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Abstract. If S,=exp{—tH}, T,=exp{—tK}, are self-adjoint positivity preserv-
ing semigroups on a Hilbert space # = L*(X ; du) we write

>0 (%)
if T, is positivity improving and
S>T (s)

if the difference S,— 7T, is positivity improving. We derive a variety of

characterizations of (x) and (x). In particular () is valid for all ¢ >0 if, and only
if, TUL®(X ;dy) is irreducible for some ¢>0. Similarly if the semigroups are
ordered the strict order (xx) is valid if, and only if, {S,— T} UL*(X ;dy) is
irreducible for some ¢ > 0. These criteria are used to prove that if (x) is valid for
all >0 then

e V®%0, >0,
and if (xx) is valid for all ¢t >0 then

—tf(H —tf(K
e IS o~ E® 15

for each non-constant f in the class characterized in the preceding paper.

We discuss the decomposition of positivity preserving semigroups in terms
of positivity improving semigroups on subspaces. Various applications to
monotonicity properties of Green’s functions are given.

Introduction

A bounded operator 4 on the Hilbert space # =L?*(X ;dy) is called positivity
improving if

(¢, Ay)>0
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for all non-negative ¢, yp, which are not identically zero and if this is the case we
write

A>0.
More generally if B and A— B are positivity improving we write

A>B>0.

These definitions give the strict ordering associated with the order relation >
introduced in the preceding paper [1] (which we refer to as I).

We are interested in C,-semigroups of self-adjoint positivity preserving
operators which satisfy

e“‘tH>e—lK>0

for all >0, or for some t>0.

We derive two kinds of results. The first characterizes the strict ordering of the
semigroups and the second derives stability of this order under the replacement of
H and K by f(H) and f(K) where f is a non-constant function in the class
characterized in I. For example we establish the following

Theorem D. The following four conditions are equivalent
1.(1) e *>0 for all t>0 (for some t>0).
2(2) {e ™}, oUL®(X ;dp) is irreducible

(e”™®UL®(X ;dp) is irreducible for some t>0).
Moreover if

e"‘H?e— tx>0

the following four conditions are equivalent
1.1) e e ™ for all t>0 (for some t>0).
2(2) {eH—e"®} (UL®(X;dp) is irreducible

({e " —e "®YUL®(X ;dp) is irreducible for some t>0).

Other characterizations of the strict order are given in terms of positivity
improving relations or irreducibility criteria involving the resolvents of H and K.
The second kind of result is illustrated by the following
Theorem E. Let f be a positive measurable function on [0, 00) such that
e = K>0, >0,
implies
e Wl ze=tI®) =0 >0,
for all pairs of contraction semigroups and assume f is not constant.
It follows that
e w0, t>0,
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if, and only if

e W t>0,
and

et g7tk t>0,
if, and only if,

e B o=t ()

The class of functions described in Theorem E have been completely character-
ized in L

1. Criteria for Positivity Improvement

We begin by deriving various criteria for a semigroup to be positivity improving
(and in particular we prove the first half of Theorem D). Some of the implications
in the following theorem are already known (see [2], Sect. XII1.12 for details and
references). The principle new result appears to be the deduction of positivity
improvement from an irreducibility criterion without any ancillary spectral
assumptions.

Recall first that if T is a C,-semigroup then there exist M =1 and =0 such
that

ITI<Me",  t>0.
In the sequel the symbols M and f are used solely in this context.
Theorem 1. Let T,=exp{—tH} be a C,-semigroup of self-adjoint positivity

preserving operators on the Hilbert space # = L*(X ; dpu).
The following eight conditions are equivalent
1.(1")  T,>0 for all t>0 (for some t>0).
2.2) {1}, o VL®(X ;dy) is irreducible
(T,uL*(X ;dp) is irreducible for some t>0).
3.3) (M +H) 10 for all 1> B (for some A> ).
4(4) {(M+H)" '}, 0L®(X ; dp) is irreducible
(M +H)"'UL®(X ; dy) is irreducible for some 1> p).

Proof. Clearly 1=1', and 3=3". But 2<>4 by the standard semigroup relations
(AMM+H) ‘= [die Me
(0]
and
_ . t o
e H= lim (ﬂ—i-;H) .

Also the equivalences of 2,2, and 4,4', are clear from the spectral theory of self-
adjoint operators.
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We will demonstrate that 2=1, 1’=>3 and 3'=-4. This will complete the proof of
equivalence.
First we need the following lemma which is essentially contained in [3].

Lemma 2. If T,=exp{—tH} is a Cy-semigroup of self-adjoint positivity preserving
operators on # =L*(X ; dy) and &,1=0 with (£,7)>0 then

& Tn)>0  forall t>0.
Proof. If g is defined by setting

o(x)=min(&(x),(x))
then ¢=0 and ¢ is not identically zero because (&, #)>0. But

(& Tmz(E To)

2(e, T,0)>0.

Now we return to the proof of Theorem 1.
2=1. Assume Condition 1 is false then there exist non-negative non-zero ¢, y,
and a t,>0 such that

(¢’ T:Ow) = 0 M
Now suppose that

(¢, Ty)*0

for some se(0,t,) then we can apply Lemma 2 with ¢ =¢&, Typ=n and t=t,—s to
deduce that

(d’s 7;0—37;#’) :(¢! 7:01/)):':0

which is a contradiction. Therefore

(¢’ T;l/)) =0

for all se(0,¢,].
But

zeC— (¢, e *y)

is analytic in the right half plane and hence it must be identically zero.
Next let /" be the closed linear span of

{/Ty;t>0, fe L"(X ;du)} .
We shall show that if ye " then Tye ¢ for all t =0 and, moreover,
(¢, 0)=0.

Thus 2 is a non-trivial closed subspace which is invariant under
{1} 0V L"(X;du) and hence Condition 2 is false.
It clearly suffices to prove the above properties for vectors of the form

=2 fLw,
i=1
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where the f; are real functions in L°(X ; du) and t,>0. But

2 il Ty £220

and hence

ITH < 3 1 filleTv s
i=1

Now this inequality shows that the left hand vector T,y can be obtained from the
right hand vector by multiplication with an L*-function. Thus T;ye . Finally

(6. 01=(@.12)
< 3 1A1L(6. T)=0.

1'=3. Suppose Condition 3 is false. Then there exist non-negative non-zero ¢, p,
and a 1> f, such that

0= (6. U+ H) )= | de™ (1 Typ).

Hence Condition 1’ is false.

3'=4. Suppose Condition 4 is false and let D C s be a closed subspace invariant
under {(A1+H)™'},. ,0L°(X ;dp). Let peD and set y(x)=1p(x)/lp(x)| if p(x)+0
and y(x)=0 if w(x)=0. Thus ye L*(X;dy) and since |p|=yyp one has |yleD.
Similarly if ¢eD* then [¢|e D*. But since D is invariant under (Al + H)~ ! for all
A>f one has

(Il (L+H)™ yl)=0

even if ¢, y, are not identically zero. Thus Condition 3’ is false.
Theorem 1 allows us to extend a perturbation result of Segal [4] (see [2],
Theorem XIIL.45).

Corollary 3. Let H and H, be self-adjoint lower semi-bounded operators on
I*(X ; du) and suppose there exists a sequence of bounded self-adjoint multiplication
operators V, so that Hy+V, converges to H in the strong resolvent sense and H—V,
converges to H, in the same sense.

It follows that exp{—tH} is positivity improving if, and only if, exp{—tH,} is
positivity improving.

Proof. By Segal’s result, which follows from the Trotter product formula, the set
exp{—tH}UL”(X ;dy) is irreducible if, and only if, exp{—tH,} UL*(X ;dy) is
irreducible so Corollary 3 follows from Theorem 1.

2. Comparison of Semigroups

Theorem 1 gives criteria for a C-semigroup to be positivity improving. Next we
derive a generalization which gives criteria for the difference of two semigroups to
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be positivity improving. In particular we prove the second statement of Theorem
D.

Theorem 4. Let S,=exp{—tH}, T,=exp{—tK}, be two C,-semigroups of self-
adjoint positivity preserving operators on the Hilbert space # =L*(X ;du) and
suppose that

ST,

for all t=0.
The following conditions are equivalent

1.(1") S,>T, for all t>0 (for some t>0).
22) {S,— T}, oVL*(X ;dy) is irreducible
({S,— T}UL®(X ;dp) is irreducible for some t>0).
3.3) (M+H)y"'>AL+K)~! for all 1> (for some A> ).
4(4) {(1+H) ' —(M+K)" '}, p0L®(X ; dp) is irreducible
{A+H) ' —(AM+K)" 3 UL®(X ; du) is irreducible for some 1> ).
5(5) S,KT,—HS,T,>>-0 for all t0 (for some t>0).

Proof. Clearly 1=1, 2'=2, 3=3', 4'=4, and 5=75".

The rest of the implications will be deduced from a series of lemmas which
involve the following operators

A(s,0)=S,KT,— HS,T,.

Note that these operators are bounded if s >0 and ¢ >0. Throughout these lemmas
we adopt the assumptions of Theorem 4.

Lemma 5. Suppose that
(¢, A(to, o)) =0
for some non-negative, non-zero, ¢, yp, and a t,>0 then
(¢, {8, = T}y)=0
for all t>0 and
(¢, A(s,)p)=0 (%)
for all s,t>0.
Proof. Suppose that there are s,,¢,€(0,t,) such that
(@, Asy, £1)p) +0.
Since we are assuming S,= T, for all t>0 it follows from Theorem A of I that
(& Als,)n) =20
for all non-negative £,#, and all s,¢>0. In particular

Alsy,t)p=20
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and hence

(()ba A(Sl, tl)W)>0 .

Therefore
(¢, 8,5, A(51,1)w)>0

by Lemma 2. Equivalently
(¢, Ato,1,)p)>0.

Another application of Lemma 2 then gives
(o, Ato, t4) T, ) >0

or, equivalently,

(¢, Ao, 16)y)>0

which is a contradiction.
Therefore

(¢, A(s, 1)) =0

for all s,te(0,t,]. But
21,2,6C—(¢, Az, 2,)p)

is analytic for Rez, >0, and Rez, >0, and hence
(@, A(s,)y)=0

for all s, ¢>0. This is the second statement of the lemma. The first follows from the
second by the Duhamel formula;

. 1-¢ d
(@ {S,~ T}w)=lim | A2 (984T - 1)

1—-¢

= limt [ di(p, A(t,(1-2)1)y)
=0.

Lemma 6. Suppose that
(@, {S,,— T, w)=0

for some non-negative, non-zero, ¢, vy, and a ty>0 then
(#15,— T}y)=0

for all t>0 and
(6, A(s.)p) =0

for all s,t>0.
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Proof. Once again

1—e¢

(6.4, ~ Thp)=lim¢ | da(p, AQGe,(1-De)p).

But since S,= T, the integrand is non-negative by Theorem A of I. Therefore
d

0=(¢, {S,,— T} )t | dA(, ARy, (1= Ato)p) 20
for any 1>96>¢>0. Since the integrand is non-negative and continuous this
implies that

(¢, A(ALo, (1= A)to)y)=0
for 0<A<1. Choosing A=1/2 one has

(¢, A(to/2,16/2)p)=0

and the desired result follows from Lemma 5.

Lemma 7. Suppose that
(¢, A(s,)y)=0

for some non-negative, non-zero, ¢, p, and all s,t>0 then
(¢, {41+ H)" ' —(1+K)" " }yp)=0

for all 2> p.

Proof. This follows from the identities

[ ds | dee*(g, A 0p)
0 0

=((M+H)"'¢,K(M+K) 'p)—(HAL+H) " '¢,(M+K) 'y)
=(¢. {1+ H)™' = (M+K)""}y).

Lemma 8. Suppose that
(@, {21+ H)" ' = (A1 +K)*}yp)=0

for some non-negative, non-zero, ¢, p, and some Ay,>f then
(@, {1+ H)" ' —(+K) '} yp)=0

for all 2> and
(@, {S,— T3 y)=0

for all t>0.

Proof. Since S,2=T, the operator A(s,t) is positivity preserving by Theorem A of L.
Hence the desired result follows from the identity preceding the lemma and
Duhamel formula given before Lemma 6.
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Now let us return to the proof of Theorem 4. If Condition 1 is false then
Conditions 1" and 5 are false by Lemma 6 and Condition 3’ is false by Lemmas 6
and 7. Thus 1'=1, 5'=-1, 3=-1. If Condition 5 is false then Conditions 5, 1’, and 3’
are false by Lemmas 5 and 7. Thus 1'=5, 5'=5, 3'=5. But 3'=3, and 1'=3 by
Lemma 8. This completes the proof of the equivalence of Conditions 1, 3, 5 and
their variants 1/, 3/, 5'.
1=2". Suppose Condition 2’ is false and let DC# be a closed subspace left
invariant by {S,— T,}UL* (X ; du). One argues as in the proof of 1=-2" in Theorem
1 that there exist non-negative, non-zero, ¢, y, in D%, and D, respectively, and by
the invariance of D one has

(¢’ {St_,]—;}w)=09

i.e. Condition 1 is false.

3=4'. This is a repetition of the previous proof, 1=2', with S,— T, replaced by
(M+H) '—(MM+K)L

4=2. If Condition 2 is false then Condition 4 is false because of the Laplace
transform relation

(M+H) '—(1+K) " '= (j) dte™*{S,—T}.

2=-1. Suppose Condition 1 is false. Then there exist non-negative, non-zero, ¢, vy,
and a t,>0 such that

(9, {S;,— T, .} ) =0
and hence, by Lemma 6,
(¢, A(s,)p)=0
for all s,t>0. But since
S, Als,t)=A(s+50,1)
one also has
(S5, Als, )p)=0
for all s,s,,t>0. Now let /" be the closed linear span of

{fAG Dy, feL”(X ; dp),s,t>0}.

If one repeats the argument used to establish 2=-1 in Theorem 1 one concludes
that 2 is invariant under {S,},. (UL®(X ; du) and e A"+ Butif e A+, ne A", are
non-negative

0=(&Sm=(& T z0

for all t>0 and hence " is also invariant under {T;},5,. Thus 4" is invariant
under {S,— T}},5 o, VUL* (X ; du) and Condition 2 is false unless 4" = {0} or A" =#.
But "+ # because ¢pe # ™+ and ¢ is non-zero. Thus it remains to discuss the case
A ={0}.
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If o ={0} one must have
A(s,t)p=0
for all s,t>0. Hence for ye #

1-¢

. d
(6 {Ss— T} Tw)= !LI% j da ﬁ(SAsXa Tiy - s Tw)

1-¢

—lim | A AGs (1= Ds+0)y)

=0.
Therefore

(8,~ T} Tp=0

for all s,t>0.
Next let 2 be the closed linear span of

{fTw;t>0, fe L™(X ; du)} .

We argue that 9 is left invariant by S,, and T,, and that
Slg=Tly, t>0.
Let

1= 2 ST,

where the f; are real. Since
2 il Tw+x20
i=1

one has

ITAS Y IfilloTen
i=1

13

and
T(S— T Y 1£illo(S,—T) Tw=0.
i=1

Thus Tye 2 and S;x=T,xe 2 for all s,t>0. In conclusion @ is invariant under
{8,~ T}y UL (X ;dy) and

{Ss— T} oW L7 (X ; dp)ly = L™ (X ; dw)| o+ {0} .

Hence Condition 2 is again false.
The foregoing proof has one rather surprising corollary.
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Corollary 9. Let S and T be two self-adjoint C,-semigroups on the Hilbert space
H =L*(X ; du) satisfying

S, =T20
for all t>0. If

either ;>0 or T1,>0 for some t>0
then

either S,>T, or S,=T, for all t>0.

Proof. Obviously 7;>>0 implies S, >0 and hence we need only consider this latter
case. Now suppose that S, is not strictly larger than T; for all >0, i.e., suppose
there exist non-negative, non-zero, ¢, ¥, and a t,>0 such that

(@, {S;,— T,y ) =0.

Repeating the beginning of the argument used to prove 2=1 in Theorem 4 we
conclude that the closed linear span " of

{fA(s,t)p; fe L™ (X ; du),s,t>0}

is invariant under {S,},. WL (X ; du). But since S,>>0 this latter set is irreducible
and hence " ={0} or & =#. But ¢peA#* and therefore the only possibility is
A ={0}, i.e., one must have

A(s, t)p=0

for all s,t>0.
But appealing once more to the proof of 2=1 in Theorem 4 we conclude that
the closed linear span & of

U Tp:t>0, feL*(X ; dp)}
is left invariant by the irreducible set {S,},. ,WL® (X ; du) and moreover
Slo=Tls-
But 2 & {0} because it contains y. Hence ¥ =# and
S=T,

for all t>0.

This last conclusion can be extended to the comparison of semigroups on
different spaces. In 1 we considered the situation of a space # =L*(X;du), a
subspace # = L*(Y; dv) where YCX and v=pl, and two semigroups, S on #, and
T on . We then defined

S =T20
by demanding
(6. Sw)z(¢, Tw) 20
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for all non-negative pe#’, we A (or, equivalently, ¢, we#’). Similarly we may
define

S>1,
by demanding

(@, Sw)>(, T)

for all non-negative, non-zero, pe#, pe A
Corollary 9'. Let S and T be two self-adjoint C,-semigroups on the Hilbert space
H=L*X ;du) and A = L*(Y; dv) respectively where YCX and v=uly. Assume that
SZT0
for all t>0. If
S,>0  for some t>0

then either
S.>T,
or

H=H and S,=T, forall t>0.

The proof is identical to the proof of Corollary 9 once one remarks that
Lemmas 2,5, and 6-8 all have two space analogues, i.e. one can assume &, ¢pe#
and n,pe X and the conclusions remain valid.

The characterization of the ordering relation on the semigroups by irreduc-
ibility criteria opens the way for a decomposition theory of positivity preserving
semigroups into positivity improving semigroups acting on invariant subspaces.
This theory corresponds to the decomposition of the von Neumann algebra

Mg={S,OL* (X ;du)}"
and the Hilbert space #. But if S,=T=0 for all t>0 this decomposition
automatically gives a decomposition of ., by the following.
Theorem 10. Let S and T be two self-adjoint Cy-semigroups on the Hilbert space
H =L*(X ;dp) satisfying

S, = T,0

for all t>0.
It follows that

{S, oL (X; dpw} 2{T oL (X ; du)}".

Proof. 1t suffices to show that
(S, UL (X ; dpy S{TUL (X ; dp)y
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But each of the commutants is contained in L* (X ; du) thus it suffices to show that
if feL*(X ;du) is a projection satisfying

f5,(1—£)=0
then
ST(1-f)=0.

But if ¢, y, are non-negative then f¢, and (1—f)y, are non-negative and the
ordering S,= T, =0 gives

0=(¢, fS,(1-f)y)

2(¢, /T,(1=f)w)20
which is the desired result.

It follows from Corollary 9 and Theorem 10 that if {S,UL*(X ;du)}" is
decomposed into irreducible components then the decomposition reduces T, and
in each component either S,>> T, or S, =T, for all ¢ >0. The conclusion of Corollary
9 could be re-expressed in an algebraic fashion; if {S,UL®(X ;du)}"” is irreducible
then {(S,— T)UL®(X ;du)}" is either irreducible or maximal abelian.

Theorem 10 also has an analogue for pairs of semigroups which satisfy the
domination property discussed by Hess et al. [6] and Simon [7].

Theorem 10'. Let S and T be two self-adjoint C,-semigroups on the Hilbert space
A =L*(X ;du) and suppose
Syl =1 Tyl

for all we A and all t>0.
It follows that

{S; oL (X s dp)} 2{TUL* (X ; dw)}".
Proof. The estimate in the proof of Theorem 10 is replaced by the calculation

(@, f A=) = (¢, fIT(L=)w))
=@, fSI1=1)wl)
=, /5,(1=/)w)=0

for ¢,p=0.
This result is also valid for the class of non-self-adjoint T considered in [6].

3. Functions of Generators

Next we examine the contraction semigroups exp{—tf(H)} obtained from a C,-
semigroup of self-adjoint positivity preserving contractions exp{—tH} by replac-
ing the generator H by f(H) where f is one of the functions characterized in L. Tt is
not strictly necessary to assume that exp{—tH} is a contraction semigroup. It
would suffice to assume that H is lower semibounded, i.e. H = — c1 for some ¢ =0.
It is however straightforward to extend our results to this more general case. One
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simply examines the contraction semigroup exp {—t(H+c1)} and obtains state-
ments about exp{—tf(H+c1)}. But exp{—tH} and exp{— t(H+c1)} are simulta-
neously positivity improving and exp{—tH}UL*(X ;du) and exp{—t(H +c1)}
UL*(X ; du) are simultaneously irreducible, etc.

In the statement of the next theorem, which is an elaboration of Theorem E, we
give explicit conditions on f which ensure that it is in the class considered in L.
Other characterizations are given in Theorem B of 1.

Theorem 11. Let S,=exp{—tH}, T,=exp{—tK}, be C,-semigroups of self-adjoint
positivity preserving contractions on the Hilbert space H# =L*(X;dy) and let
feC%(0, ) be a non-negative, non-constant, function such that

(=1 fe*D(x)=0,xe(0, 0),n=0,1,2, ...
and

SO lim f(x).

Define S' and T’ by
S{=exp{—tf (H)}, T/ =exp{—tf (K)}.
The following four conditions are equivalent

1.(1") T1,>0 for all t>0 (for some t>0).
2.2) TI>0 for all t>0 (for some t>0).

Moreover if
S=T,
for all t>0 then the following four conditions are equivalent

1.(1") S8, >T, for all t>0 (for some t>0).
2(2) S/>T/ for all t>0 (for some t>0).

Proof. Consider the first statement. By Theorem 1, Conditions 1 and 1, are
equivalent to irreducibility of {T;},. ,wL*(X ;du) and Conditions 2 and 2', are
equivalent to irreducibility of {T/},. UL (X ; dw). Thus we must show that these
two sets are simultaneously irreducible and for this it suffices to show that they
generate the same von Neumann algebra. But for this it suffices to show that
{T},~, and {T/},., generate the same von Neumann algebra. This is straight-
forward.

Since f is not constant it follows from I that it is strictly increasing. Hence by
spectral theory the von Neumann algebra generated by {T7/},., is the von
Neumann algebra generated by the spectral family Ej associated with the self-
adjoint operator H. This is of course the same as the algebra generated by {7}, ,.

Now consider the second statement. Clearly 1=1" and 2=-2". But 1’ implies
that S,>0 for some ¢>0 and hence S/>0 for all t>0 by the first part of the
theorem. Hence S/ >T/ or S/=T/ for all 1>0 by Corollary 9. But the latter
possibility implies S,=T, for all >0 which is a contradiction. Thus 1'=2. The
proof of 2'=-1 is similar.
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4. Applications

One of the simplest self-adjoint positivity improving semigroups is the contraction
semigroup associated with the heat equation. The generator H of this semigroup is
the self-adjoint Laplacian —¥?2 on L?(R”) and

(e™™Myp)(x)= [dy G(x—y)p(),
where

G,(x) = (4mt) V12 e~ ¥4t

The semigroup is positivity improving because G,>0. One can extend this
result to semigroups with generators of the form —V?+V where V is a
multiplication operator if the conditions of Corollary 3 are satisfied with
H,=—V? and H=—V?+V. This is, for example, the case if ¥ is a Rollnik
potential (see [2], Chapters X and XIII, especially Theorem XII1.46). But then if
V1, and V,, are two such operators and V, =V, but V, £V, one has

e-—t(— V2+V1)>e—t(— 172+V2)>_0

by Theorem 5 of I and Corollary 3. But then it follows from Corollary 9 that in fact
one has

et~ 72+V1)>e—z(— 172+V2)>0.

Alternatively by applying Part 1 of Theorem 11 to —F? and then repeating the
above reasoning one then has

e~ U= POTV S o=t (= P +V2 ()

for any f in the class characterized in I, e.g.

e H= V2AMYSEV ) p=t((= P2EMA= V) ()

for all 0<a <1,

One can also draw conclusions for the Laplacian — V2 acting on L?(£2) where
Q2 is a connected bounded open such set of IR with a suitably smooth boundary
and we impose the classical boundary conditions 0y/0n= oy with oe C(0Q). If H3
denotes the corresponding self-adjoint operator and Hg denotes the Dirichlet
Laplacian then we argued in I that for 6,20,

e HY o tHE
and if 2,00,
e Mg, e s, =0,
But if g,€ C(0Q) is a sequence which increases monotonically to + co it is known

that exp { — tH%"} converges strongly to exp{—tH&} and since this convergence is
monotonic with respect to the order = one has

—HS! —H? —tH3S
e tHe >e tH oy >e tH"?O,
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But one can also establish that exp{—tH®&} is positivity improving either by
explicit calculation of the kernel of exp { — H% } for sufficiently many Q, C, or by
functional integration techniques. But if o,=0, and ¢,+0, then HZH%'.
Moreover if Q,2Q, but Q,+Q, then H3 + HS . Thus by Corollaries 9 and 9’

e e T > e g, - e Ha -0,

These conclusions can again be extended to semigroups of the form
exp{—t(f (H3) + V)} by repetition of the arguments used above for R".

Appendix

A Monotone Convergence Theorem

Let = denote the usual order on the bounded self-adjoint operators on . If 4 is
a net of positive operators and 4 a bounded operator such that

0<4,54,<4

whenever o <f then it is well known that A, converges strongly. An analogous
result is valid for the order relation but it is not necessary that the operators
involved are self-adjoint.

Theorem. If A, and A are bounded positivity preserving operators on the Hilbert
space H and

0=<4,<4,<4,
whenever o< f3, then A, converges strongly.

Proof. Since each e # is a linear combination of four non-negative vectors it
suffices to prove that [|(4,— 4,)w| has the Cauchy property for p=0. But if p=0
then

(A, = AP wlI* =11 A1 — [ A,011* = (A — A)p, A,p) — (Ap, (45— A,)p)
<[ Agpl? = 4w

whenever o <f. Thus ||4,y| is a monotone increasing net of real numbers and,
since =0,

[AwlI? =(Ap, A,p) < (A, Ap)= | Ap|*.

Thus |4, is bounded above. Consequently || A4,p|*— [ A,p|> must have the
Cauchy property, and hence A, converges strongly.
A similar result is valid if 4, is monotone decreasing, i.e. if

04,4,
whenever > o.

Corollary. Let T* and T be C,-semigroups of positivity preserving semigroups on the
Hilbert space # and suppose either

0<TISTIST,
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for all t>0, whenever =, or
OST<TI<T:

Sor all t =0, whenever f=a.

It follows that T* converges strongly to a C;-semigroup of positivity preserving
operators.

The semigroup properties of the limit are a consequence of the strong
convergence.
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