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Abstract. We construct a class of non-symmetry breaking pair interactions,
which change the phase diagram of the n.n. Ising and classical X Y model.
Furthermore we improve earlier obtained constraints on the decrease of
interactions, necessary to get analyticity properties of the pressure in manifolds
of non-symmetry breaking interactions.

1. Introduction, Notation and Some Known Results

Heuristically, in thermodynamics one expects that the Gibbs phase rule holds,
in the sense that there are manifolds in some interaction space on which

1. suitable thermodynamic functions are analytic

2. the number of possible phases remains the same [4].

In [1]it was shown that in spaces 2, defined by

lell,= X gX)|ex)|
0eX cz4
2. does not hold if g(X) is only dependent on the number of points in X and
1. does not hold if g(X) increases more slowly than (diam (X))'/2.

The existence of manifolds on which more than one phase coexist has been
shown by Peierls contour arguments. In finite dimensional interaction spaces,
containing classical interactions of finite range, this has been done in [2]; for a
more restricted class of interactions, but in the infinite dimensional subspace of
pair interactions with g(X) = diam (X), in [3].

In this paper we improve the results of [1] for the 2 dimensional Ising model.
We construct a classical long range perturbation, which does not break the
symmetry of the transition, but changes the phase diagram when added to the
Ising interaction with any positive strength. This implies that the result in [3]
in a sense is best possible. For analyticity we give the improved condition (which
is necessary but probably not sufficient in view of our result on the stability of the
phase diagram) that g(X) has to increase at least as diam (X)*/3.

Furthermore we consider the broken rotation symmetry of the classical
XY model and show that in that case the stability of the phase transition is lower
than in the case of a broken discrete symmetry.
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Remark. We have taken the Ising and the classical XY model as examples, but
our results can be directly generalized to a much wider class of classical lattice
systems incorporating all short range interactions, which give rise to a phase
transition with a broken symmetry. The generalization to quantum interactions
is also straightforward (if we start with the special case of a discrete spin classical
interaction it is a direct consequence of the fact that neighbourhoods in classical
interaction spaces lie inside the corresponding quantum neighbourhood [14]).

For general properties of lattice systems we refer to [4]. We will make repeated-
ly use of the variational principle

P(®) = Spli? s(p) — p(4,) (%)

[11 Chap. 7.4;4 Chap. 2] where the equality is reached for elements of I, the
translation invariant equilibrium states for the interaction ®. As in [1] I is the
set of translation invariant states, P the pressure and s the entropy per lattice
site.

Further we write G, for the Gibbs states for @, i.e. the states for which the
DLR equations hold [5] (compare [14]) if [@]l,= X |2(X)| < 0. Gp>1,.

OeX
Both I, and G, are Choquet simplices. Hence, if pel,;, p has a unique decompo-

sition in extremal invariant equilibrium states and also a (in general finer) unique
decomposition in extremal DLR states [5, 11]. Extremal DLR states have short
range correlations i.e. for any observable AeC({Q}%") there is a finite A = Z¢
such that

|p(AB) — p(A)p(B)| < || B||

if BeC({Q}%"4). [5. Th. 3.4; see also 20] (Q is a compact one spin configuration
space). If p is extremal DLR and invariant, this implies

lim p(At, B) = p(A)p(B),

X—* 0

while if we only know that p is extremal invariant, but not necessarily extremal
DLR, this limit needs only to exist in the Cesaro sense (p is weakly clustering

[6, 12]).

Definition. An interaction ¥ does not break the symmetry of the phase transition
at @ if p(4,,) is the same for all pel,.

2. Instability of the Ising Phase Diagram

For the 2-d ferromagnetic n.n. Ising model with interaction @,, it is well known
that, if the external field H=0 and T < T,, there exist two invariant extremal
DLR states p™ and p~ with magnetization + m and — m [7] (It is even true that
I% = G“’n [13]).

As in [1] we will use spinflip operators.
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Forany Q = Z2, R,, is the operator which flips the spins in Q. For NeN we
divide Z? in layers as follows:

(J Ljiwhere Ly ={x,,x,|N'<x, <N({+1)}.

i=—o

Furthermore we define: Q, U L2*! and Ry = =R, . Now we introduce a

i=—wo

class of perturbations which destroy the Ising transition, denoted by @7,. @ i
a non-symmetry breaking pair interaction with only antlferromagnetlc terms
defined by:

e}
Py (xt;0x)= ), 0, :a" <a<l VxeZ?
i=0

D7, (X) = 0 otherwise.
Note that

AR LA Za =

Now we can prove the following:

Theorem 1. For @, + A9, there do not exist two invariant extremal DLR states
with a magnetization different from 0 for any awith: < a <1and /. > 0.

Proof. Suppose that there did exist w " ., and o, ,, translation invariant extremal
DLR states with a nonzero magnetlzatlon + m, . Then (*) implies:

P(dsls + j'(paz) = S(wa_,,x) - wa_,g (Aq>ls +g<pg) = SquS(p) - p(th_ +;,q)az)- (1)
pe
We will now construct a state cba Ao el such that:
S(Dy 280) = Do 2o (Ad> +/1<pa) > S(a’a )= o, A(Acb“ +/1<1>;)' )

Clearly (2) contradicts (1) which implies that, contrary to the assumption
o, cannot be equilibrium states.
Define

1 1 2N
W N~ 2N Zwa AORN'E:0<=ﬁ__Z a’a,AORNTzo>

Since w,, as an extremal DLR state has short range correlations there exists
keN such that:

aA(O'oo 10)—2”‘1 Viz 2k 3)

Furthermore we know that s(w, ) =s(d, , y)¥YN ([1] Lemma 3). To prove (2)
we need to show that

w;:/l(Acbl_\_ +a0g) CT)a,l,N(Adih +106) >0 )

for some N. Take N = 2! for some /.
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We will split A in 4 parts consisting of

@, 108
1
A=—9,5(0_, 00017100001 901%,0% 0,1 T0.0)
k
. .
+34 2 a(045,0050+F 0000 _30)
i=0
-1
1 i
B=34 Z a0 00,0+ ‘70,0‘7—21,0)
i=k+1
— 191
C= 2/161 (0'0,00'21’0 + (70,00-_21,0)

@
D=1, Y a(04,005i 0+ 0000 _5i0)
=141

Example with

D c B A(0,0)A B c D
~ 2 A& 1 22a)+1
W (A) = B, ; N (A)> — N |®,| - Ni; 2'a' > — N(z @] + ?__1_>
-1 A(za)kﬁt 1
—_ . 5
o <2”¢“”+——~2a—1 )
By (3) we have
w;,z(B) =@, yB)>4 Z %mf =i >0 (6)
i=k+1
and
CU::A(C) - Cf)a’l’N(C) > lmf d. (7
Furthermore
w;:;,(D) - d)a,A,N(D) =0. (8)
Combining (5), (6), (7) and (8) we get (4) and hence (2) by choosing N large enough.
O

Note that the same proof works whenever we take instead of a' any positive
function ffor which

lim 2!£(2!) = oo.
>0

3. Constraints on Analyticity

In [1] it was shown that P is not analytic [18] on spaces 4, if g increases more
slowly than (diam (X))V2if N(X) = 2.
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This result can be improved somewhat as the following Theorem shows.

Theorem 2: At @, P cannot be analytic on a space %, if

: 9(X)
lim T — =0.
Noo =2 diam (X)?/3
diam(X)— oo

Proof. Define ¥, to be the antiferromagnetic pair interaction between points
at distance N :

Yy(xt;ox)=0; 5
¥, (X) = 0 otherwise.
If P is analyticin 2, and | e, |, small
P(@,,+6%,) = P®,) — op™ (Ay ) + 2 PL(Py. ¥) +20(| 2, ]2 ©)
P(®, —e¥,)=P®,)+ep* (A‘PN) + 2Py (P, Py) + 30( H Y, “;) (10

where Pj, is the bilinear form on % s X B, which is the second derivative of P
at @, .
The difference of the right hand sides of (9) and (10) is

—2m’e +&20(|| ¥y [7).

1
The difference of the left hand sides of (9) and (10) is of order N This can be seen
by the following argument:
2N
Letwy€el,, o and Gy === wy°RyT,,.
ik 2N, 5 ’
From (*) we have

P(®,, —e¥,)— P(D, +e¥y) = s(Dy) — s(wy) — CaN(A‘st) + wN(A“’zs)

. 2
+ady(Ay ) +eoy(Ay )2 ~ 1] 2, ()
because
Dy (A,,N) = —wy (A.,,N) and s(dy) = s(wy).
In the same way we can prove:
2
P(®, +&¥y)— PP, —e¥,) 2 — N | @]l (12)
Hence
2
|P(D,, +e¥y) — P(@;,— e¥,)| < NH o
Thus

2
| = 2m*[e+e* 0| W) [ = 5l @ - (13)
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1
By takinge =0 <—ﬁ> we see that

” .PN H; = O(Nz)-

Remark. Note that this should be true for any infinite subsequence N, of N.

4. Comments on the Ising Case

Ginibre et al. [3] proved that in applying the Peierls argument one is allowed to
add small perturbations in the space of pair interactions satisfying:

I ¢||[~GGR =) diam,(X)|P(X)| < o0 Vi
OeX
where diam,(X)is the maximal distance in the i’th direction between points of X
Theorem 1 shows that this cannot be much improved in the sense that any
condition of the form
Y. g(diam,(X))| (X)| <

OeX

on the perturbation is too weak if
g(2')

lim ;- =0.

- o0 21

(This implies that the GGR result is the best possible if g should be monotonic).
Analyticity results of Kunz and Souillard have been announced [8] in some

. 1
space %, with 0%{ )
There are spaces %, however, for which this condition holds which contain
a @7, of our Theorem 1 or in which the technique of our Theorem 2 can be applied
[10], so without some other conditions this condition cannot be sufficient.

< oo with the corresponding strong cluster-properties [9].

5. Instability of the Phase Diagram of the Classical XY Model

In the 3-d n.n. classical XY model it was proved in [15], that for H=0 and T
sufficiently low there is spontaneous magnetization in the sense that for some
state pel oy,

lim p(S 4 0°8,.0.0) = lim p(cos(®, , o, — O, , ) =m>>0. (14)

n—oo n—o0

For this case we can prove

Theorem 3. For @y, + A® there do not exist equilibrium states with spontaneous
magnetization in the sense of (14) for any awith; < a < 1and A > 0.

Here @7, is the (rotation invariant) classical XY interaction defined analogous
to the ®% in Theorem 1.

Proof. The proof goes essentially in the same way as in Theorem 1. However,
instead of @, , y we now use @, ,  defined as follows:
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Let R be defined by:

Rte,, =@.,., + V{i,j,k}eZ?
o,

Then

waAN (Zwal NTioo T RNTLOO>

(5) becomes in this case (using icos (x + y)+icos(x —y)=cosxcosy and
1 —cos x < x2):

wa,l(A) - U‘z)a,).,N (A)

. i
= wa,l( —008(0 50— 0 40+ ECOS<@0,0,0 -0, +N
n K
+5cos (90,0,0 =0, 00~ N‘)) < Ya (COS 0,00 ~ @200
i=0

2in Qi
- %COS<@O,0,0 =000t ’N’) - %Cos(@o,o,o =000~ W)))

1 {
for C some positive constant independent of N. The rest of the proof is the same as
for Theorem 1. O

As for analyticity, with the same techniques as in Sect. 3 it follows that g(X)
has to increase at least like (diam (X))*® in this case for P to be analytic on a mani-
fold in a rotation invariant Banach subspace 4, .

6. Final Comments

1. In the proof of [15] it is not allowed to have general non n.n. interactions, so
itis not known if our Theorem 3 gives a “worst possible” result in some sense.
2. Theorems 1 and 3 can also be proven if we take instead of @ isotropic pair

interactions with power decrease — with d <a <d+ 1 in the d dimensional
r

Ising case (d = 2) and d < « < d + 2 in the d dimensional classical XY case (d = 3).
3. The above results seem to support Griffiths’ and Pearce’s [16, 17] claim that
renormalization group transformations in the thermodynamical limit may not
exist as analytic transformations on interaction spaces, because the phase transi-
tion and hence also the critical behaviour is less stable than is generally assumed
[16,19].
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