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Abstract. The renormalization group technique is used to study rigorously the
J(V@)* perturbation of the massless lattice field ¢ in dimensions d=2.
Asymptoticity of the perturbation expansion in powers of 1 is established for
the free energy density. This is achieved by using Kadanoff’s block spin
transformation successively to integrate out high momentum degrees of
freedom and by applying ideas previously used by Gallavotti and Balaban in
the context of the ultraviolet problems. The method works for arbitrary
semibounded polynomials in V¢ and A¢.

1. Introduction

During the last fifteen years renormalization group (RG) has become one of the
main tools in both quantum field theory and statistical mechanics. Still, compared
to the numerous works devoted to a variety of heuristic applications of this
method, see e.g. the articles [1] and references therein, the rigorous results
concerning RG are rather few, dealing with very simple models or attempting a
rigorous formulation of the problems [2]. Here an exceptional position is
occupied by the work of Gallavotti and collaborators [3, 4], where RG ideas were
employed as a tool to prove ultraviolet stability of ¢4 quantum field theory. This
allowed to turn RG into a powerful method in rigorous study of more complicated
superrenormalizable field theory models, see [5] for an announcement of results
concerning gauge theories.

In this paper we modify the technique developed by Gallavotti et al. and apply
it to an infrared problem, namely the lattice model with hamiltonian density
3(V$)* + A(Ve)*, in dimensions d >2. The method works for arbitrary “irrelevant”

*  Supported in part by the National Science Foundation under Grant No. PHY 79-16812

1 On leave from Department of Mathematical Methods of Physics, University, PL-00-682 Warsaw,
Poland

2 Address after Sept. 1, 1980: Helsinki University, Research Institute for Theoretical Physics,
SF-00170 Helsinki 17, Finland

0010-3616/80/0077/0031/$06.80



32 K. Gawedzki and A. Kupiainen

(with respect to the Gaussian fixed point) polynomials involving V¢ and 4¢. For
simplicity we consider only the least irrelevant case. Our modification goes along
the lines suggested by Balaban [5] who proposed to use Kadanoff’s block spin
transformation version of RG in the context of the ultraviolet problem. The main
result of the present paper is establishing of asymptoticity of the perturbation
series in powers of A for the free energy of the model mentioned above. We hope to
be able to obtain also information about correlations and their decay using similar
ideas and to extend the results to more complicated models, such as the dipole gas,
in the future.

To understand why the standard techniques which would work if we added a
mass term $m?¢? to the hamiltonian fail here, write the free energy in unit volume
(pressure) p(A) as

1
p(3)=lim +rlog| eXp[—l L 79.)*due(®),

4]
where dp,; is the lattice Gaussian measure with covariance G=(—4)"' (which
makes perfect sense in d = 3). We may generate the perturbation expansion for p(2),
together with the remainder, by writing (formally)

p()= 11m Idt “log| exp[ A2 7.)* | dug(d)

lAI
= gdt< — MV ) *Duss (1.1)

where

<‘>m=j'eXp[_t’12(V¢x)4

dug(¢)/fexp [ — AV ¢x)4} dug(d), (1.2)

and subsequently integrating by parts using the formula

7 P 0X(0) = L7 ) P ) (13

Performing (1.3) sufficiently many times we can generate from (1.1) the per-
turbation series to arbitrary order t together with the remainder, which is a sum of
terms of the form (we suppress indices in V,)

catt Y 11 wve, . )jdt<l_[ Ve, )"‘> (1.4)

Xiseins Xn (s ja)

with lines (i,,j,) forming a connected graph joining all points x,, X, ..., X,. Then,
assuming one could bound the expectations in (1.4) (e.g. using superstability of the
interaction), summability of the propagators

Y|VVG

X1

(1.5)

x0x1l

would imply finiteness of the remainder and hence asymptoticity of the per-
turbation expansion for the pressure. The problem, however, is that (1.5), which is
obvious in the case of massive free propagator decaying exponentially fails for
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massless G where, although )’ VVG,, ., exists it does not converge absolutely since

X1
VG, .l =0(x,—x,|79) for large |x,— x,|. It should be remarked that this gives
rise to no infrared divergences in the perturbation series which is finite as one
easily infers through momentum space analysis, but invalidates the above
argument which provided an estimate for the remainder.

The idea we will follow in this paper is to save the argument by applying it to
the integral over the high momentum degrees of freedom (rather than to the total
integration at once) and then repeating the procedure many times. The re-
normalization group transformation we use here is Kadanoff’s block spin
transformation and it consists of two steps: integration over fluctuations within
square blocks of 3% spins, keeping the average spins in the blocks fixed, and
rescaling the distance by 1/3 and the spin variables according to their canonical
dimension, ie. by the factor 3~ 272 Hence, the first block spin transformation
may be written as

(3¢’ —Chle E " du ()= Dy (), (L6)

where

a-2
ekl

(Cd))y = 3 311 =Ozi 1 ¢3y+r (17)

gives the (rescaled) block spins. V;(¢') is the effective interaction for the new
distance scale (the old one multiplied by three), and G, is the new covariance
(defined as the one which would appear if 1=0).

(1.6) is now iterated yielding effective hamiltonians V,, describing the system in
scale 3", and covariances G,. The point is that formally the transformation drives
our measure to a Gaussian fixed point. Namely, the canonical dimension of our
coupling (in units of length) is d. Thus, heuristically one expects the effective
coupling for distance scale 3" to be ~37 "} and thus ¥, to go to zero. This is not
quite, but almost, what happens. In fact, V, will approximately have the form

V,(¢)=(¢ —independent term)— O(4) Z (l7¢)x)2

xe3 "4 (1 8)
=374 Y (Vg )*+“smaller” terms
xe3 "4

and the covariances G, tend to a massless Gaussian fixed point

(Go)oy= | dx | dy(—4)7'(X.7), (1.9)

A(x) A(y)

where A(x) is the unit cube centered at xeZ? and 4, is the continuum Laplace
operator. G has long distance behavior identical to that of (— 4)~!. Note that
(Vp)* in (1.8) has the expected 3~ factor (thus being “irrelevant”) but we also
obtained a quadratic (“marginal”) term which does not disappear as n— co. This
corresponds to the fact that there is a continuum of Gaussian fixed points for
Kadanoff’s transformation, namely uG,.,. u>0, and the one corresponding to our
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interaction with A+0 is different from the A=0 case. The transformation thus
generates terms which take us to the correct fixed point, (14 0(4))G .

In practice it is convenient to perform the block spin transformation by
realizing the Gaussian measure du, as a product of two measures, one corre-
sponding to the block spin degrees of freedom and the other to the fluctuations
within the blocks. Then the block spin transformation consists simply of in-
tegration with respect to the second measure. This brings our formulation quite
close to the setting of [3].

The problem with implementing the above procedure is, of course, that
formally V, is an infinite series of arbitrary many body interactions and in order to
obtain the perturbation series for p(4) up to order A° we want to retain at least all
the terms of order less than or equal to 7, and preferably to be able to ignore the
rest. However, it is not obvious that we can do that since the spins ¢ are
unbounded. Here we apply the ideas of Gallavotti et al. which allow to eliminate
large gradients due to their small probability assured by positivity properties of
the effective hamiltonians. Now we can compute V, perturbatively to order 7 by
integrating by parts with respect to the fluctuation measure as in (1.1)—-(1.4). The
remainder can be estimated since the fluctuation covariance has exponential falloff
(the high momentum cutoff provides an effective mass) uniformly in n and the
external fields (block spins) are bounded. The bound for the remainder will be
0(3~ ™) *1), 37™ coming from contraction of interaction volume in subsequent
effective hamiltonians. Summing over n would then give the O(A**!) bound for
difference between p(1) and its perturbation expansion up to order 7, thus proving
asymptoticity of the latter.

Actually slight problems arise from the marginal terms in V,. Namely those of
order higher than 2 eventually pick log(cutoff)~n contributions due to mainly
technical reasons. These would eventually spoil the positivity properties of ¥, and
we have to stop the iteration when ni’~A ie. n”'~A However, then our
interaction lives in the volume 3~ ™|A|~3~ %% A| and it turns out that a brute force
argument suffices to complete the estimation.

The paper is organized as follows: After Introduction, Chap. 2 gives a detailed
description of the model and of the block spin transformations and states the main
results. Chapter 3 establishes a lower (easier) bound for the difference between p(4)
and its perturbation expansion to order T and Chap. 4 the (more involved) upper
bound — they are separated because the arguments used to eliminate large spin
variables are different in both cases. Detailed properties of effective hamiltonians
used in the estimation are proven in Chap. 5. Finally, Chap. 6 contains proofs of
probability estimates used to eliminate large spins. We would like to stress the fact
that the technical core of our estimates is based on combining integration by parts
with Ruelle’s superstability estimates [6]. This distinguishes it from the technical
part of [3] which dealt with continuum fields and used in an essential way the
Markov property of the measures, lacking here, and hard results of the theory of
elliptic boundary value problems [4].

After this work was finished we obtained a paper by J. Bricmont, J. Fontaine, J.
Lebowitz, and T. Spencer proving asymptoticity of the perturbation expansion for
pressure and also for correlation functions in the same model by a different
method.
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2. Block Spin Transformation

In this chapter we define our model, formulate more precisely the main result and
discuss some properties of the block spin transformation.

We work with periodic boundary conditions. Let A denote the set of integral
3N Nid

— 55 d=2. This will be our initial lattice. We

shall also use lattices A, consisting of integral points in the periodic boxes
[ 3N—n 3N—n d

points in the periodic box

SRk n=0,1,...,N,and A": =3""A. Notice that A=A, = A°. Points in
A, will be denoted by letters x, y, u, v, ..., and those in A" by z. For any two points
in one of these lattices the magnitude of their difference with subscript p will
denote their periodic distance.

Let 4 denote the lattice laplacean on 4, ie. (¢, —4dp)= Y (p,—¢)> 4

x,yeA
[x=ylp=1
has a zero mode and we shall define the massless Gaussian process ¢ on A as that
with covariance G, inverting — 4 on the subspace orthogonal to the zero mode.

More precisely,

1 -1 ,ip(x—
(GO)xyZ W Z :u'(p) le o y)ﬁ (2'1)
0+ pesi-z4
|pil=m

where

wp)=23 (1—cosp,).

Let dy, denote the measure of the process. It is concentrated on ¢’s orthogonal to
the zero mode. Denote the lattice gradient by V' and consider the random process

(V¢,)*, where we use shorthand notation (V¢ )*"= (Z( V#q&x)z)m. The periodic free

"

energy density (pressure) p(4) in volume A is defined for A =0 by

1

p):=

log| eXp[— Ay e

xed

dig,(). 22

Our main result consists of showing that the perturbation expansion for p(1) in
powers of 4 is asymptotic, uniformly in A. This yields asymptoticity of the
perturbation expansion for the infinite volume free energy density in the thermo-
dynamic limit. Throughout the paper we shall always assume 4 to be bounded
from above.

It is convenient to define for DC A

T — k
V(?::_lxezD(Vd)X)‘t—k;l ( k‘) xl,..gxksD
LD )55V ) D6, » (2.3)

where {...)§ denotes the truncated expectations with respect to dug,. The
truncated expectations on the right hand side of (2.3) give the first T orders of
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perturbation expansion for the free energy in volume D. Now our main result may
be restated as

Theorem 2.1. For each t and for small 1
1 :
Wlogj exp Vgldug | =00 1) (2.4)
uniformly in A.
Remark. (2.4) will be deduced from two bounds
e O NI < [ exp Vildpg, < 00" A (2.5)

proven to hold uniformly in |A4| in Chaps. 3 and 4. Of course (2.5) yields
immediately (2.4) with “=0(A*"1)” replaced by “ < O(4"*/2)". However, the latter
with 7 higher by one implies (2.4) in its original form. From now on we shall
consider 7 fixed.

As stressed in the Introduction, in the proof of (2.4) a critical role is played by
Kadanoff’s block spin transformation [7]. We shall describe it in detail now.

The block spin variables are defined exactly as in the Introduction and the first
block spin transformation consists of integration (¢ = ¢°)

Jo(¢' — Ch®) exp[V5'(¢°)1dps,(6°) (2.6)

with C given by (1.7) but now transforming finite dimensional spaces R4 —IR4!, In
the case when 41=0 (2.6) is easily computable yielding

Lemma 2.1.
de,[3(¢* — Co)ug,(¢)=dug,($"), 27
where
G,:=CG,CT (2.8)
(CT denotes the transposed operation mapping R4 —>IR4).
Proof. Immediate, since
[ dg* [5(6" — C4 g, (9°) = [€** P dug,($°)
=exp[ —3(h, CG,CTh)], (2.9)
where (-,-) denotes the scalar product. []
Denote by E the projection on the constant sequences in IR“" Explicit
computation, see (A.1), shows that EIR* is the zero eigen-subspace for G, and that

G, is invertible on (I — E)R*'. With a slight abuse of notation define G; * to be the
inverse of G, on (I— E)R* and to annihilate ER*!, Notice that

G,Gi'=I-E. (2.10)

We shall compute (2.6) by perturbation expansion around the A=0 case (2.7). To
this end it is convenient to realize the Gaussian process ¢ as a sum of two
independent ones, corresponding to block spin variables and fluctuations inside
blocks respectively.
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Let ¢! be the Gaussian process indexed by the points of A, with covariance
G,. Let us also consider another process, £°, living on A:=A-34 ,» that is on
points of A which are not centers of the 3 ... X3 blocks. &° will have the
covariance

Iy =R(Gy—G,CTG{'CGy)RT , (2.11)
where
R:RASRA (2.12)

is the restriction.
It is shown in Appendix (see Proposition A.3) that I is a strictly positive
operator on R%, Let now 4, : R*"*—IR* be given by

Ay:=G,CTG]! (2.13)
and Q :R'>R by
Q%)= 2 it xed _ (2.14)
Tl- Y &, if xeA\d.
Fe=0,%1

We have

Lemma 2.2. The process ¢° may be written in terms of the two independent
processes ¢ and E° as

PO=Ayp'+QE°. (2.15)

Proof. We have to show that the covariance of A,¢!+Q¢&° which is 4,G, A%
+QI,07, equals G,. By (2.10) and (2.13)

AyG A =G,CT(1-E)G;'CG,=G,CTG['CG,. (2.16)
On the other hand by (2.11)
Q1,07 =QR(Gy—G,C" G 'CGo)RT QT . 217)

Now G,—G,CTG['CG, maps on sequences in R* with vanishing averages over
the blocks since by (2.8) and (2.10)

C(Gy—GoCT Gy 'CGy)=CGy—(I— E)CGy=ECG,=CEG,=0  (2.18)

as E is the zero mode projection of G,. But on sequences with zero-block-averages
QR acts as identity. Hence

Q0" =(Gy—GoCTG ' CG)RTQT =Gy — Gy CTG L CG, . (2.19)

(2.16) and (2.19) prove our assertion. []
To see that the decomposition (2.15) realizes the splitting of the process ¢, into
the block-spin and the fluctuation parts insert it to (2.6). This gives

(2.6)=[8(¢" — C(A$" + Q&%) exp [V (Agd* +QE°)]dug (")dur,(£°)
=[6(¢* —(I—E)p") exp[ VA A,d" + Q)1 dug, (¢ )dpr (£°)
=dug, (") exp[VH(Agd" +QE)]dur (£°), (2.20)
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where we have used
CA,=1—-E, CQ=0 (2.21)
and the fact that dug,(@") is concentrated on ¢* such that E¢* =0 since E is the
zero eigen-projection of G,. Thus in the language of realization (2.15) of ¢° the
block spin transformation consists of integrating out ¢°. Let Fe Ll(d/,cGO). Define
T ZLl(dllGO)_’Ll(dﬂG‘) by
(T, F) (") =[F(4o$" +0&%)dur, (£°). (222)
We have an obvious formula
[Fdug, =[T,Fdug, . (2.23)

T, gives the first block spin transformation. The next ones will be defined similarly
by induction. Put

gmTi=A,_ "+ Qe (2.24)
where
A, ,=G,_,CTG ! (2.25)
with G,,, the covariance of ¢", being
G,=CG,_,CT=C"G,(CT)" (2.26)
and
G,G,'=I-E. (2.27)
&™ has covariance
r,_,=RG,_,—G,_,C'G,'CG,_,)RT. (2.28)

¢™ is indexed by the points of A,, and & by those of A, =4, —34,,,,. We get
analogues of (2.22) and (2.23)
(T.F) (@™ =[F(A4,_¢"+ 0" Hdp,, (&™), (2.29)
[Fdug =T, Fdug, . (2.30)

Certain F’s are reproduced in their form under 7,,. Introduce a kernel .7, _, for
ze A™ and ye A, (see the beginning of this chapter for the notation)

d-2

,,Qimzy::3(T)m(AA1...Am_1)3mz’y. (2.31)
Put
pri=oL,",  Mi=a,08" (2.32)

so that the random processes p™ and {™ are indexed by the points of A™. As we
shall show in Appendix relations (2.32) are “almost local”. With

Ve =3"W 3 -me, —W7) (2.33)
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and [ dz denoting the Riemann sum 37™ )’ for DCA™, consider the general local
zeD

D
Wick monomials of degree M in Fyp™:

B ={: ]_[ WG, d (2.34)
Am i=1
Lemma 2.3
m— —a( Y1 m
R 239
Proof. By (2.24), (2.31), and (2.32)
_d=2
ypot=3 2 ypro+ (! (2.36)
and consequently
d
V=3 Zpyn vt (2.37)
Since the Gaussian processes ¥,y and VVC’""I are independent, we have
n = T13 B Vs e, 11V, 00 . (238)
Ic{1,..., M} i¢I iel

Under the dy;, | expectation all terms but the one with I=§ vanish. Hence

TPm 1 j’Pm 1 ,u[‘m 1(Cm 1)

-4 —d(M_y
ij:-lz-l__ll G ZV#;V"Z%) '6,,d2=3 4 )Pm...uM' O
Corollary 2.4
0 —d(%—l) non
LT, .. TP, =3 Py ue (2.39)

If the terms of the type P) , appear in the initial hamiltonian then in the first
order approximation the block spin transformations reproduce their form, as
(2.35) and (2.39) show, except for an overall factor 374M/2=1 Thjs is driven to
zero for M >2 (irrelevant hamiltonians) and stays constant if M =2 (marginal
ones). Thus it is natural to write our hamiltonian in volume D given by (2.3) in
Wick ordered form
Vo==2Y M, [ VplV, ) gdz—2 [ :«(Vpd)*:g dz
ny D D
+ field-independent polynomial in A of order t

starting with a A? term, (2.40)
Muv = 25uv Zj VK¢2 de)gdﬂcu + 4 j Vﬂd)g Vvd)gd:u’Go
=20,,(1—141"1)+4[V,o2V,ddug, - (2.41)

The first term on the right hand side of (2.40) is marginal, the second irrelevant
according to the above analysis. However, the information about how the
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hamiltonian behaves under the linearized renormalization group transformation is
not sufficient. We shall have to trace the effect of the transformation beyond the
first order of perturbation expansion, in fact up to order 7. To this end define
inductively for DC A™

D c )'k dk [ 3D
V,:=) -+~ logT,expV;>2,. (2.42)
ok a7, 8 :
Iterating (2.42) gives
T ik k
vP=3 O aF logT,T,_, ... T,exp V3. (2.43)
k=0K: QA7 ;=0
Notice that VY =0, where N defines the volume A.
By (2.29)
(T,T,_, ... Tyexp Vo3nD) (¢")=§6Xp [Voy‘D(Ao A, 9"
+Ag . Ay Q8 0y, (8 dpp (E°). (2.44)

Thus by cumulant expansions formula
o1 n "
VP = ZE<VO3 SN 75 Dﬂé‘rm’ (2.45)
k=1K: m=0
where {..>g, ~denotes the truncated expectations with respect to
dur, (&Y. ...-dur (£°). To compute the right hand side of (2.45) it is convenient
to use the random fields " and ("%, ..., (° [see (2.32)]. Iteration of (2.37) gives

La-1)

d d
Val=3 2 Wyt +3 2" WLE 4L +3 2L+ L0 (2.46)
3n 3

3n-1
Notice that the fields on the right hand side are independent. Together with (2.40)
and (2.45), (2.46) allows an effective computation of V” by use of Wick’s theorem.
The results, after the change of variables z—3"z, may be expressed in terms of
(generally non-local) Wick-ordered polynomials in random variables Vy?. We
shall divide these polynomials into three groups writing

V= an,)o + an,)1 + an,)z : (2.47)
V2, includes the terms that are of the first order in 4:

V2o=—AY M, [j) ViVt dz—377 lj) (Pt g dz. (2.48)
n,v

Note that (2.48) is identical in form with the first two terms of the initial
hamiltonian (2.40) except for the factor 37%" at the quartic term. This is in
agreement with the previous analysis of the linearized renormalization group
transformation given in Corollary 2.4.

V>, groups all contributions to ¥,”— ¥,?, which are Wick-ordered monomials
of non-zero order in Fy’s and V,fz all p-independent terms. A diagramatic
analysis gives the following result:
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Proposition 2.5. V;?, + V2, may be written as a finite sum of terms

R T CARNEA I H eVt i, dzy . dz, (2.49)

D D e=1a=
with 2<r=<t, 0=a,<3 and D-independent I's satisfying for each 1<g,=<r the
bound

J j[I(u) @zl |1 dz SAC(L+n). (2.50)

e¥ 0o
r
Moreover, for I's corresponding to terms contributing to V,f 1> i.e. such that 2 a,>0,

=1
(2.50) holds also with I...(z,, ..., z,) replaced by I ...(z,, ...,z,)exp [ed(z,, ..., 2,)] for
small ¢>0, where d(z,, ..., z,) is the length of the shortest connected graph joining the
points (z,, ...,z,) in the periodic lattice A™.

In Proposition 2.5 as throughout the whole paper C and ¢ denote various
constants which are independent of 4, 4, and »n. They do not have to stand for the
same constants even when they appear several times in the same formula.

The proof of Proposition 2.5 will be deferred until Chap. 5. Here let us mention
that the main input are the estimates giving a uniform exponential decay of I,
and resulting decays for (V{7V(7)>r and {Vy]'Vy])s (exponential and poly-
nomial ones respectively) proven in Appendix, Proposition A.7 and A.S.

3. The Lower Bound

In this chapter we shall prove the first (lower) bound of (2.5). This will be done
inductively by inserting suitable characteristic functions under the integral and
integrating out the fluctuation field. The characteristic functions will cut off large
values of the fields V'y”" and V(" in a A dependent way: the smaller A the higher the
cut-off. Let

B=blog(1+i71), (3.1)
where b, independent of n, 4, and A, will be chosen later. Denote

=TT x(IVyil £B).

zeAn

Let for n=0,1,..,N—1

Z,=[ (V") exp V"dpg,
Z, = us("y")dug, (32)
Zy=2Zy=1 (N defines the volume A).

We shall prove

Proposition 3.1. There exists 6>0 such that for 1 small enough and
n=0,1,...,min([A"°]—-1,N—1)

Z,zexp[—37"CAI12AZ, , | . (3.3)
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Given Proposition 3.1, we can prove the lower bound easily. Iteration of (3.3)
gives
Zyzexp[—CAl P ANZ ;o pys 1 (3.4)
where n(4, 4): =min ([A7°]—1,N—1). If n(4, A)=N — 1 we are done since Z,=1.
Suppose that n(4, A)=[4"°]— 1. Using (2.47)~(2.50) of Proposition 2.5 we obtain
the bound

VIS CAL+nOBAY if [Pyl <B (3.3)

(the Wick-ordering of the V" monomials causes no trouble since {Vy Vy] ). is
uniformly bounded, see Proposition A.8). Thus,

Vi = pa-e S CAL+([A7 T = )9)B3™ ¥ A S CA 2 4] (3.6)

Now we may replace Z,; 4., on the right hand side of (3.4) by Z,; 4.,
increasing C and continue iterating (3.3) in the Z’ version until n=N —1 when it
yields the lower bound (2.5).

Proof of Proposition 3.1. First let us notice that in order to get rid of large values of
| Pp"|| it is enough to restrict both ||Py"* | and | F¢"|. Namely (2.37) gives

157" Z (V™™ ‘)x; (70 (3.7)

in the obvious notation.
Moreover, since by (2.32)

Ve =vs,08"
and the kernels o/, have a uniform (in A and n) exponential decay, as shown in

Proposition A.6, in order to restrict V(" it is enough to bound &":
x;B( USEYF ISP (3.3)

where B =7B with y independent of 1, 4, n. (2.37), (3.7), and (3.8) together with (3.2)
allow to write

Z,2 [ 17" ) ( a(Eexp Vi dpy ddpg - (3.9)

To extract from the du,. integral the desired exp V% 1! term, the integration-by-
parts argument sketched in Introduction is applied. We write

1
n d n
[ xzexp V,Vduy, =exp {5 dt— log Vxsexp ¢V, "dpy, | § xadpr,
0

1
=exp [f dt¢ V,{‘")t] xsdur, » (3.10)
0
where
o= [ asexp €V )dur /] xgexp ¢V duy, . (3.11)
The integration by parts is performed according to the formula
0 svA  Slog XB) >
"FE,= > T, -+t + == F(E 3.12
@3 L[+ 50 + Sl FE) 61
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log 13
seén

function y(|&| < B) in the numerator of - », by the sum of §-functions

0 . .
where the term should be understood as replacing the characteristic

oIS = B)
ogy
Since V" is a polynomial in the £" field we may apply (3.12) to (VA">, or to any

polynomlal like term produced by the earlier integrations by parts. The

log 13

o0&}

A larger than 7 will not be transformed further. After a finite number of steps all

terms are of this form. Then we may write

. . 0 .
£"-independent terms, the terms with or the ones with the overall power of

1
log [ xzexp Viduy —log [ ygdup = [dtdVy, =VA T + [dt (R (0)),, (3.13)
0

where VA" groups all £"-independent terms of order <7 in A and R(t) all terms
log 5
o)
terms reproduce exactly VA", " is easﬂy seen from the inductive definition (2.42).

The structure of R, follows from Proposition 2.5 and the method to generate it.
First write the &" dependent part of V* as a combination of terms

. . .. 0 o .
either of order >t in 4 or with contributions. That the &"-independent

A e axg V) T & (3.14)
X1, ..., Xs€A, g=1

undoing the Wick ordering in (2.48), (2.49) and using (2.37) and (2.32). Due to the

uniform exponential clustering of V.<Z, .. see Proposition A.6, and Proposition 2.5

J’s satisfy

2 s X " S CA+R) A+ 17" L) (3.15)

Xgedpn
oFao

Now the integration by parts either

A) contracts &, with &  replacing it by I',, __ within one or between two
expressions (3.14) or
ology;
B) contracts & of (3.14) to g?nXB

y

In case A) we produce either another term of the type (3.14) or a

&"-independent term

Vit (3.16)
with
(P H = CA+n) (14 V" 1 L)l 4, (3.17)

as easily follows from the uniform exponential decay of I',’s. In case B we obtain a
term

dlo
A" Z B j(xl, ceay X 1,xs’ an+ 1) I_I én 5£anB (318)

again with j satisfying (3.15).
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Summarizing, R,(¢) is a combination of terms (3 14) and (3.16) with r=7+1
and of terms (3.18). Since on the support of x5V Hxs(E")

[Vp"* Y, «<B and |&"|,-<B=yB
we obtain finally using the bounds (3.15) and (3.17)

ology;
) e

where “sup” on the right hand side is over Vyp"*! with | Vy"* ||, < B, xe 4, and
te[0,1].

To complete the proof of Proposition 3.1 we need the following estimates
which express the fact that probability of large values of the &" fields is small. They
will be proven in Chap. 6 together with their counterparts used in the proof of the
upper bound.

<C(1+n%)BC|A,| (/1” 14+ sup <'

Lemma 3.2. Provided that b in (3.1) is large enough and 2 is small enough
sup <

§ pduy, Ze™Ce™ 71, (3.21)
Using (3.20) together with e %> < CA** ! we get from (3.19)

dlogys
ol

> <o (3.20)
t

and

<374C(1 +nC)BEAT A S 37O AT L2 4] (3.22)

for n<A7%if § is chosen so that A}/2(1 +17°¢)B¢ < 1. Now (3 9), (3.10), (3.13), (3.21),
and (3.22) give

Z,27Z, ., exp[—37"Ci 12| A]]e” G Tl
27, exp[—37"C2 2 |A]]

which is (3.3).
The version of (3.3) with Z replaced by Z’ follows from (3.21) above. [

4. The Upper Bound |

In proving the second inequality of (2.5) (the upper bound) we shall use a slightly
different argument, also borrowed from [3], to eliminate the large values of the
fields. Namely, we shall exclude the interaction from the regions where the fields
are large. To this end define

_4
D,i={zed":|Py"| 2B}, Dj:={zed":|Pyp!|213 2B},  (41)

where B is the A-dependent constant given by (3.1) with b large enough.
The manipulations with the interaction region will be based on the following
estimates using the positivity of the leading terms of the interaction hamiltonians.
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Lemma 4.1. Let b of (3.1) be large enough.
A) VS VDo, 4.2)

Moreover, there exists 6 >0 such that for small 1, n=0,1, ...,min([A~ %], N—1) and
B,CD;

B) Vinsyin if C,CD;,. (4.3)
Q) [VBn— VB2\Cn| < CABYB,NC,| for any C,CA". (4.4)

Proof. A) First notice that the difference of the field-independent terms in (2.40) for
D=/ and D=A\D, is by virtue of Proposition 2.5 a combination of the terms

I R A TR

A Do A\Do A\Do

and, as a result of (2.50), is bounded by A*C|D,|. However, the difference of the first
two terms in (2.40) for D=A and D=A\D, is easily seen to be less than
—ACB*|D,| if only b in (3.1) is chosen large enough so that the negative quartic
term dominates.

B) Similarly as in A) (V2 + V,23)— (V21\“+ V23 is a combination of the
terms

fo.0 7 7 . I(zl,...,zr):Ul(th:Q)“Q:Gndzl...dz,

B, By BunC, B,\C,,  B,\C,

[where we suppressed the pu subscripts of (2.49)] and is bounded by
Ci3(1+n%BC|B,nC,| because of (2.50) and the bound | Fy"| < B holding on D¢.

Now in V%5 — V24\® the quartic term is negative if b in (3.1) is large enough but
it is suppressed by the 374" factor. However, the quadratic factor is also negative
[M,, is positive definite, see (2.41)] and is bounded above by — — CAB?*|B,nC,| for b
large This dominates CA%(1+n)B€|B,nC,| if n= 4~ ° for small § and if 1 is small
enough.

C) This is proven as B except for the term V% — V,?3\“ whose magnitude is
bounded by CA(B*+3 %B%|B,nC,] which dominates again the
CAX(1+n°)B€|B,nC,| contribution yielding (4.4). [

Remark 4.2. For proving (4.3) we have used the negativity of the marginal
quadratic term of V” to dominate the other irrelevant terms. In other (Fy)*"
models the quadratic term coming from the Wick ordering does not have to be
negative. However, we may extract a small negative O(4) quadratic term from dug,
and use it to the same end.

Define now

Z":=[exp V" Prdug 4.5)
for n=0,1,..,N—1 and
ZN:.=1. (4.6)

Here is the upper-bound counterpart of Proposition 3.1.
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Proposition 4.3. For 6>0 small enough, A small enough and
n=0,1,..,min([A"°]-1,N—1)

Z"<exp[3 "CA YAz, 4.7
p
Now, since by Lemma 4.1A
fexp Vi'dug, = 2°
the iteration of (4.7) gives
exp Vildu, <exp[CAT12A[]z"*H*1 (4.8)
0 Go

similarly as in the proof of the lower bound, compare (3.4). If n(4, A)= N — 1 we are
done again. In the other case

ZW < fexp [V, (s -0 Jdug,
<exp [CABYA"D,[1],- ;-5 Sexp [CAB*374°|A[]
<exp[CA24]], (4.9)
where we have used Lemma 4.1C.(4.8) and (4.9) give the upper bound (2.5).

Proof of Proposition 4.3. We start by inserting a partition of unity to Z" in order to
control the range of the values of £" at each point. Denote by p a collection of even
integers {p,} ..z, Let x, (}) be the following characteristic functions

1 (80 = 1(& e [(p,— 1)B, (p, + 1)B)), (4.10)

where B=7yB and y will be specified in a moment. We denote also

1(EN= xg A (E3).
Given p, define
R,,=xg {zeA":|z—x|,<b'B*log(1+|p,)). (4.11)
We have
z"= ; § G apexp V" Prdpy Ydp, .,
<D J(apexp VI ProRdpy g | exp[CABYR,I],  (4.12)
F

where we have used Lemma 4.1C.
The purpose of the elimination of the interaction from R, becomes clear
because of the following

Lemma 4.4. Ify in the definition of B is small enough and b’ in (4.11) is large enough
then

|V <337 Y2B for z in RE. (4.13)

Proof. By virtue of (2.32) and of the uniform exponential decay of V.o, . see
Proposition A.3,

e s Y, CBe = x(14|p)+CB. (4.14)

X:ipx* 0



Rigorous Block Spins 47
But if p,#0 then, since zeR¢, |z— x|, =b'B*log(1+p,|). Hence

1

z e~ #7xlp(1 4 p)= Zexp —élz—x|,+ W|z—x|p <C (4.15)

X:px* 0 x

if b’ in (4.11) is large enough. (4.14) and (4.15) yield (4.13) if y is small enough. []
The next step in estimation of Z" will be to remove the interaction on the right

hand side of (4.12) from the region 3D, ;. Notice that on R;n3D, .,

4
2

d _4d _4
1P| 23 2| Pyttt —IVC =23 2B—33 2B=33 2B

by virtue of (2.37) and Lemma 4.4, so that R;n3D,, , CD,. Hence we may use
Lemma 4.1B in order to replace in (4.12) VA"PnvRa) by A™\(Dn3Dns 1 Ry),
Moreover

D,CR,V3D, (4.16)
or equivalently
RiA3D;, , D
again by (2.37) and Lemma 4.4. Hence we obtain
Z"< Y [(fxpexp VA GPne s Rady, ydpg  exp[CABYR,[]. (4.17)
b
Notice that the interaction region A™\(3D,,, 1uR,,)E/Nl" in (4.17) does not depend
any more on &%s over which we integrate in the n’'th step of the block spin

transformation. As in the proof of Proposition 3.1 we compute this integral using
integration by parts. Write

{xpexp Vi duy, = exp

1 -~

j dr<VnA">,;,t} (o, @18)
0

compare (3.10). As in Chap. 3

1 . i 1

faic VA5 =V + f didR ()54 (4.19)
0 0

where R,(t) is again a combination of the terms (3.14), (3.16) with n=7t+1 and
(3.18) (with log y, replacing log y3). Now j’s satisfy a modified version of (3.15) and

e Y d(x,, A" and [Py, .
1

o=

(3.17). The modification replaces j in (3.15) by jexp

in (3.15) and (3.17) by [[Vy"" (| w(in. This is clearly possible since £ enters V"
only via V("I ;» to which it is connected by an exponentially decaying kernel, and
Vy"* ! only via V" " 11 4. Notice that since large values of |¢7| may appear only for
x far from 4,

e—ed(x,/i")lé |<e—ad(x,R$.)l€ |
xl = X
Se U RIB(1+|p,)
e—sb'leog(1+]px|)(1+,p I)
X
C

A IIA 1
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if b’ in (4.11) is large enough. Also

17" o S B.
Hence,

ology;
s

1 ~
[dt¢R (1)), 5| < C(1+n9)BY4, <A‘+ 1y Supe—ed(x,m)<
0

L)
(4.20)
compare (3.19).
We need the following probability estimate which will be proven in Chap. 6:

Lemma 4.5. Provided that b in (3.1) and b in (4.11) are large enough and A is small
enough,

sup e‘s"("”i")<fsITOZ—X—"—>§Jée’“-?2 (4.21)
and
&M, Sexp] ~ CB X pl] (422)
(4.20) and (4.21) give
idt(Rn(t»ﬁ’t <37 CAT2 4|, (4.23)

compare (3.22). (4.17)~(4.19) and (4.23) yield in turn
7 <Y JexpV iV dug,, - [1pdpr, explABYR,|+374"Cir 12| ]].
P

Now 37 1A"=A"*1\(D,,,U3"'R,) and we may restore the interaction in
(A" \D, . )n37 'R, in order to obtain Z"*! using again Lemma 4.1C. The sum
over p is controlled with help of (4.22) which shows that non-zero values of p have
very small probability. Thus,

Z'<Z" Y (1oduy -exp[CABYR,|+3~CA+ 12| 4[]
P

Y. (AB*(2b'B*log(1 +|p,)))'— CB*p})

xeA,

ézn+l zexp
p

-exp[3‘d"C/1’+ 1/2|A|]
<zt Zexp[— ZcEzp,%] exp[3™"CA 12| A[]
p x
§2n+ 1 eXp[e_Cle/_l,,l + 3-dnc et I/ZIAU
§2n+ 1 exp[3"’"Cl’+ 1/2’/1'] ,
where we have used the estimate [R,|< )’ (2b'B*log(1+] p.))* and have assumed 1

xedAn

to be small. This completes the proof of Proposition 4.3. [J
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5. Effective Interactions

In this chapter the graphical representation of the effective potential V? is derived,
which allows us to prove Proposition 2.5. We recall here the basic formulae for V?:

VP = kzl T <V03"D, . V3"D> = V,f”o + an,)1 + V,fz (2.45), (2.47),
where

V2o=—IM,, Ij) ViV dx— 237 "dlj) (Pt idx (2.48)

and thus by (2.3) and (2.40)
=V ¥
k=2

We also defined ¥,”, such that (¥;?, > =0. Thus by (2.45), (2.47), and (5.1)

VEws . VEE (5.1)

T

=6, = Zlk,[<<%3"o’),-- Vo0 20r26,— Vo0 536,026, ]
and (5.2)
T 1 N N
VP, = kzl E!‘<V03,(P; s Ve er,,— Vibo—constant. (5.3

We can now easily write down the “Feynman rules” for V>, and V,”, using (2.48),
(5.2), and (5.3) together with the decomposition of Vy° given in (2.46).

Namely consider vertices v,, carrying indices p,,...€{l,...,d} and z,eA"
(which for brevity we suppress):

Vo 2o M
V=, =26,,..0,,1,
¢ A, K, He

or

Ky ey =AM,

where M is defined in (2.41). Build connected graphs y by joining pairs of legs of

v,’s, each element in the pair coming from a different vertex, to form lines of either

of the following two types:
(1) hard lines

Ve?

H,(z,2)= Z 37V ey Vil mg o, (5.4)

coming from integrations with respect to dugr ,
(2) soft lines
Sz, 2)=3" "V Vpi D6, (5.5)

arising during Wick ordering with respect to dug of the result of integration.
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Denote the subgraph composed of all vertices of y together with all hard (soft)
lines by H(y)(S(y)), and the end points of a line [ by z,_and z, . For a vertex v, let a,
be the number of legs which are not contracted.

Given now such a graph y, we assign to it the interaction V", :

b (_1)r(v) dnr(y) ()
Vn,y: r('}’)' 3 lj;lj)“ 1vg I__[ H(ZI_,ZI+) I_[ S(Zl_’zl+)

leH(y) 1leS(y)

dn

[ 6 2pypr )G dzy .. dz,,

0:a,>0

Elj)...lj)ly(zl, e Zy) i 1 )% 6, dzy .. dz, ), (5.6)

ag>0

where for simplicity we have not written explicitly summations over indices of the
gradients g, v, ... .

V>, and ¥, can be now described in terms of ¥,”, as summarized in the
following

Lemma 5.1. Let 4, ={y:H(y) is connected and ) a,22} and %,= {y:H(y) is not
connected, Zag=0}. Then
e

an,)i = Z C(y) VP

n,y?
ve¥:

i=1,2, 5.7
where C(y) are combinatorical coefficients.

Proof. Because of truncation, the first term on the right hand side of (5.3) produces
connected graphs of hard lines. Wick ordering does not produce new vertices, so
H(y)'s will be connected. The resulting vacuum graphs will cancel the constant in
(5.3) so Za .= 2. This settles i=1. Similarly, in (5.2) the first term of the summand

involves only y’s with H(y) connected which are cancelled by the second term since
1

I, m) it involves all y’s. The factor 3" arises from
0

upon expanding G, =G,® ( T
the change of variables used in (2.46) z—3"z. [
Proposition 2.5 follows now from (5.6), (5.7) and the following claim:

Lemma 5.2. A) Let ye%,. Then for all 1=<g,=r(y)

[ Ajnuy(zl,...,z,mn T dz, < OC(1 +n) (5.8)

An e¥*eo

for C independent of n, A, A.
B) Let ye%,. Then (5.8) holds also with I, replaced by

I(zy, .52, |1 expelz,_—z, |,
leH(y)

for some ¢>0.
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To prove Lemma 5.2 we shall need estimates for the falloff of the hard and soft

lines:
1

1+|z—2}2
KV, | S Cem el (5.10)

(5.9) and (5.10) are proved in Propositions A.7 and A.8. Proposition 5.2B follows
now easily. We replace every soft line (5.5) by 379"C, every hard line (5.4) by

n—1
C Y 3 %mexp[—3"""elz —z |,]

m=0

KV wioe, =€ (5.9)

and every vertex by CA obtaining

uyl é C)yr(y):},dnr(y)—dns— 1/2dnE Z l_[ 3—dmle-— 3n-mglz; — zl,,lp’ (51 1)

(m1) 1€H()
where S is the number of soft lines, E that of external ones. By taking smaller ¢ we
can extract the extra convergence claimed in Proposition 5B. Since (recall D C A")

3—dm j‘ dze—sn‘me|z|p é C3—dn
An

and H(y) is connected one easily gets from (5.11)

[z, ..., zp)l ] dz, S CA@3andnS=12dE %" 1

An An e¥¢eo (my)
But E=) a,=2and ) 1=n° which imply the claim.

(my)

Remark. Notice that for y with E=4 we get much better bound CA(1+n€)3~%,
The worst behaving terms are the marginal ones producing gaussian corrections to
the measure.

In Proposition SA we cannot use the exponential falloff which made 5B easy.
However, ye %, are vacuum graphs and thus one particle irreducible. We proceed
as follows. First replace hard lines by

n—1
3—mzde—-£3"‘m1|zz,—zz,,| ,
mlz=0
soft ones by (5.9) and vertices by AC. Fix m, for each hard line and proceed with the
following three steps:

1. Use the bounds

[ dz'3mdme= 3 melzm|pymdm o= 3nTelz m2 p < €3 T dng T dm T 37T melz=z"p
An
(m=m', &' <e),

~ 3—dn C3—dn
d /3—dm —3n-mglz—z/| < —dn
,i, z ¢ L+ =27 = I+]z—z"[4
3—dn 3—dn C3—dn
jdz/ na— : ’ nd—eg = —an md—eg'
an 1+z=Z* 7 1+ -2 F 1+]z—2"*"¢

(&>¢)

to get rid of two leg vertices v,, 0% ¢,, obtaining a new graph with only four leg
vertices and lines decaying slightly slower.
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2. For four leg vertices without self contractions (these may arise in the first
step) we use Schwartz inequality

4 2 1/2 4 1/2

faz T IL(z—2)|= (I éz [] ILa(Z—Za)IZ) (f dz [] lLa(z—za)P)
a=1 a=1 a=3

together with the estimates

j‘ dZ/(3—dme—- 3”""s|z—z’|3—dm’e— 3n-—m'g z'—z”|)2]1/2
AYI

_dn+m
<3 7 2 Q3T (<),

[j » (3—ame—3"-m£lz—z'l 3_dn,d_ )2}1/2 é?’_d"_;_m 3—dn
An L+|z—Z|"* 1+]z—z"[4"
3-‘1" 3-—dn 5 1/2 3—dn
[5d2'<1+|z—z’|d—s 1+|z'—z"|d-e> ] e Ty

We can represent this pictorically by

Z4 Z4 Z4 Zy

- (5.12)
z, Z, z, Z

We pair z, in (5.12) so, that the graph remains connected. This is always possible
for a connected vacuum graph.

3. For four leg vertices with self contractions, i.e. 2 , the loop is easily bound,
giving C or 37™C depending on whether it is hard or soft. The resulting two leg
vertex is treated as in 1.

After these operations we end up with coor o depending on whether g, is a

@o Qo
two or four leg vertex. Now apply 3 again and the result is the estimate

[ f Uz, ozl T1 dzg§l’(“’)c3""“‘”x(1+ Y 1), (5.13)
anran e¥ 0o (m1)
where x is the number of soft lines disposed of in step 3. We started with at least
two soft lines and at least one of them enters step 3. Hence x=1 and (5.13) gives
the claim since ) 1=n® [J

(my)

6. Probability Estimates

We will prove in this chapter the probability estimates for the fluctuation integral
stated in Lemmas 3.2 and 4.5. The proofs are simple adaptations of the super-
stability estimates of Ruelle [6]. Our situation is, however, slightly different from
that of [6]; this chapter will hence be self-contained.

Note that the characteristic functions y in (3.8) are a special case of ; in (4.10),
namely yz=y;-o.- We can now treat Lemmas 3.2 and 4.5 on the same footing by
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considering
56); bt m=py+1 x*y P x *
=S*(p,, E)+S"(p,, E), (6.1)
where
UHE) =tV + VL) = 12087, T (6.2)

and in the case of Lemma 4.5 E=/A"=A"\(3D,, , UR,) whereas for Lemma 3.2
E=A"and in both cases the V" ! occuring in (6.2) satisfies | V" || ..z, < B. Now
(3.20) and (4.21) of the lemmas follow from

Proposition 6.1. A) Let E=A" or A" Then for b large, A small S*(0, E)<e™ P’
B) Let b and b’ be large enough and A be small. Then
sup e'”(y’j")Si(py, AN <e B,
Pt y:py*0
We shall perform a translation in the integral (6.1) so that all the characteristic
functions are centered at the origin i.e. £—&+ Bp. Denoting (we suppress 1)

U*(&)= UM+ Bp)— UX(Bp)— (& u®), (6.3)
where -
uf= 58 lsess 6.4)
we obtain
S*(p, E)y=e*"FZ71 [ Ou(de; ). (6.5)
In (6.5), to coincide with the notation of [6], we have defined
HdE 4) = xll Apl(E)eEde, (6.6)

and ¢ in UE(¢) is restricted to be equal + B at y. Denote also by & , the configuration
with ¢ put to zero for xe A°. We will need the following properties of U%:

Lemma 6.2. Let U denote UE with E either of the sets in Proposition 6.1 and let ). be
sufficiently small.
A) There exist constants A, A, >0 such that

—A, ) ESUEY=-4, ) & (6.7)

xeB xeB

for all BCA,.
B) Let A,BCA, and define

W(E4 Ep)=UlC4up)— UC)— Up). (6.8)
Then for some C, >0
W(E,EISC Y et (e 420, (6.9)
xed, yeB

Remark. (6.7) and (6.9) are the standard conditions for superstability and regularity
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[6]. For the other cases however we must slightly modify the arguments in [6] due
to the fact that for some x uf in the single spin measure (6.6) can be very large.

Proof. The change of variables ¢ — ¢+ Bp induces
V>V, + V=V, +V(/QBp),.

Now VA" involves only {, for zeR¢ (in case of V4", p=0 and so {'=0). Thus for
py*0|z—yl,2b'B*log(1+Ip,)

and as previously we get for b’ large || V(|| = 1. Absorbing F'{’ to Vy it thus suffices to

prove the lemma for

SUE
s

when ||| g < B+1and ||€]| , < B. The “free” part of U%, — 1/2(£, '~ '¢), satisfies
A)and B)since A>I""1> A’ >0 and has exponential falloff (see Proposition A.3). It
is easy to infer from Proposition 2.5 that U + 1/2(5 I'"1¢) is a sum of terms

Ay Iy x)l—[éx, (6.11)

x,-eA

UE(&)=TE(&)— TF(0)— ( f) (6.10)
£=0

where for n< 17¢ with § small enough |Je*t++*9)| < JCBC. Since |¢,| < B and s>2
because of the subtraction in (6.10), we can bound (6.11) by
ACBC ) e—elx-ylgxgy_ (6.12)

x,yedy

Thus (6.10) is regular and for A small enough does not change the superstability
when added to —1/2(£, " %¢). O
Let us now prove Proposition 6.1B: From (6.5) we get using (6.6) and (6.8)

Si(py, /]n)zeiﬁu"" U(éy) B (§ déeéu +U(§)) 7z 1

-j,u(df’)eU@y)f,u(df/i \ Yel (€ S Any) + UG A
n\y

SR TG LAW), L (6.13)
Since | ¢, <B, we can use Lemma 6.2A and B to estimate
QU T W (& E2,9) = W& 84 < oCB? (6.14)

Thus by (6.13), (6.7), and (6.14)
S*(p,, A7) S eBrer B[ dee s 1 < [1+ [uf"[]eP. (6.15)
We write uf” using (6.4) and (6.2) as

An

= — B 1p), L (6.16)

56 éBp

As in the proof of Lemma 6.2 | V{,_ ;|| is small since ze R;, and the second term in
(6.16) can be bounded by one (say). Hence, to obtain the claim we have to prove

sup e~ 041 +|B(I'~1p) |1 <e” P (6.17)

y:ipy*0
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Using the exponential falloff of I 1 we get
™t W1+ B 1P), ]

Se—zb’leog(1+lpy])(1+E Z e—ad(x,zi")lp Ie—£|x—ylp>
= x
x:pxF+0

< CBe™?'? (6.18)
choosing b’ large enough (6.17) follows from (6.18). [J

Proof of Proposition 6.1A. Following [ 6] we insert a partition of unity in the inte_:gral
of (6.5). For this purpose, let 0 <y, <y, < <1p and let V,CV, C. A, be
cubes in /4, centered at y such that y,|V,| = B, Y, 1= B?and P,> B2 Cons1der the
sets

={6: DIRSEIHI AN €§<wq+leq+kI,k>0}- (6.19)

xeVq xeVq+xk

{R,},<,- 1 formsa partition of unity since |¢ | = Band || ¢|| , < B. Thus (we denote ¥,
by g for brevity)

271 [ e, )

p—1
— Z Z—l j eU(q“q)"'U(Cp\q)*'W(é’q,ép\q)ew(éq.ép\q)—W(Ca,ép\q)u(dép\y)
g=1 Rg-1
_|_Z—1 j eU(ép—x)'*‘U(ép\p—1)+W(§}:—1,§p\p—1)eW(€p—1.§p\p—1)—W(¢£>—1,ép\p—1)'u(d£p\y)
Rp—1
p—l
< Zl e(q)Z 1 j 2Uea) (df )J‘eU(ép\qHW(éq ,&p\g) (df \q)
q
+8/(p)Z lzj eU(gp 1)#( p_l)jeU(fp\p )+WEp-1, §p\p~1)'u(d§p\p_1)’ (620)
p—1
where 2 is {,:[{,|<1} and
&)= | e—AllléqII%‘u(déq)(j eU(é")ﬂ(déq)>“l sup e2WCa ol
N¢q-1ll3Zvq-1Vq-1 bR EeAqURy
(6.21)
8/(p)= j‘ e_Alllép_lH%,u—(dép ( s eU('fp 1)'u(dé _1))
ep-1l13Zwp-1Vp-1 Zp-1
sup eZIW(ép -1,¢p\p-1) . (6.22)

tedp-1URp~;

We denoted by 4, the set {¢: [ ]|, <1 and ll£q+k[|§ <Y, +iVy+1)- [t will be shown
below that for b sufficiently large we can choose {y,, V,} such that

elq) <279 P, (6.23)
g(p)S27Pe P, (6.24)

and thus from (6.5) and (6.20)
S*(0, E) S etBufe=CB (6.25)

Let first E=A". As in the previous proof we only need to consider the contribution
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and by the exponential falloff of I'"* for b’ large |B(I'~ 1ﬁ)y| <1 So
S0, AN e

which is the claim. In case of E= A", p=0 and only V" in (6.2) contributes to U f
Again, for / small |u}|<1 and

S*0, A" < e CP
completing the proof. Finally let us prove (6.23) and (6.24). Note that by (6.6) and
(6.7)

1
j eU(fq)#(déq) > CquI n f eéugdé > CIVql
Zq

xeq — 1

1
since | e“d¢>1. Hence from (6.21) and (6.22)
21
g(q)écqule—Cwq—qu—x sup 21" p\a)l j“(déq)3 (6.26)
$edgqUR,y

g’(p)§C|Vp—1|e‘c‘Pp—le-l sup eZIW(é"""CP\F_l)lfﬂ(dép_l).(6.27)

geAp-1URp -1
By (6.9) and |||, <B we also get
IW(E,— 1> Epp— I S CB2|OV,_ | (6.28)
and

W EpISC Y e M+ &)

xeq

yep\q
=C Z e—slx—yléz_,_ Z e_alx'yléi—}— Z e“s|"'y|§§
xeq—1 xeq\q— 1 xeq
yep\q yep\q yep\q
=W, +W,+W,. (6.29)

Let us now choose y,’s and V,’s. We set yp,=(q,+9)?,
V.;:)""[_ro"qrpro""qrdd

and p as the largest integer such that g,+p—1<B. Also, g,=B~'? and
ro=1/2(B)*'* and thus y,|V,| = B? as required. r, will be chosen in a B independent
way below. Let £eR,_, (the other case {e 4,_, is similar). Noting that

dist(q,q+k\g+k—1)=r (k—1)
for k=1 we estimate the W, in (6.29):

W, SCy Ve, (6.30)

W, = Cw Vol =wy - 11Vy- 1), (6.31)
rp—q-1

W3§C Z e—erl(k— l)é)%

k=1 yeq+k\g+k—1

+C|oV,|B2e~mrimam b, (6.32)
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Denoting ), &2 by E,,, we get (4<p—2)
xeqtk

L S
) e erq( )éy= kzl e ery (. )(Eq+k_Eq+k—1)

1 yeqt+k\gt+tk—1

p—gq-2 p—q-2 P IV [
SE =Bt ¥ e E Sw, | Y emmkdukel s
k=1 k=1 Y11Vl
A E T | N | B (R LA RS P | A ) B (6.33)
From the definitions of y, and V, we obtain
Uf’q+k+ 1|Vq+k+1| — (1 k+2 )2(1 (k+2)r1 >d’ (634)
V-1Vl got+q—1 +(g—1ry
1+i \? A+ir, \
_dv._d=v,_ AV _ {1+ —) {1+ — ) —1].
lpq-f—zl q+1| wq li q 1| Ipq 1| q 1|[( +q0+q_1) ( +r0+(q_1)r1) 1:|
(6.35)
Inserting (6.34) and (6.35) to (6.30)—(6.33) we deduce for g<p—2:
o 1 r
|W(éq,ép\q)|§0{e 1+~+r—1]wq_llvq_1l
0 0
+C(ry+qr,)* B2 pma= D, (6.36)
The second term in (6.36) is bounded easily by (recall that g,+p= B)
1 —2)? _
C‘Pq-lqu_1| (P+410 ) _erl(p_q_1)§CB—1/21Pq_1|V:1_1|. (637)

ro+ary (qo+q—1)

Recalling that g,=B'? and r,=1/2(B)'" (6.36) and (6.37) inserted to (6.26) give
for r, large enough

slg)se” VamtlVamil fudZ ). (6.38)
Similarly, from (6.28)
IW(E,-1:Epp- NI SCB*p™ YV, |SCB 'y, |V,
and thus
g(p)Se”Cwr=ilVo-tlfu(de, ). (6.39)
Now
fmdé,_)<CB"a1! sup exp [Bu[V,_,[].

xeq—

Now recall that by the choice of p, max |x — y| £ CB. On the other hand, for any u,

ly—ul=b'B*log(1+|p,|). Thus as before for b’ large enough [u"| is small for all
xep—1 and )
fudé, )< CePVailg<p. (6.40)

(6.38)—(6.40) imply now (6.23) and (6.24).
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In above we have assumed, that the boxes V;, ..., V,_, are entirely inside Zn.
The case when it does not happen is even simpler and necessary modifications are
left to the reader. [

Finally, we wish to prove (3.21) and (4.22) of the lemmas. To this end notice

that
IXB(f")dﬂrn=eXP[ j apl lnjxuf <Py,
27562 [] 40815 s,

—exp|— (d yEx
exp| = [ df 3 — [0 P,

=exp[ [ap Y. 2771 fo@—preve [] iz =P [1de], 641)

xed, yEx

where U, is superstable and regular. Similarly,

§ H xpy(é Vpr, = ﬂ X,,y(ﬁ )ap, | ﬂ o(&—B,dur,

y:py ¥ yipy ¥ yipy ¥

‘I ﬂ Xpy(ﬁ )dp,-Z~ ’I ﬂ oy — ﬁ)eU°de” (6.42)

y:py ¥ y:py*0

By [6] we can find C>0 and ¢ such that
1H_Ié(é” Be[1dE < CXP[Z( Cﬁ2+5)}

and the same holds if the domain of integration over {}’s is restricted to an interval.
Now (3.21) and (4.22) follow easily from (6.41) and (6.42). [

Appendix

We shall prove in this Appendix the various properties of the covariances G,, and
I',, and the operators .«Z,, and V.oZ, needed in the text.

Let us start with G,,. A straightforward computation using (2.1), (1.7), and
(2.26) yields

sin22x
1 ) 2
(Gm)x - 2Py
Y IAm|0¢p62§"‘_NZd Méd U nom zpﬂ+2nMu
ML M <3m2 B 3*Msint A ——— £
2-3m
o (p+2rM\|7E 1
'[32 ﬂ( 3 ) = Y G, (p)e?=Y, (A.1)
O*p

d—1
where we recall that u(p)=2 Z (I1—cosp,) [(A.1) is easiest to derive by first
=0

computing it in infinite Volume and then periodizing]. We will consider G D) as
defined on the periodic box [ —m, n]%. Notice that it is non-vanishing and finite
except for p=0. This shows invertibility of G,, on the subspace (I — E)R*" (i.e. on
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sequences with vanishing means) and allows us to define G,, ! as the inverse of G,
on this subspace:
1
N

xy ’

G, (p)” ey, (A.2)
Aml 0 *pT27rI3m_NZd
Dul=n

We gather in the following Lemma some properties of G,, needed later.

Lemma A.1. The functions G,, have the following properties :

2 2
+2ng 1+200sp“+—nq—"
a) Gm+ 1(p)= 3_ZGm(p 3 )n 3 . (A3)

q:q,=0,%1 m

b) Gm has a unique continuation to a meromorphic function of complex p, for any
P=(py, Py e[ —m,w] ™1 with two simple poles at the py’s satisfying

Re p, =0, Imp0=3’”sh"1(i‘/ y sin2p—"m). (A4)
u#O 23

¢) There exists an ¢>0, independent on m, such that for |Impy|<e¢ and all
pE[—ﬂ:, Tc]d_l

C,3*"uB3™"p) " <16, (p) S C,13*"u(3 "), (A.5)
where C,>0.

Proof. (a) follows from translating the infinite volume version of the first equality
of (2.26) to momentum space. (b) follows by inspection from (A.1), the zeros of u
providing the poles. (c). Consider the function

. sin?1/2p u(p)
=u(n)G. (p)= . - .
SO =eCue)= 2 L smngorips g, v2a0) o Jpsanh
M, |<3m2 375 m

f(p) is analytic in p, for (Rep,,p)e[ — =, 7]".
3m
Let now [Im py|<ch™*(1/2). Then for M +0, [M |< 5

32'",11(%)‘ gzs“( Y (1—cosp"+32—m7tM”> +1

3 5o
Rep, +21M 1

_ osﬂgﬁuch Im?;p()) >C(1+M?)
and

2 R I

sinpz_“ sinz—;& +sh2—n;p" _
- R 2 i = 2

e = E
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Thus,
If(pI=C for |Imp,|<ch™'1/2

and hence by Cauchy’s formula
df
dp,
Since f(p) is strictly positive for p real (A.6) implies that |f(p)|>C, >0 for [Im p,|
small enough. []

We can now turn to study the decay properties of the various kernels. We start
with

<C for |Impy|<1/2ch™11/2. (A.6)

Proposition A.2. There exist C and ¢ such that for all m and A
(G 1)yl S Ce™ o2, (A7)

Proof. By Lemma A.1(b) and (c) Gm(p)‘1 is analytic in p, for |Imp,/<e and
bounded uniformly in m, Re pe[ —n, #]? and A. Thus

€ ~ € -1
j’ eip(x—y)Gm(p)—ldp= j’ eip(x—y)e_flxo—}’obcm (p-}_.l_z_e0> dp
[Pul=n [pul=m
which establishes exponential falloff of this kernel in zero direction, by symmetry
in all coordinate directions and by [x—y[,=<C mﬁlx|x#~ Y, In all directions. But

Guhy= Y Qo4 [ ere=7rDG (p)"ldp

Le3N-mzd lpul=n

and (A.7) follows. [
Let us next consider the fluctuation covariances I',,. Their main properties are
gathered in

Proposition A.3. A) I',,* can be written as
r,'=90"G,'0, (A.8)
where Q is given by (2.14).
B) I'.,! and T, are strictly positive and satisfy

I(F; 1)xyl —¢elx—y|
(T, }éc" | (A9)

Proof. First note that RT :R4m—R4m and Q7 :R4"—IR*™ are given by
Eif xed
RT — x m.
(™), {0 if xed\4,,
Q" d).=d.—9,.
y being the point in 4,\A,, nearest to xeA,. Thus by the definition of I',, (2.28)
0'G,'or,=0"G,'0R(G,~G,C’G,},CG,)RT. (A.11)

(A.10)
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As in the argument following (2.17) we can dispose of QR in (A.11) thus producing
together with (A.10)

07G,,'Qr, = Q"(I- E)R" - Q"(I-E)C"G}, ,CG,R".
Now, it is obvious from (A.10) that
QTRT=1 and QTE=Q'C'=0.
Thus
07G,'or,=1I

proving (A) since I',, is self adjoint.

(B) The claims for I',,* follow immediately from (A), the positivity of G, *
(A.7). Also, we get that I',,* is bounded from above and hence I',, >0. We are thus
left with establishing (A.9) for I',,. It is enough to prove the falloff for the operator

r,=G,—G,C'G,1,CG,,.

Explicit computation gives the momentum space representation of I',,

~ ~ 2nr
G,(G, (p + —)

1 - ) " 3
me — ,Gm( )etp(x—y)_ ~
i IAml % P % rir,=0,+1 32Gm+ 1(3P)
2nr
1+2cos< et —")
H 1+2COS Dy ) P 3 e—iz:,'—nryeip(x—y)
. 3 3 :
(A.12)

where Z’(Z”) denotes the sum over

p \p

O%pe2n3™N*"Z', |p|=<m (pe3™N*"Z', |pl=m, 3pel2nZ’).

Consider the functions
A a 2mr
B ) G,(p)G, (P + T)
2mr

142 o
L+2cosp, + cos(pK+ 3 ) 127

: T (A3
I 3 3 ¢ (A.13)

K

Lemma A.4. I’ D> Y) are analytic in p, and uniformly bounded on

{(po, PeC xR :[Im py| <&, |p;| <7}
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Proof. Again, given p and y, I’ (D, ) is meromorphic in p,. To bound it uniformly
we write

G,(p) 1+2cosp,\?
Fulp)= 52001326, 6, )T (250
p:y) ) +10p 200 3
. . 2 2
G, G, <p+ ﬂ) 142 cos (px+ ”—r) ,
Ly ] 3 1 1+2cosp, 3 ] (A.14)
FE0 32Gm+1(3p) 3 3
(A 142
A A cos
A [ ”K)
2
2 1+2cos pk Zr")
= z m T H
OFrir.=0,%1
so that
Gm(p)G p+ — 1+2cos p,c zr")
Fopy)=
m(p y) r#ZO 32(;m+l 3p 1_[
+2cos(p _|,*£
1+2COSp ,%"_,.y < * 3 )
A2 e, i A
3 + 3 (A.15)
, ; 2nr
G060+ %)
By Lemma A.1 is uniformly bounded for =0 (poles of the

G,,+13p)
numerator never coincide and get canceled by the zeros of the denominator). [

From (A.13) we note that I DY) = G,(p) for 0+3pe2nZ® since
A - +
G,..1(3p)"*=0. Also I' (0, ) =0 from (A.15) because 1 +2 cos— 2n

=0. So we can

write

1 o
o=t X €L (py)

m)x

Y IAmI pe2n3 ~N+tmgd

'pulé'ﬂ

and the exponential falloff follows from Lemma A.4 as before. []

Now we pass to the study of the operators .7, and V./,. By explicit
computation

1 . . 2nM ]!
(“"Q[m)zx — Z PCE Z g2miMz [Gm(p)' 32mu (P +3m775 )

’Aml 0% pe2n3 -~ N+tmyd M:[Mu|§32’"

]Pu’éﬂ
2nM . 2 -
'Hsinp“-l_;Z "[3"’smp"; ;nM"

n
1 .

=—— Y A4,(p )" (A.16)
1Al oFp
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and

(Vu"Q/m)zx = IAml -t Z eip(z—x) Z eZﬂ:iMz

peagsh e MM
A 2nM\|"! . p+2nM
.[Gm(p),:;Zmlu (%f__) .Hsmg"_.zL_'i

. 2nM, \ ! 2nM
.3m (3’" sin !M_K) (explw — 1)

2.3m 3m
=4, YV, A p, 2)eE Y, (A.17)
V4

Lemma A.5. Jf"m(p, z) and V#/;fm(p, z) are analytic in p, and uniformly bounded when
Impg|<e, [p =7

Proof. For fixed pand z ;z/?n and 17;5;{ are meromorphic in p,, so it is enough to

establish uniform bounds. Proceeding as in Lemma A.1:

37"u(3™"p) "
G,(p)

IIA

4.0, z>|§0‘ c

. . N
and similarly for Vit [
Again, Lemma A.5 leads to

Proposition A.6. There exist C, ¢>0 such that the kernel
(Lp)e=I4, 70 X &P (p,2)

pe2n3 N *tmyd
satisfies
(,,). < Ce™*x e, (A.18)
AN (A.19)

Note that in .o7,, we also sum over the zero mode p=0 whereas in &7, this term
is excluded. However, </, and .7, coincide when acting on ¢™ and Q&™, both
living in (I — E)R“™. Propositions A.3 and A.6 give

Proposition A.7. There exist C and ¢ such that
IKPEveryy, | < Cem el (A.20)
Proof. We have by (2.32)
vy, =0, 4,000 V).,

and (A.20) is obvious by virtue of (A.9) and (A.19). [
The last result concerns the decay of VIVl e .

Proposition A.8. There exist C and ¢ such that

KV Vyloe, | =C (A.21)

P
I+z—Z,
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Proof. By iteration of (2.37) we obtain
PEmYEY G, = LIV, + 37PN Py,
3N -1

z
3N -

+3_d(N_1)<VCN71 VcNgrl >FN—1 (A22)

3N-1 3N-1

Hence, because of (A.20), (A.22) follows from the easy estimate

Y 37%exp—3~fa<C(1+ah)™'. O
k=0
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