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Abstract. By applying the theory of linear positive operators in a Banach
space we derive spectral properties of certain composition operators in the
Banach space A_(Q) of holomorphic functions over some domain QCC".
Examples of such operators are provided by the so called generalized transfer
matrices of classical one-dimensional lattice systems.

Introduction

It was shown in a series of papers [1-5] how one can define generalized transfer
matrices for one-dimensional classical lattice systems even if the interaction
between spins on different lattice sites is not of finite range. These transfer matrices
are given as abstract linear trace class operators acting in Banach spaces of
holomorphic functions of finite or infinite many complex variables. The general
form of such a transfer matrix T is given as follows

g z) fopy(2). (1)

In (1) the functions ¢, and f are holomorphic in the variable ze Q, where Q is some
open bounded region in €" or in some complex Banach space B. The y,’s are
holomorphic mappings of Q into itself, such that T defines a linear operator in the
Banach space 4 (£2) of holomorphic functions over €. It was shown in [5] that
under certain conditions on the mappings 1y, the operator T as defined in (1)
defines a nuclear operator of order zero which insures that T and all powers 7",
n=1, have a trace.

In statistical mechanics one knows that the physical properties of a system
which allows for a transfer matrix T are determined by the spectral properties of
this operator [6]. For the one-dimensional systems for which a transfer matrix as
in (1) exists one knows from different methods that all thermodynamic potentials
are analytic functions in all parameters of interest, like for instance the tempera-
ture. This reflects the fact that such a system does not have a phase transition.
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From this one expects that the highest eigenvalue of T is in fact analytic in such
parameters.

Now it is amusing to see how one can derive such spectral properties directly
for operators of the kind defined in (1). It should be clear that there is some
mathematical reason why this class of operators shows such a spectral behaviour.
This is the problem we want to discuss in this paper. We will show that there is a
wide class of what we shall call composition operators which show all the same
spectral behaviour.

The method which we shall apply is the theory of positive operators in a
Banach space which leave a cone invariant. This is a generalization of the well
known results of Perron-Frobenius [ 7] on positive and strictly positive matrices in
finite dimensional spaces and of Jentzsch [8] on integral operators with positive
kernel. The theory as we use it here was mainly developped by Krein and Rutman
[9] as well as by Krasnoselskii and Ladyzenskii [10]. The last mentioned authors
have studied the so called u,-positive operators which have properties similar to
those of strictly positive matrices in finite dimensional spaces.

The main part of this paper will in fact be to show that operators T as in (1) give
rise to such uy-positive operators.

For the readers convenience we will repeat in a first section very briefly the
main definitions and results on positive and u,-positive operators in a Banach
space B.

In a second section we will then show how our composition operators T'in (1)
fit into this scheme. We will discuss under what conditions on the ¢, and the y, the
operator T defines an u,-positive operator. For these operators then we get
immediately the spectral properties we expected.

We will restrict ourselves in this paper to the case where Q is an open, bounded,
simply connected region in € with n<co. The case QCB with B some complex
Banach space can be treated in a similar way if one changes the arguments in the
appropriate way as we did already in [5].

I. Positive and u,-Positive Operators

Let B be a Banach space, complex or real, and let K be a proper cone in B. (For
more details see for instance [11] or [12].) The cone K is called reproducing if
B=K—K. The cone K defines a partial ordering < in B: x=y iff y—xeK. A
linear operator T:B—B is called a positive operator iff TK CK, that means T
leaves the cone invariant. Let u,eK, u,=0. The positive operator T is called
uo-upper bounded if there exist for every xe K, x%0 a natural number p=1 and a
strictly positive number o >0 such that

TPx Souy . (2)

In a similar way T is called u,-lower bounded if there exist to every xeK, x+0a
natural number g =1 and a strictly positive number (>0 such that

Tix = Pu,. 3)

A very interesting class of positive operators were introduced in [10]. They are
the u,-positive operators and are defined as follows:
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Let uye K, u,=+0. A positive operator T is called u,-positive if there exist for
every xe K, x=0 a natural number p=1 and positive numbers «, >0 such that

Puy = TPxSowy. (4)

One can show [13] that every positive operator which is uy-upper and lower
bounded is u,-positive. For these operators the Perron-Frobenius and Jentzsch
Theorems have a natural generalization:

Theorem A. Let K be a reproducing cone in the real Banach space B. Let T: B—B
be a uy-positive compact operator in B. Choose p and >0 such that T u, = fu,.
Then

a) there exists exactly one eigenvector x, of Tin K, Tx,=2Ayx, with i, strictly
positive and 1, = ’{/B.

b) A, is a simple eigenvalue and all other eigenvalues of T are in absolute value
strictly smaller than 4.

The proof of this theorem can be found in the book of Krasnoselskii [14].

II. The Spectrum of Some Composition Operators

Let Q be some open, bounded, simply connected domain in €". We denote by
A ,,(Q) the Banach space of holomorphic functions on € which are continuous on
Q together with the sup norm. Let z,e Q. Then we denote by (z,) the set

Qu(z0):=(zo +RHNQ. (&)

We remark that Qp(z,) is a set of uniqueness for every fe A (Q) [15]. Furthermore
we define the following real subspace 4 (€2(z,)) of the space A _(Q):

A (Qlze) = {fe A (Q): f(z)e RYze Qp(z,)} (6)

Clearly 4 (Qg(z,)) is a real Banach space with the induced sup norm.
We define next an open set 4 (Qx(z,)) in 4, (Qp(z,)):

AL (Qp(zo)):={f€ A (Q(z0)) : f(2) >O0Vze Q(z,)} - 7

Finally we denote by H,,(€2) the set of all holomorphic mappings y : Q, - Q where
Q, is some open neighbourhood of the closure Q of Q.

Let peH,,(Q). Denote by z* the unique fixed point of i [16]. Let Qy(z*) be
defined as in (5). In what follows we are mostly interested in the following subset
HR(Q) of the set H,,(Q):

HE(Q): = {pe H,(Q) : p(Qp(z%)) C (%)} .

Let y,, k=1,...,m be elements in the set H{(Q2) such that there exists a k, with the
property that for all k=1, ...,m we have z; € @y (¥ ). We then denote this set simply
by €.

0
Let oo =(0;, 0, ...), ;€ N, be a multiindex such that |e|= ) o, <oo. We denote
k=1
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then by p*-*~ the following holomorphic mapping of € into Q:
o

P l,wam::walll'lo--~Ow$nm’10"‘owo{1’lo Owanm o (8)

Under the above assumptions it is clear that yp* % is an element of the space
HR(Q).

Let fe A,.(Q). Let H be some region with HCQ. Let Gy, ..., G, be the (2n—2)-
dimensional analytic nullsets of f in H [17]. We call the mappings
Pis e W€ HY(Q), such that z}e @, for all k, separating if the following is true:

There exists for every H a natural number N, < oo such that for N> N, and

every ze HnQy with p*%(z)e U G,nQy for some ay,...,d, with Y |o|=N

i=1

there exists another mapping ¥ Fm Z IB,/ =N, such that ypPiPn(z)¢G,NQ, for
all 1gi<r. i=1
After all these definitions we can now formulate our main theorem.

Theorem B. Let QCC” be an open, bounded, simply connected domain. Let
Vis o W, HINQ) such that zteQy for all k=1,...,m. Let ¢, AL(Q)NA_(Q,)
with QCQ,. Define the linear operator T: A _(Q)— A _(Q) by

m

(TN (= Z {2) fowdz ©)

Assume that the mappings y,, are separating in the sense explained above. Then the

m
highest eigenvalue )., of T is strictly positive and simple. We have .= min Y ¢,(z).
zeQp k=1
All other eigenvalues of T are in absolute value strictly smaller than A,. )

We are going to prove Theorem B in several steps which we formulate as
lemmas.

Lemma 1. Let the assumptions of Theorem B be valid. Then the operator T defines a
nuclear operator Ty of order zero in the real Banach space A, (Qy) whose trace is

given by trace Ty= Y @,(zF)det(1 —y(z}) ™.
K=1

Proof. The proof follows immediately from the proofs of the same statements
about the operator T in the space A () [5]. We have shown that T can be
represented in A _(Q) as

T= ) 0/*®:

@
Yo <o for all >0 and f*eA (Q)*, fie A, (Q) can be chosen such that

I fi*(“}: || f:l =1. Now under the assumptions of Theorem B it is fairly easy to see
that in fact the ¢; can be chosen real, the fie 4, (@) and the f* real valued on
A (&y). Therefore we have for the operator T, exactly the same representation.
This shows immediately that the trace of T, is equal to the trace of T which was
shown to be just the expression given in the lemma.



Spectral Properties in Statistical Mechanics 5

We want to show next that the spectra of the operators T and T are the same.
First remember, that the spectrum of the operator Ty in the real space 4 () is by
definition the spectrum of the operator T, in the complexification A4 _(Qg)
+iA () of the space 4, (). It is clear that Ty is also a nuclear operator of
order zero in this complex space which is trivially a subspace of the Banach space
A ().

So every eigenvalue of the operator Ty is also an eigenvalue of the operator T'in
A ().

Denote by A the set of eigenvalues of T different from zero which are not
contained in the spectrum a(7y) of T;. Because both operators are nuclear of order
zero we have

traceTp= Y A" and traceT"= Y A"+ ) A" (10)

Aea(TR) Aeo(TR) AeA

Because of Lemma 1 we then get for every n=1

¥ =0.

Aed

We show next

Lemma 2. Let A be a set of complex numbers such that Y |i|<oo and Y A"=0
led Aed
for all nz1. Then A=0 for all Ae A.

Proof. Because Y |A|< oo we know that for z small enough the following function

Aed
¢ is holomorphic:
<1
g(z):=exp - Y Azt (11)
n=1 ied

Because ) 2"=0 for all n we have trivially g(z)=1. On the other hand we can
AeA

calculate for small enough z the right hand side and get
1
exp Yy, — Y A= [](1—iz)"". (12)
n=1M jex ied

Because the left hand side is an entire function in the whole z-plane also the right
hand side must be entire. But this is possible only for 2=0 for all A€ A. This shows
that the following lemma is true.

Lemma 3. The spectra of the operators T and Ty, are the same.

The discussion of the spectrum of the operator T'is therefore reduced to that of
the operator T, which we will do next.

Lemma 4. The operator Ty : A (Qr)— A, () is uy-positive.
Proof. We first define a cone K in the space 4 (£2y):
K:={feA_ (2,):f(2)20 for zeQ}.
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It is clear that K is a proper reproducing cone in the space A4 (). Because
0 (2)>0 for ze Q and y,(Q,)CQy for all k=1, ...,m it follows also that Ty leaves
the cone K invariant and is therefore positive. Let be u,=1 the holomorphic
function constant one. Then clearly uyeK and uy,=+0. Let be feK and f=0.

Denote further by M ;:= sup|Tf(z)|. Then we have
zefd

TS =M juy, (13)

which shows that T is u,-upper bounded. We want to show that T, is also
uy-lower bounded. For this we use the fact that for any holomorphic function f of
n complex variables z=(z,, ..., z,) the set N(f):={zeQ:f(z)=0} consists in every
region within its domain of holomorphy of a finite number r of (2n—2)-
dimensional analytic sets G,,...,G, which do not have an accumulation point
within this bounded region [17]. Therefore also in every region H strictly
contained in € there can be only a finite number r of analytic sets G,: = G,NQ,
which are the intersection of the analytic sets G,,...,G, of fin a set H in © such
that H = HN Q.

From the properties of the functions v, it follows then that the function Ty f(2)
has in the region Q a finite number r of analytic sets G,, i=1...r as its nullsets.
[Assuming that the functions ¢,(z) can also be analytically continued to a certain
neighbourhood Q; containing strictly Q.] Therefore also in Q there are a finite
number r(f) of analytlc sets G G,nQy on which T, f(2) vamshes We claim that
under the assumptions of the Theorem B there exists a pe Nsuch that T2 f has no
zero at all in Q. Let us assume that this is not the case. Then there exists to every
Ne Nan analytic set G in @ such that G=GnQy is not empty and Ty f(z)=0 for
zeG. Let us write explicitly the expression for T f(z) which looks like this

TRf(2)= > Doy, D (L) (@ %(2)) (14)

O,y Om
Jt1] + oot o] = N — 1

The functions ¢, _, (z) are certain products of the functions ¢,, k=1, ...,m with
arguments P -P=(z), where B,,...,B,, depend on a,,...,a, in a certain way the
explicite form of which we are not interested. We only need that the functions
Py, are all strictly positive on Q. Therefore on €, we find

TR (2)=0=(Tp /) (p***(2)) =0, (15)

where the mappings »**~*" had been defined in (8). Therefore Ty, f vanishes on all
p* o""(G) Because the Y, k=1,...,m, have been chosen as separating we can find
for zeG a p>0 with pbo- ”'“(z)g_fG for all 1<i<r with some B,,...,B, with
IB,1+...+1B,|=p. But this is in contradiction to our assumption that the function
T, f(z) vanishes in @ just only on G‘i, i=1,...,7(f). Therefore there must exist a
ge N such that T;4f(z) does not vanish on Q. Let be f:= min T f(z). Because of

zefdR
the above discussion we know f#>0. Therefore we get

TS = Bu, . (16)
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This together with (13) shows that Ty is u,-positive in 4 (Qg). Especially for f=u,
we get

m
Tptio= min Y, @(2).
zeRR k=1

Combining Lemmas 1, 3, and 4 we have proven Theorem B.

1. An Example from Statistical Mechanics

Consider a one-dimensional spin lattice system where the spin variable o can take
on a discrete set o;, ie I of values. Assume that the interaction V' of two spins 0;, 0;
at lattice sites separated a distance le Nis given by

V(e,o)= ), ¢/o0;, 0<4,<1 (17)
r=1
and A, %4, for s*k, c.eR.
Then the transfer matrix L of this system has the following form [2]

Lf(z),....,z,)= Zf({/lkaj-l—/lkzk})exp—aj i c,z,. (18)
jel r=1

If one choses the open set Q CC" in an appropriate way [2] this L defines a nuclear
operator in A (€2).

If we set @,(z):=exp— (ak Y Crzr) and y,(z)=({4,0,+1,2,}) for kel we see
r=1

that the assumptions of Theorem B are fulfilled. (We use ;% 4, for at least one pair

of indices i,jeI to show that the y, are separating.)

Our Theorem B shows therefore that the highest eigenvalue A, of L is simple
and in absolute value bigger than all other eigenvalues. Therefore A, isin fact
analytic in the constants ¢, which are the interesting physical parameters.

Let us finally add some comments. It is clear that one can handle in exactly the
same way as above also operators of the form

D= Y o) fnlc). (19)

k=1

as long as this defines a reasonable compact operator. Another interesting case
arises if z is not any more in a finite dimensional complex space but varies instead
in some open bounded domain of some complex Banach space B. As we said in the
introduction also this case can be treated by the method explained above. One
only has to replace the statements about functions holomorphic in finitely many
variables by the analogous facts for holomorphic functions in Banach spaces, as
long as they are known. Otherwise one has to add to the formulation of Theorem B
the relevant assumptions which enable us to carry out the proof in a similar
way [5]. (We have in mind there especially the problem of sets of uniqueness
in Banach spaces.)
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That the property of the y,’s of being separating is indeed necessary for
Theorem B to hold can be seen from the following example : Take the operator L
in (18) with n=2 and ¢,=0 for all . Let 1, =1, =A1. Then the mappings y, are not
any more separating as can easily be seen. The operator L for this case looks like
follows:

(LN (zy,2,)= Y Ao+ Az, A0+ Az,). (20)

jel
There exist infinitely many eigenfunctions in the cone K which are given by the
functions f,(z,,z,)=(z; —z,)*". The corresponding eigenvalues are just 4, =|I|1*".
So the unicity of the positive eigenvector is lost. What presumably is still true is

the fact that the highest eigenvalue is still simple. But this we can not show by our
method.
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