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Abstract. We present a general method which enables us to prove the orbital
stability of some standing waves in nonlinear Schrddinger equations. For
example, we treat the cases of nonlinear Schrodinger equations arising in laser
beams, of time-dependent Hartree equations ... .

Introduction

We consider here various nonlinear Schrodinger equations. To explain our results,
we will give three examples.

1. Local Nonlinearities

o0 B . N

l—a(t, X)+AD(t, x) +|D(t, x)|P ' P(t,x)=0 in R, xRY, (1)
where p> 1.

2. Hartree-Type Time Dependent Equations

0P & ; 1
i () F AR X) Y (e, x) - { [ |G, y)? —dy}é(t, X)
ot =1 lx—x|l R3 Ix—yl
=0 in R, xR3, )
where x,, ..., x,, are some given points in R* and z,, ..., z,, are positive constants.

3. Pekar-Choquard Time Dependent Equations

0P 1
ia—t([’ xX)+ AD(t, x)+ {11{3 |®(t, y)I? ol dy} D(t, x)

=0 in R, xR?, (3)
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In these three cases we are looking for a complex-valued solution @(t, x) and in
order to solve this problem, we will impose an initial condition

D0, x)=d,(x) in RY; 4

and @, is a given function in R".

In addition, in all three cases, we will require at least (¢, -)e L*(R"), Vt.

These three types of nonlinear Schrodinger equations arise in various domains
of Mathematical Physics ((1) arises for example in the study of propagation of laser
beams, see Kelley [16] and Suydam [34] ; (2) arises in Quantum Mechanics, see for
the original introduction of Hartree equations Hartree [15] and Slater [29]; (3) is
a time-dependent version of some equation proposed by Choquard and we refer to
Lieb [17] for a brief discussion of the relevance of this problem to Physics).

In these three cases, it is possible to find (under appropriate conditions)
standing waves of (1), (2) or (3), i.e. to find solutions @(z, x) of the form: &(t, x)
=e*u(x) (A€ R). This yields the following equations for u(x):

—Au+iu=uP "'y in RV, 5
—Au— ) 4 u+iu+(lu|2*—-)u=0 in IR3, (6)
i=1lx—xi‘ x|
—Au+Au— (Iulz*rl—l)u=0 in R3, (7
X

where u is complex-valued and ue L*(IR3).

Of course 0 is a trivial solution, and we are interested in nontrivial solutions:
u=0. Equation (5) has been investigated by many authors (Nehari [25]; Ryder
[28]; Berger [5]; Strauss [30]; Berestycki and Lions [ 3, 4]) — in the last reference,
the most general results concerning equations of the type (5) are given. The
Hartree equation has been studied by many authors, we will mention Reeken [27],
Stuart [32], Lieb and Simon [18], and Lions [20, 22]. Finally Eq. (7) has been
solved by Lieb [17] and Lions [19].

In these cases, we will define a ground state solution uy(x) of (5)~(7) and we will
prove the orbital stability of u,, that is we prove:

4
1. In the case of problem (1): We assume p<1+ —; then for all £>0, there
exists >0 such that, if ) inf  [[@4(-)—e“uo(- + ) sy, <6 then the solution
eR, yeRN

@(t, x) of (1)~(4) satisfies (for all t=0):

il’lf ||¢(t,’)'—'ei0uO(‘ +y)”H1(1RN)<8'
PeR, yeRN

2. In the case of problem (2): For all ¢>0, there exists 6 >0 such that if
inf l|<D0—ei9u0|iH1<mN) <0, then the solution @(t, x) of (2)—(4) satisfies (for all t =0):
0eR

1 . — ia .
;121}{ [D(t,-)— e ug( )||H1(R3)<8~

3. In the case of problem (3): For all £>0, there exists >0 such that if
inf H(DO(')—e“’uo(-+y)[|H1(,R3)<5, then the solution &(t,x) of (3) and (4)

0eR, yeR3
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satisfies (for all t=0):

. N0 (.
eeuzl,rlyt;m3 [@(t,)—e“uo(- + W grrs) <€-

[The presence of the infimum over all y of R® in 1. and 3. above is due to the
invariance of (1) and (3) with respect to translations in space and will be explained
with more details below.] We also give various examples and remarks showing
that these results are optimal; and we will also indicate various extensions.

In Sect. I below, we give a heuristic presentation of the underlying principle
which gives the orbital stability of some specific standing waves in nonlinear
Schrodinger equations. Then, in Sect. 11, we treat the case of problems (1)—(4); Sect.
I11 is devoted to the study of problems (2)—(4) while we treat the case of (3) and (4)
in Sect. IV.

Our results are in some sense an extension of Cazenave [97] and heavily rely on
[9] and on the results obtained by the concentration-compactness method
introduced in Lions [21, 22].

Finally, for the solutions of the Cauchy problems (1)-(4), (2)~(4), and (3) and (4),
we will use the results of Ginibre and Velo [10-13], Cazenave [7, 8], Lin and
Strauss [23], and Pecher and von Wahl [26].

I. Orbital Stability of Standing Waves: A Heuristic Presentation

As indicated in the title, we will not give any rigorous argument in this section, but
instead we will indicate a general line of argument that will enable us to treat the
three examples mentioned in the Introduction.

Let us consider a nonlinear Schrodinger equation of the form:

ot

{i?—g+A¢+F(d§)=0 in R, xRY
(0, %)= By (), ®)

where F(&) is some nonlinear map from some Hilbert functional space E into
another one H and where @, is some given initial condition in E.

1) We will assume that the map F is such that there exists a C! real-valued
functional & defined on E such that:

8'=—A—F() onkE;
that is

== | VO-VdBdx—G(d)
RN

N =

and G'=F.
2) We will assume that, for some u>0, the following minimization problem:

1,=Min (&), ue E, lulZagum =11 ©)
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can be solved and more precisely that we have:

Case 1

& is invariant with respect to translation.
Then we assume that, for all minimizing sequences (u,), <, that is:

u,€E, o =p, )1, -, (10)

we have: 3(y,), CRY such that u,(- +y,) is relatively compact in EnL*(R"). This
implies obviously i) that (9) is solved (I, is attained) and ii) that the set S of
solutions u of (9) is compact in EmLz(IRN; (up to translations, obviously).

In Lions [21, 22]; this assumption is shown to be, in very general situations,

equivalent to the following sub-additivity condition:

I<I,+1,.,, VYoelOul. (S.2)

Case 2

& 1s not invariant by translations.

Then we assume that, for all minimizing sequences (u,),<;, (#,) is relatively
compact in ENL2(RY). Again, this implies that (9) is solved and that the set S of
solutions u of (9) is relatively compact in EnL?*(IRY).

Let us mention that, if &u)= { e(x, Au(x))dx, where e(x,p) is some real
[RN

function from RY xR into R and where A is some operator invariant by

translations from E into M (a functional space of functions defined on R?) - and if,

for example, we have: e(x, p) s ¢*(p), then the above assumption is equiva-
X| >0

lent under very general assumptions to the following generalized subadditivity
condition

I<I+I7,, VaelOul, (S.1)
where Ij{ozlnf{j e®(Au(x))dx/ue ENL?, Iul,z_z(,RN)z,u} — see Lions [21, 22].
RN

Let us indicate briefly why (S.1) or (S.2) imply some form of compactness on
minimizing sequences. This is proved by the use of the concentration-compactness
method introduced in [21, 227 that we shall briefly sketch now. It is based upon the
following remark: take v, a sequence in L% (RY) (or bounded nonnegative
measures) such that ||v,[l,. g~ = u, then there exists a subsequence (that we still
denote by v, to simplify) such that one of the following possibilities is true for all
elements of that subsequence:

i) (vanishing) SuE 5 v,dx—0 for all R< 0,
yeRY , 'Br n

ii) (compactness) 3y,eRY, Ve>0, IR >0 such that

pz | vdxzp—e,
y+Br

iii) (dichotomy) Jae (0, p), Ve>0, v}, v2e L' (R") such that:

lim flo,— (v + o)l Se,  limfo}l=a, dist(Suppo,,Suppv;)— +o0.
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Such a lemma is proved in [21, 22] with the use of concentration functions. Now if
we take a minimizing sequence u, in problem (9) and apply the above result to
v,=(u,)?, one sees easily that cases i) and iii) are ruled out if (S.1) or (S.2) [for
ae (0, w)] holds.

Finally in the case when & is not invariant by translations, one proves that y, in
ii) above remains bounded since (S.1) holds (take a= ). In the two cases we will
denote by S the set of solutions to (9).

3) We will assume for any @, in E, there exists a unique solution @(t, x) of (8)
satisfying: for all =0, we have

|D(t, ‘)ILZ([RN)Z’@ole(RN); (11)
E(@(t, 1)) =6(Dy). (12)

We remark that, formally, (11) is obtained by multiplying (8) by @: indeed we
remark that in view of 1. G(e’®)=G(®)(V0eR) and thus F(e“®)=¢"“F(®) and
| F(®)®eR. Thus multiplying (8) by &, integrating over RY and taking the
]RN

imaginary part, we find: %(I@(t, Np2wy) =0. In the same way, multiplying (8) by

0, = . . . .
a—t(d)), integrating over RN and taking the real part, we obtain
d
dt
After having described our assumptions 1)-3), we are now able to show that S
is orbitally stable in the sense that we have

(&((t,-))=0, and this yields (12).

Ve>0, 36>0, VP,eE, inSfH(PO—ullEan(mN)<5 implies :
VIO, inf 00 )=l <
(We remark that if ueS, eueS, V0eR) This claim is very easy to prove if

l@OIiZ(,RN) = u (we will make this assumption to simplify the presentation): indeed if
the above claim were not true there would exist ¢, >0, @F, and ¢, =0 such that:

¢V6€E, I(p'(l)liz(]RN)=lu’ g((pg)—T)Iu
};relsf [@"(t, ) —ull grr2myy 2 &0
[where @"(¢) is the solution of (8) corresponding to @3]. But in view of 3);

E@'(t,, .))_n,l‘“ |®"(t,, ’)lfz(mm:M

Therefore we deduce from 2) that either @"(t,, -) is relatively compact in & " L*(IR")
up to translations, or @"(t,, -) is relatively compact in &nL*(RY). In these two
cases, this implies:

yelsf D"t ) —ullpr L2 P 0,

and this contradiction proves our claim.
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Thus we see that the orbital stability of S is a straightforward consequence of 1)
the fact that the minimization problem (9) is well posed and of 2) the conservation
laws (11) and (12) (this was first observed in a particular case by Cazenave [9]).

We now explain why we call this phenomena “orbital stability of S”. Indeed let
us first remark that any u solution of (9) satisfies:

—Adu—Fu)=0uinRY, ueEnL*RY), |ui=pu, (13)

for some Lagrange multiplier Oe R. Therefore e'®u(x) = ®(t, x) is the solution of (8)
corresponding to ®y(x)=u(x) and thus e”u(-) is the orbit of u (we remark that
eue S, Vt=0).

We finally explain why this result is in general the best possible: first, very
simple examples (linear Schrodinger equations, see also [2]) may be given that
show that no stronger forms of stability are in general true. In addition, in general,
one cannot replace in the preceding result S by (e“u(-)),.r: indeed suppose F is
invariant by translations and following [9] we consider for ueS, ye R|y|=1,

nzl:
Dyt X)= CXp{i ((x’ y)— %)} 20ty (X _ %y) '

A simple computation shows that @"(t, x) is the solution of (8) corresponding to
the initial condition @f= exp {;li (x, y)} u(x). Now, in our examples we will
have E=H'(RY), and &;—-u while gguf |®" — e“ul| 1w, Temains strictly

positive.

II. Local Nonlinearities

We consider the following nonlinear Schrodinger equations:
0P .
ia_t(t’ x)+ AP(t, x)+ |P(t, )P D(t,x)=0 in R, xRY, (1)
(0, x) = P(x) inRY, 4
where @, H(R), p>1.

4
Ifl<p<l+ N it is well-known (see Ginibre and Velo [10, 11]; Cazenave

[7,8]; Lin and Strauss [23]) that there exists a unique solution &(t, x) of (1)—(4) in
C([0, co[x; H(IRM)) and @ satisfies :

|D(z, ')lLZ(mN)=i@o|L2(RN)§ (11)
E(D(t, ) =8(D), (12)
for all t=0, where & is defined on H!(IRY) by:

1 1
= [ 21> = ——|ulP* 1dx.
E(u) fN |V 1|u| dx
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4 . . .
Remark I1.1. If p=1+ N a solution of (1)-(4) may not exist for all time (see

Strauss [31]; Glassey [14]).
We now look for standing waves of (1), that is we consider the equation

—Au+Au=uf " 'uin RY, uyeH'Y(RY) (5)
and because of (11), it is natural to prescribe:

Iu']%Z(lRN):ﬂ» (14)

where u is given >0, and A is a Lagrange multiplier.
A natural way to obtain solutions of (5)-(14) is to look for the following
minimization problem:

1,=Inf{8(0), ue H'(RY), [ul? vy = 1} ©)

We will call any solution of I, a ground state solution of (5)-(14).
Concerning the solution of (9), the following result, due to Lions [21, 22], is
known:

4 4
Theorem II.1. pr>1+ﬁ’ I,=—o0. pr<1+ﬁ’ we have 1, <0 for all p>0 and :

i) Let (u,), be a minimizing sequence of (9): u,e H(RY), Iunliz(RN)—?u and
(S’(un)—nﬂ .+ then there exists (), CRY such that :

u, (- +y,) is relatively compact in H*(IRY).

ii) Let u be a solution of (9), then: u(-)=e"uy(- +y) for some O R, yeRY and
where u, is a solution of (9) satisfying :

{uo(x)=u0(lxl)e]R, uo(x) >0, and uy(|x|) is decreasing with |x|
— Aug + Aug=ub in RY, for some 1>0; uye C*(R").

Actually in [21, 227, this result is proved for real valued H' functions, but
obviously the proof of i) is totally similar, while we show now that if u is a
complex-valued solution of (9), then u(-)=e"v(-) where 0eIR, v is a real-valued
solution of (9). Indeed, if u=u'+iu® where u',u*e H'(R") are real-valued, then
fi=|u'|+ilu? is still a solution of (9) and this yields:

{—Aui+lui=lu["‘lui in RY
— AW+ A =P Yl in RN
for some real Lagrange multiplier 4. But this shows that — 4 is the first eigenvalue

of the operator — A4 —|ulP ! acting over H*(IRY) and thus: u', u?, |u'|, [u?| are all
multiples of a positive normalized eigenfunction # of —A—[ul?™ 1, ie.:

{—Aﬁ-&-lﬁ:wl"_lﬁ in RY, ie C((RMNHY(RY), i>0 in RY
lﬁliZ(]RN)=M-

It is now obvious to deduce that: u=e 7 and that i is still a solution of (9). This
completes the proof of Theorem II.1.
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For all u>0, we denote by S, the set of all solutions of (9). Then we have the
following result of “orbital stability”:

4
Theorem IL.2. Let 1<p<1+ N let ©>0; then for all ¢>0, there exists 0 >0 such
that for any initial data @, satisfying :

DoeHY(RY), inf [lu—®gll g, <9

uesS,,

then the solution ®(t,x) of (1)~(4) satisfies:

inf lu— @@, ) g@n <e, forall t20.

ueS,
Proof of Theorem I1.2. The proof has been already discussed in Sect. I except that
we assumed |® 7.~ = 4. But, because of the assumption made, we have:

f= 0 <[ Dol 2y <p+ 6.

And using i) of Theorem IL.1, we may conclude by a trivial adaptation of the
argument given in Sect. L.

4 4
Remark 11.2. If p= 1+ N and if p<1+ N_2 (< oo if N=2) then there exist real,

positive solutions of (5)—(14) (for all u>0) (see for example Berger [5]; Berestycki
and Lions [3, 4]) but these are orbitally instable as it can be seen by a simple
argument (see for more general results Berestycki and Cazenave [2]): actually one
can exhibit initial data @, as close to these solutions as one wants such that the
solution of (1)~(4) does not exist for all time ¢ =0 (and there is blow-up).

Remark I1.3. We could replace the nonlinearity |@|?~! by a general nonlinearity
f(®) where fe C(C) and f(re'®)=¢“f(r) for all re R, O R. Then similar results hold
provided one assumes:

(i) HUOEHI(IRN)’ |uo|L2(|RN)§.“s &(uy) <0;
142
() Tm for N < [=eol:
t—+ oo
t
(iii) liTon F(Ot™? <+ <F(t)= jf(s)ds).
=04 0
Under these assumptions, Theorem I1.1 is still true (see [21, 22]) and as soon
as one can solve (1)—(4), Theorem 11.2 holds. For example, if /' (z)=zlog |z|?, (i), (ii),
and (iii) above are valid and Theorem II.1 still holds. In addition, by a simple
application of Gross-Sobolev’s inequality — see Adams and Clarke [ 1], Bialynicki-

Birula and Mycielski [6] —, one can prove that there exists a unique positive
solution of (9) u, and thus:

S, ={e"uy(- +),0eR, ye R}

Therefore, the analogue of Theorem I1.2 holds in this case (and we answer a
conjecture given in Cazenave [9] where a related result was proved under the
restrictive assumption that @, is spherically symmetric).
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Remark I1.4. If &, is spherically symmetric, then we may replace in the above
result S, by the subset of S, consisting of spherically symmetric functions [the
proof is then identical since @(t, x) remains radial for all t =0 if @, is radial].

Remark I11.5. If N<4 and if I<p<1+ 1—4:[—, then by a uniqueness result due to
Macleod and Serrin [24], we have
Su={e"uo(- +y),0e R, ye R"},
where u,, is the unique positive radial solution of : —Augy+Aue=ufin R, u,e H'(R")
and |u,|3.=p. Indeed, in view of [24], any positive radial solution of
—Au+iu=u" in R¥, ueHY(RY), u>0in R¥
is given by u(x)=AY®~ Yy, (]/4x) where u, is the unique radial solution of

—Au;+u,=uf in RV, u,eH'(RY), u,>0in R,

Thus

N
|M|L2(IRN)=/11/(p_ Dy— 4|u1|L2(|RN) _—_Aa[ulle("{N) ,

1 N . .
where o= p——l -7 This yields the characterization of S,,.

ITI. Hartree-Type Time-Dependent Solutions

We consider the following equation:

0P <z
la(t, x)+ AD(t, x)+ igl x——ﬂ &(t, x)
~{ ot y)lz#dy} B(,)=0 in R, xRS 0
R3 [x—yl

B(0, %)= By(x) in R?, in R, @)

where x,,..,x, are some points in R*; z,>0. We denote by Z=) z. If

®@,€ H'(IR%), there exists a unique solution @€ C([0, oo ; H'(R3)) of (2)—(14) (see
Ginibre and Velo [12, 13]); in addition @ satisfies:

|¢(t> ')|L2(]R3)=l(p0|L2(]R3)’ (11)
E(D(t, ) =8(Dy), (12)
for all t=0, where & is defined on H'(IR®) by:

1 Ln g 1
Ew = | =1ul*— = Tt 02 - 2 2l o~ 1 )
(u) n§32| ul 2; e P 4RBIXIR3 ()P u(y)*x — yI ™ *dxdy
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For the same reasons as in the preceding sections, we consider the following
problems:

i ; 1 .
—Au—Y Z’x u+/1u+(|u|2*’—x—'>u=01an3, ue HY(RY), (15)

=1 lx— x|

|u|12.2(uz3)=ﬂ~ (14)
And we introduce again:
1, =Inf{&(u),ue H'(R®), [ulf>qs =} - 9)

Before stating any result concerning (14)—(15) or (9), we need to introduce 4,, the

m
Z;

first eigenvalue of the operator —A4— ) | ; ie.
i=1 [ X—X;

m

/11=Mm{ju7u|2—2 & lulzdx/ueHl(lR3),Iule(ms)=1},
R3 i< 1x—x]

it is easy to check that 4, <0.
We may now state the following result, due to Lieb and Simon [18], and Lions
[20, 22]:

Theorem IIL.1. i) If A<0 or A= — A,, there exists no positive solution of (15).
ii) If Ae[0, — A [, there exists a unique positive solution u;, of (15).

In addition u,eC'(J0, — 4,[; H(R*)NC([0, — 4, 1; H'(R®) and |u,| s is
strictly decreasing for Ae[0, —4,]1;u, b?_‘ > 0. We denote by fo=lto|L2m3)

we have: po>Z= Y z,
i=1
iil) If (u,), is a minimizing sequence of (9) and more precisely if (u,), satisfies:

U eH'RY), 2oy~ 1€10. 0], &) —1,. (16)

or
une Hl(]Rs) > th lunliz(l}w) g luO B éa(un) —n) IIJO > (17)

then (u,), is relatively compact in the Hilbert spaces X = {ue L°(R®), Due L*(IR)},
and if (16) holds, (u,) is relatively compact in H*(IR®). In addition if (17) holds and
li_mlunlfz(ma)>,u0, then all limit points (in the strong topology of X and the weak

topology of I*(R%)) lie in S,,. .
iv) For any ne]0, o], the set S, of solutions of (9) is given by S, = {e”’u,, 0 R},
where A is determined by : |u;]7 s = 1.

Remark I11.1. This result is proved in Lions [22] and relies on previous results of
Lieb and Simon [18] and Lions [20]. Let us also mention the works of Reeken
[27] and Stuart [32,33].

In fact, in [22], iv) is proved only for real-valued solutions of (9). But by the
same argument as in the preceding section we extend iv) to any complex-valued
solution of (9).
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We may now state our stability result concerning S, (or u,).

Theorem IIL.2. Let uc]0, uy]. For all €>0, there exists 6>0 such that for all
initial data @ satisfying :

1) ® e HY(RY), i?ﬂu—¢ﬂm@m<5,
then the solution ®d(t,x) of (2)~(4) satisfies:

inf lu—&(t, ) giwsy<e, foral t=0.

uesS,,

i) @oeH'(RY), inf {lu—Pollx +dr(t, o)} <0, [ Poll L2 =R,

where dg denotes a metric for the weak topology of the ball of radius R of L*(IR*) and

R is some arbitrary constant larger than |/ p,, then the solution ®(t,x) of (2)-(4)
satisfies

inf {u—@(t, )y +dp(w, 2, )} <e  forall 120.
We will skip the proof of this result since it is an obvious consequence of
Theorem I11.1 above and of the argument given in Sect. L.

Remark I11.2. Similar results may be proved for systems of Hartree equations or
Hartree-Fock time dependent equations.

IV. Pekar-Choquard Time-Dependent Equations

We consider now the following equation:

R Ix—yl

B(0,x) = By (x) in R*. )

If @, H'(IR?), there exists a unique solution @€ C([0, oo ; H*(R?)), of (3)~(4) (see
Ginibre and Velo [12, 13]); in addition & satisfies:

,¢([> ')ILZ(R3)='¢01L2(|R3)» (1 1)
ED(t, ) =8(D), (12)
for all t=0, where & is defined on H*(IR%) by:
Ew)= [ HulPdx—% [ [uC)lPlu(y)?x—y|™ dxdy.

Rr3 R3 x R3

{ ia—(p(t,x)-l—A(P(t, x)+ {f {@(t,y)lzLdy} &(t,x)=0 in R, XR3, (3)
ot x—y .

Again we introduce the following problems:
1
— Au+Au— (Iu|2*|7|>u=0in R3®,  ueH'(R?), (16)

|u|12,2(m3) =U; (14)
and

1,=Inf{800), ue H'(R), s =11} )
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We then have:

Theorem IV.1. Let u>0.
i) Let (u,), be a minimizing sequence of (9): u,e H'(IR?), |un|iz(m3,—n—+u and
&(u,)—>1,; then there exists (). CR? such that :
u,(- +y,) is relatively compact in H*(IR?).
ii) The set S, of solutions of (9) is given by :
S, =1{e"u;(- +y),0e R, ye R*},

where (1, u;) (€10, + oo[ X H'(IR®)) is the unique solution of (16)—(14) such that u, is
real, positive and radial.

Remark 1V.1. Part ii) of the preceding result is due to Lieb [17] while part i) of the
above result is due to Lions [21, 22].
Again, an immediate application of the above result and of Sect. I is the

Theorem IV.2. Let >0, for all £>0, there exists 6>0 such that for every initial
data ® satisfying :

d,e H(RY), ir;f u—Poll gmsy <9,
then the solution @(t,x) of (3)-(4) satisfies for all t20:

uieréf flu—&(t, ) g1rsy <é-

Remark 1V.2. Similar results may be given for equations of the form:

i%f(t, x)+ AD(t, x)+ V(x)PD(t, x)
+ { [ 1z, )1 (x—y)dy} ®(t,x)=0 in R, xR", (18)

D(0,x)=D,(x) inRY, (4)

.. N
where Ve LP(RY)+ LY(IRY) with 5 <P, g<+ o0, and fe L¥(RN)+ LAIRY) with

N
‘2-<0t,l3<+oo.
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