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Abstract. We place the Thomas—Fermi—von Weizsidcker model of atoms on a
firm mathematical footing. We prove existence and uniqueness of solutions of
the Thomas—Fermi—von Weizsdcker equation as well as the fact that they
minimize the Thomas—Fermi—von Weizsdcker energy functional. Moreover,
we prove the existence of binding for two very dissimilar atoms in the frame of
this model.

Introduction

The Thomas—Fermi theory of atoms [ 1] (TF), attractive because of its simplicity, is
not satisfactory because it yields an electron density with incorrect behavior
very close and very far from the nucleus. Moreover, it does not allow for the
existence of molecules. In order to correct this, von Weizsdcker [2] suggested the
addition of an inhomogeneity correction

U,(p)=C,(Vp)/p 1)
to the kinetic energy density. Here ¢, = h*/(32n*m), where m is the mass of the
electron. This correction has also been obtained as the first order correction to
the TF kinetic energy in a semi-classical approximation to the Hartree-Fock
theory [3].

The Thomas-Fermi-von Weizsicker (henceforth TFW) energy functional
for nuclei of charges z;, > 0 (which need not be integral) located at R;,i=1,....k
is defined by

Hp) = (3m?) 2 [(Vp ()2 dx + 3 [p(x)* dx
— [V(0)p(0dx + 3 [[px)p(y)|x — y|~ ' dxdy, )

in units in which h*(8m)~*(3/m)*® =1 and |e| = 1. Here p(x) = 0 is the electron
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density, and
k
Vix)= Y z|x—R]|™" 3)
i=1

While the pure TF problem has been placed on a rigorous mathematical
footing [ 1], no parallel study has been made for the TEFW problem. Such a study
was undertaken in the Ph.D. thesis of one of us [4]; in this paper some of the
results of [4] will be presented together with some newer results.

In this article we will study a rather more general functional, which contains
the TFW energy functional (2) as a particular case. In fact, for p(x) = 0 and V(x)
given by (3), let us introduce the functional

&,(0) = [|Vp () dx + 1—1) [PP()dx — [Vp(dx + Dip,p), (@)

where

D(f,9) = L[ [f(x)g(»)|x — y|™ 'dxdy, ®)

for1 <p< 0.
We shall be concerned with the following problem

Min {¢,(p)|peL' N IZ, p(x) 2 0, Vp'/>e [? and [ p(x)dx = 4}, @

where A is a given positive constant, which, physically, is the total electron number.
Our main result is the following:

Theorem 1. There is a critical value 0 < A, < oo depending only on p and V such
that

(@) If 2 £ 4,, Problem (I) has a unique solution.
(b) If 2> 4_, Problem (I) has no solution. In addition,

k
(c)Whenp=%,thend 2Z= ) z,.
i=1

(d) When p > 2 and k = 1 (atomic case), then 1, > Z.

Remark 1. Partial results were previously obtained by one of us. Namely in [4]
it is proved that for the atomic case (k = 1) and p =3, Problem (I) has a solution
ifALZ.

Remark 2. Some of the open problems which are raised by our developments
are the following:

(i) Suppose k = 2 (molecular case)and p =3.Is 1, > Z?
(ii) Find estimates for 4 .
(i) Is there binding for atoms?

With respect to the third problem, there is a non-rigorous argument of Balazs
[5] that indicates the possibility of binding for homopolar diatomic molecule
in the TFW theory. Also, Gombds [6] applied TFW (including exchange correc-
tions) to study the N,-molecule (i.e., z, =z, =7) and found numerically that
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there is binding. He actually computed the distance between the two centers
to be 1.39A for the configuration of minimum energy. We do not give a proof of
binding in the homopolar case, but we will prove that binding occurs for two
very dissimilar atoms.

Remark 3. Theorem 1 obviously holdsif wereplace ¢, by
&,(p)=c, [|Vp*2(x)|*dx + ¢, [ p?(x)dx — [ V(x)p(x)dx + D(p, p),

where ¢, and c, are positive constants.
The proof of Theorem 1 is divided into several steps. In Sect. 1 we describe
some basic properties of & » (p). In Sect. 2 we consider the problem

Min {¢,(p)| peD,}

where D, —{p|p (x)=0,pel>nI? Vp''2el? D(p,p) < o}, and we prove that
the mlmmum is achieved at a unique p,. Note that D, contains {p|p =0,
pelPNnIP?n L', Vp'2el?}. We derive the Euler equation for p,- More precisely
we set i = p,/? and we show that

=AY+t = gy, (6)

where
o(x) = V(x) = [Y2(y)|x — y| ' dy. ()

In Sect. 3 we prove that Y€ L? and we obtain some further properties of Y (y is
continuous, ¥(x) -0 as |x|— o0, etc.). In Sect. 4 we show that if p=#% then
JY*(x)dx = Z. In Sect. 5 we show that if p=2 and k=1 then [y?(x)dx > Z. In
addition ¥(x) £ Me™?*!"” for some approprlate constants M and 6 > 0. In Sect. 6
we prove that for every 4

E() = 1nf{¢,(p)| [ plo)dx = 2} = Inf {& ()| [ p(x)dx < 2}

and we conclude the proof of Theorem 1. We also show that E(4) is convex, mono-
tone non-increasing and that E(4) has a finite slope at A =0. This slope is the
ground state energy of the corresponding one electron Schrodinger Equation.
Using this last fact, binding for dissimilar atoms is proved.

1. Some Basic Properties of &,

In Lemma 2, 3,4 some properties which are useful in the study of Problem (I)
are summarized.

Lemma 2. For every ¢ >0, there is a constant C,, depending on V but independent
of p, such that

[Ve)px)dx < el p5 + C,Dlp, p)*'2, ®)
for every p = 0.

Proof. Let 6 > 0 be a small constant and let {(x) be a smooth function such that
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0<({<Z1land

k
1 on| ) B,(R,)
{x) = R
0 outside | B,,(R,),

i=1

where B,(R,) is the ball of radius ¢ and centered at R,. ¢ is chosen such that all
these ball B,; are disjoint. Let V =V{+ V(1 —-{) =V, +V,. Clearly V, eL*?

and by choosing § small enough we may assume that || ¥, ||, , < & Thus

[V, x)plodx <e|p],. ©)
On the other hand define the operator B to be
(Bp)(x) = fp()|x — | *dy, (10)
so that (in the sense of distributions) we have
— A(Bp) = 4np.
Thus,
[|V(Bp)|?dx = 8nD(p, p). (11)
We deduce from (11) and Sobolev’s inequality that
IBp s < CD(p, p)!'>. (12)
Consequently,
1
[V () px)dx = 7= [ (= AV,)(x)(Bp)(x)dx
= C”AVz H6/5D(p7 p)t? (13)
(note that 4V, e Cy’). Combining (9) and (13) we obtain the conclusion. O

Lemma 3. There exist positive constants o and C such that

Ezallply+lplz+[ Ve 2|3+ Dp,p) - C
Proof. Use Lemma 2 and Sobolev’s inequality. O

Lemma 4. ¢ (p) is strictly convex.

Proof. The only non-standard fact is that the function p— [|Vp!/?|2dx

is convex (or equivalently subadditive). Indeed let p,, p,€D, and set ¥, = p'/2,

W, =py % Wy =(p, + (1 —a)p,)"? with 0 <« < 1. Thus,
YV =, Vi, + (1 —apy, Vi,
=Y )PV ) + [A = 0) 2y, T — )2V, ]
and by Cauchy-Schwarz inequality
YV < (g + (L= oy 3) 2| Vi, P + (1 = )| Vi, [P)V2,
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and therefore,
\le > <a|Vy, P +(1 -« |Vzp 2. O

II. Minimization of £ ,(p) with pc D,—The Euler Equation

We start with

Lemma 5. Min{ép(p)|per} is achieved at some p,€D,,.

Proof. Let p, €D, be a minimizing sequence. By Lemma 3 we have
o ls=C el =C Vo[, =C, Do, p,) S C.

Therefore, we may extract a subsequence, still denoted by p, , such that

p, — P, weakly in L and in L7, (14)
P, Po . (15)
Vpli? - Vpy/? weakly in L2, (16)

((15) relies on the fact that if Q is a bounded smooth domain then H* (Q) is relatively
compact in L*(). (14) and (16) implies that {p)/?} is bounded in H'(Q). Hence
{p}/2} has a subsequence converging in L*(Q) and a.c.). Hence,

liminf [|Vpl2|2dx = [|Vpl/?|*dx,
lim inf | p?(x)dx = | p? (x)dx,

lim inf D(p,, p,) = D(p,, p,) (by Fatou’s Lemma).
We now prove that

f V(x)p,(x)dx — j V(x)po(x)dx.
As in the proof of Lemma 2, we write V =V, 4+ V,. Clearly,
[V, (x)p,(x)dx = [V, (x)p, (x)dx,
since V, €L*2. On the other hand

1
[V,0)p,(x)dx = — Hf(ﬁ V,)(Bp,)dx
It follows from (12) that Bp, — Bp,, weakly in L°. Thus,

JV, )0, (x)dx = [V, (x)p,(x)dx.
Hence,
£,(0,) < lim inf¢ (p,) = Inf{¢,(p)| peD, }. O
We now derive the Euler Equation satisfied by p,,. Set y = p/?.

Lemma 6. The minimizing p,, satisfies

=AY+ Y= gy, 17)
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where
o=V —By? (18)

and (17) holds in the sense of distributions.

Proof. So far, we know that YyeLSnI2? VyeL? and By?eL®. Since Vel?

loc?
it follows that L2 and thus gmpeL}oc. On the other hand Y~ 'eL] _(since
Y eL??). Therefore, (17) has a meaning in the sense of distributions. Consider
the set D = {{el®n1*7|V{el? and D({,{) < «0}. (Note that we do not assume

{=0.)If{eD, then p = CZED and
¢, (p) = f| V{|?dx +;j§2de—jVC2+D(C, =)

Indeed it suffices to recall that Vp'/? = V|{| = V{(sgn{) (see [7]). Therefore, we
find for every (€D

o) = 9(0)
Letne CY ; using the fact that d/dt¢(y + tn)|,_ , = 0 we conclude easily that
[V Vndx + [y?*~ 'ndx = [oyndx. O

III. Proof that the Minimizing ¥ L? and Further Properties of ¥/
We first prove that the minimizing ¥ is continuous:

Lemma 7. Y is continuous on R*; more precisely yeC®* for every o. <1 (i.e., for
every bounded set Q = R, there is a constant M such that |(x) — ()| < M |x — y|*
Vx, ye).

Proof. We already know that By?e L° and (clearly) Ve L3~ °(V5 > 0). Consequent-
ly, @eL}-%(V6>0). Since yeL’, it follows that (plpeL2 3(¥6 > 0). Therefore,

we have
— A S,

where f= @y e loc"(\'/é > 0) and in particular feL] _for some g > 3/2. We may,
therefore, apply a result of Stampacchla (see [7], Théoréme 5. 2) to conclude that
YyeL? . Going back to (17) and using the fact that yeLy , we now see that
AlﬁELic %(V$ > 0). The standard elliptic regularity theory [8] implies that ye C%*
foreverya < 1. J

We now prove an important property of ¥, namely, Y€ L>. Note that such a
fact cannot be deduced from the knowledge that p eD,. It is easy to construct
a function p = 0 such that peL* N I?, Vp'/2eL?, D(p, p) < c and [p(x)dx = oo

Lemma 8. yel?
Proof. Suppose, by contradiction, that [y?(x)dx = 0. Choose r, > Max |R,]|

12isk

such that
| ¥2(x)dx = Z + 24,

|x] <r1
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for some 6 > 0. We, thus, have

BY*)(x) = [Y¥*)|x~ y[ Ty = l ,f V) x[ + [y~ dy

= (Z +20)/(|x]| +r,).
Therefore,

. zZ  Z+2
QD(X)= V(X)—(Blﬁ )(x)§|x| —r, —lx’ _I_rla

for |x| > r,. Consequently, there is some r, > r, such that
P(x) < —o]x|™,
for | x| > r,. It follows from (17) that
— 4y +d|x|" Y =0, (19)
for|x| > r,. We now use a comparison argument. Set
P(x) = Me™ 2007,

where M > 01is a constant. An easy computation shows that

— Ay +8|x|" Y =0, (20)
for x # 0. Hence, by (19) and (20) we have
— AW =) +o|x[t - D <0, @1
for|x| > r,. We fix M in such a way that
Y(x) < P(x), (22)

for|x| = r, (this is possible since eLy? ). It follows from (21),(22) and the maximum
principle that

W(x) < P(x), (23)

for [x| > r,. Since we only know that y/(x) — 0 as | x| - oo in a weak sense (namely
YeL®), we must justify (23). We use a variant of Stampacchia’s method. Fix {(x)e C¥
with0 < {<1and

1 for|x] <1
C(x)“{o for |x| > 2.

Set {,(x) = {(x/n). Multiplying (21) by {,(f —¥)* (here we set t* = Max(z, 0))
and integrating on [|x| > r, ], we find

[ VO —DIVLW D) + (V- Jdx+ | rf;ll(v/—!ﬁ>+|2c,,dx§o.

|x|>r2 [x|>r2

In particular it follows that

o ~ 1 ~
IV e =9 Plaxss | W —v)* PAagdx. (24)

o [X] T 215n
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But we have
~ C
Jolw=d)lagdes [ yrodx
|x]>r2 n<|x|<2n
1/3
éC[ ) wﬁ(x)dx],
n<|x|<2n

by Hélder’s inequality. Since € L®, we conclude that the right side in (24) tends
to zero as n — co. Consequently,

[ olx| @ — )t |Pdx =0

Ix|>r2

and so Y < ¥ for |x|>r,. In particular [§?(x)dx < o, a contradiction with the
initial assumption. O
We now indicate some further properties of .

Lemma 9.  is bounded on R3, Y(x) - 0 as |x| - oo and Yy H>.
Proof. By (17) we have,
— MYy = VY, (25)
and so
-+ =V + DY
Clearly, (V + 1)y e? and so
YS(=4+D7[(V + Dyl (26)

As is well known, the right side in (26) is bound and tends to zero as |x] — 0.
Finally, note that y2?~! < Cy for some constant C and (By?)y e L? (since ye L3
and By2 € L°). Therefore, we conclude that Ay e L? and so Y€ H2, O

Lemma 10. > 0 everywhere and y is C* except at x = R,(1 £ i £ k).
Proof. From (17) we have,
— Ay + ay =0,

where aeLi and g>3/2. It follows from Harnack’s inequality (see e.g. [9]
Corollary 5.3) that either ¥ > 0 everywhere or y =0. We now prove that ¥ £0
by checking that Mm{ﬁ (0) |peD } <0. It clearly suffices to consider the case
where V(x) =z, |x|™% Take the trial function pY2(x)=yexp[ —z,|x |/4]
The terms in p which are homogeneous of degree one are — y*z?/4. The remaining
terms are proportional to y*, s > 2. Hence for y sufficiently small, ép (p) < 0. Finally,
the fact that Y is C* (except at R;) follows easily from (17) by a standard bootstrap
argument, O

Remark. When p = 3/2, there is a simple estimate for ¥, namely
Y270 (x) < Vix), (27)
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for every x. Indeed set u = >~ V(x) — V(x)so that for x # R, we have
Au=2p — W23 (4d) + 2p — 2)(2p = >P~*| VY 2
Z2p— DY 3(4y) =20p — DY?P 37 - oY)

The function u achieves its maximum at some point x,(# R;). At x, we have
(4u)(x,) £ 0 and so Y2?~ D (x,) < @(x,) < V(x,). Thus u(x,) <0, and so u(x) <0
everywhere.

IV. Proof that for the Minimizing v, [y (x) dx = Z (when p > 4/3)
We start with the following remark:

Lemma 11. For any {eCy
4
- f%ézdx < [|Vedx.

Proof. Integrate by parts and use the Cauchy—Schwarz inequality. O
We now prove the main estimate.

Lemma 12. When p = 4/3, [y2(x)dx = Z.

Proof. Let { e Cg be a spherically symmetric function such that {; # 0, {;(x) =0
for |x| < 1 and for |x| > 2. Set {,(x) = {, (x/n). By (17) we have,

- j%éjdx T Y2 dx = [ gl 28)

Using Lemma 11, we find
4
- (L Gaxs VG, Pax s On (29)

Next we claim that, if p = 4/3, then
fy?22dx <¢,n?, (30)
where ¢, »0asn — co. Indeed we have
fy=22dx< | y?P2dx.

n<|x|<2n

If2p — 2 = 2, we use the fact that >~ 2 < Cy/? in order to obtain (30). If 2p — 2 < 2,
we use Holder’s inequality and we find

j‘ wzy—zdxécli J‘ lljzdlep—l(’f)z—p_

n<|x|<2n n<l|x|<2n
Assuming p = 4/3, we deduce (30). On the other hand, since (, is spherically
symmetric, we have

folidx = [[@](2dx,
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where [ ¢] denotes the spherical average of ¢, i.e.,

[‘p]() 4' Iz 5 (p(Q)dQ_4— _f (P(l |Q)dQ

|2]=x| 2l=1
By aresult of [1](Eq. (35)) we know that
[@](x) = (Z — A,)/|x], for |x| > Max |R,|, (31)
1<5iZk
where A, = [%(x)dx. Hence, for large n, we find
j¢qag@—%uﬁgmm=az-%w, (32)

for some positive constant o.. Combining (28), (29), (30), and (32), we find
«Z — An* < Cn+e,n’.

Asn — oo, we conclude that Z < 1. O

Remark. Lemma 12 can also be proved by a direct variational calculation using
(4). This is given in Theorem 4.10 of reference [4].

V. [¥?(x)dx > Z when p > 5/3 and k = 1 (Atomic Case)
We assume now that V(x) = Z|x|~*. The main result is the following:

Lemma 13. ([4], Theorem 4.13) Assume p = 5/3, then fwz(x)dx > Z. In addition
Y(x) < Me~2CD" for some constants M and 0 < 26 < fY2(x)dx — Z

Proof. Since the solution of the problem Min {¢,(p)|p€D,} is unique, it follows
that p,—and therefore yy —is spherically symmetrlc In partlcular o=V —By?
is also spherically symmetric. On the other hand by (31) we have,

o(x) =[] (x) 2 (Z — 2,)/|x], (33)

for x # 0. We already know that {y%(x)dx = Z; suppose by contradiction that
[Y2(x)dx = Z. By (33) we have ¢ = 0 and consequently (from (17))

— Ay + 2P 120, 34

for x#0. We now use a comparison function. Set Y(x)= C|x| 32 An easy
computation shows that

— Ay + Y10, for x| > 1, (35)
provided 0 < C < C, where C2?~? = 3/4. We fix the constant 0 < C < C, such that
Y(x) < Y(x) for |x| = 1, (36)

(Recall that by Lemma 10, y > 0). It follows from (34), (35), (36) and the (usual)
maximum principle that J/(x) < y/(x) for |x| > 1. Since §¢L?(|x [> 1), we obtain
a contradiction. Therefore, [y2(x)dx > Z; finally we argue as in the proof of
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Lemma 8 and we conclude that for some M, y(x) < M exp( — 2(5|x|)*/?) where
26 < [Y2(x)dx — Z

Remark. If the assumptions of Lemma 13 are not satisfied, it may happen that
[2dx = Z. Consider for example the functional

&p) = cf|Vp (%) |2 dx + 2/3 [ p>*(x)dx — [ V(x)p(x)dx + D(p, p),
where V (x) is given by (3). We claim that if ¢ < 1/16m, then we have [y?(x)dx = Z
Indeed set u = Y — 2¢. Recall that — cAy + % = @y, and
Ap =4mp* if x + R,.
Thus,
du= "~ gh) — 8 2 7 — o) 2 = 2

At a point x, where u achieves its maximum we have (4u)(x,) < 0 and so u(x,) <0
(note that u(x) - 0 as |x| — co). Consequently, u <0 everywhere and so ¢ =0
everywhere. Therefore, we must have Z = [y2(x)dx. Since we already know that
Z < [Y2(x)dx, it follows that [y2(x)dx = Z

If ¢ > 1/167, one can still prove the weaker inequality

1
cn/xégqo-l-(c— 1/16m)V, 37

by the same type of arguments. Using (37) we have
Z < [Y2dx £ Z(1 + 8n(c — 1/16m)),

because ¢ + aV = 0(with a > 0) implies [Y2(x)dx < Z(1 + ).
Note that in the one center (atomic) case &, ., is scale invariant. In fact,

— Min &, , = cZ? and (x) = Z2Y(Zx). i

E

3/2

VI. Proof of Theorem 1 Concluded
We need a final Lemma.

Lemma 14. ([4], Theorem 4.2) For every 2>0 we have Inf{¢, (0| peD, and
Ip(x)dx = 2} = Inf{¢ (p)| peD, and [p(x)dx < 1}.

Proof. Let peD_ be such that [p(x)dx < 1; the Lemma is an obvious consequence
of the following claim: There exists a sequence p,€D, such that [p,(x)dx =4
and liminf¢ (p,) = & (p). As p,, we choose

u(x) = px) + 512()

where { (x)={,(x/n)((,€Cy is any function {,#0) and k=[1— [p(x)dx]/
| Cé(x)dx so that [p, (x)dx = A. We now check that lim inf ¢,(p,) <&, (p). Using
the subadditivity of the function [|Vp'/?(x)|*dx and the convex1ty of p?, we find

ép(p,,) é ép(p) + An + Bn + Cn’
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where
k
A4, = 3 JVE,00]2dx

k _
=5lpn 1 Gdx
C = ﬁf(Bp)Czdx + k—zf(BCZ)Czdx
n n3 n 2}’16 n’>n
We shall prove that 4, , B,, C, tend to zero. Indeed we have

n

k
= n—ZHVCO(x)lzdx - 0.
Next, by Holder’s inequality

< SLIAax) VoL fGAdx]
But,
[pr()dx < C [[p7(x) + (kin*)2()P1dx < €

and so B, — 0. Finally, we have

Cy = KLiBoaxI L[ Bezax1 + 1 fB2as
and

1 2
SJBE =-D(E, ).

Therefore, C, — 0. O

Proof of Theorem 1 concluded: For every . >0 we set E(4) = Inf {5 (p)|peD
and jp(x)dx < A}. It is clear that E(J) is non-increasing and that E(4) is convex.
In addition, the same proof as in Lemma 5 shows that there is a unique p,eD,
such that fp,(x) <1 and ¢ (p,) = E(3). Set A, = [y*(x)dx. It is clear that for 2 > 4,
the function E(/) is constant: E(A) = E(Z_); while E(4) is strictly decreasing on the
interval [0, A ]. It follows that for A<, we have [p,(x)dx = A. Consequently,
if 2 </, there is a unique solution for Problem (I). When 4 > 4 , we deduce from
Lemma 14 that Problem (I) has no solution. O

By the same methods as used in Lemma 6, the unique minimizing ¥ for E(A),
A < A, satisfies

-+ U Y =—¢,Y, (33)
where,
U,= Y2 —V + By2. (39)

It is also true (as shown in [1] for the TF problem) that E(4) is differentiable
and

— ¢o(4) = OE/0A. (40)
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Since y satisfies (38) and (x) > 0 (by Harnack’s inequality as in Lemma 10),
we can conclude that Y and ¢, are, in fact, the lowest eigenfunction and eigen-
value of —4 + U, (x).

To summarize what has been proved so far, the function E(4) has many features
in common with the E(4) for TF theory [1]. It is convex, non-increasing and has
an absolute minimum at some 4, < co beyond which E(7) is constant. One import-
ant difference is that A, > Z, at least for the atomic case and p = 5/3. There is
another important difference: in TF theory, E(1)~ — cA'® for small 1, ie.,
0E/0}|,_, = — co.In TFW theory, this is not so as the following shows.

Lemma 15. Let e, be the lowest eigenvalue (ground state energy) of the Schrédinger
operator — A — V(x) with V given by (3). Then

limA~'E(4)/e, = 1, 1.,
210
—¢,0)= @E(l)/@lh:() =e,.

Proof. Let ¢ be the normalized eigenfunction of — 4 — V(x) belonging to e,
and let p,(x) = A¢(x)>. Then ¢,(p;) = ey + 0(4) since the terms in ¢, of degree
higher than the first, while they are positive, are finite and 0(4). Conversely,

E(i)zif)lf{HVp“ZP —Volfp=1},

but this is precisely the variational problem for the Schrédinger Equation. (]

Yet another important distinction with TF theory should be noted. ¥(x) is
never zero and therefore p(x) = ¥(x)* does not have compact support. In TF
theory, p has compact support [ 1] whenever A </ .

Binding of Atoms in TFW Theory
Binding does not occur in TF theory [1]; that is Teller’s Theorem. Binding can
occur in TFW theory as we shall now prove in a special case.

First it is necessary to have a clear definition of what binding means. Given

the nuclear coordinates R, ..., R, , define
E(;{R})=E(; {R})+ U({R,}) (41)
where
UR})= Y zz]|R—R| ™" (42)
15i<jsk

Let us start with two neutral atoms infinitely far apart. The total energy is then
A,,=E (z,)+E,(z,) where E, is the energy of an atom with nuclear charge z,.
The next step is to distribute the total electron charge so as to minimize the total
energy, namely

B,,= min (E (z, +z,—A)+ E,(2)). 43)

0=SA=zi+z2

It may be, and usually is the case in TFW theory, that B,, < A4,,, ie., ions are
more stable than atoms. Finally, we bring the atoms together and define

C,,= inf E(z, +z,;R,,R,). (44)
R1,R>

If C,, < B,,, then binding occurs.
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To show that binding is possible, suppose that z, is sufficiently small compared
to z, so that the following is satisfied

1
@) (GE, /61)(2———‘ s A > <-4,
(b) Al—z, 222z,
where A} is the critical 4 for atom 1; then we claim that
By, =E(z, +2,) (45)

This follows from the following observation: (9E,/04) = (OE,/04)(0) = — z2/4
by Lemma 15 and convexity. Then the equation (0E,/04)(z, +2z,—4)=
(9E,/02)(4) cannot have a solution for 0 S A<z, + z,.

For two such atoms the lowest total energy occurs when the smaller atom
is completely stripped of its electrons which become attached to the larger atom.
Now consider the first atom with R, =0 and with A =z, +z, < A!. The electric
potential ¢ which is spherically symmetric, will be negative for large R. If the second
nucleus z, is placed at a point r where ¢(r) <0, the total energy will be reduced
by an amount z, ¢(r). Thus,

C,,<B,,+z,0(r)

and binding occurs.
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