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Abstract. We give an expression for the perturbed evolution of a free evolution
by gentle, possibly velocity dependent, potential, in terms of the expectation
with respect to a Poisson process on a group. Various applications are given in
particular to usual quantum mechanics but also to Fermi and spin systems.

Introduction

Since the proposal of Feynman [1] of a quantization procedure by means of path
integrals, a great deal of effort has been devoted to make precise the definition of
such an integral (see e.g., [2, 3] for references). An important step has been to realize
that in some cases this path integral can be interpreted as the expectation with
respect to a stochastic process [4]. One of the most natural stochastic processes
which has been considered first is the Gaussian process. Another one is the
Poisson process [5, 6]. In this paper, we shall consider the connection between
Poisson processes on groups and the usual Weyl quantization procedure. More
specifically, let H, be the free hamiltonian of a single particle and ¥ a multipli-
cative potential which is the Fourier transform of a bounded measure v. In the “p”
representation H, is just a multiplication operator by hy(p)=p?, then for any
square integrable, continuous function y one has
T

femm )= EL ol - p0)),
where E],_, denotes the expectation value with respect to a Poisson process
naturally associated to v, Proposition (3.7).

In fact this result is a special case of a more general result. Let G be a
topological group which acts on a topological space X, and let u be a quasi-
invariant measure on X with respect to the action of G. Under these assumptions
the action of G on ¥ induces *-automorphisms of L (¥, ) which are unitarily
implemented by a unitary projective representation U of G. Let 9 be the cross
product of L (¥, u) by the action of G. Then it is possible to write a formula of the
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previous type for the one parameter group whose generators are of the form
H,+V where H, is an operator affiliated to L_(X,x) and V is of the form

| dv(g)U(g) with v a bounded measure on G (Theorem 2.11).
G

The first section is devoted to the unitary projective representations of a
topological group G induced by its action on a topological space X. In particular it
is possible to give a fairly complete description of these representations when G is
abelian, acts transitively on X, and X can be identified to a subgroup of G
(Proposition 1.9).

In Sect. 2, we give a definition of Poisson processes on a group G associated to
bounded measures v on G. In particular we describe the sample paths space,
which is the set of left continuous, piecewise constant, with a finite number of
jumps, functions from te[0, T] to G, ending at the origin. This leads to main
theorem (2.11). More specific potentials with definite support properties are
investigated.

The last two sections are concerned with specific groups G, namely abelian
groups of the form G, x &, where ®, is a subgroup of ®, the dual of G,.

In the third section, ®, =®, with the two examples:

i) ,=IR, with the usual topology. This is nothing but ordinary quantum
mechanics with N degrees of freedom. The main theorem allows to treat some
velocity dependent potentials namely those of the form

V= | dv(x,p)U(x,p),
R2n
where U(x, p) are the ordinary Weyl-operators e/** 79 and v a bounded measure
on R,, then

—iT(Ho+V) _ 5T
(e ' ° lp) (p)_Ex(T)=p(T)=0
.T .T .
-{e_‘ $ho(p=p(e)dz, p—i § p@dx@ o "’x(o)lp(p— p(()))}

ii) &, =P(A) the group of finite subsets of a countable set with symmetric
difference as group law. That gives models for spin systems in the usual Fock
representation.

Fourth section deals with “quantum field like models” where &, ¢®,. The
specific examples which are given are the following:

i) ®,=IRy with the discrete topology, ®, =IR.

Beside ordinary representations of G there exist representations in non
separable Hilbert spaces which simulate representations with position or momen-
tum eigenvectors. )

ii) ®,=P(A) as previously with A strictly infinite and ®, =6,. It is possible
to describe in this context the Fermi anti-commutation relations. In particular, we
apply the main theorem to bounded perturbations of the number operator.

iii) In this last example ®,, is the additive group of a real prehilbert space H;
®, =6,. The main theorem applies but the fact that the potential has to be the
Fourier transform of a bounded measure introduces strong restrictions.

There are many interesting applications of the previous general theory for
more specific models which will be treated in separate forthcoming papers.
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1. Unitary Projective Representations Corresponding to Group Action

Let G be a topological group and X be a topological space. A continuous action of
G on X is a continuous mapping (denoted multiplicatively) from X x G to X which
satisfies

(r.1) x-e=x, VxeX,
where e is the identity of G

(1.2) (xg9,)-9,=x(9,9,), V91,9,€G, VxeX.

Let { be a multiplier on G, i.e. a continuous function from G x G in the torus T
which satisfies

(1.3) {91,92)09192,93)=0(92,93){(91,9293) -

Let u be a positive measure on X which is quasi-invariant for the action of G on X.
Then it is possible to build a unitary projective representation of G according to
the following proposition (see e.g. [7]).

Proposition 1.4. Any continuous function Z from X x G into T which satisfies
a) Z(x,9,)Z(xg1,92)=0(91,92)Z(x,9:9,)
defines a continuous unitary projective representation U% of G on L,(X,du):

dp(xg)
) f(xg).

Conversely if U% is a unitary projective representation of G on L,(X, du) defined by b,
Z satisfies property a).

b) (U(9)f) (x)=Z(x,9)

G has a continuous transitive action on itself by right multiplication. To that
action corresponds the regular unitary projective representation U* defined as

(1.9) WON@)=t.0) |52 g0

for a quasi (right) invariant measure p on G.
This representation is unique in the following sense.

Proposition 1.6. Let G be a topological group and p a positive (right) quasi-
invariant measure on G. Let U% be a projective unitary representation of G on
L,(G,du) corresponding to the function Z defined in Proposition 1.4. Then U? is
unitarily equivalent to U* and the intertwining operator V between U% and U* is of
the following form

N @)=v9)f(9), [feLy(G,dp
for v a continuous function from G to T.
The proof uses the following lemma.

Lemma 1.7. Let Z be a (continuous) function from G x G to the torus T which
satisfies
2(91,92)2(9192,93) =92, 93)2(91, 9293) -
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Then there exists a (continuous) function v from G to T such that

Z(g,9") =g, 9(g)(g9) -

Let now G be an abelian group which acts transitively on X, and p a positive
quasi-invariant measure on X. The existence of a unitary projective representation
implies some restrictions on the multiplier (.

Proposition 1.8. Let G be an abelian topological group which acts transitively on a
topological space X, and G, be the stabilizer of the points in X. Let { be a multiplier
on G. Assume there exists Z satisfying property Proposition 1.4 a), then { restricted
to Gy x G is trivial in the sense that there exists a function A from G to T such that

{90,9)=Mgo)H9)AHg09), V9go€Gy, g€G.
As a corollary the U%(g,), go€ G, commute.

Conversely we can describe the unitary projective representations of G
corresponding to a closed subgroup G, on which { is trivial in the above
mentioned sense, more precisely :

Proposition 1.9. Let G be a topological abelian group such that G=G,x G, ;
moreover let { be a multiplier on G such that
{(90€) (9o, 91)) = Mg, ©) G0, 91U 090 1)
Vg0,90€ Gy, V91€Gy,
where 1 is a function from G to the torus T.
Consider the following action of G on G,
k-(9ps91)=kg,, VkeG,.

Let p be a positive quasi-right invariant measure on G,. Let Z be a function from
G, x G in the torus T which defines a unitary projective representation of G on
Ly(G,,dy). Then Z has the following structure

Z(k, (g0, 91))=Me, 91)Ugo» 9:)D(gos €) (e, k1))
-2go)l((e, k) (e, g u(k)ulkg,) ,
where b* is the bicharacter defined by

bg,9)=0(9,9)(g’,9),

« a continuous character on G, and v a continuous function on G, with values in T.

Conversely, given y a continuous character of G, and v a continuous function from
G, to T, then the previous formula defines a function Z which verifies
Proposition 1.4a).

This proposition is an easy consequence of a more general theorem whose
proof is given in the Appendix.

These representations are obvious generalizations of “x” or “p” representations
of the usual quantum mechanics (see later). Nevertheless they are not necessarily
irreducible, at least if G, is not { maximal abelian.
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In what follows we shall be interested in some algebras of bounded operators
associated with these representations, the most natural being the von Neumann
algebra AU%(G, () generated by the U?%(g). Furthermore, the U%(g) implement the
group of automorphisms of L_(¥,dy) defined by

(1.10) (0,M)(x)=M(xg) p-ae.

that is
0,M =U*(g)M U%(g)*

[the same notation is used for an element of L (X, du) and the associated operator
on L,(X,du)].

So, another interesting algebra is the von Neumann algebra 9 generated by
both the U%(g) and the elements of L_(X, du), i.e. the cross product of L_ (X, du)
by the action (1.10) of G. Let us remark that in some cases M is identical to
AY%(G, ).

Now, we define a dense subalgebra Q of 4V*(G,{) in the following way.

Definition 1.11. Q is the x-algebra of elements in 4Y*(G, () of the form
Q(v)=[ dvig)U™(g),
G

where v is a bounded measure on G.

This is a generalization of the Weyl quantization procedure. In this case G is an
abelian locally compact group, G its dual and dg, d§ the corresponding Haar
measures. Let { be a multiplier on G, the associated bicharacter b* on G ensures a
homomorphism of G into its dual G. Let us assume, that is the case of ordinary
quantum mechanics, that this morphism is an isomorphism, then

(1.12) (F)g)= (I; b4g,9)f(9)dg
defines a Fourier transform of functions on G. The operator Q°(f) defined by
(1.13) Q°(f)= £ (Z1) (9)og)U*(g)dg

when the right hand side makes sense, is usually called the Weyl quantized of the
function f on G, the continuous function w from G to T being such that

{'(9,9") = w(g)(g')x(99'){(9, ')
is a bicharacter.
In the general case, w can be chosen quite arbitrarily and will be called
ordering,
The quantized operator Q(v) is just a multiplicative operator when v takes
some simple form. We generalize here a well known result for ordinary quantum
mechanics

Proposition 1.14. Using the assumptions and notations of Proposition 1.9 and
Definition 1.11, if v is a bounded measure on G such that

V=v4X%96,,
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where v, is a bounded measure on G, and o, the evaluation in e on G, then its
quantized Q(v) satisfies

QUIN(K)=NK)f(k), keGy,

the bounded continuous function N being given by :

N(k) =(§ Mgos e))j(-é,_e—)x(go)bg((go, e), (e, k™ 1)dvo(go) -

2. Perturbed Evolutions. Poisson’s Formula

As previously, let G be a topological group, { be a multiplier on it. G acts
continuously on a topological space X, which has a positive quasi-invariant
measure u with respect to the action of G.

UZ is a unitary projective representation of G on L,(¥,u) associated to a
function Z which satisfies conditions of Proposition 1.4.

Let t— U? be a unitary continuous one parameter group in L_ (X, u) and let us
define H,, its infinitesimal generator

au?

(2.1) o= —iHoUY.

Let us assume moreover that there exists a continuous function h, such that

22 (Hof) () =ho(x)f(x)

for a dense subset of vectors f in L,(X, u).
Let v be a bounded measure on G, and Q(v) its quantized (see Definition 1.11).
Our aim in the following is to describe the solution of the equation

3 SN =~iH+ QNS Uflua=1

for a dense set of functions f in L,(¥, ). The solution of such an equation for
bounded Q(v) can be obtained by the wellknown Dyson expansion. It is this
expansion that we want to analyze in terms of Poisson process.

A generalized Poisson process on G for the finite time interval [0, T],
corresponding to the bounded measure m on G is defined in the following way (see
e.g. [5,6]).

Q is the space

Q={w=Mm;ty, .. ts77--9,);neN0<t, <t, ... <t,<T,g;e G}u{w,},

where w,, is a point.
Z is the Borel g-algebra generated by the sets ‘92?,
by

s, Which are defined

wees@nBi, ...,

Vo= {wo}
Vflnl) ,,,,, anBi,..., B,.={(n’ t17 crey tn’gl’ -'-3g")}1

where the B;’s are sequences of Borel sets in G and the a;’s are sequences of Borel
sets of [0, T] which satisfy V t,€ a;,Vt,€q;, i<j=1;<t;
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Given m a bounded measure on G, P,, is the (bounded) measure on 2 such that
P,V =1
n

Pm(Vflnl),.”,anBl, .‘.,B") = H la;/m(B;),

(2.4

where |g;| is the Lebesgue measure of a;.
If F is a measurable function on Q then its expectation value defined by

(2.5) E"(F)= | F(w)P(dw)
Q
can be explicitly computed

(2.6) ET(F)= Z fdt Idt .':j:dtl(j;dm(g,,)...idm(gl)F(n, tidy)-

n=00

Moreover a G valued generalised Poisson process on € is defined in the following
way:
g(t)(n, z>g) gk+1 g—l’ te]tk’tk+1]’ k=1""’n_1

(2.7) git)(n,t,g)=e, telt, T]
gO(nt,9)=97"...9; ", te[0,t,].

In fact we shall be interested by measurable functions F defined as functionals on
the previously introduced process. In order to underline this fact and noticing that
every associated path ends at g=e, the identity of the group, we shall in the
following denote the expectation value by E;(T)=e. More precisely we shall be
interested in the following measurable functions (or associated functionals):

Definition 2.8. Let G be a topological group and { a continuous multiplier on G.
Z/(g) is the measurable functional defined on Q by

Edg)n,t;,g)="L(g(t,) ", 9(t,)g(t,- )~
L Ug) ™ g(t)g(t— ) 7Y - L) T g(t)g(ey) ™),
where to simplify we have written:
9(t)=9g(t) (n;, 1,9,
E9)(wo) =Eo)(1, 11, 9.)=1 -
This functional has the obvious property:

Proposition 2.9. Let { and (' be two equivalent multipliers, namely there exists a
continuous function A from G to the torus T such that

(g, 9)=Mg)Mg) X g9)((9,9')-
Hence

E g, _H;(Q)(C’)o)

Edg)(1,t1,9)=Eg9)(1, 1, 91)
and

Eg(g)(", tng)=Mgy) . Mg Mg, ... 91) Edlg)(n, t;, 9) -

Another measurable functional is important:
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Definition 2.10. If h, is a continuous function on X

e @exp{ =1 ho(xa(0) M| @) =exp {1 Y. (=10 Jhelrg,c 1 )

foro=Mm,t,9;),tys1="T, g,+:..-6 defines a measurable functional on Q.

As a last example let us mention that if f is any continuous function on G, the
functional we Q- f(g(0)~!) is measurable. Now we are able to state the main
theorem.

Theorem 2.11. G is a topological group and { a continuous multiplier on it. G acts
continuously on a topological space X and 1 is a positive quasi-invariant measure on
X with respect to the action of G. U? is the unitary projective representation of G on
L,(X,dy) corresponding to the function Z defined in Proposition 1.4.

hy is a continuous function on X and v a bounded measure on G, w is an ordering
factor and H,, denotes the operator associated to hy on Ly(X,du). Denote by

Q°(v)= (f; w(g)U*(g)dv(g)

the quantized of v with respect of the ordering w. Let U be the solution (in I ) of the
equation

d
—U,=—i(Hy,+Q°()U,
dt

Us|s=0 =1.

Then if f is a continuous function of L,(¥,du), for xe X

—iT 0(xg(t) ~ )dt d 0_1
(UTf)<x)=E;T>=e{e g rolre@ e Eg(g>Z(x,g(0)-l>|/% f(xg(O)‘l)},

where EgT(T)=e denotes the expectation with respect to the Poisson process on G for
the measure dm(g)= —iw(g)dv(g).

Proof. The right-hand side is well defined according to the previous remarks.
Moreover from (2.7)

-—iT o(xg(r) ~ dt 0_1
ET, _ do e Eg(g)Z(xg(O)*)|/Mf<xg(0)-l)
du(x)

=~ ThoMf(x)+ i (——i)"}dtntfdtn_ 1 ...tjgdt1
n=1 0 0 0
JoJolgy) ... olg)dvg,) ...dv(g,)
G G

nt1
—ix (te =t~ 1ho(xgn + 1 ...
k=1

gx)
C(gn? gn— I)C(gngn— 1° gn—'Z)

l/d
LGy 92091)Z(x, g, .- g1) %ﬂxan'-.gl),

-e



Poisson Processes and Path Integrals 277

where g,,,=eand ¢, , =T

— (e THf) )+ S (=i [de, (de, ... [dt, [ ... |
n=1 0 0 0 G

G
c0(gy) ... (g,)dv(g,) ... dv(g,){e T TmHoQ (¢~ tn"in-0Ho)
. Ogngn_l(e—l(tn— 1 —tn—z)Ho) .0

0, TN (g g, )G 15Gn—2)
il(@y 92,9009, -9} (%)

=(e~iTHof) (x) + i (_i)"fdt"}ndtn_l ...tfdfl
n=1 Y 0 °

(f; ---(f}w(gl) ...(g,)dv(gy) ...dv(g,)
'{e_i(T_’“)HUUZ(gn)e_i(t"_‘"‘1)H°Uz(gn_ 1) e—i(tz—tl)HOUZ(gl)e—iquf}(x)
0 T th t2
=(e”THof) (x) + ZI(—i)"(j)dtnb[dtn_l ...(f)dtl

e~ i(T‘tn)Hon(v)e—i(tn—tn— DHo o=l —tl)HOQw(v)e- il‘lﬁof}(x)

gn...gk(e_i(tk—tk_ 1)H0)

which is precisely the Dyson expansion of ¢~ {Ho*2“0NT,

In Theorem 2.11, the functional Z, can be dropped in some important case:

Corollary 2.12. Under the same assumptions and notations as in Proposition 1.9 and
Definition 1.11, assuming moreover that v=235,x v, where v, is a bounded measure on
G, we have

T
=i g ho(kg1(1) ~ Hdt

{Urf}(k)=E] - e{e u(k)u(kg,(0)™")
1/dukg,(0)~ 1) 1
| )}

(k) = Ae, k)v(k)

for u defined by

and for the Poisson process on G, with measure

dm(g,)= —ille,g,)(e, g)dvy(g,).

3. Specific Examples in Generalized Quantum Mechanics

In this section, we shall apply the previous results to specific examples, namely the
usual quantum mechanics with N degrees of freedom and also to spin systems in
the Fock representation. All these results apply as well to more general situations
where G is of the form ® x ®, ® being an abelian locally compact group and the
bicharacter b* associated to the multiplier { being of the form:

(3.1 b(91G1), G2, §2)=(92191)(91, 9.
where (-|-) denotes the duality between & and G, [8].
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a) Quantum Mechanics with N Degrees of Freedom

In this case  =Ry. G=IRy x Ry is an abelian locally compact group for the usual
topology. We choose as multiplier:

62) (P () =ex (5 (' = x)-

This multiplier restricted to Ry x {0} xRy xRy (resp. {0} xRy xRy xIRy) is
trivial
i i
63) (OG- ) =ex (57 exi  — 5370
hence

Mx, p)=exp <% xp) [resp. exp (— %xp)} .

The “x” and “p” representations can be written explicitly in L,(Ry, d&) [resp.
L,(Ry,dm)]

64 (U PP =exp — 5 —icp) i+
and .
69) (UG ) =exp 5+ imx i+ )

these two representations are intertwined by Fourier transformation.

Despite the complete symmetry between the two representations, the study of
unitary groups generated by operators of the type Q(h,)+ Q(v) singles out a
representation since in general h, is just a continuous function on Ry which is not
the Fourier transform of a bounded measure. Hence we can state the theorem.

Theorem 3.6. Let h(x,p)=hy(p)+v(x,p) be a classical hamiltonian on Ry xRy,
where hg is a continuous function and v(x, p) the symplectic Fourier transform of a
bounded measure v on Ry x Ry then:

—iTOYh T
{7 QY )w}(n)=E(X(T),p(T)F(O:O)

T T
—i| ho(r—p(x))dt —i] p(r)dx(zr)—inx(0) }
-{e o e ° p(r—pO))],

T . . .
where E( 1) ,ry=(0.0) 1S the expectation of the Poisson process on RyxRy

associated with the bounded measure —iexp (é xp) dv(x, p) and Q*(h) is defined in

T
(1.13). Moreover the exponential exp (— if p(r)dx(r)) is the measurable function on
0

Q defined by:
T n
exp( i} p(r)dx(r>) ~exp ( ~1 3 Pl (0 =30 o)

for (x,p) (1) =(x, p) () (w), we Q.
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This theorem is a direct application of Theorem 2.11 and Proposition 2.9. Let
Z, be the functional defined in (2.8)

EC((H, Eys oo by (X15D1) o (X, D))
=exp( =1 3 bl )t )0

Tlowlres)on( 3£ ) £ 1)

L i .
the factor [ exp (5 pkxk) can be embedded in the measure whereas the factor
=1

o~ 2f5n) )

cancels the same factor coming from the action of U®”.
The result is simpler for velocity independent potentials:

Proposition 3.7. Let h, be a continuous function on Ry and V be the Fourier
transform of a bounded measure v on Ry, let f be a continuous function of L,(Ry, dn)

_; _iTI 7 — p(r))dt
(e T(Q(h°+y))f)(n)=E§(T)=0{e 0 ho( p())df(n——p(o))},

where E] 1 _, is the expectation with respect to the Poisson process on Ry for the

measure —idv and
(ho + V) (x,p)=ho(p) + V(x).

Another example of the general theory is given by the gentle perturbations of
classical evolution of quantum spin systems in the Fock representation.

b) Quantum Spin Systems on a Lattice

Let A be an at most countable set, & = () the group of finite subsets of A with
respect to the symmetric difference denoted by A [9-11], its dual & =2(A) the
group of all subsets of A for the same group law. Moreover choose

(38 U, XL Y)=(=)" T X X'eP), YLYeP(4),

where |X| denotes the cardinality of X e B(A). This example corresponds to spin
systems in the Fock representation [8, 12]. A classical Hamiltonian for a spin
system is just a function u, : B(A)—C whose quantized Q(u,) acts on /,(*B(A1)) as
follows

(3.9) {Quo)p} (X)=uo(X)p(X) .
We consider the potential v:2(A)—C which is continuous [hence bounded since

P(A) is compact] and consider ¥ its Fourier transform which is a bounded
measure on the discrete group PB(A). Then one has the following proposition.

Proposition 3.10. Let u, be a function from PB(A)—C and v be a continuous function
on P(A). Let Q(v) the quantized of v defined by :

QW) (V=3 1(X)p(XAY), el (B(4).

B(4)
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Then, for any pel,(P(A)), we have :

- iguo(XAY(t))dt )}
b

(e T+ Cyy) (x) = ET. 1 _, { e (XA Y(0)

where Ey . —, denotes the expectation with respect to the Poisson process whose
sample paths are piecewise continuous functions with finite number of jumps in
B(A), the measure is m(X)= —(X).

In this paper we refrain to consider more general potentials.

A more exotic example is furnished by the group Z x T where Z is the additive
group of natural numbers and T the torus. We shall not elaborate on it but
postpone to a forthcoming paper where it is used to treat some bounded
perturbation of the harmonic oscillator.

Before closing this section we want to make a remark: in the examples we
considered, the groups are locally compact hence they possess an invariant
measure, the Haar measure. This is not necessarily the case, for in Boson Field
Theory (see next section) the group is the additive group of an infinite dimensional
Hilbert space. Nevertheless, even for the case of locally compact groups, it can be
of some interest to consider unitary projective representations corresponding to
quasi-invariant measures. A well known example is given by the Bargmann
representation [13] where the quasi-invariant measure is the Gaussian one.

4. Specific Examples in Quantum Field Like Theories
In this section we shall be interested by groups G of the type
(4.1) G=6,x6,.

&, is a topological abelian group and &, is a subgroup of the dual of &,
{ is a multiplier on G such that the associated bicharacter b° satisfies

(4.2) b(9091), 00, 91) =95l91) Golg?)  G0:96€ Gy 91,916, ,

where (:|) denotes the duality between ®, and ®,. We shall treat three examples
of such a situation.

a) Ry xRy, with Discrete Topology

We choose the same multiplier as previously

3 {5,015, =exp{ ~ £ =)

The dual group of Ry, endowed with the discrete topology, is compact and strictly
larger than R,. Beside the usual representation, there exists a lot of irreducible
unitary projective representations of IR, x IRy, which are not unitarily equivalent.

Let us consider for instance the “pure momentum” representation ; in that case
X =IR, taken with the discrete topology, the invariant measure being the counting
measure. Hence the Hilbert space of the representation is [,(IR,). The projective
unitary representation of Ry x IRy on I,(IRy) is formally the same as the usual “p”
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representation, i.e.

(4.4) {U(x, pyp}(r)=exp G xp+ ircx) w(r+p)

except that now pel,(IR,). More precisely, for every wel,(Ry) there exists a
countable set {r;},,, m,€Ry, such that

p(m)=0 if n¢{n},,

and moreover
2 lw(m))* < 0.

iez

Notice that the representation space is not separable. Nevertheless, within these
representations, there exist pure momentum states

1 if z==p
4. = 0
43 Pro(™) {0 otherwise .
For those states, one has
i .
“6) (U0, P =exp] = 330+ 0y

Consequently the y, are simultaneously eigenvectors of the U(x,0) with eigenval-
ue exp (ip,x). As in the previous example, we can state:

Proposition 4.7. Let G=Ry xR, be endowed with the discrete topology. Let h, be
any function on Ry and v the Fourier transform of a bounded measure on Ry, (taken
with discrete topology) and v, be a pure momentum state. Then

T
—iT(O(ho) + T —i ho(n—p(f))dr}
{e™iTQ@+ 00Ny, () — Eliry g {e § '
po=mn—p(0)
Eg((g))=0 ) refers to the expectation value correspondingto the Poisson process in IR
plU)=n—po
with jump measure —id? and

(ko +0) (x, p) = ho(p) + v(x).

Let us remark that in the case of velocity dependent potential, the previous
expression can be extended:

(4.8) {e7 Tty Y(m)

T - iTj ho(n — p(z))dt— iE p(v)dx(t) — inx(0)
= E(x(r),prn=0,0|& ° .
p(0)=n—po

b) Fermi Systems

The example corresponding to Fermi systems is closely related to the previous
example of spin systems [10]. Let us detail the formalism. H is a real infinite
dimensional separable Hilbert space with s as fundamental real strictly positive
symmetric bilinear form. A x-representation of the Clifford algebra A(H, s) [14] is
given by a (real) linear map xe H—b(x) into the (bounded) self-adjoint operators
on a Hilbert space # which satisfies

4.9) b(x)?=s(x,x)1.
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Moreover, let {e, f;};,.; be an orthonormal basis of H. Let J be the complex
structure on H defined by

(4.10) Je,=f,, Jfi=—e;, Ii€Z.
Creation and annihilation operators associated with this complex structure are
(4.11) bF(I';x)=%(b(x)Fib(Jx)) VxeH,

where I', is the identification map of H to the complex Hilbert space whose scalar
product is

(4.12) KT (y)> =5(x,y) +is(Jx, y).

Proposition 4.13. Let & be the following multiplier on PB(A) x P(A)
U Y), (XL Y) =X, VX', Y)oXAX, YA V) (— 1) 1Aanaxaex s,
where
(X, Y) = iIX0XANAYANXAD)
and 0 is the unique homomorphism of P(A) which satisfies
0({x,}) =1
0({x;})={xed;i<j} >0

for a given but arbitrary order on A={x},,.
There exists a bijection between the unitary projective representations U of
B(A) x B(A) with multiplier & and the x-representation of W (H, s) which is given by

ieX Jjey
where [ | denotes the product in increasing order and F is given by

FX,Y)= XA +]0XAYAY|+ |Xn6(XAY)|( _ 1)lY(\0(Y)|+ IXAYA0(XAY)|
For the proof, see [10, p. 231] and [15].
As a special case
U({x;},0)=ble)
U@,{x;})=>b(f)
U{x;}, {x;}) =ib(e)b(f)).
We can apply the general theory which has been developped to the group
P(A) x P(A) with the multiplier £&. However, both to simplify the proofs and to

treat Fermi systems and quantum spin systems on lattice, we shall deal with the
multiplier ¢ defined in (3.8)

(4.14) UX, D), (&, Y))=(= DX,

This is possible since we have the following theorem [10]:
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Theorem 4.15. There is a bijection y between the projective unitary representation of
P(A) x B(A) with multiplier ¢ and the projective unitary representation of
B(A) x B(A) with multiplier {
WU, V) =olX, V)U,X, Y)),
where 1, is an automorphism of P(A) x P(A) which satisfies
1,X, V) =XAOXAY), YAOXAY)).

Moreover 1, leaves the diagonal A= {(X,X);X € B(A)}, invariant and satisfies 15 =i,
the identity automorphism.

Hence we shall consider the group B(A4) x P(A) with multiplier - P(A) x P(A)
acts on P(A) according to

Z-X,Y)=ZAXAY

and the counting measure on B(A) is an invariant measure for this action.
Moreover one has as the following lemma:

Lemma 4.16.
(X, X), X', V) =M, X)AX', YV AXAX', YAY')
with AX, Y)=iX\.

According to Proposition 1.9, there exists a unitary projective representation
U* of PB(A) x PB(A) on the space [,(B(A)) which is given by

(4.17) (U2 =K (= )X A (ZAXAY)  fel(BA)

this representation corresponds to Fock representation: as one can easily see the
representation space contains a vacuum vector

1 if Z=¢

0 otherwise.

a0~

Let h, be a real function on P(A); it defines a self-adjoint operator on ,(P(4)) by

(Hof)(2)=ho(2)f(Z)  fel3(B(A),
where [5(B(A)) is the set of functions from 9B(A)—C with finite support.
It is a matter of easy computation to see that the number operator
(4.18) N=3, Z(1 +iUY{x;}, {x:})
and more generally an operator
(4.19) H,=Y E(1+iU%{x;},{x;}) E:4A-R,

ieZ
acts in that way with

ho(Z)= ) E{1—(—1)=n2l}.

ieZ

Consequently according to Theorem 2.11, we have:
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Proposition 4.20. Let H, be an operator in the Fock representation which can be
written as

H,= Z E{1+ iUC({xi}, {x:h}-

ieZ
Let V be a bounded operator of the form

V= ¥ VX Y)UK,Y),
PB(A) X P(A)

where V'is a bounded measure on PB(A) x B(A). Then for any fin 1,(B(A))

—iT(H —|Z| T
(e ( o+V)f)(Z)=l | IE(X(T),Y(T))=(0,¢)

T . T
: {e T REAXOATIN: i YOO x OAZIF(ZAX (0)A Y(O))},
where as usual Ely 1y yiry=.s) denotes the expectation with res;;ect to the Poisson
process on P(A) xP(A) whose measure is—iV(X,Y) and exp ( —in [ |Y(t)ndX (r)l) isa
0

functional, on the sample paths set, defined by

—in ] YOt (X, YO) X @), (X2, Yo
e

§1 [Y (e + 1) (15855 (X. Y ) 0 (X (trc + 1)1, (XY ) 0 X (1) (0, 1(X: Y 1))

=(-p

Corollary 4.21. Let H, be an operator in the Fock representation of canonical
anticommutation relations which can be written as

Ho=Y E{1-U%{x}, {x;})}.
ieZ
Let V¥ be a bounded operator of the form
V= ) VX YUWX.,Y),
Pla) x B(4)
where V is a bounded measure on P(A) x P(A), then for any fin 1,(P(A))

(e TH N (Z)=i"IES 1)< yry =0

~T = T
) {e - zgho(ZAX(t)AY(l))dre m(_)[ ]Y(r)miX(r)[ilX(O)AzIf(ZA)((O)A Y(O))} ,

where EX ) _yr=, is the expectation with respect to the Poisson process on
P(A) x B(A) whose bounded measure is i~ YI"VV(z,(X,Y)), and 1, as being
previously defined.

¢) A Model of Bose Field Theory

This last example is devoted to a very simple model of field theory to show that
even in that case the previous considerations can apply. Let G=H x H, where H is
an infinite dimensional real vector space, with the discrete topology. To be specific,
let us consider the more special case where H =2 (IR,) is the vector space of real
functions of IR, indefinitely differentiable with compact support.
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The symplectic form on H x H is given by
(4.22) a((f.9).(£,9)=1% Rf (f"(0)g(p) — f(p)g'(p))dp

which is clearly non degenerate.
The multiplier one chooses is

(4.23) {(f9) (1, 9) =exp (ia(f. 9),(f",9")

this multiplier restricted to the subgroup H x {0} x G is trivial.

On H there exists an invariant measure, namely the counting measure. That
measure would lead to a Hilbert space [,(H) which is non separable. Nevertheless
there exists on H quasi-invariant measures.

Let us consider a norm on H, for example

(4.24) I1£1?= f f(p)*dp.
The Gaussian measure p associated with that norm is quasi-invariant, namely
du(h+g)
=exp(— h(p)—3llgl?).
anlh) p( RIS g(P(p) -3l gl )

Let H be the Hilbert space closure of 2 x(R;) with respect to this norm. # is the
vector space of functions from H to € which depend only on a finite vector
subspace of H (cylindrical functional) and which are square integrable with respect
to the Gaussian measure. # is the completion of H#®,

Corresponding to the Gaussian measure, one has, by Proposition 1.9, a
representation of H x H on ## which is given by

(4.26) U9 P}h)
' 1
=exp (é RI f(p)g(p)dp+i D{ f(p)h(p)dp— “5 9(p)(p)dp—5 g 2) ¥Y(h+g)

(4.25)

Ye #. Notice that U leaves #? invariant. The unitary groups e R— U(af, 0) and
BeR—U(0, Bg) are continuous. Their infinitesimal generators are respectively

(427) ()= | SIPPP()
and ’
(428) (B(g) ¥)(h) =i n;g<p)h<p)de<h)—z( )(h)

for ¥ such that
(5 lP) (h)-— hm {?’(h+/1g) ¥(h)}

exists.

Let us consider the functional Qe #®
(4.29) Qh)=1, VheH
then

(4.30) {n(9) +ig(9)}2=0
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which shows that the cyclic component of Q with respect to U is nothing but the
usual Fock representation.
Consequently, one can apply the previous results to H,, of the form

Hy=P(nlg,) ... ™g,),

where P is a polynomial in n variables, and even to

Hy=3 nlg,)

ieZ
where f;, (resp. g;) is an orthonormal basis in H. The potential may be taken of the

form
V= Z VijU(fi,gj) with Z II/;JI <.
bJet i,jez

Thus we can write a Feynman formula for that model:

—iT(Ho+ T
(e THo \y)lIl)(h)=Ef(T)=g(T)=0
T _ _.T
.{e"é"""' ol ZIE NI icalr0)+ 1000 >~ 17200 g — g(O))} ,

where the Poisson process is taken in H x H for the discrete measure which is
defined in the following way:

. i .
—iexp(3<0 |y it F~h 9=0;
V(9= 0 otherwise,

where the brackets denote the scalar product in H.

Appendix

Theorem. Let G be a topological Abelian group and H a closed (invariant) subgroup
of G. Let ge G—[g]e G/H be the canonical surjective homomorphism of G onto G/H.
Let { be a continuous multiplier on G such that there exists a continuous function
A:G— T with the property

{h,g)=AMMUgAMhg), VheH, VgeG.
Let us consider the natural action of G onto H/G
l919=[9'q9], [91eG/H, geG

and let p be a positive quasi-invariant measure on G/H for this action. Then any
unitary projective representation U of G onto L,(G/H,dy) is given by

_ 1 /dug
(U@ N gD =4g"MUg" 9", Drolg)ulg Du(lg'g]) ;H[[gg ;q]] flgg))

for some character y, of G, some continuous function u from G/H to T and for g"
arbitrary element of G such that

L9"1=Lg1].
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Conversely for u and y, the previously formula defines an unitary projective
representation of G.

Proof. Let Z:G/H x G— T be defined by

dulg'g]
dulg']

U@ (LgD =219, 9) f(Lg'gD).

Of course Z satisfies (1,4)
Z([9').91)2(9'9,].9,)=091,92)Z([9'],9:9,) -

Defining U?(g)=(g)U%(g) allows to consider only the case where {(h,g)=1,
Vhe H and geG. In such a way, one has

(hg,g9)=L(g,9).
Now let us define
Z([g1,9)=U9g", 991, 9),

where g” is any element in G such that [¢g”]=[g']. Hence w satisfies

(%) w(lg'),9w(l9'9,1,9,)=w19].9:9,)-

From this equation, we see that the restriction of w to H is a character of H

w(lg'), hyhy)=w(lg'), h)w(lg'). hy)  Vhy hyeH.

Take
XM =wg1.h).
Let us now compute in two ways
(U@UMNNg)=Z(g],9){(g"9, Wy (WS (Lg'9])
=b(g, W){(g"hx,1(WZ([9'), 9)f([g'g))-
Hence
{g"g, h)X[g'g](h) = b;(g, h(g", h)X[g'](h) .

With the condition {(h,g)=1 we have
X[g'g](h) =%ig\h), VheH, geG

$0 Xy, does not depend on the point in G/H and defines a fixed character y, of H.
Given y, a character of H, there exists y character of G which extends y,,.
Hence we can write

w(lg'. 9)=xo(9)w (g1, 9)

where w’ becomes 1 on H.
Come back to (), we can write:

w(lg'],9)=w(lg'].919)%([9'9,].9,).
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Taking g,=g7 '¢g"~ " with [g"]=[9g']
w(lg'l.9)=wlg1L.g" "W(lgg.1.(9"9) ")

and

w(lg)g9)=w(9].9" W (g'9:1(9"9,)" ")

with w'([¢g'],h)=1 Vhe H.
Hence w'([g'],g” ') only depends on the class [¢']; we take

u(lgD=wglg"" ) [91=[g]

then
w(lg'],91)=x5(9,)u(lg'Tu(lg'g,])
and
(U(0)f) [g') =L("0)5(0)uTg VgD ”[[g g]] Tg'9D).
Moreover

(UX9) ) [gD=Ag"Mg"9)(g", 9)x6(@uCgNullg'g])

dulg'g]
o] f([ g1),

where {(h, g) = A(h)A(g)2(hg) and [g"]1=[g'].
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