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Abstract. We prove cluster properties of the spatially inhomogeneous Gibbs
states in symmetric two component lattice systems obtained at large (equal)
values of the fugacity. We also prove that the surface tension of these systems is
given by an integral over the density variation in this state ; Gibbs’ formula. An
alternative formula for the surface tension is also derived.

1. Introduction

In a previous paper [1] we proved for a class of two-component 4 — B lattice gas
systems in three dimensions the existence of Gibbs states in which there is a spatial
segregation into an A-rich and a B-rich phase with a “sharp interface”. These
states are obtained, at high values of the chemical potential u, u=pu,=pug, by
taking the infinite volume limit of a system with boundary conditions favoring
A(B) particles in the upper (lower) part of a box. This is entirely analogous to the
existence of such nontranslation invariant states for ferromagnetic Ising spin
systems at sufficiently low temperatures in three or more dimensions. The latter
was first proven by Dobrushin [2] whose methods we used heavily in [1].

The purpose of this paper is to prove further properties of this nontranslation
invariant Gibbs state: extremality, exponential clustering of correlation functions
(no long range transverse part), and asymptotic behavior far from the interface.
We also prove that the surface tension in these states is given by an integral over
the correlation functions. This justifies a commonly used expression due originally
to Gibbs. The methods used here are, like in [1], based on the work of Dobrushin
[3]. For this reason we generally omit details of the proofs. Our results about the
surface tension are new and apply also to the Ising model.

We use notation, definitions and results of [1] and we treat only the following
model: we have two kinds of particles A and B with chemical potentials
w=ug=p. There is at most one particle at each point of Z* and the presence of a
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particle at x excludes the presence of a particle of the other kind at all y such that
x—yl= max. |x'— y'| = 1. The paper is divided into three parts. Section 2 treats the

statistics of the interface in terms of groups of walls. Section 3 contains the
derivation of the results mentioned above using the results of Sect. 2 and properties
of the pure phases which are given in Appendix. Section 4 is devoted to the study of
the surface tension.

2. The Ensemble of Groups of Walls

2.1. Definition of the Ensemble. Let A} \,={xeZ’:|x'|EM, |x*| <L, |x*|<L} bea
parallelepiped of base o, ={x :x' =0, |x*| <L, |x*| <L} lying in the regular plane
o={x:x"=0}. We consider A— B boundary condition for 4, ,,: we have an A-
particle (respectively a B-particle) at each site outside A, ,, with x'>1 (re-
spectively x! < —1). Therefore each configuration in Ay with A— B boundary
condition defines a configuration w in all Z3. In every configuration w there is
exactly one infinite connected component of empty sites, which we call A(w). All
adjacent sites to A(w) are occupied by particles. The interface A(w) of the
configuration w is the couple given by A(w) and all particles of w adjacent to 4(w)
(1.2) (Paper I, Sect. 2).

The probability of an interface 4, Py w(4), is by definition the Gibbs measure of
the set of all configurations w in A, ,, such that A(w)=A. Taking the limit M — oo
we obtain a Gibbs state in the set B, = {xeZ?> :|x*| < L, |x*| < L}. The probability
of an interface A in B, computed with this Gibbs state is given by
A}igzo P, 1(4)=P.(4). Furthermore we know that P,(-) is concentrated on the set

D, of all interfaces which are contained in bounded sets of B (L.3).

To study the probability P,(-) on D, we decompose any interface of D, into
pieces of two types called walls and ceilings. There is only one interface which
contains no wall. It is the interface of the ground state of the model (u= o0) in
which the interface is perfectly flat. The next simplest interfaces are those which
contain only one wall, e.g., the interface looks like a top-hat with its brim extended
to infinity. All walls which come from such an interface are called standard walls.
The importance of standard walls comes from the fact that we can associate to
every interface a family of disjoint standard walls. We call such a family
admissible. Conversely to any admissible family of standard walls corresponds a
unique interface 4 (1.4). The probability P,(-) on D, then induces a probability on
the set of all admissible families of standard walls.

We can now view the standard walls as elementary excitations of the ground
state and define many-body long-ranged interactions between these excitations
such that the corresponding Gibbs state is the probability P,(-). These in-
teractions are sufficiently weak so that we can use standard methods of statistical
mechanics like equations of the Kirkwood-Salsburg type to study the interface.
This is indeed the method of Gallavotti in his paper on the interface of the two
dimensional Ising model [4], and we shall use this type of analysis in another
paper where we discuss analycity properties of the surface tension and of
correlation functions [9].
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The standard walls can also be viewed as corresponding to the contours in the
description of a pure phase in the Ising model at low temperature. The ground
state is the configuration where no contours are present. To obtain a precise
analogy we must however modify slightly the description of the interface. For
technical reasons it is necessary to group the standard walls so that two standard
walls belonging to different groups are not too close to each other. The precise
definition of groups of walls is given in (L5). A family of groups of walls is
admissible if two groups of walls F, , F,, of the family are such that F, UF, isnota
group of walls. There is a bijection between D, and the set of all admissible families
of groups of walls. The groups of walls are the objects corresponding to the
contours. The quantity I1(F,) (I.5) corresponds to the length of a contour. Every
group of walls F, has an origin te g ; it is convenient to have a group of walls F,
with origin ¢ for each ¢ of o;. We introduce for this purpose the symbol 4,, called
the empty group of walls with origin t, with IT1(4,)=0. Let " be the set of all
groups of walls in B, with origin ¢, including A, Every 4 in D, is uniquely
described by an adm1381ble family (F,,teo;). We use the notation 4=A(F,tea,).
When we want to specify that each F, of (F, teo;) belongs to %" we say that (F,,
teo,) is admissible in B;. We can now give a precise definition of the ensemble of
groups of walls. For each teo, we define a random variable n-e #L with

P, (A4) if A=AF,teo;) exists

0 otherwise. 2.0

Prob{nt=F,tea,} ={

We can use the same method as used by Dobrushin in [5] for the Ising model
to study the random process (yF,tea;). We obtain for this process properties
similar to those holding for the Gibbs state of a pure phase of the Ising model at
low temperature.

Let us recall now some basic facts we shall need later about the random
process (nF, teo;). We begin with geometrical properties of the configuration
space:

(F,,ueo;) admissible = (F,, ue o;\t, 4,) admissible

I(F)=0=F,=4,. @2)

In other words if we remove a group of walls in an admissible family (F ,ucag,) we
obtain a new admissible family

The number of distinct groups of walls F, with origin ¢ and II(F)=k
does not exceed C* with C a constant. (2.3)

This is an entropy estimate and it is proved in (L.5).
We define now a function

Py()
P, (4%)
0 otherwise,

if (F,ueo/\t,F,)) admissible

ZIL(Ft|Fua HEO'L\I): (24)
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where A=A(F ,ucc,\t,F,), 4* = A*(F ,ucc,\t, A,). Using this function we have
Prob(F,|F ,uco;\t)
ZYF,|F uea\t)
Y. ZUF!|F,uea;\t)
FlegL
Prob(F,|F ,uca\t) is small for F,# A, in the following senke. If (F ,uco\t, A,) is
admissible in B; and p large enough

2.5)

ZHF P pueo, 0 Zexp - 5 1(F)

ZMA,|F,, uco \f)=1. 2.6)

This is proved in (L.5). Furthermore by an analogous proof we have that Prob
(F,|F,uea\t) depends weakly on F, if u and ¢ are far apart in the following sense.
If (F,, ueo\t, A,) is admissible in B; and u is large enough there exist A>0 and
H < oo independent of L and u such that

ZXF,|F, uca\l) ]
u =Hexp(=Ault= 27
ZHF,|F uea,\(tUs), Ay = exp(—Ault—s) a7

for every seo\t with |s—¢|=10(JI(F )+ II(F,)).

log

2.2. Clustering Properties. We define the finite dimensional distributions of the
process (7%, tea,) by

OL(Fy s s Ft,,)EQL(Fn teC)
=Prob(y,=F, teC), (2.8)

where C=(t,, ..., t,) is a finite subset of ¢,. These distributions satisfy the following
cluster property.

Proposition 2.1. For u large enough and E, and E, any two disjoint subsets of o,
there exist constants K < oo and k>0 independent of E,,E,, L and p, such that

Z Z IQL(FS’SEEl,Fpape'EZ)

Fs,seEy Fp,peE;

—o,(F,seE )o,(F,peE,)|
<K Y Y exp(—uxls—pl). (2.9)

seE; peE,
Proof. The proof of (2.9) follows closely Dobrushin’s ideas [5]. We therefore
present here only an outline of the method of proof.
As L is fixed we will not write it as an index. If (F, s€E,, A4,, ueg;\E,) is not
admissible, then (2.9) is zero. Therefore we suppose that (F, seE |, A,, uea,\E,) is
admissible. We can write the left-hand side of (2.9) as follows

Y Prob(ns:Fs,seE1)< Y, [Prob(n,=F,peE,)

Fs,s€E; Fp,peE;

—Prob(np=Fp,peEzlr/s=Fs,seEl)l). (2.10)
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Instead of estimating (2.10) directly we estimate

Y, [Prob(y,=F,, peE,)

Fp,peE;

—Prob(n,=F,, pekE,|n,=F,seE,). (2.11)

For the moment F,, seE, are fixed. We introduce two random processes (1},
tea,), n} e #F with Prob(n! =F,, te ;) =Prob(n,=F,, te o) which is our previous
process and (n?, teo,\E,), n?e #F with

PrOb("tZ =Ft7 te O-L\El)
=Prob(y,=F,ted, \E,|n,=F,S€E,).

We can rewrite (2.10) as

S [Problnt=F,.peE,)

Fp,peE,

—Prob(n?=F ,peE,)|. (2.12)
p p

We put g, \E, =V, and g, = V,. We say that (F,, ueV,) is admissible (for the second
process) if (F,, ueV,, F, se E,) is admissible. It is easy to see that (12, te V,) has the
same properties (2.2)2.7) as (., teV,). Let (i, teV, i=12) be a joint repre-
sentation of the two processes. That is (7, te V,,i=1,2) is a stochastic process with
fite #F and

Prob(7j; =F, teV,)=Prob(y, =F,teV,),

) ) (2.13)
Prob(ijf =F, teV,)=Prob(n; =F,teV,).
We obtain immediately the inequality
. Y. [Prob(y,=F, peE,)—Prob(y; = F, peE,)|
p PEES
<2 ) Prob(ijl£7?). (2.14)
pekEs

The processes (i, teV,) have properties (2.2)-2.7) and their conditional
probabilities are comparable in the following sense: There exist constants 1>0,
H<oo, and F, se V}\V,=E,, such that

| ZNF,|F,ueVinV,\t, F,eV,\V,)

ZXF,|F ,ueV,nV,\1)
< — i —
=Hexp( A Join Is tl) (2.15)

if min |s—t=101(F,).
seVi\V,

We can then find a joint representation with the property: there exist constants
k>0, C, <o and C, <o such that for u large enough

Eexp(epll(n)) SC,, i=1,2,teV,
and (2.16)
Prob(iis +72) < C, Y. (1 +exp(kpdI(F))exp(—kuls—pl).

seEq



26 J. Bricmont, J. L. Lebowitz, and C. E. Pfister

This follows from Lemmas 1 and 2 of [5] and from the fact that (2.15) is
satisfied for any H and 4 if F=F, se E,. Therefore we have proved Proposition

21, O

2.3. Dependence on L. Let (n;, teo,)=(nk, teo,) and (n?, teo,) =", tes,,) with
L' > L. These two processes have the properties (2.2)-(2.7) and if we choose F =
for se g, \o; we can prove (2.15) for p large enough. Therefore we can use the same
technique as above to study the dependence on L of the random process (nF, te a;).
We formulate the result using the random variable ¢, with values in D, defined by
Prob(s, = A)=P,(4). Let B, ={xeZ*:|x}| <M, |x*|<M} and L'>L>M.

Proposition 2.2. There exist constants k>0, K < oo such that for u large enough

Y. |Prob(d,nB,,=S)—Prob(s,.nB,,=S)|

SCBm

§GM,Lexp<— 3

M) (2.17)
with G, , <KLM?.

The proof is exactly the same as the proof of Lemma 5 in [3]. We mention still
another direct consequence of the existence of a joint representation for (n}, teo;)
and (7, teo,,) with property (2.16).

Proposition 2.3. Let D be a finite subset in o, and let F,e #* for teD. If u is large
enough there exist constants k>0 and C < oo such that for all L'>L

Z 'QL(FtsteD)_QL’(FtateD)'

F¢,teD
SC ) exp(—pxls—t|). (2.18)
Seot'iRO'L
Proof.
Z IQL(Fts tED)_QL’(Fp tED)'
F¢,teD

= Y |Prob(fi?=F,teD)—Prob(ij! =F, teD)|

Fi,teD

=2 Y Prob(ij! +7?2)

teD

=Y Y Cexp(—xut—s). O
teD seor'\or
This proposition shows that the finite dimensional distributions of (yF, te ;) have
properties with respect to L analogous to those of the finite dimensional
distributions with respect to A of the Ising model with pure boundary condition in
a finite volume A at low temperature.

24. An Estimation of the Height of the Interface. Let y%(4)=max {x':xe A, p(x)=s}
for each s=(0, s, s*)eo,. Here Ae D, and p(x) is the orthogonal projection on
the regular plane (1.4).
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Proposition 2.4. There exist constants «>0 and K > oo such that for u large enough
and all seo;,

Prob(yt = N)< K exp(—auN). (2.19)

Proof. Let W, be a standard wall with origin ¢t and 4 = A(A,,ueo,\t, F,= {W}). Let
h(W,) be the maximum of the modulus of the heights of the ceilings in the interface
4. We have h(W,) S II(W,). For each interface 4 in D; we have that

A 0) ESD YR ({14} (2.20)
W, standard walls
of 4, |t—s|SII(Wy)

Therefore
PN Y oD
teoyr,
with
II(F) if |s—t|<IH(F)
F — t t
o) {o it |s—t>1(F).

From Lemmas of (1.5) we get
EexpGueoi)n, =F,uea\t)
= EZWGXP (Gup(F)Prob(F,|F , ue o \t)
§P;OI;(H(Ft) <|s—t])
+ Y siexp(—uKG—3)

K2z|s—t|
Ms—1|
24 )

=1 +Cexp(—
Applying Lemma 1 of [3] we get
KoL
IEeXP(4 n)
—t
< H(l—i—Cexp(—%)) <K<w. (2.21)
teor

By Chebyshev’s inequality

Prob(y- = N)=Prob (exp % yE=exp % N)

§Kexp(—%N>. O

3. Nontranslation Invariant Gibbs State

3.1. Existence. Let us introduce the random variables S, with values in
X={-1,0,+1}:S,=+1(—1) if there is an A4 (B)-particle at ¢, S,=0 if there is no
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particle at t. Let P5; be the Gibbs state in B, with 4 — B boundary condition. By a
compactness argument there exists a sequence L, L,—0oo as n—oo such that
lim P43 =P,p is a Gibbs state for the infinite system on Z3. This is the type of

Gibbs state which we considered in (I.6). Let its finite dimensional distributions be
denoted by r(S,, te C)=Prob(S,= S‘,, te C) where S‘ €X, and C is a finite subset of
Z*. Before proving new properties of P, we mention that we can also obtain P,
in a different way. Let A, ={xeZ>:|x/|<L,i=1,2,3}. Let Ty (S,, te C) be the finite
dimensional distributions of the Gibbs state in A; with A — B boundary condition.

Proposition 3.1. For u large enough and any finite CCZ> and any S‘,eX , teC we
have

r(S,teC)= I}im VAL(S’t, teC)  exists. (3.1)

The proof is the same as the proof of Theorem 3, Part I in [3].

3.2. Clustering Property and Extremality of P, Let D, and D, be two finite

subsets of Z* and let d(D,,D,)= minD |s—t].
te

Proposition 3.2. There exist constants k >0 and K < oo such that for u large enough
and all D,,D,

) D |r(§t,teDl,Sp,peDz)——r(gt,teDl)r(gp,peDz)l

Se,teDy Sp,peDy

<ID,|-ID, K exp(—urd(Dy, D). (3.2)

Corollary 3.1. The Gibbs state P 5 is extremal among the set of all Gibbs states.

Proof of Corollary 3.1. 1t is sufficient to prove that for any local observable f we
have

E(f {4, ) E(S)?,  n—oo, (3.3)

where A, is a sequence of finite subsets of Z* with 4, —Z>, n—co, and where {f,
is the conditional expectation value of f given the configuration outside A4,. Indeed
let us suppose that P, = | P do where P, are extremal Gibbs states a—a.s. Since the
P, are extremal Gibbs states we get by (3.3)

lim IE(f<f3y,) = lim [, (/< )do
= [(Ep (/) do=(E(f))* = (| Ep_(f)dor)*.

Therefore IE, (f) is constant a—a.s. Since this is true for all f, P,z=P,, a—a.s. and
therefore P ,p is extremal. Now in our case we have finite range interaction and
therefore (f7, depends only on the values of the random variables S, for x
outside 4, and close to 4,. We obtain (3.3) using (3.2) with D, = A, D, =04, where
A is such that f'depends only on the configuration inside 4. [

Proof of Proposition 3.1. It is sufficient to prove (3.2) for P4, with K and «
independent of L. Let AeD,. We introduce the function 2(S,|4) for every
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teo,: X(S |4)=1 if any of the following conditions are satisfied: S, = S +1(-1),
the cell t is occupied by an A(B)-particle and ted4 or S =0 and teA or teS(A).

Otherwise X(S,IA)—O. We put X(S,,te ClA)= HX(SJA- Using this function we

teC

have
VL(S,,ZGC)
Z PL(A S,,teClA)rA(St,teCmS( 1)), (3.4)
AdeDr,

where 74(S,, te CnS(4)) is a finite dimensional distribution of the Gibbs state of the
system enclosed in S(4) and with pure boundary condition for each connected
component S(4) of S(4). The type, A or B, of boundary condition is given by the
kind of particles in 0S; (A) (I.3). To simplify the notation we write r(C|4) for
rA(S,, te CnS(4)) and y(C|A4) for X(S,, te C|A). Therefore we have

Y 1(S.teD S, teD,)— 1S, te D, UD,)|

Si,teDyuD,

-

Sy,teD1UDy

— X PdD,|Dr(Dy]4) ¥ Pi(A)(D,

AeDy, A’eDy,

< ¥

Se,teDyuD5

+ o2

St,teDyuD,

— Y Py(DxD,|A)(D,|4) Z P (A (D, A)r(D,| A7),

AeDy, A'eDy,

Y, P(d)y(Dy 0D, | A)r(D,UD,|4)|

AeDy,

) PL(Z)X(D1UDZIZ)(V(D1UD2|A_)_r(D1|Z])r(D2|Z))‘

AeDr,

2 PUD(D,| DD, | A)1(D,] A)r(D,] 4)

AeDyp,

(3.5)

Using (A.2) of Appendix we have
Y Pd) Y |dD,uD,|A)(H(D,uD,|A)
AeDy, Se, teDyuD,
— (D |A)r(D,| )| £|D,|- K exp(— pe'd(D,, D,)). (3.6)

Let us concentrate on the last term in (3.5). For all x of the projection P(D)), i=1, 2,
of D; on the regular plane we choose a square E (6)={yeo:[x—y|<J}. Let

E= |J E\9).
xeP(D;)
In o, we choose the total ordering so that the first points are in E; and the next
onesin E,. If A=A(F,, tea,) thenwe put ;= A(F,. te E;, A, ue 5, \E,),i=1,2. Let &
be the set of groups of walls (F,, te ;) which are admissible and which satisfy the
following condition

IntF,nE,=0
P(F)NE;*0,
IntF,nE, =0
P(F)NE,=*0.

If Int(F,)NE, 0= {
(3.7)

If Int(F)nE, +0= {
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If P(F)nE,;=@, then by our choice of the total ordering in ¢, we have that teE,
i=1,2. If (F,teo;)eé, then AnB;=4,nB; where B;={xeZ>:p(x)eE,;}, i=1,2.
Indeed if 4 and A’ are two interfaces such that for some ue g, the set of standard
walls W of A with ueInt W coincide with the set of standard walls W’ of A4’ with
uelntW’, then {xed:p(x)=u}={xed":p(x)=u} (L4). By (A.2) of Appendix and
since d(D,;S(4),S(4,)) =5 we have

Z IV(D,'IZ)_ V(DilA_i)|

St teD,

=ID|K exp(— pudd). (3.8)

On the other hand it is easy to verify that the conditional finite dimensional
distributions Prob(n-=F,, te C|&) satisfy (2.9) of Proposition (2.1). Using this fact
and (3.8) we obtain the following upper bound for the last term in (3.5):

KID,|ID,) exp(—uad)+K Y 3 exp(— prls—pl)

seE; peE,

+3P,(D,\8). (3.9)

We need an estimate p; (D, \&). If (F,, te o) does not belong to & but is admissible
in By, then either there exists an F, such that p(F)nE; 0 and p(F)nE,+0 or
there exists and F, such that p(F)NE;=0 but IntF,nE;#0, i=1 or 2. Therefore
using Lemmas of (1.5) we get [see (1.6)],

p(D\E)=|D,(20+ 1)?exp(—a,ud(D,D,))
+62R(1D, | +1D, ) exp(— o, 16)..

Now we choose §=d(D,,D,) to finish the proof. [

3.3. Asymptotic Property of P,z Let C be a finite subset of Z>. Let d,(C)= micn 1.
te

Let r(§,,te C) with d,(C) large and t' >0 for all teC. We will prove that these
distributions are well approximated by the corresponding distributions r4(S,, te C)
of the pure phase 4. Of course a similar statement holds with B instead of A4 if
t* <0 for all teC.

Proposition 3.3. There exist two constants &>0 and K <o such that for u large
enough, C a finite subset of Z* with t' >0, teC,

Y 1S, teC)—r4(S, e C))
S¢,teC

<Kexp(—aud, (C)). (3.10)

Proof. We prove (3.10) for P4, with & and K independent of L. Let

E= () {C

xeP(C)

4o
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where C(x,a)={yeZ?:|x—y|<a}. Let & be the event:

for all seE.

Y 1S, teC)—ri(S, te )|

St,teC

= X

St teC

<P(<o@)|CIKexp< f))+2P(¢>

> PUMx(S, teClAKS, te C|A)—r{(5,. teC)

AeDy,

since if Ae &, then
ac:s5(3) Bz 4

[(A.2), Appendix]. Using Proposition 2.4 we get

P(¢)<|C[< (C)) Kexp(—%dléc)). ]

4. Surface Tension

4.1. Definition. There are various microscopic definitions of the surface tension 7 in
the literature and it is not a priori obvious that they are equivalent. A discussion of
this question can be found in [6], where it is shown that several different
definitions do give the same answer for the two dimensional Ising model, i.e., the
one computed by Onsager [7]. Here we use a definition of t for the Widom
Rowlinson model which is similar to the grand canonical surface tension in [6].
This definition appears to us natural and is particularly convenient for cases in
which the two coexisting phases whose interfacial tension we desire are related by
symmetry.

Let Z{%, and Z{ ,, (=Z} ;) represent the partition functions of our system in
Ay y With A— B and pure A4 (pure B) boundary condition respectively. Define

QL M _ln(Zf M) — ln(zf,M)-

O, » 1s the difference in the Gibbs free energies between the systems with 4 —B
(mixed state) respectively 4 (pure state) boundary conditions. The surface tension
per unit area is then defined as

— lim lim 4.1)

M0, gLy p Qen =T
when the limit exists. Using this definition we show that for u large enough 7 exists,
. . dt . . .
is positive, and that m can be expressed as an integral over correlation functions

(Gibbs formula) [8]. While these results (even for the Ising model) are not
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contained in the work of Dobrushin, the elements of the proof are basically similar
to what we have already discussed and therefore we shall be very brief. The
analogous results for the Ising model at low temperature are stated at the end of
this section.

4.2. Integral Representation of 1. Let us consider the system in the finite volume
Ay y- The hamiltonian is written as

H=—p ¥ (S2-1).

x€Ar, Mm

Let
17 m(x)={1—82) =Prob{S,=0}
the probability being computed with a, o =A or AB, boundary conditions. Clearly
d
jl; QL,M(.u) = AZ [rf,M(x) - rf,BM(x)] .
Let x=(u, v) with u=x" be the vertical height and v=p(x) the projection of x in
the regular plane ;.

Lemma 4.1. If u is large enough
a) A}l_lgo Qr m(W) =0, (w) exists;

b Jim 20, (= ¥ T (ffw)—rfwo)

veoyr, ueZl

exists uniformly in u, where

ri(x)= A}l_l:[lo e om(%).
Proof. We know already that A}im Q. exists by results of (I.3). Therefore we

d . .
have to prove that d_,u_Q L.m converges uniformly in u to

YooY (1w, 0)— P, v)).

veoy, ueZ

Since the interface is rigid in B; we expect that Proposition 3.3 is also true for
the finite system in A, ,, with M > L. The difficulty of proving this comes from the
finiteness of the system: it is not always possible to remove a group of walls from
an interface in 4, ,, and obtain in this way a new interface in 4, ,,. Let d, ,, be the
interface in 4, ,,. We first prove that if M >L then

Y. [Prob{s,=A4}—Prob{s, , =4}

ZEDALM

<KL*exp(—auM/L)

with K <oo and @>0 two constants. The proof is similar to the proof of Lemma 3
in [3]. Using this result it is easy to prove Proposition 3.3 for the system in 4, ,,
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with a correction term tending to zero exponentially fast when M tends to infinity.
The proof of Lemma 4.1 follows then immediately by combining this result with
Proposition 3.3 and using properties of the correlation functions in the pure
phases. [J

Proposition 4.1. For p large enough

. . 1
- 1}1-{{;10 A}l_l}go m O mlr)=7(1)

exists and is a C*-function whose derivative is given by

——r(,u)—— >, 0=0)—r*B(u,0=0)), (4.2)

uelZ

where r*(x)= Lhm rH(x).

Proof. These results follow easily from Lemma 4.1 and the fact that for L' > L and
any x in B,

[rB(x) — rfP(x)| £ K exp(—ap(L— p(x)])).,
where K <oo and «>0 are two constants.

This inequality is a direct consequence of Proposition 2.2 using an idea similar
to that of the proof of Proposition 3.2. [

4.3. An Alternative Formula for the Surface Tension. In (1.5) we proved that
exp[Q,]= ) exp(—ﬂ Y, I(F(4)+ qu(x,A,L))exp(—#(2L+1)2)-

AeDy, teor xed

(4.3)

When p tends to infinity the only term in exp[Q, ]exp [u(2L + 1)*] which remains
nonzero is that with A=A, the interface of the ground state. Therefore it is
convenient to write exp Q; as a product of

exp[ — 2L+ 1)?b,(1)]= exp( Y fulx, 4, L)) exp(—u(2L+1)?) (4.4a)

xedo

and

Z(w)= Z exp(— p Y OEMD)+ Y [ 4, L)~ Y f(x, 4, L)). (4.4b)

eDy, teor, xed xedo

Let us define r4%(u,v) as the probability that S, , =0 in the state which we
obtain as the limit L— oo of P4y restricted to all configurations which give the
interface 4, of the ground state. It is then easy to show, using properties of the
correlation functions in the pure phases that Llljl;lo b, ()= b(u) exists and is a C*-

function whose derivative is

—b(u)— — Y ((u,v=0)—r5 (u,v=0). (4.5)

ueZ
We now concentrate on (4.4b). Replacing there every IT1(F (4)) by AII(F (4)) we
get a function Z (1, 4) such that }im zZ (1, 2)=1. Let us denote by KG>),(4) the
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expectation value of a function G of 4 computed with the probability obtained by
replacing IT1(F,) by AII(F,) in P,(A) for every tea,.

We introduce now for every v in the regular plane the random variable n,
defined by

n,+1 is the number of empty sites
y in the interface with (4.6)
p(y)=v,
ie, n,+1 is the “thickness” of the interface above the horizontal position v.
Proposition 4.2. If u is large enough then

1) t(p) =b(w) — pa(w) where b(u) is differentiable and its derivative is given by (4.5)
and

o) = Jim ] ding, ()

{ dai Lh_l?;lo &nop(A).

i) Both pa(n) and b(u)—p tend to zero exponentially fast when u tends to
infinity. In particular there exists a constant K < oo such that for all L

Crom=Kexp( - ).

The proof of Proposition 4.2 uses the same arguments as before and therefore
we omit it.

4.4. Final Comments. 1) Let {o(u))y*=1—r%u,v=0), be the density of particles at
(u,v=0)eZ? in the A or A— B phase. Formula (4.2) of Proposition 4.1 becomes

d
EL Y Colwy — olw)y®). @.7)

d:u uel
This formula is essentially due to Gibbs [8].

ii) Let us now discuss briefly the analogous result for the Ising model. In this
case the + boundary condition corresponds to the A boundary condition of the
Widom Rowlinson model and the + boundary condition to the 4B boundary
condition. We define the microscopic energy density at x by

e,.=—%0.J Y o,

x 2% x
yillx—yll=1

where J >0 is the ferromagnetic coupling constant and || - || the Euclidean distance.
Let (e,>" and (e, >* be the expectation values of e, at x=(u,0,0). Then we can do
exactly the same analysis as before and we obtain instead of (4.7) the formula

j—; = T e —<e))

valid for large values of f, the inverse temperature.
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ii) Concerning Proposition 4.2, we see that t(u) is expressed as a sum of two
terms. The first one b(u) is the surface tension that we would obtain if we had a
completely flat interface. This is the limit of b,(u);(2L+1)*b, (1) being the
difference, when M — co, between the free energy of a system with pure 4 b.c. in
Ay and the “same” system when it is divided in two by a “rigid horizontal wall”
at x!=0. The term a(u) then takes account of the surface tension due to the
deformations of the interface itself. Notice, however, that in the integral over 4 we
do not take the usual expectation value, since A multiplies p in front of I1(F,) and
not in f,(x, 4, L).
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Appendix. The Pure Phases at High Activity

Let V; be any finite subset of Z>. We consider only the Gibbs state of the system in
V; with pure boundary condition, say of kind A. The corresponding Gibbs random
process is (', te V) neX={-1,0, - 1}. The finite dimensional distributions of the
process are ry, (St, te C)=Prob(yi = S,, te C) where S are fixed values in X.

Lemma A.1. There exist a constant K < oo such that for u large enough, C CV,N\V,

Y Iy (S, teC)—1y (S, teC))

S¢,teC

<Ky Y exp(—%lt—sl). (A1)
teC seV 14V,

Remark. Let d(t,,V, :t,,V;)=sup{d:V,nC(t,,d) is congruent to V,nC(t,;d)} (L3).

Let d(C;V,,V,)= micn d(t,V;;t,V,). Then there exist two constants o>0 and
te

K < oo such that for u large enough

Y Iy (S.teC)—ry (S, teC)

St teC

<|CIK exp(—pad(C; V;, V).

Lemma A.2. There exist two constants o' >0 and K'<oo such that for u large
enough, B and C finite subsets of V,

Y Iy (S, teBUC)—Ty (S, teB)ry, (S, teC)l

§z,teBuC

<|BIK exp(— po'd(B, C)). (A.2)
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