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Abstract. We give a sufficient condition for a self-adjoint operator to have the
following properties in a neighborhood of a point E of its spectrum:

a) its point spectrum is finite;

b) its singular continuous spectrum is empty;

c) its resolvent satisfies a class of a priori estimates.

Notations, Definitions, and Main Theorem

Let H be a self-adjoint operator on a Hilbert space #. We will denote by #,(ne Z)
the Hilbert space constructed from the spectral representation for H with the

scalar product: (@1%),= [ (2 +1)2(0| Py(di) ¥).

For functions Pe L®(R), P, will denote the associated operator given by the usual
functional calculus.

Py(E, 5) will denote the spectral projection for H onto the interval (E —J, E +9).
P and P§ will denote the spectral projectors respectively onto the point spec-
trum and the continuous spectrum of H; ¢ (H)=R/{EcR|E is an eigenvalue
of H}.

If 4 is a self-adjoint operator and D(A)nD(H) is dense in J#, i[H, A] will
denote the symmetric form on D(4)nD(H) given by

(®|i[H, A]P)=i{(HP|AY)—(AD|HYP)}
for ¥, ®e D(A)nD(H). If this form is bounded below and closeable, i[ H, 47° will

denote the self-adjoint operator associated to the closure [1].

1. Definition. Let H be a self-adjoint operator on a Hilbert space with domain
D(H); a self-adjoint operator A4 is a conjugate operator for H at a point Ee R if and
only if the following conditions hold:
(a) D(A)nD(H) is a core for H.
(b) e*** leaves the domain of H invariant and for each ¥e D(H)
sup |[He"4*¥P| < 0.

la] <1
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(c) The form i[H, A]=i(HA— AH) defined on D(4)nD(H) is bounded below
and closeable; moreover, the self-adjoint operator i[H, A]° associated to its
closure admits a domain containing D(H).

(d) The form defined on D(4)nD(H) by [[H, A]°, A] is bounded as a map from
H,,into H_,.

(e) There exist strictly positive numbers o and 6 and a compact operator K on
H, so that:

Py(E, 8)i[H, A1° Py(E, 5) = aPy(E, 8)+ Py(E, 8) K Py(E, ).

Theorem. Let H be a self-adjoint operator, having a conjugate operator A at the
point E€R, (i.e. suppose H and A satisfy conditions (a)-(e) above). Then there is a
neighborhood (E— 6, E+0) of E so that:

1. In (E—96,E+9) the point spectrum of H is finite.

2. For each closed interval [a,b]C(E—0,E+d)no(H), there exists a finite
constant ¢, so that:

sup A+l HH=2)" A+ Sc.
Rzle
Remark. The above theorem gives a method for obtaining a priori estimates of
Agmon type [2] for certain self-adjoint operators, following from the existence of
the conjugate operator A of H in the neighborhood of some point.

The essential condition in the definition of conjugate operator is condition (e);
the other conditions justify the algebraic manipulations. To obtain the a priori
estimates on (H—z)~! when z approaches a point Eea(H), we prove a priori
estimates, uniform in ¢ and z, on the operator (H —z—i¢B*B)~!. Here ¢ and Im:z
have the same sign, Reze(E—9d,, E+40,), and B*B=Py(E, 26,)i[ H, A] Py(E, 26,).
This estimate is obtained by proving a differential inequality of the form:

d
o

=K, [ Fe)l)

for F(e)=|A+i|""(H—z—ieB*B) " '|A+i|~ ..

In Sect. I, we give examples and applications. As new results we obtain the
absence of singular continuous spectrum and a priori estimates in the following
two cases:

(a) Relatively compact perturbations of certain pseudo-differential operators.

(b) Three-body Schrodinger operators with long-range two-body forces.

In Sect. II we give the proof of the main theorem.

I. Examples and Applications
1. The Laplacian
Let # =L*R"d"x), H=H, =—A and
=5(x-p+p-x) p=—il

A is the generator of the dilations introduced by Combes and used in [3].
— A and A are defined on &, the ¥* functions of rapid decrease. .# is a core for
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H. The explicit formula:
e+iAa(H0+i)—1 :(e—aH0+i)—le+iAa

shows that e* “*j&ave D(H) invariant. & is invariant under the dilation group and
if[—4,A]=—4 in the sense of quadratic forms on . By Proposition IL.1,
condition (c) holds on D(A)nD(H) and i[H, A]° = — 4. Condition (d) then reduces
to condition (c). Condition (e) is trivially satisfied at any point E=+0 by choosing

|E|

2. Two-Body Schrodinger Operators
Let
H =L*>R"d"x), H=—A+V.

We will often write H, for — 4. Much work has been done on these operators and
we refer the reader to [4] for detailed references. Moreover, recently a very
intuitive method has been introduced by Enss to prove asymptotic completeness
for such systems [5].

We shall suppose that:

(i) Vis H, compact;
Xp+px  xp+px

4 4
with an H, compact operator B.

(i) B admits a decomposition: B=B + B, where B¥|x| and |x|B; are H,
bounded operators, and [B,, xp + px] coincides on % with a form coming from an
H, compact operator.

(i) the operator i{V V} is defined on % and coincides on &%

Remark. When V is the operator of multiplication by a function v(x), [ V, xp+ px]
=2ix- W, so that condition (ii) is satisfied if x- Vv is H, compact. Condition (iii) is
satisfied if there is a smooth function j(x) of compact support such that the
0 0
operators x;=—4(1— j(x))x.—v are H, compact for all i,j.
Ox; 7 0x;
Theorem I.1. If V is a symmetric operator satisfying hypotheses (i) ...(iii), then the
operator (sgnE) A is conjugate to H=H,+V at all E£0. (A=%(xp+px).)
If E<O, then 0 and 1 are also conjugate operators to H at E.

Proof. Since V is H, compact, D(H)=D(H,). By Example 1, D(H,) and therefore
D(H) is left invariant by e*** By hypothesis (ii) the form i[H, A] coincides on &
with the form associated to the symmetric operator H,+ B on &, hence by
Proposition 1.1, condition (c) holds with i[H, A]°=H,+ B.

To show that condition (d) holds, we write:

[A,i[H, A)°]=[A,B]+[A,H,+B,]

the first term is bounded as a map from 4, , into #_, by hypotheses (iii), the
second coincides on & with the quadratic form of an H, bounded, self-adjoint
operator.
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Let us verify condition (e).

Py(E, 8)i[H, A1° Py(E, )= Py(E, 8) {H — V + B} Py(E, ).

. E
Since V and B=i[V,A] are H compact operators, by taking §< 12—, we have,

letting Py(E, §)= Py,
) 0 E .
Pyi[H,A]°Py = SPH+PHKPH if E>O0.

If E is negative, we can see that the following two relations hold

E
PyilH, — A]°Py > % + Py—KPy

Pyi[H, A1°Py = Py(Hy+ B)P,.

Adding them, we see that 0 and therefore 1 are both conjugate operators for H at
energy E <O0.

Remarks. As a consequence of Theorem 1.1, we proved that the eigenvalues of H
can only accumulate at E=0, and are of finite multiplicity ; outsided of them, the
resolvent (H—z)~ ! satisfies a priori estimate of Agmon’s type [2].

3. Perturbations of Pseudo-Differential Operators

In [6], among the extensions of the method introduced in [5], the author proves
similar results for short-range perturbations of pseudo-differential operators.
Let # = L*R",d"x) and denote by L*(R",d"p) the Hilbert space obtained by
Fourier transformation.
Let hy(p) be a measurable function from R" to R and h, the associated
multiplication operator on L*(R”,d"p). Suppose that:

fim_{ho(p)|=oo.

|pl—= o

Definition. E€R is a regular point of h, if and only if there is a neighborhood
(E—0,4, E+9,) of E so that on

O(E, 3) = {pe R"|Iho(p) — E[ <50} -

hy is €™ for an m=3 and
" (0, \?
> EX (p)za>0, peO(E,d,).
i=1 i

Definition. hy+V is a regular perturbation of h, if V satisfies the following
conditions.
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1. V is a symmetric h,-compact operator.
2. For all real valued ge@(R"), the ¥™ functions of compact support, the
operators

B;=(x,9(p) +9(p)x,) V—V(x;g(p) + g(p)x;)

are defined on &% and extended to bounded, h,-compact operators.
3. [x;9(p)+g(p)x;, B;] is bounded as a map from #, , to #_,.

Theorem L.2. Let H=h,+ V be a regular perturbation of h,. For each regular point
E of hy, there is an operator A conjugate to H at E.

Corollary 1.3. Let hy+V be a regular perturbation of h,. For each regular point E
of hy,, there is a neighborhood (E— 9, E +9) so that

1. the point spectrum of hy+V is finite in (E— 0, E+9).

2. For all [a,b] C(E—0,E+0d)no(H) there is a finite constant ¢, so that:

sup [[(1+[x)" (H—=2)" A+ |x) " =cp.
e
Proof. Since |hy(p)|— © as [p|— 0, O(E, J,) is a bounded subset of R”, so that we

can find a €™~ ! vector field g(p)ie {1, ...,n} of compact support in R", with

oh .
gdp)= 6p(.) (p) if peO(E,d,)

9dp)=0 if |ho(p)|>M,.
Let A the formally symmetric operator defined on L2(R”, d"p) by

PR 0 i g, 1
A = i i ~ : = = X, -d.).
i; g{p)i o 2o, (P)=3 ;(g,xl +x,9,)

By the commutator theorem [4] it is easily seen that A is essentially self-adjoint on
the domain of x?= ) xZ.
i=1

Let A be the self-adjoint extension so obtained. Since D(x*)nD(h,) is a core for
hy, D(A)nD(h,) is a core for h,. One can easily see (cf. Appendix A.1) that the
unitary group e**is actually the group of unitary transformations on L%(R",d"p)
associated with the group of diffeomorphisms I :R"—R" determined by the

dO( * e

Iy(p)=p.

It follows that e*4* leaves invariant the functions ¥(p) with support contained in
{peR"|hy(p)|>M,}, and hence e** leaves D(h,) invariant. Conditions (c) and (d)
are satisfied because of the regularity assumptions (2) and (3) on V. (These
hypotheses can be easily verified for a class of long range potentials with sufficient
regularity at infinity.)
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Let us verify property (e). By hypothesis there exist «>0, J,>0 such that
P, (E,d,)i[hg, A]° P, (E,d0) 2 &P, (E, ).
For any smooth function P such that P=1 on (E—§, E + ) d<d, and P=0on
R/(E—0,, E+9,), we have:
P, ilhy, A]°P, =zaP? and P(E,8)=P(E,8)P.

Note that FH—ﬁho is a compact operator since V is h, compact and P(J) is a
smooth function of compact support.
Then:

Py(E, 8)i[h,, A° Py(E, )
=Py(E, 5)ﬁHZ_gf(p>ﬁHPH(E, 5)

(E, 5)P, Zg, (p) B, Py(E, )+ Py(E, ) K'Py(E, )

> 4Py(E, 6) P2 Py(E, §)+ Py(E, 6)K' Py(E, 5)
> aP2(E, §)+ Py(E, 6) K" Py(E. 5).

By hypothesis (2) [V, A] is h, compact, hence there exist numbers o, 6>0 and a
compact operator K so that condition (e) holds. This proves Theorem L.2. The
Corollary 1.3 follows from Theorem 1.2 and the abstract theorem since D(A4)
contains D(}x|), and hence A(1+|x|)~! is a bounded operator.

4. Three-Body Schriédinger Operators

Let x;, m; be the coordinates and mass of the i-th particle where x,eR", ie {1,2,3}.
For each pair of particles (i,j)=a (such pairs are always denoted by Greek letters),
we will denote
mx; +m;x;
X, =X;— X, =x,— —-t----L Lo
a i J ya k mi + mj ¢
ma—lzmi—l +mj_1
ny t=mg b4 (mAm) !
when one removes the center of mass of the system, the Hilbert space is then
H=L*R*>, d"x,d"y,) Vo

k, and p, will denote —iV,_and —iV .
In A, the Hamlltoman of the system is written

H=H,+V

1 1
k2+—pZ Va.

H =
" 2m, * " 2n,

The dilation group acts in the same way independently of the representation
L*(d"x,,d"y,) of #. Let A be its generator normalized so that i[H,, A]=H,. We
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have A=A} + A2 where A! and A2 are the generators of the dilation group on
L*(d"x,) and L*(d"y,), respectively.

Hypotheses on the potential V
Suppose that V=) v, where, for each «, v, is an operator acting on L*(d"x,) and

satisfying hypotheses (i)—(iii) of Example 2.
We will further denote:

pz kz
H,=H,+v,=h,+ 2:1;; h,= 2”2 +v,.

By Theorem 1.1, the eigenvalues of h, have finite multiplicity and can only
accumulate at 0.

Theorem 1.3. Let H=H,+V on L*d"x,d"y,) where V is a symmetric operator
satisfying the above hypotheses. Then A= AL+ AZ is a conjugate operator for H at
all EeR with

E¢ kaj a,(h,)o{0} .

Corollary 1.4. 1. The point spectrum of H=H+ Y v, can accumulate only at 0 or

at eigenvalues of subsystems.
2. For all intervals [a,b] CR\{GP(H) U ap(ha)u{O}}, there is a c, so that

. su[pb] I(L+1x) ™ (H—=2)" (14 [x) " [ Scp.
Imz+ 0

Under the hypotheses made on the two-body potential v,, conditions (a)—~(d)
are satisfied in the same way that they were in the two-body problem. Let us now
prove that condition (e) holds.

Proposition 4.1. Let EcR, and let ¢, be an h,-compact operator in L*(R",d"x,). Then
for every ¢>0 there is 5,>0, a finite rank spectral projection eY° for h, and an
operator K compact in # = L*R*",d"x,d"y,) so that
Pyc,Py=PyENc ENP, + PyK Py +o0(c),

where :

(i) EN=eY®1y, where e is a finite rank spectral projection for h, that contains
e,

(i) Py is any spectral projection for H onto any Borel set contained in
(E—0d0, E+0y);

(iti) [loe)]l =

[e N

Proof. Since ¢, is an h-compact operator, we can find e}° so that

€
|eNoc,eNo— PP e, PP || < o
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Furthermore, from general properties of the continuous spectrum, one can find a

9,>0 and a smooth function P with P=1 on (E—d,E+d,) and 0 on
R\(E—26,, E+24,) so that

~ &
1P e, PLEPLY Pr | S 35

Hence for all § <, and all spectral projections Py on (E—J, E+0) we have
Pyc,Py=PyE)c,EYPy+ Py{c,— Plc,PE} Py+o,(e)

a Ot a

with [0, < 5.
On the other hand Py =Py Py and thus
Py{c,— Pl.c,P} Py=Py(Py— Py ){c,— PL.c,PL} Py
+ Pyl {c,~ P, PL} (Py—Py) Py
+ PHISH“{C«_ Py e, Py} }N)H.,,PH ,
where the first two terms on the right hand side are compact operators in J# and

the last has norm less than %

Proposition 4.2. For all ¢>0, we can find §,>0, E}°=e)°®1, , and a compact
operator K so that :

PHi[HO + Yo, AJPH:PH(1 ~ ZELV") H0(1 - zEgyo)PH
+ Y. PyEY{Hy+ilv,, AL} EYoPy
+o(e)+ Py KPy

with |o(e)| <e, for any spectral projection Py onto an interval contained in
(E—04, E+0,).

Proof. We have
HO:(l— ZEf)HO(l— ZE;V) + Y ENH,EY
+ Y AENHo(1— EN)+ (1 — EN)H,EY}

- Y Y ESH E].

aFf

The terms in the last sum are all compact operators in # and EYH(1— EY)
= —E)v,(1—EY) since EY commutes with H,=H,+v, We consider spectral
projections e} for h, so that

Y EJH(1—-E})= Z o) P+ 0(e)
B

with Jo(e)] < %
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Next, we apply Proposition 4.1 to each of the operators
¢,=ilv,, Ay]—PEv,P; — P v, PP .
By Proposition 4.1, we can find EY° and §,>0 satisfying Proposition 4.2.
Proposition 4.3. Let o, =dist(E, Y O'p(ha)>. We can find 6, so that

o
Y PyEN{H,+i[v,, A} 1} ENPy 2 270 PyENPy + PyKPy; Py=Py(E,d,)
Proof. If we choose d, so that

80 inf inflii— ]

1
3

K

0

0= 7

II/\

AL, being the eigenvalues of h,e].
If we pick a function P equal to 1 on (E—0d4,E+J, and 0 on
R\(E—25,, E+23,),

Py E{H+i[v,, A} EIPy =0 if ij
since EJPy,; and E.P,_viewed as functions of p? have support in disjoint intervals

2
(E;P(Ha)=P</1;+ 2%) E;) Furthermore, by the Virial Theorem,

Py EN{H, +i[v,, AL} ENPy_
=Y. Py Elilh,, AL1ELPy

i P

e EiB,

+ZP E

= Y Py E P i,

Hy a2

=22 Py NPy,

Propositions 4.2 and 4.3 enable us to find, for all ¢>0, (e)) and 5,>0 so that
Py(E,0)i[ H, A1° Py(E. )

;PH<1— ZE;V>HO(1— ZEQ)PH
+ 205 p,ENP
2 - H™a " H

+ Py K Py + Pyo(e) Py,

where |o(e)|| <e, for all d<d,.
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To verify condition (e), since ¢ > 0 is arbitrary, it now suffices to show that there
is a finite constant ¢, so that

PuScofPu{1 = SN o1~ SRyt PP

which is immediate if E<0; the constant ¢, evidently does not depend on N and 4.

II. Proof of Theorem 1

We start the proof of the abstract theorem by the following proposition which is
useful in applications to verify the hypothesis (c) when D(A)ND(H) is not explicitly
known.

Proposition IL.1. Let H and A be self-adjoint operators that satisfy conditions (a), (b)
and the following conditions (c').

(c') There is a set & CD(A)ND(H) such that

i) etry S,

i) & is a core for H,

iii) the form i[H, A] on & is bounded below and closeable, and the associated
self-adjoint operator i[ H, A1), satisfies

D(i[H, A1%)> D(H)
then for all &, We D(A)nD(H)
(Pli[H, A]¥)=(P|i[H, A]3¥)

and hence the form i[H,A] on D(A)nD(H) is closeable and the associated self-
adjoint operator satisfies:
i[H,A1°=i[H, A1%.
Proof. It suffices to check that for each @, ¥ e D(A)nD(H)
(PIi[H, A]¥)=(P|i[H, 413 P).

By hypothesis (b), the operators He'4*H+i)"! are closed and everywhere
defined, hence bounded by the closed graph theorem. For each YeJ#, by (b)

sup |He™ ¥ H+i)”*¥| < oo and by the principle of uniform boundedness in
ag[—1,+ 1]
Banach spaces, this family of operators is uniformly bounded: there is a ¢, < oo

such that:
sup |He ™ *H+i) ! =Zc,. (IL.1)

ae[—1,+ 1]

Consequently, for each @, Pe D(A)nD(H), (H(¢)=e~ “4*He™ %),
lim é (P|(H(x)— H)¥P)

. ‘ 1 .
- 115%51(-@1((3-““— DHe )+ ~ (9| H(e* **~1)¥)

= (®|i[H, A]P).
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Since He ™ *¥ is uniformly bounded in o, this family of vectors converges weakly
to HY when a—0.
For each &, Ye D(H) there are sequences u, and v, such that

I(H +1)(w,— D) =0,  |(H+D)w,— )0
with u,,v,e . Thus:

@)~ H)¥)= lim (| (H)~ H)u,).

By hypothesis (c’), the derivative
& (up H)t) = e AT H, AT e,
is a continuous function: one can then use the mean value theorem to obtain:
 (@I(H) ~ H) #)= lim (4, |~ i H, ATy o),
where «,e[0,a]. Since D(i[H, A1%)> D(H), (I1.1) assures that as n— oo, a—0
(BIiLH, A1%) = lim _(@I(H()~ H)¥)
=(®li[H, 415 ).

Proposition 11.2. Suppose that the two self-adjoint operators H and A satisfy
conditions (a)—(c). Then (H—z)~! leaves D(A) invariant for all z¢o(H).
Proof. Since A is self-adjoint, it suffices to show that the family of operators

e M H—z) Y (A+i) P =(H(w)—z) te YA +i) !

is strongly differentiable; it suffices to show that the family H(a)(H—z) ! is
strongly differentiable, or equivalently to show that for each ¥e D(H)
lim MH(a)_H
o

a—=0

Y’—i[H,A]OT” =0.

Let ¥,eD(A)nD(H) so that ||[(H+i)(¥,— ¥)|—0. Then

H(x)—H H(a)— H
o R

W i[H, A]° ¥ = lir ¥ _i[H, AP,

exactly as in Proposition I1.1. Since e*4* leaves D(A)~D(H) invariant for each

@eD(A)nD(H), | @] =1, there exist a, 5€[0,a] so that
((D’H(OCZ('—H Tn> =(<1§|e_iA“"goi[H, A]Oe+iAa"’¢qln).

Bound (I1.1) and the hypothesis that D(H)C D(i[H, A]°), together imply
(H(o)— H)¥|| s o, [|(H+0) | (I1.2)
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for all Ye D(H). Furthermore,

|( & H(x)— H
o

Scl(H+)(¥,— P + (@] {e~ =il H, A]°e " e —i[H, A]°} )|

%) —(@|i[H.A1°¥,)

go(%) + sup |{e “*i[H, A" —i[H, A1°} ¥|

a'e[0,a]

IIA

OG) + sup [i[H, A1°(e" W[ + (e~ ~Di[H, 41 ¥

a'e[0,a]

I\

0(%)%—0(0()—1— sup c,ll[H(e™ ' —1)¥|.

a’'e[0,a]
But finally
[He" ™ 1) ¥ = |(H()—e ™ H) |
S(H@)—H) Y|+ |(1—e ) HYP|
which goes to zero as a—0 by (I1.2).

Proposition IL.3. If the operators H, A satisfy conditions (a)—(c), then (A+il)~!
leaves D(H) invariant for sufficiently large A. Further (H+1)il(A+il)”'(H+i)~!
converges strongly to 1 as |A|— o0.

Proof. By Proposition I1.2, we have in the operator sense
(A+id) Y H+) ' —H+i) Y (A+id)!
=(A+il) H{(H+i) 'A—AH+i) 1} (A+id)~!
=(A+iA) Y H+i) [AHJH+) HA+iH?T,
where the last equality holds in the sense of quadratic form on . By condition (c),

there is a bounded operator B(A)=[A4, H]°(H +i)~ (4 +i4)~* with |B(A)| =0 as
|A]— oo such that

(A+i) Y (H+) " '1—=BA)=(H+i)" " (A+i)~* .

This proves Proposition I1.3 since when || is sufficiently large, 1 — B(A) is invertible
and il(A+id)” (1 —B(4))~ ! converges strongly to 1 as |A|— co.

Proposition 1.4 (The Virial Theorem). Let H and A be two self-adjoint operators
satisfying conditions (a)—~(c). Then
1. For all Ye D(H)

[H,A]°T=Ml'i_1p [H, AiMA+id)~ Y.

2. If ¥ is an eigenvector of H, we have

(P|[H, A]°¥)=0.
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Proof. Let ¥e D(H), & D(A)nD(H). By Propositions 11.2 and I1.3, for sufficiently
large |4,
(@|[H, AiMA+il)~1]P)
=(P|{HAIMA+iA)~ 1 — AiMA+il) *H} V)
=(P|(HA— AH)iM(A+il)~'P)
+(AP|{HIMA+iA)~ ' —iMA+il)~ 1 H}P)
=(P|[H, AY%iMA+il)~*P)

can—1 0 sy 1
+(@|A(A+i2) 1 [H, A iNA+id) ). (IL3)

Since [4, H]%iMA+i4)~* ¥ —[A4, H]° ¥ by Proposition I1.3 and condition (c), and
since A(A+id)” -0, Proposition 1.3 implies that

|Allim [H, AiMA+i))” 1Y =[H,A]°YP.
Proving (1). Finally, if ¥ is an eigenvector for H, Ye D(H) and H¥Y =EY, so that

(PILH. A1°¥)= lim (P|[H, Aid(A+i2)"]¥)=0.

Proof of Part (1) of Theorem 1

If one supposes that the self-adjoint operators H, A4 satisfy conditions (a)—(c), and if
furthermore they satisfy condition (¢) at E€R then the point spectrum in
(E—9,E+0) is finite. Suppose not. Then there is a sequence ¥, of orthonormal
eigenvectors HY,=E,¥,. By Proposition I1.4

0=(¥,lilH, A1°¥,)=(¥,| Py(E, 6)iLH, A1° Py(E,5) ¥,)
ga(|an“2+(an|qun)~
Since the ¥, are orthonormal, ¥,——0 in # and since K is compact

lim (¥, |i[H, A]° ¥,) 2o which is impossible.

Proposition I1.5 (Quadratic Estimate). Let H be a self-adjoint operator with domain
D(H) and B*B a bounded positive operator on #. Then

1. H—z—ieB*B is invertible if ITmz and & have the same sign.

2. If Imz and & have the same sign, let

G(e)=(H—z—ieB*B)™'.

Let B' an operator with B*B' < B*B and C any bounded self-adjoint operator on
A, then:

IBGe)C| < # 1CG)CI.
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Proof. Since B*B is bounded H—z—i¢B*B is a closed operator on D(H). When
YeD(H) and ¢ and Imz have the same sign, we have

I(H—z—isB*B)¥|)*= | (H — Rez)P||* + |(Imz +&B*B) ¥ |2
—2Im((H — Rez) ¥|eB*BY)
=(Imz)? | ¥||?. (IL.4)

From this inequality and the fact that H—z—ieB*B is a closed operator, it
follows that H—z—icB*B is injective with closed range in #. By the open
mapping theorem, its inverse exists as a bounded operator from
Rang(H —z—ieB*B) into J, ,. But Rang(H —z—ieB*B)= 4 since if ¢ e H# is
orthogonal to this range, then ¢,€ D(H) and (H —Zz +ieB*B)®,=0 which by (I1.4)
implies @, =0. Finally:

IB'G(e)C||* = CGX(e) B*B'G,(¢) C||

< % |C(H—Zz+ieB*B)™!(Imz+eB*B)(H—z—icB*B) 1 C||
1
= % [C(G¥e)— G () C|
g
1 1
< ICGLC) = CGHAC].

Proof of Part (2) of Theorem 1

We will prove the following lemma which clearly implies statement (2) of
Theorem 1.

Lemma. Let H be a self-adjoint operator with conjugate operator A in a
neighborhood of E, i.e. suppose H, A, and E satisfy conditions (a)—(e). Then for any
E'e(E—9,E+9)no (H), there is a neighborhood (a,b) of E' and a constant c, so that

sup [[|A+il"H(H—z2)" A+ Y =c.
e

Proof. By hypothesis (¢), there are numbers o, 6 >0 and a compact operator K on
A such that

Py(E, §)i[H, A]° Py(E, 8) = aPZ(E, 8) + Py(E, ) K Py(E, ),

where Py(E,J) is the spectral projector of H onto the interval (E—dJ, E46). By
hypothesis E'ec(H), hence the spectral projector for H onto (E'—e¢, E'+¢)
converges weakly to zero as e—0. Hence one can find §' >0 and a smooth function
P<1,P=1on(E'-§,E +¢), P=0on R/(E—§, E+J)so that (denoting by Py the
operator associated to this P)

o

+ PyKPy < 5

P
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and hence
Pyi[H, A1°P, = g P2.
Let B*B=P,i[H, A]°P,.

By Proposition I1.5, G,(¢)=(H — z—i¢B*B) ™! exists if Imz and ¢ have the same
sign. Let

F(e)=|A+i"'G(e)|A+i|]*.
We have by Proposition IL5
o c
[ PgG (e)lA+i] 7| = 7 IF(e)]] 2. (IL5)
€

Furthermore,

I(1—Pg)G,(e)|A+i] ™|
< (1= Py G,0)]| II(1—ieB*BG ()| A+i| !
<c|(1=Py)GL0)] . (IL6)

Remark. (IL5) and (IL6) remain true if one replaces Py and (1 — Py) by (H+i)Py
and (H +1)(1 — Py). If we restrict Rez to a closed interval [ a, b] strictly contained in
(E'=8', E'+6'),(1— Py)G,(0) is uniformly bounded, and there is a constant ¢ so
that:

IF@IS>  Reze[ab]. (I1L.7)
Furthermore
O F6)=1A+ 1" G, Byl H. AT PyG)| A+~
We can write

P,[H, A1°Py=[H, A]°—(1— P,)[H, A]°P,
— Py[H,A1°(1 = Py)—(1—Py)[H, A]°(1~ Py)

so that by Egs. (IL5) and (I1.6) and the remarks following them, there are constants
¢, ¢, so that

S|4+l G e)i[H, A1°G )4 +i 1|

|0

1
Vi
By condition (d) and Proposition I1.6 (see the appendix), G,(¢) : D(4)— D(A)nD(H)

and [B*B, A] is bounded as a map from s, _, into #_,. Hence in (IL.8), we can
write [H,A]° as [H—z—ieB*B, A]+i¢[B*B, A]. Substituting this relation into

+e,+e,—=|F o). (11.8)
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(11.8), we find that

=¢ +¢ —IIF(8)1|1/2+63|I )]

e

for constants ¢, ¢,, &, independent of ¢ and z such that Reze[a,b] and Imz and ¢
with the same sign.

This differential inequality together with the relation (I1.7) shows that there
exists a constant ¢, so that

d
“ ;1_8‘ Fz(a)

IF(e) =co

for all z with Reze[a,b], Imz=0 and Imz, ¢ having the same sign.

Appendix I

Let {g/p)}ie{l,...,n} be a € vector field, and let A be the symmetric operator
defined on L?(R",d"p) by

P 0 10y,
= Z 9405+ 5 5, )
! +
'2— g;X; X9

If each g, is € the quadratic form defined by A admits a form domain containing
the form domain of x% = Z x2, the same holds for the quadratic form Ax?— x?A4.

By the commutator theorem ([4, Vol. I17), A defines a self-adjoint operator A
which is essentially self-adjoint on any core for x%. On the other hand, the system
of differential equations

d .
il AD)=9{I(p))

Iyp)=p

defines a group of homeomorphism I, : R"—R" and the following group of unitary
transformations on L?(R" d"p)
or:
det( 2( ))
op; P

d 0
U lp)= o) (p>+ PR-CRIL

=- l(AY’)(p),

where A is the self-adjoint extension of A.
Let us finally note that D(A4) contains D(]x]).

12
P(L(p)

(U ¥)(p)=

we then have
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Appendix II

Proposition I1.6. Let H, A be operators that satisfy conditions (a)...(d). Then:
1. Let g be any function with tg(t)e L*(R, dt), then

g(H) : D(A)nD(H)—D(A).

2. Let B*B=Pyi[H, A]1°Py as defined in the lemma of Sect. I1. Then [ B*B, A] is
a bounded map from ¥, , into H_,.
3. G,(¢) : D(4)— D(A)nD(H).

Proof. Let WeD(A)NnD(H), A(J)=Ail(A+il)~! for some sufficiently large |A.
Then

[AG)e = e A 1S sup [} (@l L, AGTe™ ") ds|.

Since e” 5 leaves D(H), and also A(A) by Proposition I1.3, we then have

I{AMA)e™ ™ —e A} P <]t sup  sup  [(@'|[H, A(2)]e ")

[s| =1 ‘D'elll)q(;;ilfglf(ﬂ)
By Eq. (IL3) in Propositions 11.4 and I1.3, one then sees that
[4e™ 1P| < lim | AG)e™ |
Scl(H+) P+ [AP] .

+ oo
[t is now enough to use the identity g(H)= [ §(t)e”*"dt to see that

g(H) : D(A)nD(H)—D(A) if |t|g(r)e L*(R,dt),
and that

{Ag(H)—g(H) A} V| =c[(H+) ¥ _fw lt[1g(0)] dt . (IL.9)

Let B*B=Py,i[H, A]°P,. Since P() is smooth, its Fourier transform decays
rapidly. Hence Py takes D(A)nD(H) into D(A)nD(H) and so [ B*B, A] in the sense
of quadratic forms on D(4)nD(H) can be written:

[B*B, A]1=[Py, A1[H, A]° Py + Py[[H, A1°, A] Py + Py[H, A1°[ Py, A].

By hypothesis (d) and the relation (I1.9), the form [B*B, 4] on D(A)nD(H) is
bounded as a map from #, , into #_, and in particular if

¥YeD(H)||[(H—z—ieB*B), AM] ¥Il -,
< sup  {|(®|[H—z—ieB*B, A]ilM(A+il)~'P)

(DeDﬂA)r‘\D(H)
Dl +2=1

+(®|A(A+i4)" ' [H—z—icB*B, AliMA+id) "1 ¥)|}.
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By Proposition 11.3, the operators A(A+il)~! and A(A+id)"'=1—il(A+il)~!
are uniformly bounded from #, , into #,, for A large enough. It follows that
[H—z—ieB*B, A(1)] are uniformly bounded (in 4) from 5, , into #_,. It follows
that G,(¢)=(H —z—ieB*B)~ ! preserves D(4) and hence:

G,(e) : D(A)—D(A)nD(H).
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