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Institut fiir Theoretische Physik, Universitit Wien, Boltzmanngasse 5, A-1090 Wien, Austria

Abstract. For a system of (infinitely many) nonrelativistic gravitating fermions
described rigorously by Thomas-Fermi theory, a nontrivial limit of infinite
configuration volume |A] is shown to exist for the microcanonical free energy,
and for the entropy divided by log|A]. It can be calculated explicitly using the
scaling behaviour of the (ground state). Thomas-Fermi equation and shows
a phase transition at zero energy. For all (possible) negative energies, the heat
capacity of the infinitely extended system is negative and a nonzero fraction
of the particles is in the condensed phase.

0. Introduction

For a system of N nonrelativistic gravitating fermions, a nontrivial limit N— oo
exists for the entropy (see [4]), the free energy [5] and the thermodynamical
pressure [8], if those functions, together with their arguments, are appropriately
scaled with N (see [4]). For nonzero temperatures, the system has to be enclosed in
a “box” = bounded open region ACIR* whose linear dimensions have to shrink
proportional to N~ /3 in order to give a nontrivial limit for the collapsing system.
To work with an N-independent confining region (which is conceptually simpler)
we choose an N-dependent length scale and replace the original Hamiltonian
[with units h=(4m)!/3, m=1/2, gravitational constant xk=1/r]
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where A, is the contraction (by a factor N~/ in linear dimensions) of the
bounded open region A and 4, the i-th particle Laplacian with Dirichlet boundary
conditions. Assuming a single kind of electrically neutral, spinless fermions, we
restrict Hy , and Hy , to #,(A), the totally antisymmetric N-fold tensor product
of #?(A); in this case, the ground state energy of Hy , is proportional to N7/
and Hy , is therefore stable in the usual sense [9].

If s is a nonnegative real number and (£y)y., @ sequence of natural numbers
with lim N ~!logQy=s, then a nontrivial limit

Jlim N™TRE(N, @y, Ay)= lim N~ E~(N, 2y, 4): =4(s, 1)

Q2
is shown to exist [4], where the mean energy E~)(N,Q, A) is given by Q' ) E{™)
i=1
(E{™) are the ordered eigenvalues of HY)). As s—&(s, A) is a strictly increasing
continuous function, it can be inverted to give s(e(s’, A4), A)=s" where

s(e, A)= lim N~ 1SN, Hy ;)= lim N~ 'S(eN,H3 ,)
with S(E, H)=log Tr ©(E — H). Analogously,
lim N~72F(N, TN*?, A)= lim N™'F~(N, T, )=f(T; A),

N—-w

where

1
FC™XN, T, A) = — TlogTrexp(— TH}Q,)I).

1. Notations and Definitions

As shown in [4], e(s, A) respectively f(T,A) are given by the (global) minimum

value of the functionals () respectively f,(¢) over an appropriate space 2(A) of

nonnegative functions ¢: A—R with [ g(x)d*x=1 (see Sect. 2). £(0): =&T(s, 0),0):
A

=2(T(s, 0), 0) +W(g) where (T, 0):= j AT, — (T, o(x)))d3x is the (mean) energy per
A

particle of a free fermi gas at temperature T with prescribed spatial density
distribution g(x) (in a suitable thermodynamic limit)

[y

e(T,a):=Jp4(1+exp(%<p2+a>))_ldp

0
00.a):=4al*>6(~a)

0

WTa):= | p? (1+exp (%(pz—ka)))_ dp

0
v(0,a):=351al*?O(—a).

T(s,0) respectively w(T,v) are uniquely defined by §(7(s,0),0)=s and
WT, — w(T,v'))=v where §(T,0):= f o(T, o(x))d*x and o(T,v) is the volume density

4
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of entropy for a free fermi gas with temperature T and density v. The potential
energy functional Ww(g) is given by W(g):= 3 | #(e, x)o(x)d>x with (g, x):
A

— 1 -1743
== 51 eylx—yl~ dy.
In the sequel, we shall need the quantities 4(T,g):=sup u(T, o(x)),
AT, 0): = sup(u(T; o(x)) + (e, X))

A necessary condition for ge%(A) to minimize £(g) respectively f”T(g):
=&T,0)— T-3(T, g) is the validity of the Thomas-Fermi (:=T.F.) equation which
reads DE(0)=0 respectively Df(¢)=0, D being the GAteaux functional derivative.
Both T.F. equations can be written in the form

T, o(x)) = T, @) —t(g, x) (1)

for all xeA, with T= T(s, 0) in the microcanonical case.

We denote by &'(s, A) respectively F (T, A) the set of all solutions g of (1) which
lie in 9(A). &(s,A),(F(T, A)) is the set of all pe P(A) which minimize &, (fT)
globally.

2. Properties of the (Microcanonical) Variational Principle

The functional T(s,0) is well defined and <o for all
0e 9(A):={0=9e £} (A)| [ o(x)d*x =1} because there is a relation
A

d d .
[3|4)(6+a)+s] s n kg (%) <% t(0)=T(s,0)<5c*3(exp(}s)+4):=a (2)
which can be shown with the help of the inequalities (A1.3) and (A2.2)-(A2.5) in
the appendix (Z(e) :=(T(s, ), 0))-
Here, |A]:= [ dx, t,(s, v)=v*3kg(s) is the energy per particle of a free fermi gas
A

(with entropy per particle =s and density =v) and O<c< oo is a positive real
number with f 0(x)O(c—o(x))d*x=1/2 which exists for every ge2(A). [If
A

Qe DX (N):=D(A)NLP(A), p>1, we can choose c¢=2"F"V|o|P*=1  but
sup{T(s, 0)lee 2(A)} = + oo for all s>0.]

As (T, 0) S |Alo(T, |A|~Y) < o0, (T, @) is uniformly bounded on 2(A) for every
fixed T=0. The nonnegative functionals %(g) respectively — W(g) can be defined on
the whole set 9(A), but as they are simultaneously + co on some points, £(g)
=#(T1(s, 0), 0) + W(0) is not everywhere well defined. If we restrict £(0) to 27(A) with
p>3/2, W(g) is everywhere > — co and & () therefore unique. Choosing p=5/3, we
get the bound

—1<llel33—lel5)s <&l <35lel33 exp(s)+5), )
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where we have used (2), (A2.5), and (A2.2) in Appendix 2 and [7]. Minimizing the
right hand side over 2(A) gives the inequality

l2113/5 <1+351417 %" (exp(§s) +5) (4)

for every minimizing density g. This allows to restrict the variational principle to a
subset of 2°3(A) bounded in the #33(A)-norm as given by (4). The Gateaux
functional derivative exists on a norm dense subset of 2°3(A) [containing all
functions g(x) = >0 almost everywhere on A with arbitrary 6] and [D&,(0)](¢'— 0)
can be defined for arbitrary g, o'ee 2°/3(A), but may be — oo. Therefore Dé(g) has
to be the zero functional at every (local or global) minimum of ¢—£(g) which gives
the Thomas-Fermi equation (1).

As the functional p—7% (¢) is convex [because it is the minimum of the jointly

convex functional (g, 0)— | 03 (x)kz(a(x)/o(x))d>x over the convex set of functions
A

{0=Z0(x)|[ o(x)d*x =351, 0> 1,(0) is lower semicontinuous in the weak Z3/3(A)

A
topology on 2°/3(A) (because |A4|< oo, see [1], p. 263), but not continuous. If the
sequence (9,),cn < 2°/3(A) converges to g weakly in £3/3(A), then 0€2°/3(A) and
sup [|¢,lls;s=<c<oco by uniform boundedness. [W(e)—W(g,)|=c|V (e —e.)ls)
neN

where * means convolution and V,(x):=|x|”'©(d(A)—|x]) with d(A):=sup
{lx=ylx,yeA}. As y—|x—y|"t O@(A)—|x—y|) is in F>?(R>) for every xeR3,
[V (0 —0,)](x) converges pointwise to zero. By dominated convergence (which
follows from || V(¢ —,)ll,, = 2¢|| V4l 5/, because [A] < o0), '!1_{2) [Vixle—ells2=0

and g—W(p) is continuous in the weak .#*3(A) topology. Therefore /(g) is lower
semicontinuous in this topology and reaches its infimum on 2°3(A), because
every subset of 25/3(A) bounded in the #*3(A)-norm is compact in the weak
Z313(A) topology, £%3(A) being reflexive. Consequently &(s, A)#0 for all s=0
and all bounded open regions 4 CIR*. The same is true for # (T, A)asg— — T-5(T, )
is convex (and bounded) on & (A) for fixed T. From the convexity of s—1,(g)
together with (2) we conclude that s—¢(s, A) is continuous and strictly increasing,
so that the inverse function ¢—s(e, A) exists on the closed half-line [&*(A), c0)
where e*(A): =¢(0, A). [We shall see later on that ¢*(A) =¢* = const independent of
A, if A contains a sphere Sy, with radius R*.] As an easy consequence of the above
discussion, we get

Lemma 1. If a sequence (0,),.x With 0,€ & (s,, A) converges to g in the weak £°*(A)
topology and if s,Sc<oo for all nelN, then lim s,=s exists, ge&(s, A) and

n— oo
(s, A)= lim £(p,)= lim &(s,, 4).
n— oo n—oo
As, for sufficiently large A, the function s—&(s, A) is not convex on the whole
. . . . d .
domain, the existence of a microcanonical temperature T'(s, 4): = —¢&(s, A) is not

ds
clear a priori; therefore we introduce a generalized version of this notion in
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Lemma 2. If we define

T, (- )(s,4):=lim oil;go (inf)%(s(s+d, A)—e(s, A))

T, (s, A): =lim sup (int)é(a(s, A)—e(s—d, A))

T,(5,4):=T"_(s,4), T_(s,4):=T(s,4),
T', _)(s, 4): =sup (inf) {T(s, 0l & (s, A)},

T, (s, 4):=lim Oigio (sup) T"; (-, (s &, d, A)

then every accumulation point of d; *(e(s+d,, A)—&(s, A)), d,+0, lim d,=0 lies in
the closed interval 1(s, A): =[T"_(s, A), T', (s, A)] and

(s, A)S T2(5, A)S T5(5, )< T' (s, A)S Ty (5, VS T (s, S T (5, A T (5, ).

The easy proof follows from the variational principle and a uniform estimate of
difference quotients.

Remark 1. If ¢(s,A) is convex in a neighborhood of a point s, then it is
differentiable there. If &(s,, A) consists of a single point and &(s, A4) is concave in a
neighborhood of s, then it can be shown that the derivative at s, exists, using
special properties of the solutions of the T.F. equation (1) (see [2]).

3. The Main Result

It has been shown numerically in [6], that for a sufficient large, spherical A CIR?,
the function e—s(e, A4) is no longer concave on the whole domain [&*, c0), but there
is no first-order phase transition in the microcanonical picture. The latter only
occurs in the canonical case where the function T—f(T, A) is not differentiable for
a certain critical T=T,(R) depending on the radius R of the spherical “box” Sg.
Although the existence of this box is an unphysical assumption (but necessary to
guarantee the existence of all partition functions because the gravitational force
alone, vanishing in the limit of infinite interparticle distance, would not prevent the
complete evaporation of a star at nonzero temperature) we try to get rid of its
influence by taking after all other limits leading to the T.F. theory, the limit
A—-R3,  This limit exists for the microcanonical free energy
X (e, A)y=¢— Ty (s(e, A), A)s(e, A) and for the “rescaled” entropy (log|A|)~'s(e, A)
and shows a phase transition in the microcanonical description of the spatially
infinite system at e=0 which corresponds to the beginning of the formation of
a condensed phase in cold gas cloud, i.e. the birth of a star. We state our results
quantitatively in the

Theorem. Let (A,),.n be a sequence of bounded open regions CR3 with
lim |4,|]=+o and lim (logR,(A,))”'logR_(A4,)=1 [where R, _(4) is the
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radius of the smallest (greatest) sphere containing (contained in) A], then

i) limsup (log|A]) ts(e, A) <1, e*<g< 00
4] =0
i) lim (log|4,])” Ls(e, A,)=1—(e/e*)*"O(—¢), e¥*<e< 0;
iii) lim fZ (e, Sg)=2%e*(7(e/e*)*7 —4e/e*), e*<e <0,
R—- 0

lim fZ(e,A)=—o00,0<e<00;
4] =0

iv) '/}li{’n00 {8(To)lee F (T, A)}=3T,0<T< 0;

v) ]Allirle0 {Tlee F'(T, A),é(T,0)=¢} = 3£0(e), ¥ <e< 0;
vi) 1313.10 {Tlog|Sglloe Z(T, Sp), &(T, 0) =&} =(—3&*) (e/e*)*”
= 1113010 {— (T 0)loe F (T, Sg),é(T 0)=¢}, e¥<e<0

vii) |A1;irfl® {~ (T, 0)(log|A) ™ ee F (T, A)} =T.

Remark 2. For ¢=0, there is no definite volume dependence of T or fi in the limit
A-R3 which may be considered as an indication for the microcanonical phase
transition [ =nondifferentiability of the (rescaled) entropy (ii) as function of
energy =nonuniqueness of the (rescaled) temperature (vi)] which occurs at ¢=0.
Furthermore, the microcanonical free energy is discontinuous there. The limit of
the (rescaled) temperature equals the inverse derivative of the (rescaled) entropy
for e*<e¢<0 and 0<e< oo being + oo for ¢>0. The canonical free energy f(T, A)
has the trivial limit | llim (log|A|)~* f(T, A)= — T for all T=0 and the interesting
A|— o0

region ¢<0 corresponds to the single point T=0. Although, physically, an
interstellar gas cloud is not an isolated system, it can only lose energy (by
radiation) but not take it from a heath bath, so that the microcanonical
description seems closer to reality.

Remark 3. The way A, is allowed to tend to infinity, is strictly more general than
the usually considered van Hove-convergence (see [9]) where surface effects have
to vanish. This generality is a consequence of the logarithmic rescaling of the
entropy and its monotonicity in A ; as this monotonicity is not necessarily valid for
the microcanonical temperature, the (nontrivial part of the) limit for the micro-
canonical free energy is only proven for spherical regions.

Proof. i) It is shown in Appendix 3, that there exists a nonincreasing function
T—A(T),0< T, A(T)< co such that (T, ) <0 for all pe F'(T, A) if |A]= A(T) and
constants 0<b, B< oo with [[0(g,-)||, <b, b>|e*| for all peF'(T, A) and all T=0
if |[4|= B.

Using the inequalities (A1.3) and (A2.5) in the appendix we obtain the bounds

£3(e+Db),0)>¢

3(3(e+b),0) <6+ 3log(e+b) +log| ] )
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for e*<eg<oo and eF'(3(e+b),A), if |A|=ZAQB(+b)+B. As
s(e, A)=sup{8(T, 0)lee #'(T, A), &(T,0)=¢} this proves i).
i), iii), and vi) are treated in Sects. 4 and 5. iv) follows from the estimate

173/2
1T exp

- %(Iul +b)} So(x)=T? eXp(— %Iul) forall xed  (6)

and all ge #'(T, A) with u:=a(T,0)<0 [see (A2.4) in Appendix 2]. This last
relation holds for all A4 with |A| = A(T). The normalization condition j o(x)d*x=1
implies that ||, and consequently

I5(e, ), <llelled® llel o

[see (A3.1) in Appendix 3] converge to zero when |A| goes to infinity so that in this
case &(T, g) tends to the energy per particle of an ideal fermi gas at temperature T
and vanishing density which equals the classical value 3T To prove v) we may
restrict the discussion to {T=0|oe F'(T, A), (T, o) =¢, i(T, o) <u} for an arbitrary
uelR, because of the relations

lim sup {Tlee #'(T; A), i(T, ) 2 u} =0

[4]= o0

lim sup {&(T, 0)loe # (T, A),i(T, 9) 2u} =0
|A] =0

following from (6) [for u<#(T, ¢)=<0] and from (32) [for @(T, g)>0].

As T<3(e+b) for |4]= A(3(¢+b))+ B, the set of T’s in v) has limit points. If
one of them is >0, then according to the proof of iv) it equals 2¢ [because o],
and ||d(g, -)| ,, both vanish in the limit | 4| — co]. Therefore, all nonzero limit points
coincide. If zero is a limit point, then it follows again from (6) that |¢|, and
(o, -)|, both converge to zero. The inequality

1
ST< 0T - <4uOW+T), p=w(Ty), ®)

[see (A2.5) in Appendix 2] shows that in this case ¢ must be zero.
vii) is an easy consequence of the inequality (6).

4. An Upper Bound for the Rescaled Entropy

In order to derive an upper bound for lim sup (log|4,|)~*s(e, 4,) we only need to

consider spherical regions, because s is an increasing function of A due to the
choice of Dirichlet boundary conditions for the kinetic energy. It has been shown
in [2], that &(s,Sg) only contains spherically symmetric densities. We replace
therefore #'(T, Sg) by # (T, R), the nonvoid set of spherically symmetric solutions
of the T.F. equation, which in this case, becomes the ordinary differential equation

#0)=rv( T 100). 0)
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R 1
where o(r)= %)’((V) O(R—r), 4n g o(r)rdr=1, ~xn)=—uTe()=0e.r)— MTe) if

. ... d . .
0<r<R; the dot means the ordinary derivative —. The constraint ge Z}, _ gives

dr
¥(0)=0 so that x(r) is uniquely specified by T and 3(0)= —u=—a(T,9). It is
sufficient to find an upper bound for

gle):= inf{li%i sup (log|Sg))~ s (u, R)|¢’ (u) > 8} ,

where
s'(u, R)y=sup{3(T, 0)lee #"(T, R), (T, 0) = u}

and
&'(u)= lim inf (inf {&(T; 0)lee #"(T, R), (T, @) =u}).

R—-

By calculating explicit bounds for the partial derivatives of the function v(T, a)
which is convex decreasing in 1/T and a separately, one gets

0=W(T+d,a)—v(T,a)<d()/T+d + /v (10)
0=v(Ta)-v(La+d)<d(/T+)/w

if —u<aand 0L 7T, d, a.
As 1, (r), the unique solution of (9) with (0)=0 and %(0)= —u, is convex inr,

1 .. . 1 1,
" Xr,.(r) is increasing in r and consequently - 1N —u=—1 ( T, - 1)@ (R~ r)).

. . . . . 1
Therefore the estimates (10) give a (uniform) Lipschitz constant for v (I; XT,u(r))'

By standard perturbation methods of ordinary differential equations we get the
bounds

10, (1) — 0 ()| S lo.— Plu? [exp(u'/* 1)+ 3] (11)

if 0<a, =1 and u>0, where

002 =~ )
r
Qa,u(r) = Q;,u(r) ) (R (0(, u) - T‘)

. R
for all r=0 and R(x,u): =sup {R >0|4n j Q;’u(r)rzdr < 1}. The prime indicates that
0

0, ,(r) is the infinitely extended solution on IR not subject to any normalization
condition. For notational convenience and dimensional reasons, we have put
T=ou and restricted o, respectively u, to 0=<a <1 and u>0, because, in the sequel,
we will only consider the case T converging to zero at fixed u>0 (which
corresponds to &* <g<0), the remaining cases being already discussed in Sect. 3.

If R(x,u)<co, then obviously |g,,ll;=1 and g, &% (oau, R(x,u)). If [, I
would be <oco, then 0<|d(g,,, )ll,=—,,0)=c<oo and consequently,
wow, g, (r))=u—c—bg, ,,r)>—c which gives, together with inequality (A2.4) of
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Appendix 2 a constant lower bound 0= 3(aw)*?exp[ —(aw) ™ 'c]<g, (r) for all
r 20 contradicting the assumption | g, [, =1 if «>0. Therefore R(x, u) < co for all
o,u>0. To invert R(a,u) as a function of «, we first conclude from estimate (11)
that there is a 0 <c(a, u) < o0 with

IR3(at, 1) — R3(B, w)| < ot — Ble(er, u) (12)

for |a—p|<c™ Ya,u) [because v(oau,a) and consequently 0,,(R(o,u)) are strictly
positive for «>0 and g, (r) is nonincreasing in r] showmg that a— R(o, u) is
(Holder) continuous. To calculate R(0,u) we conclude from the T.F. equation for
a=0

1

r
; XO,u(r)

B 3/2 1
ou=" o[~ ;x0.0) (13

that y, , belongs to the one-parameter family of solutions

X0,14/3u(r) = )'XO,u(}'1/3r) .

. 1. . .
For the corresponding g, u(r)=—xo Jr) which has compact support, there is a

unique A* with A¥[|gp I 1 =1. Therefore ¢*: =g, ,» With u*=2**3y is the ground
state density, ie. the unique element of &"(0, R) if R=R*:=sup{r>0|g*(r)>0}.
Consequently, |gp I, =(u/u*)** and R(,u)=+ oo if 0<u<u*, R(0,u)<R* if
u=u* and

r(u):=sup {r>0|gp ,(r)>0} = R¥(uju*)"*.
Because g, (r) is nonincre/asing in r and g (r)=0 for r=r(u), we get
105, = €, ull o S ts®?c* (14)
with ¢*=exp(u**R*)+ 3 and, finally
R3(ot, ) =(5¢*)™ How™2) ™ H(1 — (u/u*)>"*)
for 0 <u<u*. Therefore

05, — €0, ull o Scru®?c* (15)
if 0o <d, = (SR*3 c*ud’2) ™ L(ufu¥)4(1 — (u/u)>4)

Conversely, it is possible to show (by an appropriate lower bound to ¢, ,) that
R(et, ) <2(ows) ™ 12 if = (5u) ™ . As the range of the continuous function oa— R(x, u),
o€ (0, 00) is therefore the open half-line (0, 00), there exists, for every R>0 and
every 0 <u<u* at least one >0 with R(x,u)=R. We define o, _,(R,u) to be the
sup (inf) of {o&>0|R(a, u)= R} and denote the closed interval [a_(R, u),a (R, u)] by
J(R,u). Given an energy & with e* <e <0, we fix a u with 0 <u<u*(g/e*)*”, define
M) :=(u/u*)3* and choose an (arbitrary, but fixed) ¥ >r(u) =" /3(u)R*.

As u remains unchanged in a great part of the following discussion, we take the
freedom to omit it without further comment. From (15) together with

Ia,(7) = o, S culexp(ut/*r)+3]
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(a standard estimate for ordinary differential equations), it is easy to conclude that
there is a 0<d, =d; with u,(r):=ulow, g, (1) <0 for all r=7 if 0=Sa=d, because
Xo.J(r(w) = A*3(— p*)=u(— p*/u*)>0. Here p*:=[i(0,0*) <0 is the chemical po-
tential of the ground state solution ¢* if R=R*; this follows from the relation
Xo,u(r(w) = — 0y, ")) = — 10, 05 ,) which is not difficult to prove. From the
definition of u, we get

:aa - 14/3”’* = Ua(()) - UI()(O) s (16)

where ;= f(ow, 0, ,) and v,(r):=3(g, ,, 1), Vo(r):=b(0q ,, 1), Which gives, together
with (15) and (7), the estimate

lﬂa—l‘”z’u*l§C*1/3O(1/3u1/2. (17)
Consequently, as v,(r) <0, we get
W) >, = AP p*—c0'® for 0Zr=<R(x), (18)

where 0 <c, < oo depends on u but not on a. On the other hand, it is clear from the
foregoing and the concavity of ru,(r), that there exist similar constants
0<c,,c3,dy< o0 with

W <(A*Pp*+ac,)(1—r/fr) forall rzv (19)
if 0<a=<d,<d,, and
R(a)

4n | o rrfdr—(1—2)| Zacy. (20)

Putting all estimates together and using the bound (A2.4) of Appendix 2, we get
the following relation for the (dimensionless) quantity

4(0)= 01— 1) (R0) ()

1
— —(d*+a'3c,/u)

11— A()a>? exp S S1—A+oac, (21)

and

1 —A—oey 20M2u32(r)3 + (1 — D) A(o) exp —é(d*——a”"'cz/u)(l—ocm) (22)

if 0<a=<d,, where d* equals —u*/u*>0. [The contribution of the interval
¥ <r<o” Y37 to the integral of the right hand side of (22) has been estimated

separately.]
Introducing appropriate new constants 0<c,d < oo, ¢;=c which are, as the
previous ones, a-independent functions of u, 7 we end up with

é(d*—ocmc)glogzl(oc)g %(d*+oc1/3c) (23)

if 0<a=d. This relation can be inverted to give

d*(1-¢Pe¥)<a_(R)=a (R)SA*E(1+EPe*) s2d*E<d*®/c®,  (24)
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where
-1 / 4n ), —1(R3_ ()3
E7t:=logA'(R):=log ?u 1=A"HR>—(r))
and e*:=213¢(d*)"23, if logA'(R)=2c3(d*)”2+2d*/d+1, or equivalently
R=R(u).
From the estimate
sp(t, V) =2+ 3logt—logv (25)

[where sy(, v) is the entropy per particle of a free fermi gas with energy per particle
7 and density v, see (A1.3) in Appendix 1] together with (8), we deduce the bound

.

r

sup {4n [ o (r)rdrlee J(R)} <h(u,r):=645( [/ﬁr’)3 (26)

0

with ¢,(r):=0(au, g, (1)), using the estimate [ o(x)log(a®/e(x))d*x <a?. |A]| valid
A

for all 0<ge #*(A). [In fact, the contribution of the interval 0<r=<r to 3(ouw, 0,)

vanishes in the limit R— c0.] On the other hand,

sup {4n If o (r)rdrjae J'(R)} <54+(1—=A+a,.(R)c)logA'(R) 27

if R> R/, using the inequality — | o(x)logo(x)d>x < || ; log(l4|/llell,) valid for all
0=<0e Z*(A). Combining (26) anAd (27) we get
s'(u, R)<H'(u, ')+ (1 — Au)) log 4'(R) (28)
vxﬁith R (u, )= h(u, ")+ 2cd* + 5>0, and consequently
lim sup (log|Sgl) ™" s'(u, R) < 1— (u/u)**. (29)

To calculate ¢'(u), we conclude from (7) and (15), that

o) —w(eo) =3| | (gawa)(va—vz))dax( <(@c*)P Y u; (30)

by (24) we have o, (R)<2d*(log A'(R))~ !, and consequently I%I_I.n W(Qy(r), ) = W20, )
for all «(R)eJ(R, u). On the other hand, using
0= 0(ou, — (1) — 0(0, — 1, (1)) < 20> (31)

[see (A2.6) in Appendix 2] and 0=g, *(r)0(au, — p,(r) <4ou if r=r and O0<a<d
[see (8)] we get the inequality |2(au, g,) — £(0, @p)| = ou((37 W)3(1 +c*)+4) where
the bound [6(0, — i) — 6(0, — uo)| =4ulo,— 05, follows from the convexity of
v—0(0, — u(0,v))=2v(3v)** and the bound |, [l,=2u*? for all 0<a<l.
Therefore,

/)= lim 8((R), 0,) =80, 05) = (u/u*)I*e* >¢ (32)
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for all «(R)eJ(R), using the scaling property &0, gf ,)=(u/u*)""*-£0,0*) of the
ground state T.F. energy functional. As ¢'(1)>¢ by the original assumption about
u, we finally get

g(e) Sinf{1— (u/u*)>*|(u/u*)"*e* > e} = 1—(e/e*)>". (33)

Together with (24) and the relation u* = J¢* (which is a consequence of the scaling
property of the ground state T.F. equation, see [6]), this proves vi) and the first
part of ii) in the theorem.

5. A Variational Lower Bound for the Rescaled Entropy

As the entropy s(e, A) is given by (a thermodynamic limit N— oo of) the maximum
over all configurations with energies in a given interval, we get a lower bound for
s(e, A) by considering a special set of orthonormal wave functions

wN,i:<1PN,i’wN,j>:5ij and <wN,i> ;,AwN,i>§8N'

For a given ¢ with ¢*<g<0, we choose a § with 0<8<(2|e*)” (e —¢*), define
A0):=(g/e*+6)¥7 <1 and fix an ¥ > A(5) " V/3R*. In the sequel, we shall consider
product wave functions yy, ; where M particles are in the ground state of Hy g,
and N— M particles are in an eigenstate (with energy E,;<|¢*|0N) of the free
(rescaled) Hamiltonian

N-M

N72B3272B7743 %" (—4) on H(Sg\S,), R>r

j=1

with Dirichlet boundary conditions on both boundaries of A, :==S¢\S,. (the two
spheres are supposed to have the same center). Putting M =min {ne Nn/N = A(26)}
gives M<N and O<l(5)</1(25)=1éim M/N < 1. If N is sufficiently large, we get

therefore

Sy HY soWn.> <6*(A8)"3— )N <eN

for all ieIN with E,<|¢*|6N, because the gravitational interaction is purely
attractive. Taking the limit N— oo gives (for sufficiently large R) the lower bound

(1= A[1+3log((1 — 4)~ e*|8) +logeg + 3log(l — 2/ T—A(e*[8) ™ 2cx 113)] < s(e, Ag)
(34)

[with A:=A(26) and cp:=(1— 1)~ !|Ag|] where we have used the estimate (A1.3) in
Appendix 1

1+3logt—logv+3log(l—2v13t™ 1) <5z, v),
sy(t, v) being the entropy per particle of a free fermi gas with energy per particle =t
and density v. Choosing an R-dependent 6 =0, with lim 5, =0, 1/6, = o(cy®) and

logdg=o0(logcg) for R— oo [which holds for every d,=const(logcg)’, a<0], we
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have 1!3130 M28g)=(e/e*)®" and the monotonicity of s(e, A) in A gives the lower
bound

lim inf(log|4,[)~ 's(e, 4,) = 1—(e/e*)> 7 O(—e) (35)
for any sequence (4,),. of bounded open regions with ,,ILIE}) [4,]”'=0 and
lim (log|A4,])” ' logR_(A4,)=1/3. (For ¢>0, we simply have to put A=0=r, to

replace A, by Si and to set o, =¢/|e*|.) By continuous extension to e=¢* and ¢=0,
this proves, together with (33), statement ii) in the theorem.
As the inequality (24) shows that the convergence

lim T (s(e, Sg), Sg) log |Sal = (— 36%)(e/e*)*”

is uniform on compact subsets of (¢*,0), T"(s(e, Sg), Sg)log|Sy| also tends to the
above limit and therefore the length of the interval I(s(e, Sg), Sg) vanishes in the
limit R— oo for e*<e<(. This generalizes the notation of convergence for the
microcanonical free energy and proves, together with ii) the first part of iii) in the
theorem, the remaining part being a consequence of v) and (35).

6. Appendix 1

It has been shown in [3], that for Sp(E, N, A) the entropy of N free fermions at
energy E in a volume A4, the following estimate holds

SEMB(E’N>A)§SF(E’NaA)ésMB(EaN5A)5 (Al']-)

where

1
Syn(E, N, A4):=log 1 Try s O(E—Hy, )

and
1 N
Sus(E, N, 4):=log N Tryp|O(E—Hy o) [] OH, 4~ e0)|.
! i=1

Here Tr,,; means trace over the Maxwell-Boltzmann-Hilbert space, i.e. the (full)
N

tensor product £*(A") of the one particle spaces. Hy ,= ) H, , is the (free)
i=1

Hamiltonian and e, the lowest eigenvalue of Hy ,. Taking the (usual) thermo-
dynamic limit we get

1/2
21log((3h?)~ *4mmt)+ 3 log (1 - (Z—F) ) —logv+3 <su(t,v)

<32log((3h*)~ *4mmr)—logv+ 3, (A1.2)
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where the Fermi energy 7, for (spinless) fermions with density v is given by

h* (6 \*3 . . . . )
Tp= %(% v) . Using our numerical choice of units, we finally get

1+2logt+3log(1—2v*1~12)~logv <su(1,v)<2+3logt—logv.
(AL3)

7. Appendix 2

From the definition of 6(T, — u) and v(T, — u) given explicitly in Sect. 1, we can
easily obtain the bounds

L5524 A 2) T2 + § T2 <O(T, — ) <3812+ 27 V2(In2) Tudl2 + 5 TS

(A2.1)
respectively
L2 42732 (In2) Tp P+ T3 <W(T, — ) < 3p%% + 3(In2) T2 4+ 2 T3/2
(A2.2)
if u=0 and
5 /7 T3 exp(u/T)<O(T, — )< 3 /7 T2 exp(/T) (A23)
respectively
b T
VE romexpu 1y < i — < L 192exp(u) (A24)
for p=<0.
This leads to the estimates
1 1
3 T<J 0T, —p)<4uéW+1), (A25)

where pu=u(T,v) and
0£00,v)=3v3v)*>,  u(0,v)=(3v)*?
0,(0,1) < 05(T, V) < 050, )O() + T(W**O(u) + T2, (A2.6)
where 0,(T,v):=0(T, —u(T,v) and u= (T, v).

8. Appendix 3

Decomposing the Coulomb potential into a short range and a long range part
leads to the estimate

I8, Sinf{3R?[ll , +(4nR) ™ |lell ;IR >0}
=306m) " el llel . (A3.1)
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For an arbitrary ge #'(T, A), (A2.2) and (A2.4) in Appendix 2 gives the bounds
w:=T,0)<3|A|=%3 (for all T=0) and u<-—T (for T=6|A|"%3). Defining
u:=u(T,0) and v:=[(T, 0)—u=1inf{d(g, x)|xe A} for an arbitrary ge F'(T, A) we
get, in the case u=0, from (A3.1) and (A2.2): o(x)<(u+ T)*2 Consequently,
u+T<u—p=p|<(u+T)V?if T=6|A|" 2 and u—3|4|~*P <|v|<(u+ 6|4 2/3)!/?
if T<6|A|~%3. This leads to the estimates

Wl<l, u<i—T (A32)
(if u=0 and 6[4|”¥3<T<1—u) and
Wl <14314]7 Y3, u<143]4]" B 43)4" 23 (A3.3)

(if u=0 and T<6|A4|~%/3).
In the case of u<0, (A2.4) and (A3.1) give

o< )/T exp(— %Iul) (A3.4)

and

1 1 3
= - <1. A35
3 Texp( 3T|,u|)|A[ <1 (A3.5)

Introducing in (A3.4) the upper bound for ﬁ given by (A3.5) and using
[vo]=|u| —|u] if u=0 we get

|v] < sup {min( 1/7‘, 21A4|" B exp(T~ V) T=0} <1 +6|4] 713,
Combining all estimates, this leads to the bound
[0(0)l , <1+6]|A]"forall geZF (T, A). (A3.6)
From (A2.2), (A2.4), and (A3.6) we conclude that
u<4+T(3—1nl|A)) (A3.7)

if T=6|4|72/3, so that, for every T>0, @#(T,0)<0 for all pe F (T, A) if |A] is
sufficiently large.
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