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Abstract. We derive the Vlasov hydrodynamics from the microscopic
equations of a quantum mechanical model, which simulates that of an assembly
of gravitating particles. In addition we show that the local microscopic dyna-
mics of the model corresponds, on a suitable time-scale, to that of an ideal
Fermi gas.

1. Introduction

It is only in certain limited contexts (e.g. [1-3]) that the extraction of macroscopic
dynamical laws from the microscopic equations of motion of ‘large’ quantum
systems has been rigorously effected. To the best of our knowledge, there are,
as yet, no rigorous derivations of hydrodynamics from quantum statistical
mechanics.

The present article is devoted to the passage from the microscopic equations
of motion to a form of hydrodynamics, i.e. that due to Vlasov, for a quantum
mechanical model which, though relatively simple, does have some physical
significance, as we shall presently explain. The model, X, is that of an assembly
of N particles of the same species, in R?, with Hamiltonian

1 N N
H®=SN72E Y pi+ N71 ) Vi —x), (1.1)
j=1 k=1
i<k
where
[xj>pk]=i5jk’ [xjaxk]=[pj’pk]=0> (12)

and where V satisfies certain regularity conditions. As we are concerned with
the properties of the model in the limit N — oo, we formulate the dynamics of a
sequence of systems {X™}. Furthermore we restrict our considerations, for
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reasons which will presently become clear, to evolutions from initial states for
which

(x2YM <4, and N"23(p2y™ < B, (13)

where A, B are finite constants, independent of N. Although the model appears
to have a more natural physical significance when the constituent particles are
fermions (cf. the next paragraph), our analysis is equally applicable to the case
where they are bosons. The principal result we obtain is that the model obeys
the laws of Vlasov hydrodynamics in the limit N — co. This result thus parallels
the classical one of Ref. [4].

In the case where its constituent particles are fermions, ™ is closely related to
the gravitational system, X%, whose equilibrium states we obtained in an earlier
article [5], and which we shall now briefly describe. & consists of N fermions
of one species, that interact via Newtonian gravitational forces. It satisfies certain
simple scaling laws, and in one particular scaling, the region Q that it occupies is
N-independent, while the gravitational constant and particle mass are proportional
to N~ ! and N*?, respectively. In this scaling, the Hamiltonian for X% is given by
(1.1), provided that V(x)= — |x|! and Dirichlet conditions are imposed at the
boundary, 02, of Q. Furthermore, the mean square momentum per particle of 23
scales as N*/3, Thus, we see that, if V/(x) is chosen to be a suitably regularized appro-
ximant to — |x|~*, then ™ simulates £, with the bounds given by (1.3) replacing
the boundary condition at dQ. Likewise, X’ may be made to simulate the atomic
model 2, whose equilibrium properties were obtained in Ref. [6], provided that
additional terms are introduced in H™ to represent the presence of the nuclei.

We formulate the dynamics of 2™ in terms of a hierarchy of n-particle char-
acteristic functions, corresponding to reduced density matrices. The formulation
is effected on two distinct time-scales, which we term ‘microscopic’ and ‘macro-
scopic’ (or ‘hydrodynamic’). In view of the condition (1.3) and the assumed regular-
ity properties of V, it turns out (Lemma 5) that <xf >Mand N™23¢ pf >™ remain
uniformly bounded w.r.t. N over any finite time interval, whether measured on
the microscopic or macroscopic scale. From this it follows that the interparticle
spacing scales as N~ /3, and thus, in the limit N — oo, any neighbourhood of
a point X (€ R?) will generally carry with it an infinity of particles. Thus it emerges
that, as in the cases of 2% [5] and 2 [6], each point X carries a system whose
algebra of observables is isomorphic, via a scale transformation, to that of an
infinitely extended assembly of particles.

The microscopic description is concerned with the evolution of the states
induced on the observables attached, in this way, to different spatial points X.
In this description, we re-scale displacement from X, momentum and time relative
to N~ 13, N'/3 and 1, respectively. The units of distance and time thus correspond
essentially to the mean interparticle spacing and to the mean time required to
traverse that spacing. The results we obtain on the microdynamics are that, in
the limit N — oo, the evolution of the local states corresponds to that of an ideal
quantum gas, and that, if the observables attached to different points X are initially
uncorrelated, then they subsequently remain so. These results arise because, in
the scaling concerned, the forces on the particles vanish in the limit N — co.
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In view of the fact that the interparticle spacing ~ N~ /3, the second result may
naturally be interpreted as signifying that the purity of a phase is preserved.

In the macroscopic description, we scale distance, momentum and time in
ratio to 1, N'/® and N'/3, respectively: thus, in this description the unit of distance
is essentially the mean radius of the system and that of time is the interval required
for a particle to traverse that distance. The result that we obtain is that, in the
limit N — oo, the macroscopic evolution of the system is given by the classical
Vlasov hydrodynamics: the quantum properties of the system, that serve to
generate this dynamics are buried in the structure of the initial state.

The essential reasons why such a result could be anticipated may be seen from
the following heuristic argument. If we define P,:=N"'?p, t:=N'>T and
hy:=N~13, the Hamiltonian H™ takes the form

1 N _ N
HY =2 Y PI+ N1 Y Vix;—xp), (1.4)
j=1 jsk=1
i<k
with
[x, Pl = ifiyd,,; (1.5)
and the unitary operator governing the evolution of X™ is
UM(T)=exp (iH(N)T/hN). (1.6)

Thus, by (1.5) and (1.6), the quantum properties of the dynamics become governed,
in the macroscopic description, by an effective ‘Planck’s constant’ #,, which tends
to zero as N — oo. Hence, one could expect that, in this limit, the system becomes
classical; and further, a classical system with Hamiltonian given by (1.4) is known
[4] to evolve according to a mean field theory corresponding to Vlasov hydro-
dynamics. Our result may therefore be regarded as a natural combination of a
classical limit and mean field theory.

The material of this article will be organised as follows. Section 2 will constitute
a self-contained formulation of the theory of the microscopic evolution. In Sect. 3,
we shall provide a description of the model at the hydrodynamical level and
state our main Theorems, the proof of which will be constituted by the results
of Sects. 4 and 5. In fact, Sect. 4 will be devoted to the derivation of the classical
Vlasov hierarchy for the limit N — co; while Sect. 5 will provide a proof of the
existence and uniqueness of the global solution of this hierarchy, together with a
proof that, in cases where the initial state satisfies a factorisation condition,
representing molecular chaos, then so too do the subsequent states, and their
evolution is governed entirely by the one-particle Vlasov equation. Thus, in this
case we have a ‘propagation of molecular chaos’, as in the classical model of Ref. [4].

Through this article we shall denote R® by I' and the Hilbert space L*(I'Y)
by #M,

2. Microscopic Dynamics

We shall now formulate the states and dynamics of the above-described N-particle
system ™ in a scaling that corresponds to the microscopic description discussed
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in Sect. 1. Thus, if p™ is a density matrix in #™, representing a state of X,
we define the evolute of p™ at time ¢, on the microscopic time-scale, to be

i =e p™ (2.1)

where the Hamiltonian H™ is given by Eq. (1.1). For XerI', teR and n( < N)eN,
we define the local characteristic function ﬁg?f;"): I x I'" - C, by the formula

—iH®N)t

ALPE sy, on,) =Tr [V expi 3, (NT3Ep, + Ny, (x; — X))]

j=1

Vf.,n.ef;j=1,...,n, (2.2)

where ¢;p; and n,(x; — X) are inner productsin I'.

Thus ,u‘” 1) y1e1ds the n-particle correlation functions at time ¢, in the scaling
where distance ~ N~ Y/ and particle momenta ~ N'/3. Suppose now that {p™}
is a sequence of density matrices corresponding to states of the systems {Z™},
such that AQ;” converges to 4y, as N — o0, in the weak topology dual’ to L, (I'*").
In this case, the family of characteristic functions fiy, = {4y, [neN} yields the
local correlations at X, for time ¢. In fact, i , corresponds to the state of an infinite
system, attached to X, whose observables are the self-adjoint elements of the C*-
algebra of the CAR or CCR over L*(R3).

We now extend our description of the microscopic properties of {Z™} by
defining characteristic functions, that serve to specify not only the local states
but also the correlation functions for observables attached to different points of I'.
Thus, for each finite point set (X, ..., X,;)el” and corresponding set of integers
(ny,...,n), we define

M(N,ru, Snt) . ([*m X F”’)2—>C

X1,....X15t
by the formula
Ning,..., 1 . (1 1
u'g(l,m,th)(é( ) . -,C“,Vl( ),...,1”())

1 nk
=Tr[p§N)expi Z z (N_llsé‘(ik)pn1+...+nk_1+j

k=1j=1

+ Nl/3rl§k)(xn1+...+nk_1+j_ Xk):l’

VEW = (0, ... E9), 1P =nP,...,n®); &P, nPel. (2.3)
Suppose now that {p™} is a sequence of density matrices such that, for all values
of (X,,...,X)), (n,...,n)) and ¢, the function A{'"-" converges to {30,

say, as N — oo, in the weak topology dual to L ((F e -*m)2) Then, in this case
fi,, defined as the family of functions {a§" ’;‘(’l);t |(X,,....X)el;n,,...,n,eN},
specifies not only the local states of the system, but also the correlations between
observables attached to different points of I. We note, in passing, that ji, corres-

t It is rather easy to verify that sequences of states {p™} satisfying this convergence condition can be
found: the same may be said for the corresponding condition specified in the following paragraph.
On the other hand, one can easily show that a pointwise convergence of the characteristic functions
ug?’ " is out of the question, because of their X-dependence
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pondsto a state on the algebra of observables that we termed ‘hydrolocal’ in Ref. [ 5].
The following Theorem shows that the microdynamics of the system, as specified
by the time-dependence of /i, , corresponds to local free evolutions.

Theorem 1. If the gradient of the potential V is bounded, then the temporal evolu-
tion of fi, is given by the formula
e (00 )
= g (5(1) + U(l)t LED 4O gD 0y (2.4)

.....

Corollary 2. If ji, has the property that, for arbitrary (X,,...,X,)el’ and
By, MEN,

1
A €0, 80, ) = [T 0 (0,0 ®), 29)
k=1
then
g €0, €05 ®) = H A0 (0, ©). 26)

Comment. Condition (2.5) signifies that observables attached to different points
of I' are uncorrelated at ¢ = 0. Since the mean interparticle spacing for T™ ~
N3, this may be interpreted as signifying that the initial limit state, represented
by fi,, corresponds to a pure phase. Corollary 2 tells us then that the purity of
a phase is preserved under microscopic time evolution.

Proof of Theorem 1. We shall prove the Theorem for the case [ = 1: generalisation
to arbitrary [ is trivial. For this purpose, we start by defining

)Zﬁ.N)(t) _ eiH(N)the_iH(N)t> ﬁﬁ'N) (t) — eiH(N)zpje—iH(N)t’
F™0) = —N~' Y VVEN (@) —2M(0)), @7)
k#j

and noting that, by (2.1) and (2.2),
F‘X,n)(‘fl,~-,€n;’71,~-,'1,,)
=Tr[pMexpi ), (NT'3E M () + NV, (X(N)(t) - X)) ] (28)

i=1
Further, it follows from Egs. (1.1) and (2.7) that the Heisenberg Egs. of motion
for ™ (¢) and p{™ () imply that

V(@) =p,+ jdt F™(2);

t t
EM(@) = x4+ N"2Ppit + N3 far [dt" FM(t"). (2.9)
0 0

Hence, by (2.8) and (2.9),
ﬂ(}?f;n)(ﬁla'”afk;nl,...,nk)

=Tr[p™expi ), (N"'2(&;+n;0)p;+ N'Pny(x;— X)+ N~ 0N ()], (2.10)

j=1
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where
t t t
QM () =&, [dt F™ () + n,fa [di" FP (). (2.11)
0 0 0
In view of our assumption that VV is bounded, it follows from (2.7) and (2.11)

that || 0™ (¢) | is uniformly bounded w.r.t. N. Further, as
Jet+m - et 5 | 5]
for any self-adjoint operator A, it follows easily from Egs. (2.10) that
[ (SRR R Rl (IS AW AE S N NNS]
SNTBIOM@].

Hence, in view of the uniform boundedness of | 0 (¢r)| and the definition of
[P, as the limit of A", in a specified topology, it follows that

P E g o) = BP0 & 1yt E 1,505 01,), O

which is the required result.

3. Hydrodynamical Description

The state of Z™ at time t, in the scaling for the macroscopic description, specified
in Sect. 1, is given by the density matrix

PV =exp(— iNY3HMp)p™ exp(iN'3 HMt); (3.1)

and the n-particle characteristic function (n < N) in this scaling is p™" :I™ x
I'" - C, where

n
PN E Ny ,) = Tr[pﬁ”’eXpi Y (NTVE p4nx;) ] (3.2)
j=1
where & P and 7;x jare inner productsin I'.
We are now in a position to state our two main Theorems on the macroscopic
time evolution of ™ in the limit N — oo.

Theorem 3. Assume that the initial states {p™} of the systems {Z™} satisfy the
condition (1.3) and that, further, the Fourier transform V, of V, is a C-class function
on R3. Then, under these conditions u™"™ converges pointwise, for each neN and
teR, to a characteristic function U™ for a classical probability measure m®™ on
I'" x '™ as N — o over some subsequences of integers, and further,

(1) the sequence {m™} defines a probability measure m,on I'™ x I'™; and

(2) the sequence p,: = {u™} satisfies the Vlasov hierarchy, namely,

=L+ Ky, (33)
where

oum
L)€y ns ity ,n)—Zn, (él,--‘,é,,;m,...,n,,), (34
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Ki)Eyseres st = . [P aT0)(a)

Jj=1

(n+1)(51,___,ﬁn,O;nl,...,nj+q,...,nn, —q), (3.5)

and where we define the Fourier transform V of V according to the convention
that V(x) = [d°qVg)e™s™.

Theorem 4. Under the same conditions on V as in Theorem 3, the Vlasov hierarchy
(3.3) admits a unique global solution for the evolution p,— u,. Furthermore if,
at t = 0, u, satisfies the factorization condition

n

WOy, ﬂ D&y, (3.6)

then it fulfils this condition for all te R. In this case, p{") is the unique solution of the
Vlasov equation, as expressed in terms of the one-particle characteristic function, i.e.

d (1)
S =

n—e ag 6 m+ [Pq V(@@ En+ QuPO0, —gq.  (3.7)
Comments. (1) Theorem 4 tells us that the dynamics governed by the Vlasov
hierarchy preserves ‘molecular chaos’, as represented by the factorization condi-
tion (3.6). As u is the limit of u™" (Theorem 3) and as the interparticle spacing
for ™~ N~13 it is natural, according to standard arguments [7;p.295],
to interpret condition (3.6) as one that is satisfied by a system in a pure phase.
Furthermore, it is not too difficult to construct a sequence {p™} of initial states
(e.g. suitable quasi-free ones) for which the limit characteristic functions p"
satisfy (3.6) at t = 0 and hence, by Theorem 4, for all ¢.

(2) Although it is a fairly simple matter to weaken the condition on ¥ for
Theorem 3, it seems to us to be difficult to do the same for Theorem 4—at least
within the present framework.

4. Derivation of the Vlasov Hierarchy
This Section will be devoted to a proof of Theorem 3.

Lemma 5. Assume that |VV | is bounded and that condition (1.3) is satisfied. Then,
foreach TeR , 3 finite constants A, By such that

Tr(p\Vx?) < Apand N~2P Tr (pp}) < B, Vte[ - T, T]. 4.1)

Proof. Defining
x}N)(t) = exp(iN“3H‘N)t)xj exp(— iNY3H™y),
pM(1) = exp (NP H™Mt)p, exp (— iN'*H™y), 4.2)
and
(N —_ - N _ N
FO@B)= =N Y VW) — x0), 4.3)

k#j
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it follows from (3.1), (4.2) and (4.3) that
Tr(p{Vx7) = Tr(p®™ (x{V(1))*) and Tr (o™ p?) = Tr (p™ (M (1))*),  (44)

while it follows from (1.1), (4.2) and (4.3) that the Heisenberg equations of motion
for x{™(t) and p{™(z) yield the formulae

t ty
V() =x;+ N~ Pp,e+ [de, [dt,FM(t,) (4.52)
0 0

and

t
PV () = p; + N [dt, F®(,). (4.5b)
0

In view of our assumption of the boundedness of VV, it follows from (4.3) that
| F™(z)] is uniformly bounded w.r.t. N and . It is a simple matter to show that
this uniform boundedness of | F™(2) [, together with the assumed condition (1.3)
and Eqs. (4.4) and (4.5), imply the requlred result. O

Lemma 6. Assume again the condition of Lemma 5. Then, for all y:=(,,...,¢,,
Nis-eesh,, t) inany compact region K of I X I'" x R, the first and second derivatives
of ,uiN’")(fl s Epitys s, WLt the s and s are all uniformly bounded w.r.t.
N and y.

Proof. It follows from the commutation relations (1.2) that

expi Y. (N‘”3§jpj+njxj)=exp<i Y N‘”%J.p}.) exp <i Y njxj>
J J

j=1 i=1 j=1

i n

on{i3 (o £

j=1
-exp(z.;N“”%jnj). (4.6)

Hence, by Egs. (3.2) and (4.6), the first and second derivatives of u™™ w.r.t. the &s
and #'s are given by the following formulae, the right-hand sides of which are
well-defined, in view of Lemma 5,

au(gn)(él,-..,én;nl,-u,nn)
=iN"1? TI[PEN)(PJ —inexpi Y (N“13¢p, + njxj)] 4.7)
j=1
a"(N")(gl,. L)
= iTr[pgN)(xj +3NTB ¢;)exp ié:l (N~13 ¢ip;+ ”jxj)] (4.8)
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62 (Nn)
ai 06 (él> '95,,;’11’"-9}1")
k
=—-N~ 2’3Tr[(p + 310 (p; — 31,) exp i Z(N“/3€jpj+njxj)]
ji=1

(4.9)
62 (N,n)
aé 011,‘(51’ én’nl""’nn)

=—N~ 1”’Tr[( — N7 pM(p, ~ nj)expiZ(N"1/35jpj+njxj)}
j=1
4.10)
and

02 (N,n)
ar’jank(éls-“aénanla"*a’/]n)

= —Tr[(x —INTe >p<”>(x,+%N*l%,.)eXpi,ﬁl(N““%,.p,.+n,.x,.)].
" @.11)
The required result now follows, in view of Lemma 5, from a simple application
to Egs. (4.7)-(4.11) of the general inequality
| Tr (4pBC)| < [Tr(pA*A)]'?[Tr(pBB*)]'2|| C|. O

Proposition 7. Assume again the conditions of Lemma 5, together with the addi-
tional one that VeL,(R?). Then the functions u™™ are differentiable w.rt. t and
satisfy the BBGKY hierarchy

du®m
"‘ét = L™ £ K™, ™ forn=1,...,N, (4.12)
where
n (Nn)
L HiN,”)(él,...,én;nla.ua Z 711 ai 61,.-.,6,,;’117...,7’]”) (4.13)
j=1
and

Kn,n+1'u§N’n)(él’""in;rhy"'ann)
=N"' Y [@qV(@@N'PsiniN"Pg(E, - &)))

k=1
<k

‘MiN’")(fl»---,5,,§'71,~--a’7,-+q,--~>'1k—q,~~-,'7,,)
+ (1 — -]’\’7> Y. [dPqV(g) NP sinfN~13g¢ ).
j=1

-ugN’"“)(él,~--a€n’05’71v'“”1j+q’---a”n’“CI)’ (4.14)
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pNNED =0, and V is the Fourier transform of V, defined by the same convention
as in Theorem 3.

Proo& It follows from (1.1) and (1.2), together with the definition V(x):=
[d3qV(g)e's, that

n n
exp(i Y (N3 p + n,.xj)>H<N> exp( —i Y (NT'REp,+ mxj>>
j=1 Jj=1

SHO NS = dn) NP Y dgPghents e e 1]
j=1

Jk=1
N i<k
+N7VY Y [dqVi(g)eltim [N T m b0 1], (4.15)
j=1 k=n+1

Further, it follows from (3.1) and (3.2) that
d,u(N’")

t

dt

Epseesaitysnnm,)

=iN/3 Tr[pgN)[H‘N’, expi ). (N"13Ep; + njxj)]} (4.16)

j=1
The commutator in this last formula is obtained by multiplying equation (4.15),

from the right, by expi ), (N~/3¢ ;p;+1,;x;). On formulating the commutator
j=1

in this way, the required result may be obtained as a simple consequence of Egs.

(4.6),(4.7), (4.15) and (4.16). O

Proposition 8. Under the assumptions of Proposition 7, u™" converges pointwise

to a function ™ and, correspondingly, Oui™" /¢, OuN"/on; converge pointwise
to 8;15"’/651., o™ [on j» respectively, as N — oo over a subsequence of integers that
is independent of t. Here, u" is the characteristic function for a measure m™ on
I x I, such that m, : = {m™} canonically defines a probability measure on I'™ x I'.
Further, the convergence of ™™ (&, ,....¢ sy, ....m ) to f™ (&, ..., & 5y s.num),
and likewise of the first derivatives of ™" w.r.t. &, n; to the corresponding ones of
,u(t"), isuniformin(,,...,&,; My, ... .1, ; t) over any compact regionin I'" x I'" X R.

Proof. Let K be a compact subset of I x I'" x R. Then, it follows from Lemma 6
and Proposition 7 that we may employ the Arzela—Ascoli theorem to show that
o, oum [0& i ou™" /on; converge pointwise, and uniformly w.r.t. their argu-
ments  (£,,...,¢,:My5-.5m,) and t, for (&,....&¢in,,...,m, s t)EK, as
N — o0 over some subsequence of integers. Further, the uniformity of this converg-
ence ensures that the limits of ou{™"/0¢, ou™" /on, are ou®™/0&; and ou”/on;,
respectively, where u = lim p™". Now let {K,} be an increasing absorbing

N- o

sequence of compacts in I x I'" x R. Then it follows from the above result,
applied to each K, in turn, that we may use the diagonalization procedure to
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prove that u™", ou™"/0¢; and 0N /0n, converge pointwise to u”, dul"/oé ;
and o™ /0n;, for all te R, as N — oo over some sequence in N.

It now remains for us to prove our statements concerning u as the character-
istic function of a probability measure. For this purpose we first infer from the
definition (3.2) and the commutation relations (1.2) that

| Zl_: ¢ G UMM (ED) — E0, ) — ) exp%iN— 13 (0 — 0,01 > 0
" Vcl,...,cleC;leN;f(1>,m,5(1)’,1(1),“.’,1(1)ern, @.17)
and that
#¥(0;0)=1. (4.18)

Hence, as 4" is the pointwise limit of u™", it follows from (4.17) and (4.18) that

1
Y. M (ED = EB gD —n®) 20V, ..., ceC;leN;

k=1
ED L ED Dy Wern, (4.19)
and
p"(0;0)=1. (4.20)
In view of the continuity of " (Lemma 6), it follows from (4.19) and (4.20) that

4™ is indeed the characteristic function for a probability measure m™ on I x I'™,
ie.

HOE ) = [dm? (s p)e 7 & el™. @21)
Finally, it follows immediately from (3.2) that, for n < N,

#;N’")(él,---,én5’11,-~-aﬂn)EﬂiN’Hl)(ﬁp---,f,,aoﬂh,o--a’?,,ao)

and hence, as u” is the limit of u™",

PO ey, nm) =T E L L8, 0m,, m,,, 0). (4.22)

One infers readily from (4.21) and (4.22) that {m} correspond to a unique probabil-
ity measure m, on I’ N % I'N, such that if 4, is a Borel subset of I x I'" and
4, is the cylinder set 4, x 'V x I'V', with N':=N\{1,...,n}, then m,(4)=
m™(4,). O

Proof of Theorem 3. Proof of the statement concerning the convergence of
p™", together with that of the further property (1), is provided by Proposition 8,
for which the basic assumptions are weaker than those of Theorem 3.
In order to establish the Vlasov hierarchy (3.3), we rewrite Eq. (4.12) in the
form
t
PN = Ny [ gL ™ 4 KW @y, (4.23)
0

n,n
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By Proposition 8 and the definitions of L, K, ,, L and K (Egs. (3.4), (3.5),

nn+1°

(4.13) and (4.14)), together with the assumed condition for V, we may pass to the
limiting form of (4.23), as N — o0, in a straightforward way, and thereby obtain the
equation.

t
wP = pl + far (L + K, )™,
0

which is equivalent to the required result. O

5. The Vlasov Dynamics

In this Section we shall establish two propositions concerning the Vlasov dynamics;
and it will be seen that Theorem 4 is an immediate consequence of these proposi-
tions. It will be assumed throughout this Section that " isa C -class function.

Proposition 9. The Viasov hierarchy(3.3 )has a unigue global solution.

Proof. We reformulate the Vlasov hierarchy in interaction representation.
Thus, we start by defining j,: = {i"|neN} to be the sequence of characteristic
functions, related to u, by the formula

B Cits s m) =& =yt 8 = tiny,m,)s ()

and then note that the Vlasov hierarchy (3.3) is equivalent to the equation
t
/2[=:u'0 + fdth(tl)/Itl’ (5:2)
0
where

ROA)E s litysean)= 2 [P0, V0, )1, & —10)
k=1

.ﬁ§n+1)(£19"-7ék+’1"+1t:"'9qn7 _"I,;+1t§’71,~--,’1k+71,,+1,---»7’l,,, —”l,,+1)

(5.3)
A straightforward iteration of (5.2) yields the formula
I-11t te-1 _ _
fg=py+ Y fdt,... | at,R(t,)...K(t)u, + 4,4, (54)
k=10 0
where
t ti-y _ _
A, =fdt, ... | ay,R(t,)...R(t)A,. (5.5)
0 0

An estimate of 4,4, will be provided in the Appendix, and will there be shown to
imply that, under the specified assumptions on V, there exists a positive number T,
which does not depend on u,,, such that

(4,4,)™ — 0, pointwise, as [ - 0, VneN, and |¢| < 7. (5.6)
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Hence, it follows from (5.4) and (5.6) that, for |¢| <7, (5.2) possesses a unique
solution, namely

o t k-1
o=ty + Y fde, ... | dt, K(t,)... K(t)u,- (5.7)
k=10 0

As the value of 7, that governs (5.6), is independent of x,, we may similarly prove
the uniqueness of i, and hence of u1,, over the successive time intervals [nt, (n + 1)7]
(and [ — (n+ 1), —nt]) for all neN, and thereby establish that the hierarchy
(3.3) has a unique global solution. (]

Definition 10. Let m(’ be a probability measure on I'?, and let (x,p)—
(X,(x,p), P,(x,p)) be the one-parameter group of canonical transformations
of I'?, uniquely specified by the equations of motion (cf. [4, 8]) O

dX,(x,p) dP,(x,p) _
T—Pt(x’p), dt -

— fdmP (x', p)VV(X,(x,p) — X,(x, ') (5.8)
with
X, (x,p)=x, P,(x,p)=p.

We define m'" to be the probability measure on I'2, whose characteristic function
pM is given by the formula

1D m) = [dmD (x, p) exp i(E P, (x, p) + nX, (x, p)). (59)
Thus, m{" is the weak solution of the Vlasov equation for measures, as formulated
in [8].
Proposition 11. The characteristic function for mV), as specified in Def. 10, is
the unique solution of the Vlasov equation (3.7). Furthermore, if m (respectively m,) is
the probability measure on I' x I'™, given by the product of copies m" (respectively
m")) on the components I' x I', and u (respectively p,) is the corresponding family of

characteristic functions on {I'" x I'"|ne Ny}, then the evolution my, — m, is given by
the unique solution i, — p, of the Vlasov hierarchy (3.3).

Proof. In order to show that u(", as defined by (5.9), satisfies Eq. (3.7), we pass to
the interaction representation and define

HO(E, 1) = D& — nt, m). (5.10)
Thus, by (5.9) and (5.10),
AP ) = Jdm (x, p) exp i(C(p + P,(x, p)) + nx + X ,(x, p) — tP,(x, p)), (5.11)
where
X,(x,p)=X,(x,p) — x —pt, and P,(x,p) = P,(x,p) — ps (5.12)
ie., by (5.8) and (5.12),

t t1
X, (x,p) = — [dt, [ dt, [dm} (X', p)VV(X,,(x,p) = X, (X, p))  (5.13)
0 0
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and

P(x,p)= — [dt, [dm} (x', p)VV(X, (x, p) — X, (x', P')). (5.14)
0

In view of the boundedness of VV, it follows from (5.13) and (5.14) that, for ¢ in
any finite time interval, d X,/dt and d P,/dt are both bounded. Therefore, we may
obtain dfV/dt from (5.11) by differentiating under the integral sign on the r.h.s.
Thus, using (5.8) and (5.12), we find that

A& n) _ dP(x, p)

5 i — o) D (x, p)

€Xp l((é - ﬂt)Pt(X, P) + ”IX,(X, P))
(5.15)

On using (5.10) and (5.14) to express dfi"/dt and dP /dt in terms of u{V and X,
respectively, we see that (5.15) may be rewritten in the following form.

d,uil) (1)
ben =1t
—i& fdm{P (x, pdmP (x', p)VV(X,(x, p) — X, (X', p'))exp i(EP,(x, p) + nX,(x, D).

(5.16)
Thus, as VV(X,(x,p) — X,(x,p)) = i[d*qqV(qg) exp iq(X,(x, p) — X,(x, p)), it
follows from (5.16) that

d/igl) 5/,41)

& mn= -3 z ()
+ [d*q(q&)V (q) [dm(D (x, p) exp i(EP,(x, p) + (n + @)X, (x, p)) fdm} (x, p).
“exp (—igX, (x, p)).
This equation is equivalent to (3.7) since, by (5.9) the last two integrals in the
product on itsr.h.s. are u{" (&, 1 + g) and pV (0, — g). Thus, u{V satisfies (3.7).
Let p, (respectively y,) be the family { u(”’ (respectively u™)|neN} of character-

istic functions corresponding to the probability measure m, (respectively m,)
on I'V x I', given by the product of copies of m{" (respectively m"’) on the

components I' x I'. Thus u(&,,....¢ sny,...,1,) = H wPE,n;) for a=0
=1
or t, from which it follows that, as u{" satisfies (3.7), then U, is a solution of (3.3).

Therefore, by Prop. 9, y, is the unique solution of the hierarchy (3.3). This result
also implies that 4" is the unique solution of (3.7). For, if i{") were another solution
of that equation then one could construct a second solution /i, of the hierarchy
(3 3), with initial value p,, by the prescription A™(£,,....¢ 0, ...,n,) =

~ 1) . . .
H el (4 o j), and this would contradict Prop. 9.

Appendix

We shall now establish (5.6) for some r > 0. Thus, we start by defining the operator
0,(&,n) on the functions on I'™ x I'™, with (&, n)elr'’? and m, k(< m)eN, by the
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formula

O &Nty = G = & G s s g = 150 )-
(A.1)

With this definition, it follows from (5.3) and (5.5) that (4,,)™ may be expressed
in the following form

A& 8y, eum,)

n n+l—11 t1—1

1
=(—1)l Z Z jdtl"' 5 dtl 1_[ (d€n+md’1n+m5(én+m_nr;+mtm))'

ki=1 k=1 0 0 m=1
AV (=i D1 Gy = 1,100, G My DV (= 1,15, = 14, 5)
2(£n+2’7’n+2)f}( —Mypy) e V(= s M1 (C, = M, 1003, (E 15 M)
T G e ) ) (A2)

It follows from (A.1) that the quantity in curly brackets in (A.2) is equal to

[f/( = My Iy 1 (&, — 1, t)] [17( My Iy 2 (g, = My Ty — Oy,
1-1

(SR S D O B 4 G | N (St PR D (S A 1) k) 1
m=1

g L/ (STR ) DOSLC P (SRR I )l (SUOTRIN SRS RRTRI A I B (A.3)

Since ,&g’“’ is a characteristic function, it follows from (A.1) that the modulus
of the term in the last square brackets in (A.3) cannot exceed unity. Furthermore,
the presence of the J-functions in (A.2) permits us to replace ¢, by 1, .t
for m <1, in (A.3). Hence, the modulus of the term in curly brackets in (A.2) can
be majorized by

lﬁ(—nﬁ+1)nn+1(§k1 — M, by )Hf/(— M 2 )M 2(Sy, — 115,15 _5151k2’7n+1(t2_t1')|"'

’ f/( My D1 — M3 1y Z 0, =)l (A4)

We note now that the constants 4:=sup {|V(nm|;nel } and B:=sup
{|n||nesupp V} are both finite, in view of our assumptions on V. Thus, defining
C:=max{|&|,....,|¢,|} and D:=max {|n,|,....|n,|}, and taking account both
of the ordering of the ¢,’s and of the ranges of values of the ks, as specified in
(A.2), we see that the expression (A.4) may be majorized by

ANC + D)L+ Dt])e,,, + Ble]3,.].. [(C+D| De, + Y Blilo,, ]

m=1

(A.5)

where

lfork<n

%= 0for k> n (A.6)

Since the volume of supp ¥ is majorized by 4nB?, and since (A.6) provides an
upper bound to the term in curly brackets in (A.2), it follows from the latter Eq.,
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after a little manipulation, that
| 4,0 € Esm s,
<(¢nB*AY((C+Dt|)n)((C+ Dt|[)n+ (n—1)Blt])...
¢
n
From this estimate, it follows that 4,4"(,,...,¢, ;n,,...,n,) =0 as [ - oo, for
all(&,,...,&,5m,,...,m,)EI™ x I'"and |t| < , with T chosen to be (3n4B*)~1/2,

((C+Dlt))n+(n+1-1)B|t])
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