2,

Finally, we have for each m that w,,=0 if and only if F,,=0 and suppu,,= {0} if
and only if F,=0.

Proof. One could perhaps argue abstractly but since my approach is oriented
toward calculations, I give a proof that also derives formulas for the u’s, w’s, and
v’s. Consider the asymptotic expansion of F(y) as y—0. We can write

1

Fo)= Y F*+R,0) “.1)
k=

0

for some fixed m, where R, (y) is the remainder after m terms. The assumptions on

F imply that
ly~ ™ YR, ()ISc(m)  as y—oo, w2
y~ " OR, (MISy-c(m) as y—0. '

. _ s . o
If we then look at the function x2™~Yf(x, s), where f(x,s)=F (—2) is rewritten in
X
terms of the expansion (4.1) we see that each term in the resulting representation is
s . .
smooth. By (4.2) the term x*™~ VR (—2), for fixed s, is bounded by a constant as
x

x—0 and by — as x—oco. Now to study f,(x)= f(x,s) asymptotically in D'(IR) as

X2
s—0+, we have to find an expansion in s of

fdx¢(x) f(x,5) (4.3)
for each ¢e CJ(R).
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At this point, make the simplifying assumption

o\ (1
(5;> F(;i) <b(x7*+1) (4.4)

for some constant b,, k=0, 1,.... The condition (4.4) will ensure that boundary terms
in the integration by parts below and in the appendix vanish at x=0. Inequality
(4.4) will also ensure convergence of the integrals at the different stages in the proof.
At the end of the proof in the appendix, however, it will be shown that the results
of the theorem remain unchanged even without (4.4) or any other condition on
the derivatives of f(x,s) near x=0.

Assuming (4.4), rewrite (4.3) as

fdx % (2" DP(x) f(x, 5)) = — j" Inx-dx

1
@m—3)1 )
(3) " 0 () £(x, )

0x
1 a 2(m—1)
= m [ dx-Inx- (ax)

fooetmo (5,1 +m ()

By the remarks above one can see that the sum in the last expression can be
differentiated term-by-term. The part involving the summation will give the part of
u, which is the 2k™ distribution derivative of Inx for 0<k<m— 1. One then shows
that what would have been the remainder, R,,, yields a sum of Dirac distributions
and their derivatives plus a new remainder of order s"~!/2 In this manner one
obtains the asymptotics through order s !, but the details that are given in the
appendix are necessary for the more precise statement of theorem.

0

Example. Let f(x,s)=e"*" for —co<x<o0. Now | dx¢(x)f(x,s)can be found

asymptotically by a Taylor expansion of ¢ if ¢e C°°(]R). Thus
[ p(x)e " dx =52 Pp(s'/?x)e™ dx ~ s*/? Z (Z)(")(O) j ke~ ¥dx st

Thus

e—xz/s~ i k+1/2( 1) 2F(k+1)5(k)
k=0 k!
keven
In this case only the v-terms given in Theorem (4.1) are present and the result is
evidently consistent with the conclusion of the theorem. It can also be verified that
the formulas given in the appendix yield the same exact constants for the
coefficients of the asymptotic terms.
A more complicated example is worked out in the appendix using Theorem
(4.1).
As promised, I give an easy extension of Theorem (4.1):
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Theorem (4.2). Let f(x,s)=y(x)F (iz), where ye C*(IR). Let f.€ D'(IR) be defined by
X

f{d)= | f(x,9)¢p(x)dx. Then, if F satisfies the same conditions as in Theorem (4.1),
0

2] 0 0
fi~ Y us™+ Y wstIns+ Y, v, Y2
m=0 m=1 m=1

a) uye D'(R), of order 0, singsuppu, = {0}.

b) For m>1, u,,e D'(R), of order 2m, sing suppu,, = {0}.
c) w, is a linear combination of 6%, k<2m— 1.

d) v, is a linear combination of 6%, k<2m—2.

Proof. The asymptotic expansion is the same as in Theorem (4.1) with u,,, w,,, v,,
replaced by x-u,, x*W,, ¥0,. The theorem follows from the structure of the u’s,
w’s, and v’s of Theorem (4.1).

Remarks. The condition on F(y) as y—oo in Theorem (4.1) can be relaxed
significantly. One needs to assume, instead of |F(y)|<B as y— o0,

p 1
lr(z)
e
i.e. integrability instead of boundedness. The proof of the theorem is exactly the

same.
It is striking in Theorem (4.1) that no restriction is needed on the derivatives of

<00.

s . ! .
F (—2> as x—0. From the proof of the theroem it appears at first that condition
X

(4.4) is necessary. In the appendix to this paper, it is shown how this condition is
dispensed with.
Consider for example the function

flx,s)=e*""* x>0, 4.5)

We have, clearly,

a k
(—) fx, )=0(x"%
ox

and not o(x~ 2%, so that (4.4) is violated. Nevertheless we still obtain the kind of
asymptotic expansion described in Theorem (4.1). Equation (4.5) essentially
appears in a recent paper by Uhlmann [6] on a mathematical derivation of some
classical phenomena in conical refraction, where the author has independently
derived an asymptotic expansion in the sense of distributions by methods similar
to those of the present paper. Lemma (3.10) of [6] can also be proved by using
Theorem (4.1) of this work.

5. Asymptotics of ¢~ s¥=(x, x); the Trace Formulas

Theorem (3.4) and Proposition (3.5) show that s'/2e™*#x(x, x) is of the type of
function f(x,s) considered in Theorem (4.1). We obtain therefore
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Theorem (5.x). Let H, be the operator defined by Proposition (2.1) on L*(R ). Then
we have an asymptotic expansion in D'(IR) (distribution in x) as s—0+ of the form

0 [ee] (oo}
e, x)~ Y u,s" Vi 4 Y w,s" Yins+ ) v,s",
m=0 m=1 m=0

where u,,, w,, v, have the same general properties as are described in ay—c) of

Theorem (4.1).

Since the present paper is restricted to dimension one, I shall demonstrate the
computability of the coefficients in such an expansion by a real one-dimensional
problem, i.e. one extending over IR, and defer the study on the half-line. One
obtains:

Theorem (5.x,x). Let H, , be as defined at the end of Sect. 2. We have asymptoti-
cally as s—0

0

2]
e e, x)~ Y, e, s Y (k)™ ST,

m=0 m=0

2m

where u,, is the distribution defined by um(qﬁ):fdx-lnx(;;) 0.

Proof. By the symmetry of H, , under the transformation x— — x on the real line,
we can conclude that e sH<x(x,x)=s"%(f(x,5)+ f(—x,s)), where f is some
function satisfying the conditions of Theorem (4.1). Thus the terms in the
asymptotic expansion of f(x,s) that are odd under x— —x will not appear in the
expansion of e~ "= =(x, x). The odd terms are precisely the ones containing 5™~ ).
It follows that only the terms indicated in the theorem are present. For the precise
form of u,, we have to resort to the formulas in the appendix.

The coefficients ¢, (k) are proportional to the asymptotic coefficients in the
expansion of Proposition (3.5) for large w and are easy to compute. It is striking
and important that the d,(x) can also be computed. It is striking because the
formulas in the appendix for them proved totally fruitless. And it is important
because they also give the leading behavior of the kernels of more general
operators.

Theorem (5.x,x"). The coefficients d,(x) in Theorem (5.x,x) are given by

(m—+1)! m

[T v+,

d'"(")zzzm'(zm)!(zm+ IPEEN

where v=(rx+3)"

Proof. The theorem will follow from Lemma (5.1) and Proposition (5.2) below.

Lemma (5.1). Let F, be the coefficients in the asymptotic expansion

e} 1 2k
e SHor(w, w)~ ) Fk<—) as w—oo.

k=0 w
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Then the coefficients d () are given by

1 [°¢} _ B m s k
) _j dx - x| e sHex(x, x)—s ”2’(;0Fk(;> } ~d,(Kk)s™ .

Proposition (5.2) (the trace formulas).

R L

0 m s k
dx - 2m| ,—sHy s ,X)— 1/2 F.|— =4m.2 +17).
J el el =51 3 "(xz)} 2w A1 0D
In particular,
Tr(e sHer— e sHoy=y
2
where H is the operator — e with domain H*(R).
X
Proof of the Lemma (5.1). Consider the function f defined by
m k
sTV2f(x,5)=e " Her(x, x)— ). Fk(iz) sz,
k=0 X
(XA . . s -
The function (—) f(x,s) is a function of — alone and satisfies
s X
2\m 2
(-x—> flx,s)~—F, as x——»O,
s s
s s
~c-— as — —0. 5.1
¢z oA 57 (5.1)

Thus is satisfies the hypotheses of Theorem (4.1). Furthermore, if we write
k

(g)mf(x,s)~k§0 Gk(%) as -SE——>O,

we have G,=0. Theorem (4.1) then implies that, for pe C (IR).

Of dxp(x) (icsj)mf (x,5)~0(s"'2) - p(0) + O(s),

so that

ojo dxp(x)x2" f(x, )~ O(s™ * 1/2) . p(0) + O(s™ * 1). (5.2)

Now choose ye Cg(IR) with =1 in a neighborhood of 0, and write
fdxs™V2 fx,5)-x2™ = [dx - y(x)x>" f(x,8) s~ 2 + fdx(1 — y(x))x*" f(x,5)s~ /2. (5.3)

The left-hand side is exactly the quantity we wish to estimate to order s™. Consider
each term on the right-hand side. The term

faxy(x)x*™ f(x,s)s™ /2 (5.4
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is O(s™) by the discussion above. Now we can show that the coefficient of the
s"-asymptotic term is precisely (2m)!d,(x). In fact, write (5.4) as

Jdx(rx)x*™ e (x,x)— Y Fy-s~ Y2 [dx y(x)x>m~Psk
k=0

8

~ T ) S (s
k=0

0

3

— Y FJdxy(x)x?m=hgh=12]
=0

by Theorem (5.x,x), and we can see by inspection that the coefficient of s™ is
d, (1) 3™ (x*™y(x))=(2m)!d, (k). We then have for (5.4)

[dx y(x)- x2™ f(x,8)s~ 2 =(2m)!d, (k) s" + O(s™ * 1/2).
For the second term in (5.3), note that (5.2) suggests that it is O(s™* V/?), since

(1—x(0))=0. This is not exactly rigorous, since 1— y(x) is not of compact support.
But (5.1) implies that given d >0, we have for |x|=d,

B B s m+1
If(x,8)s7 2 <ces ”2(;)

for some constant C. Since 1— y(x)=0 in |x|<d for some d>0, we have for the
second term in (5.3)

[fdx(1 = () x> f(x, ) ”2I<CI sm

:c/_sm+1/2,

so that this term gives no contribution to O(s™) and the lemma is proved.

Proof of the Proposition (5.2). One has to use special properties of the Bessel
functions.

First we represent e
Sect. 2):

“sHe(x,x) in terms of Bessel functions (see the end of

(i, x) = x| I—K(l/ IxDL(}/z|x])e*

and make use of the following integral representation of the product of modified
Bessel functions [4]:

K,(bo) (bo)=

rev+1) (b2>" @ J(200) 5.5

r(v+1) \do (5) (242 TR

2k
. . s . .
where J, is the Bessel function of order v. The term F, (—2) in the asymptotic
X

expansion of e *#=x(x, x) as x— oo is given by the k™ order term in the binomial
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t2
expansion of (t2+b%)~ 012 (where b= }/z) in (5.5) in powers of P

SZI"(2v+1)( z ) i

s\ dz
Al] =Ml T lam

After substitution in the quantity we want to compute we perform the x,t,z
integration in that order. For the x integration we use the formula [4]

J2xlt) I(—v+d) (tz)"
© T(—v+i-kk!'\z)~

Ot §

) 2ur<v+g+1)
j dXXqu(X)= ‘——v_‘ﬁ‘—
° =)
2
For the t-integration, we use
) 82k+1 T k 1
a Loy = TUERED e gy 1y

- =z
e e e I(v+3)

The contour integration then becomes trivial and yields the result.

6. The Index of Some Differential Operators on R
Consider the following first order differential operator defined on [C¥(R\{0})]”
C[IA(R)]M (a direct sum of M copies of L*), M an integer:
d 1
L=i— +i—A(x), (6.1)
dx x

where A(x) is an hermitian M x M C® matrix of functions satisfying

lim 1 Ax)=A,, (6.2)
X

x—t oo

where A, are non-singular matrices of finite numbers. Assume further that the
eigenvalues of the hermitian matrix A(0) are outside the interval (—3,3). The
significance of this condition is seen when we form the operators

d*>  Alx)*+AKx)  A(x)

+ —_— e — —
L L= dx? + x? x
@ AXP-Ax) | AR (6
X)) — X
LL+ = - ;l_x.z xz X + X s

defined for functions C§ on IR\{0}. The approximations of these operators by their
leading behavior near x =0, i.e., the operators

&2 A0+ A(0)
dx? x?

H,= (6.4)
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can be written in diagonal form in the representation that makes A(0) diagonal:

Mo & a2ed,
@(_W x? )’

k=1

(6.4)

where A, are the eigenvalues of A(0). By virtue of the condition above, A7 +4, >3,
so that the operators (6.4) are self-adjoint on the domain

1
¥

Y= {we[Hz(lR)]M .

< oo}. (6.5)
2

We obtain by comparison:

Theorem (6.1). Let L be defined by (6.1) and all the conditions above. Then the
operators (6.3) are essentially self-adjoint on the domain [CZ(R\{0})I™ and the
domain of their closure is (6.5). Further, the closed operators so defined are
Fredholm.

Proof. The proof uses an easy perturbation argument by the Kato-Rellich
theorem in the following version [3]: if H, H are symmetric unbounded operators
and DCD(H)nD(H,) such that for some a<1,

I(H=Ho)pl| =a{lH| + |Hopl} +bl¢] forall $eD,

then H is essentially self-adjoint on D if and only if H,, is, and in that case the self-
adjoint extensions of H and H,, are defined on the same domain.

Now let H be L" L or LL*, as given by (6.3), and let H, be H, or H _, given by
(6.4), respectively. Take D=[CZ(R\{0})]™. It is easy to see that in either case

H—H,=B(x)+ E, where ¢ is constant and B(x) is C® and bounded. It is then
X

clear that H and H| satisfy the condition of the Kato-Rellich theorem and the
statements about the domains of the operators (6.3) follow.

That L*L and LL* are Fredholm follows from the fact that they are bounded
below by Hermitian operators that are identical to L*L and LL* outside a
compact set and have no singularity at the origin. The condition (6.2) implies via a
theorem of Seeley [5] that these lower bound operators are Fredholm. This proves
the theorem.

It now follows by simple arguments that (6.1) is a closable operator and the
closure is Fredholm under all the conditions above.

We can therefore try to compute the index of L in (6.1). I use a technique
developed in [ 5] for computing the index of operators on open manifolds in terms
of the resolvent or the heat operator (see also Appendix B of [1]). The basic result
is the following proposition:

Proposition (6.2). Let L be a first order elliptic differential operator on the Hilbert
M

space P L2(R"):
' L=i0(x)3; +i®(x), (6.6)

where 0/x), ®#(x) are M x M matrices of smooth functions. Let J,, & denote
multiplication operators by §(x), @(x). Suppose z¢R_, and let (LL* +2)™ !(x, y),
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(L*L+2)"x,y) denote the kernel functions of the indicated integral operators.
Then, for x+y
+ -1 + -1 0 A
2ztr((D"D+2)" ' —=(DD™ +2)” )x, y)= e y Jx, y)+ A,(x,y), (6.7)
where tr denotes trace over the matrix indices, Ji(x, y) is the kernel of the integral

operator ) ' .
Ji=itw[D(D*D+2)" 16" —~D*(DD* +2) 167,

and 4,(x, y) is the kernel of an integral operator on L*(R") that can be represented
as the trace of commutators of multiplication operators by smooth functions and
the integral operators D(D*D+z)~* and D*(DD* +2z)™ .

The multiplication operators in the last statement are basically 6 and @. The
theorem is a local one and it is derived by using the differential equations satisfied
by the resolvents. It can therefore be extended to operators with singularities such
as are studied in this section. Equation (6.7) will then be valid for x and y away
from the singularity. The following two lemmas show how the singular points can
be included in the range of validity.

1
Lemma (6.1). Let L, =i% +i;A(x) be an operator of the form (6.1), where A,(x)
=A(x) for |x|ZR and A,(x)=A(0) for |x|<r, 0<r<R. Then index L=index L,.

1 .
Proof. We can write L, =L+ B(x), where B(x)=i;c—(A1(x)—A(x)) is C” and of

compact support. We can then show that B, the multiplication operator by B(x), is
compact relative to L, ; in other words that the operator B : D(L,)—[L*(R)]™ is a
compact operator, where D(L,) is equipped with the norm || L, - || +]| - ||. It will then
follow, by basic index theory [7], that L, and L, —B=L have the same index.

. . . d

To prove the compactness property, note first that B is compact relative to id—

X

with domain H(IR) by the Rellich lemma [8]. This is equivalent to saying that

. d . d
bounded sets in D(i——) [Wlth norm |i——- are mapped to precompact sets

dx dx
by B. But note that we have the inequality, valid for ye CF(R\{0}),

2 2 2 2
() g o] A0z a0)

i+ -1

d

l'___
dxw

dx? dx? x?2

> A,(x)*+A4,(x)

w)+C-(w’w)

=ILypl*+Cliwl?,

where C is an upper bound for the function

A(x)*+A4,(x)  A4,00)%+4,(0) -
x? B x?2 -

(R).
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Since CZ(IR\{0}) is dense in D(L,), it follows that, for all we D(L,),

2
=C-(ILywll+ 1wl

%]
dxlp

for some constant C. Thus a bounded set in D(L,) is bounded with respect to the
d .

norm of D (zd—> and is therefore mapped to a precompact set under B. It follows
X

that B is L,-compact, hence the lemma.

Lemma (6.2). Let L, be as in Lemma (6.1). Given a fixed t>0, we have
exp(—tLi L,)(x,y)=0(x"), as x—=0 for fixed y, and exp(—tL] L,)(x,x)=0(x*") as
x—0 for some v=1. Similar estimates hold for exp(—tL,L}).

Proof. The heat kernel in the case of both exp(—tL] L,) and exp(—¢L,L}) can be
represented by using (3.2) and (2.4), which are generally true for a second order
differential operator on R (with first order term equal to 0) and not just for the
special operator of (2.1). Now in the neighborhood of x =0 the y,(x), w,(x) of (2.4)
will still be linear combinations of the modified Bessel function of (2.2). Because
P,(x) has to be I? near 0, it should only contain terms involving the I, Bessel
functions. For linear independence of , and y,, 1, must contain K’s. For x, y in
the neighborhood of 0 we will still have a representation of the form (3.4). This
proves the required estimates as in Propositions (3.3) and (3.5).

We would like to evaluate (6.7) on the diagonal but the resolvents become
usually singular there, so it is more convenient to work with heat operators. A
direct complex integration of (6.7) along the contour of Sect. 3 then yields

0

+ + 1/0 0 + P+ + o
— —tr(e ST E_ e ) (x, y) = = .+—.)tr[Le_L L§" — Lte s 51 -(x, y)
0Os 2\ox' oy

dz
+ I—Z?ie A (x,y). (6.8)

It is then argued (Appendix B of [1]) that the last term goes to zero as x—y
because it is now represented as the matrix trace of commutators of multiplication
operators with the integral operators e *“" %~ and e~*“L" which are smooth on the
diagonal. This argument will work in the present case as well for the operator (6.1),
because the heat kernels will behave sufficiently well even at the singularity,
according to Lemma (6.2). Equation (6.7) therefore gives for x=y:

0 dze®” % 10 .
B =sL*L _ ,—sLL*y__ - _ i . 6.9
2 r(e e )= i _joo dx 5 3 trJi(x, x) (6.9)

More remarks are in order. It is argued in [5] that the A, term in (6.8) goes to
zero as x—y in dimension 1, basically because the singular parts of the two
resolvents cancel. This does not apply here because of the additional non-
differentiability at x=0. On the other hand we could not have divided (6.7) by z to
obtain an equation for the trace of the difference of the heat operators rather than
for its derivative with respect to s as in (6.9), because the heat operators in the
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. d
expression for fAzz—;e” would be replaced by operators of the type

O gl 1 R B
G2 sl - _ e ,
2ni zz+L'L L'L L'L

which are much more singular than e $t7L,

Now the right-hand side of (6.9) has been computed in [5] [see, e.g., (3.14) of
that work]. We then obtain by making use of those results

0 Sspon-stiey_ 92 sz( 1) A A
_aSTr(e —e )= %e tr((z+A2)1/2 Zr A7) (6.10)

where A, are given by (6.2). Now it is also shown in [5] that the limit as s— oo ot
the trace that appears on the left hand side of (6.10) is precisely the index of L if L is
Fredholm. Thus, integrate (6.10) with respect to s from 0 to co. Now let L be an
operator that looks exactly like L everywhere except that A(x) in (6.1) is deformed
to vanish like x as x—0. By the results of [5] again [Eq. (3.14)] the right hand side

. 6 F+7 Fi+ . .
of (6.10) is equal to — a—Tr(e‘s’“ L_e7stL™), Since L is a smooth operator on odd
s
dimensional space, the latter trace is O in the limit s—04. We obtain, therefore,

index L=index L+ lim Tr(e st'L— e siLY), (6.11)
.

If we anticipate the results of the next paper again, we see that we can evaluate the
limit on the right hand side by approximating L by its leading behavior near the
singularity. This statement asserts the validity, in a special case, of a natural
generalization of the fact, well-known for the case of smooth coefficients, that the
asymptotics of e *H(x,x) and e *#'(x, x) will agree up to a given order s if the
derivatives of the coefficients of H and H' at x agree up to some order m (depending on
k). Thus we need the coefficient of s° in the asymptotic expansion of

Tr(e—sH+ _e—sH_)

as s—0+ where H, are given by (6.4). Using the representation (6.4) and
Theorem (5.x, k') for m=0, we obtain for this coefficient

Z (D2 + A+ D2 (22 = A+ H112),

each 4,=3/2 or < —1/2, by assumption. If 1, =3/2 the quantity in brackets is
|4, +3— 14, —31=1.1If 4, < — 1/2 the same expression gives — 4, —3—(3—4,)=—
Thus the limit on the right hand side of (6.11) is precisely the signature of the
matrix A(0), sign A(0), i.e., the number of positive minus the number of negative
eigenvalues. We summarize :

Theorem (6.3) [Index theorem for (6.1)]. Let L be defined and satisfy all the
properties as described in the beginning of this section. Let L be obtained from L by
deformation in a neighborhood of 0 to a smooth lower order term in (6.1). Then L, L
are closable and their closures are Fredholm and
index (L) =index L +sign A(0)= —itr(4,|A,| ' —A4_|A_|Y)
+tr A(0)|A(0)| " L.
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7. Discussion of the Trace Formula [9]

It would be very interesting to understand the origin and significance of the trace
formulas of Proposition (5.2). In particular, it would be desirable to understand
why the traces have a power dependence on s (the m® trace is proportional to s™)
and why the dependence on v is again polynomial. The first question is easy to
answer by using the fact that the heat kernel can be expressed in the form given by
Theorem (3.4). I also give a derivation of a partial answer to this question that
points to a generalization of the trace formula to operators of the more general
form of Sect. 6. I cannot see any illuminating answer to the second question.

Consider operators of the type (6.1) with M =1 and let A(x) be the constant
v—3%. We then obtain from (6.3)

e 01
+ o 2 Ty
L'L= dx2+(v 4)x2’

d? 1\ 1

+_ = _1\2_ 2.

LL e + <(v 1) 4> 2

for v=3/2. Let H(v) denote the operator H, , with k= y>—1. The results of [5], as
explained in the previous section yield

0 -
~Tr(e sH(v) __ e—sH(v— 1)):0’

0s
because the 4, of Eq. (6.2) are now 0. This shows that
0
_Tr(e—sH(v)_e~sHo) ,
0s
2
where Hy= — e is a periodic function of v with period 1. There is obviously
x

quite a gap between this statement and the conclusion of Proposition (5.2) that it is
actually zero.

If v is an integer, the Bessel functions appropriate to the problem are of half-
integer order. They are then expressed in terms of elementary functions and as a
check one can verify the first few trace formulas (for small v and small m) explicitly.

Appendix. Derivation of Singular Asymptotics on the Half-Line

1 give more details about the derivation of Theorem (4.1) in this appendix as well
as formulas for the distribution coefficients of the different terms in the asymptotic
expansion.

Start with the assumption in the theorem of Sect. 4 and write, as already
indicated in the sketch-of-proof of the theorem given there

1 © 5 2m—3

-{cb(x)xz‘"" 2 Cg F, (%)k +R,, (%))} (A1)

Jdxd(x)f(x,5)= —
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In the term with the summation it will be enough to point out the term of
highest order:

2m-—3

L g ) dx-lnx-az—ﬂqﬁ(x). (A2)
0 ox*"

T 2m=3)!

Next we show that the term containing R,, can be written as a sum of derivatives of
the Dirac distribution at 0 evaluated for the test function ¢ plus a remainder which
is of order s™~ /2. We rewrite the term in (A.1) containing R,, as

0 a 2m—4 2m_4 a 2m—4 -k 1 s
gdxlnxa—)g- k;)( L >~d)“‘)(x)-(b;> (XZ( )Rm(y» (A.3)

Now write

¢M(x)=¢"“(0)+ [p“(x) — p©(0)], (A.4)

and substitute in (A.3). The first term in (A.4) will give a contribution that cannot
be reduced any further in terms of ¢. After rescaling x by x—xs'/? it will yield the
Ins terms, among others, in the expansion of Theorem (4.1). We note that the
second term in (A.4) vanishes for x =0 like x and, therefore, it is possible to do an

. . . L. . .

integration by parts in (A.3) because the — singularity from the Inx will be
X

cancelled. To isolate the remainder, one then only needs the following lemma :

Lemma (A.1). Let ¢peCJ(R). Then

")

i (= 1Pgr= 2" D0) - F,, -y
k=0

{(k)1-sm T TR e []sm Y2,

Fasgio [ 2] covm, )=

where c[ ¢] is bounded in s.

Proof. Use integration by parts, repeated p times until the differentiation is
transferred to ¢(x) in the integral. Because the integral extends over the half-line,
we pick up some boundary terms at the origin, which give the sum on the right-
hand side of the equation in the lemma. What is left is proportional to

[ dxpP(x)x2"~ VR, (iz) :
0 X

a0

By a single rescaling x—x-s/?, the last integral is seen to be proportional to
s™~ 12 which proves the lemma.

Thus we have shown that we have isolated terms through orders s™~!-Ins in
the expansion, with a remainder of order s™~ /2. We do this for each m and then
pick out the highest order terms, i.e., the terms of orders s~ 1, s"~*2 and s™ ! -Ins.

which is estimated by

sup [pP(x)|- | dxx>~ D
x 0
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We can then write down the distribution coefficients for each m in the expansion of
Theorem (4.1):

uo="Fy0(x),
F A\ 2m
- (2mj1)!<%> [0(x)Inx]
1 0 2m—1
+(2m—2)1Fm<‘,3§> do- [ dtIne(1—1)*" "2
1 S\2m-1 P i
“Emila)  elOntre(E) s

= 1 1 F (a 2m 16
"2 2m—1)! ™ \ox 0

B 1 a 2m— 25 ood l 2mR 1
”’"“<2m—2)!(§) e “gaﬁlg (CZ)}’

2m

where the derivatives Inx,

P
a—} 0, are understood in the sense of
X
distributions.
Before proceeding to the general case where the condition (4.4) is not satisfied
by F(y), it will be shown that the formulas above for u,, v,,, w,, can be cast into a

m>

1
form that does not explicitly involve the derivatives of F (x ) in the neighborhood

of x=0. We see by inspection that we need to deal with the following two integrals
in the formulas for u,, and v,,:

LoalF)= [acne 2emr, ()] (A6)
LanlF)= [atind (2] emRyes (] (A7)

(F enters the right-hand side through R, , ,). In view of (4.4), differentiation of F in
R, ., does not make the integrand too singular and (A.6) and (A.7) converge
nicely near { =0. Now start with (A.6), cut-off the integral at { =¢ and integrate by
parts:

. 1
ot g T (1)

=lim{—ln8~82 R,,,+1(1> ij - lRmH(l)}
=0 C

——hm{F Ing— jdé’ g 1Rm+1(1)}

e—~0 C
=limL, , [F], (A.8)

e—~0
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where we define L, , ,[F], and the last step uses the definition (4.1) for R, ,(y)
and the condition (4.4). Similarly, we can write for (A.7)

LZ,m[F] = hm LZ,E,m[F] )
where 0
«° _ 1 F,
Ly, o[F1=— [ dcg UR"'“(?) SRiS (A9)

Finally define the “cutoff” distributions u, ,, v, , by replacing L, ,[F], L, ,[F]
appearing in (AS) by Ll,s,m[Fl Lz,a,m[F]’ and B(X) by 6()(—8).

We are now ready to work out the proof for the case where (4.4) is removed.
First write

fdxF( )q)(x)—llm jdxF( )w(x)

and apply exactly the same integrations by parts, including those of Lemma (A.1),
to obtain

jdxF(;%) w(x)—{ u, o)+ z (u, ) +5 0, k(w)+1nswk(w»}
+ [ ata@e IR, (;—2) (A.10)

B, (w(e), 2.p(e), O2p(e), ... F (si) OF (5_) , ) ,

where @(() is linear in y({) and bounded as a function of {; B, , contains all the
boundary terms at { =¢ resulting from the various integrations by parts. The terms
in brackets will give the asymptotic terms to order s™~ ! Ins. The next term is the
remainder obtained by applying the proof of Lemma (A.1). It is readily seen that
all the terms on the right hand side of (A.10), which is an exact identity, have a
limit as e—0, except perhaps for the B , term. But the left-hand side of (A.10) also
has a limit as é—0, so that B, , does as well. In fact, although B, , is a complicated
combination of many terms, many of them apparently singular as e—0, a lengthy
calculation reveals that all the singular parts cancel out nicely, so that

. s
E%BS»E(ME)’""F(g_z)""> =0.

Finally, we still obtain
o ]

Thus the asymptotic expansion is proved again and the coefficients are given by
(A.5) if we effect the replacements

<c: (@], -5" 71,

j‘ dtim¢ C[szRm+l (Ciz)} — lim Ll,s,m[F] >

e~ 0

L S

e=0
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1. Examples

As an illustration of some of the details of the proof above, the case m=1 can be
worked out easily assuming the conditions (4.4). Write

jdxF( )w(x)——?dx(az lnx) 2[F0+F1-%+R2<)—CS§)
0

=— [ dxInxd2
0

p(x)

(x2F0 +sF, +x’R, (% ) p(x)

oo}

=F, [ dxyp(x)—s-F, fdxlnx@ w(x)— | dxlnxd,
0 0

-0, |x*R, <F) p(x)|. (A11)

The last term is now written as

o000, (4R (5] 4R, () o0

x*R, ( >}+8xw(0)jdxlnx8[ (iz)

X

j dxInxd,

=y(0) j dx Inx0?

+ j dxInxa, [(w(X) —(0))d, (xz R, (pm

+ [dxlnxd,|x
0

s
’R, (;) (@p(x) — 5xw(0))] : (A.12)
The last two terms here can be written, after integration by parts, as

o — (0 © 9 —d (0
N gdxw(x)xw( )ax[Rz(%)xz 3 gdx xw(x)x Y )x2R2<%>

()~ () . O 2,000~ 3,0(0)
G [l T S )

=0, WpO)(—F,-s)+ Ofdxcl"(x)le2 (;—2), (A.13)
0

where the integrated term has been evaluated and &(x), defined here in the obvious
way, is bounded. Write the last term in (A.13) as

—0,(s)= Ojo dx ®(x)x*R, (iz) .
5 X

S
ZRz(F)

Then

1

(=12, [ dx|x =52 D], | dx|x (A.14)
0 0
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The integral in (A.14) comverges because

1 1
x’R,|— || = [x*F|—| —x?F,—F,| <const as x—0
2 2 2 0 1
X X
c ¢
<x? - == as x—o0.
=T oxt x?

C. J. Callias

Thus there exists a ¢>0 such that |g,(s)| <c-s¥*|®| . We still need to simplity

the first two terms in (A.12). We have

S
X2R2 (;)

)

| dxInx0?
0

=512 [ dxIn(xs"/2)02
0

=52 | dxInx0? [szz (iz)} + 52 1ns'’? | dxo? [xZR2 (é)}
0 X 0 X

1
=s'?L, [F1+ Esl/zlnsé‘x

- O(X)Ixzo

X = 0

1
=S1/2L2, l[F] + O (;)

=s'?L, |[F].
The O(x) for x—0 follows from

1
8xx2R2 (;5)

1 1
2xF|—|—2xF 20 F|—
o () -2ep, 400 ()

=2box+2|Fo|x+b,x,

where b, b, are defined in (4.4).} Similarly we find

1
8

1
<l

1 0

2R .

* 2 (xz)}x=0

| dxInxd,
0

xR, (%)} =s | dxInxd,
X 0

1 o)
+ Zslns | dxo,
2 0

1
=sL1,1[F]+§slns

1
=SL1’1[F]+O(F)

X = 0

1
=SL1,1[F]+§SIHSF1.

1
’F|=|—F,x*—F
-

1
+§Slns'F1

o0

x=0

(A.15)

(A.16)
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Substituting (A.13), (A.15), (A.16) back into (A.12) and then (A.12) into (A.11) we

obtain

Ojo dxF (%) p(x)=F, O[O dxyp(x)+s { —F,- ojo dx Inxd2yp(x)+ Flaxw(O)}
0 0 0

—sY2p(0)L, [F]+s-0,9(0)L, ,[F]

F
+ 71 s1lnsé, yp(0)+g,(s)

Fo | dxy(x)
0

+ s{— F, j dx Inx02y(x)+F 0,y(0)+ 3, p(0)L, 1[F]}
0

F
—s'?p(0)L, ,[F1+ 7‘9#(0)5 Ins+0,(s)

= F,0(x), p(x)>

+s(— F1a:2<9(x) Inz—F,0.00— L, 1 LF10,00, w(x)>

512 Ly P00 ) +51ns = 510,000

+0,(5).

(A17)

Since g,(s) satisfies the estimate (A.14), we have verified our asymptotic expansion
to O(slns). It can be seen that the coefficients agree with (A.5). In particular the

coefficient of F, 0,0, in the s-asymptotic term should be, according to (A.5), jdtlnt

=[tlnt—t]}. ;= — 1, which agrees with (A.17).

2. A particular Example of Asymptotics to all Orders

Consider the following concrete instance for f(x,s):

1

,x>0.
s

1+ —
x2

fxg=F(5) -

To apply (A.5) we need to compute F,, and R,,, ,(y) foreach m=0,1, ....

1 0
Fy)=——= ) (=1)"",y—0

1+y m=0
= F, =(—1)".
The remainder after m+ 1 terms is also easy to write down:
m 1 ym+1+1 ym+1
R,.,(y)= Z(_l)k k= — =— .

(A.18)

Note that
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Now we can evaluate L, ,,, L, ,, defined by (A.6) and (A.7):

1 _ °s) a Zm(l/cz)m+1
Ll,m[m}——gdélzcc N
+C2
1
fdclncac T+l
o 1 B M CZ
W ac(cm 1)‘{‘9;‘1%%1““]‘4}“4:@

—lnM—1 +...+InM

M=

={—§ln(M2+1)+lnM

On the other hand,

1 1 1
Bl = oo iy = Jaeme

0 1 _(:2 © 1 P8
=4+ |l —=—|dl—F5=——.
R
Finally, apart from this particular example, we note as a general result:
L A2 1dl 1—t)?m~2 LN
2). [dtlnt(1—1)*"" 2= — —— -
emma ( )(f) nt(1—1) T k;k

I found that this is true by deriving Theorem (4.1) in a completely different way
(see subsequent papers). It can be checked for a few small values of m. I have been
unable to find a direct elementary proof!

We can now write down the full asymptotic expansion for (A.18):

0(x)

() ) ~0(x), w(x))

) 2m—1

© (= m 1 . .
+mzls< (2m— 1)16’26 Q(X)lnx_m(—l) > Eai 150,1,0(x)>

k=1

< 1 T
m—1/2 2m=2
trs <(2m PR ”’(x)>

Zs lns< lﬁ(q)magm-lao,w(x)>.

By letting s—sA or s—sA~! we can differentiate this asymptotic expansion with
respect to A to obtain one for s
)

s\"’
1+—
(143
where p(—x%) is a given polynomial of degree <n—1.
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