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Abstract. We show under some specific conditions that the formal diffusion
approximation for the motion of a particle in a random velocity field is valid.

1. Introduction

Let V(x) be a random velocity field with given statistical characteristics. Let x(t) be
the particle trajectories in IRY satisfying

d_’;(tﬂ =V(x(t), x(0)=x. (L1)
The turbulent diffusion problem consists of analyzing the statistical properties of
the trajectories x(¢) under various hypotheses on the random velocity field V(x). In
particular, in many theoretical investigations, [1-3], one wants to find conditions
under which the particle trajectories have classical diffusive behaviour and to
compute the diffusion and drift coefficients in terms of the statistical properties of
the random velocity field V.

We shall consider here this problem in what is perhaps the simplest situation,
namely when

V(x)=v+eF(x), (1.2)

where v is a constant nonzero vector representing the mean velocity, F(x) is a given
zero-mean stationary random field and ¢>0 is a small dimensionless parameter
measuring the size of the fluctuations. More precise conditions are given in the
next section. For ¢ small and ¢ large (t ~¢~ 2 when v and F are given independently
of ¢) x(t)— vt will behave like a diffusion process. This is the content of Theorem 1
in the next section.

By using formal perturbation theory, as in [4] for example, we shall now derive
formulas for the diffusion and drift coefficients of the limiting diffusion process.
Again, in Theorem 1 we show that these formulas are indeed the correct ones.
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Define
£ 2 t
xHt)=x(t/e") = 3 v, (1.3)

which satisfies the equation

oxir) 1 t
);t()=EF(x£(t)+£7v), t>0,

(1.9
xf0)=x.

We write x*(t)=x%(t;x) to indicate dependence on the initial point. We also write
x%(t;s,x) when (1.4) is satisfied for t>s with x%s;s,x)=x. Clearly x(t/¢*)—uvt/e*
=x%t;0,x). Let f(x) be a smooth function on R? and let

ut(t, s, x)= f(x(¢;s,x)). (L.5)
From the relation
x(t, s, x)=x(t,s +h,x(s+h,s, x))

we see that this function satisfies the adjoint or backward Liouville equation

out 1 s\ ouf
s +EF(X+8—ZU>KX— =0, s<t,

u'(t, t, x)=f(x).

Here 0/0x denotes the gradient operator and the dot stands for Euclidean inner
product. In integral form (1.6) becomes

(1.6)

1 t 6 €

us(t, s, x)= f(x)+ — fF(x—i— %v)-l(t, 0,x)da . (L.7)
ey € 0x

We iterate (1.7) once and take expected values. Since E{F(x)} =0 we obtain

E{u(t,s,x)} = f(x)
34 e e 29229

Now we take u® outside the expectation sign on the right and average it as if it were
independent of F. Justifying the equivalent of this step is what requires most of the

work in the proof of Theorem 1. Retaining the equality sign as an approximate
equality for ¢ small we have

E{u(t,s,x)} = f(x)
;F lz } jE { <x+ %v)-%F<x+ gizv)%}

-E{u®(t, A, x)}dAdo ,
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which in differential form becomes

0 ! 0 A 0
—a—E{u (t,s,%)} £ { ( )é‘xF(x+ C_Zv)b;}
-E{u(t, A, x)}dA, s<t,
E{u®(t,t,x)} = f(x).

When the correlations of F with itself at two different points decay rapidly with
the distance between the points, (1.8) can be simplified to

(1.8)

o ° o o
—gE{u (t,s,x)} = gE{F(x)E;F(x-l-av)-a}
-E{u(t,s,x)}do, s<t,
E{ui(t, t,x)} = f(x).

Here we have used also the stationary of F and have performed a change of
variables (cf. [4]; this step is sometimes called the longtime Markovian approxi-
mation. The approximation that leads to (1.8) is called the smoothing approxi-
mation). Put

(1.9)

* 0 dg(x)
= — . t. 1.10
ZLy(x) g E {F(x) P (F(x—i— tv) e )} d (1.10)
This is a diffusion operator with constant coefficients:
a 529(X) dg(x)
=1 . 1.11
2112:1 lja ax jglbj axj > ( )
where
= | E{F (x)F (x+tw)}dt + jE{F (x+to)F (x)}dt,
0
and
o d ﬁF
b= Y EJF(x)—L(x+tv)pdt. (1.12)
TS 0x;
Let
wi(t, s, x)=E{u(t,s,x)} = E{f (x*(t; 5, X))} . (1.13)
We have shown formally that as ¢e—0 w*(t, s, x) tends to w(t, s, x) which satisfies
ow
~ a5 = Fw, s<t,

(1.14)
w(t, t, x)= f(x).

Since % has constant coefficients it follows that w(z,s, x) depends on t—s only.
Setting s=0 we see that as ¢—0

E{f(x(t/e*)—vt/e*)} > w(t,X), (1.15)
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where w(t, x) is the solution of the diffusion equation

%—‘:zgw, t>0, w0,x)=f(x). (1.16)
(1.15) and (1.16) show that x(t/e*)—tv/e* converges to the diffusion process
generated by % as ¢| 0. This is exactly what is proved in Theorem 1.

The method of analysis that is followed here works also for more general
velocity fields V(x) where the mean velocity is not a constant v as in (1.2). One can,
for example, obtain theorems that cover some cases treated in [1] concerning the
turbulent dispersion of particles in the atmospheric boundary layer. Along
different lines, one can also generalize Theorem 1 to discuss the motion of several
particles in the same field. An example of this is given in Theorem 2.

2. Statement of the Main Theorem

We begin by introducing several hypotheses regarding the vector field F(x).

Let (2,7, P) be a probability space and let F(x,w):R? x Q—IR? be jointly
measurable relative to £ x &, where % =o-algebra of Borel sets in RY. We assume
that for P almost all w the random field F(x)=(F(x, w)) is three times continuously
differentiable in x =(x, ..., x,). We also assume that F(x) is strictly stationary, i.e.,
for each helR? and points y,,y,,...,, in R* the joint distribution of

is the same as that of

F(yl)’F(yZ)')’F(yn)

We define a process x(t) = x(t, w) with values in R% t >0, weQ, as the solution
of the differential equation

dx(;;a)) =v+eF(x(t,w),w), x(0,w)=x,eR?. (2.1)

Here velR?, 00, is a fixed vector, e(0, 1] is a small parameter which we shall let
tend to zero and x, is the (nonrandom) initial position. It will be part of our
theorem that under the stated conditions plus (2.2) below, (2.1) has with
probability one a unique solution for all t=0. We are interested in the asymptotic
behavior of x(t,w) as ¢e—0 and t—oo with e*t=constant as described in the
introduction. For this purpose we need additional hypotheses on F(x,w) as
follows.

Let f=(B,,...,B,), with B, =0 integers, be a multi-index, denote by D’ partial
derivatives as usual and set |f|=pf,+ ... +f, We shall assume that for each
0<M < o0 and each § with 0Z|f| <3

{[ sup [D*F(x,w)| '“a"(s"’”P(dco):Eﬂ sup ID”F(x)I]"““‘(S"”}<oo. (2.2)
[x|=M

Q[lxléM

Since F is stationary, if (2.2) holds for one M, say M =1, then it holds for all
M < 0.
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We assume that F has mean zero, i.e.,

| F(x, 0)P(dw)=E{F(x)} =0. (2.3)
2

Let Ac #(R% and let #, denote the minimal g-algebra of subsets of Q in &
generated by sets of the form

{weQ|F(x,w)e A}, Ae%, xed.

With velR?, v+0 fixed, and 0<M < oo we shall use the notation

Fio,M)=F,, —o0Ssst<+w, (2.4)
where
A= {xeRdls§ %v—) <t,|x— (’Ic;l”z)” gM}. 2.5)

Here (,) denotes the usual Euclidean inner product of vectors. When v#0 and M
are fixed we write &/ for short.

We shall assume that P is strongly mixing on the o-algebras &/ as follows.
With v40 and M < oo fixed define

oft,v, M)=sup sup |P(4B)—P(4)P(B)|, t=0. (2.6)

© gt

If o(t) = (¢, v, M)—0 as t— 00, we say that P is strongly mixing at the rate a(-). For
our result we assume that the mixing rate satisfies

O(jj {alt, o, M)} \7dt < o0 2.7)

for p=6+2d. Define x*(t, w) by

t
8—217, (28)

xi(t, w)=x (aiz’ w) -

where x(t, @) is the solution of (2.1). Let Q¢ denote the probability measure induced
by x*(t) on C=C([0, c0);IRY), the space of continuous functions from [0, c0) to R%.

Theorem 1. If v40 and the above assumptions hold (in particular (2.2), (2.3), and
(2.7)) then (2.1) has with probability one a unique solution for all t 20. Moreover Q°
converges weakly on C as ¢)0 to the measure Q corresponding to the diffusion process
in IRY with infinitesimal generator & given by (1.11), (1.12) and with initial position
Xo-

Remark 1. For the definition and general theory of weak convergence the reader is
referred to [5]. For the case of the infinite time interval [0, c0), as here, [6] is the
most helpful.

Since the coefficients of .# in (1.12) are independent of x, the measure Q is
essentially the Brownian motion measure.
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Let
riM=E{F(xF(x+y)}, ij=1...4d, (2.9)
be the correlation matrix of the fluctuations of the velocity field. It is clear from

(2.2) that r, ——r,; is well defined. Moreover, by our mixing condition (2.7) and

ij, i ayl
Theorem 17.2.2 of [7] r;(y)=r;(—y) and r;; (y) decay rapidly as |y|—co and the
coefficients a;; and b; in (1. 12) may be represented by the following absolutely
convergent integrals:

ry; {to)de (2.10)

Mn.

ay= [ rywydt, b=
0

i=1

One can use Theorem 1 to obtain the asymptotic form of the probability
measure of two (or more) trajectories of (2.1) starting from different initial points.
The correct form of the generator of the limiting diffusion is again obtained easily
by formal perturbation theory as in the introduction. Let x(t, w) be as in (2.1) and
let y(t,w) be the solution of (2.1) with y(0,w)=y,eR% with y,+x,. Let x*(t,w) be

. t ~ .-
defined by (2.8) and set y*(t,w)=y (37’ a)) — ‘—;71;. Let Q¢ be the probability measure
on C([0, 0);IR?%) induced by (x(t), y*(t)).

Theorem 2. Under the same hypotheses as in Theorem 1 x(t, w) and y*(t, w) are with
probability one uniquely defined for all t =0. Moreover O° converges weakly as £)0 to
the measure Q corresponding to the diffusion process in R*® with initial position Xo»
Vo and with infinitesimal generator

F=2L AL+, (2.11)

where & is the operator (1.11), £ is the same as (1.11) with x derivatives replaced by y
derivatives and &,  is given by

2

iy (2.12)

d ©

L. =i jz=1 _jw riy—x+ tv)dt
Remark 2. Note that the generator Z does not have constant coefficients because
of the cross-derivative generator % .

Theorem 1 (and implicitly Theorem 2) will be proven in the next section. In the
Appendix we construct some examples of random fields which satisfy the
hypotheses of Theorem 1. In particular, Theorem 1 applies to Gaussian random
fields with certain rational spectral densities.

3. Proof of Theorem 1
Observe that

e o )
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which will usually be positive for small ¢. This means that the v-components of

x(:%) and x(:—g) will usually differ at least by (2¢?)™*(t,—t,) and consequently

F (x C—;)) and F (x (:—i)) will be almost independent by virtue of our mixing

assumption. Even though this argument does not appear explicitly in our proof it
has its reflection in the crucial Condition III of Theorem 3 below.

Our first step will be to reduce Theorem 1 to a theorem of a more familiar form,
in which the random field also depends on time, but in such a manner that two
values corresponding to widely separated times are almost independent.

Step (i). Define
G(t, x, e, w)=F(x +tv,w), 3.1)
and let x*(t) be as in (2.8). (In our case G does not depend on &, but the general

Theorem 3 below permits such dependence.) It is immediate that

dx*(t) 1
dt ¢
We next verify that G satisfies the Conditions [-VI below.
1. G is jointly measurable in all its arguments and a.s. in C3(IRY) as a function of
x for each ¢, ¢.
II. The process {G(t, -, ¢, @)},s 1S stationary in ¢ for each fixed e.
IIL Let

Gi(e, M)=0{G(u,x,s, -lsSust,|x| <M}

G(Et; X(), g), *(0)=x,. (32)

and
pt, M)= sup sup |P(AB)— P(A)P(B)|. (3.3)
s20

Ac%(e, M)
1 Be9 ¢ (e, M)

[ {B(t, M)} Pdt < 0 (3.4)

0

for p=6+2d.
IV. Write

G(x,e)=E{G(t, x,¢)} . (3.5

There exists a fixed welR? such that for each M < oo

lim sup
el0 [x|=M

%G(x, 8)—W’ =0. (3.6)

V. For each M < oo there exist a constant C= C(M) independent of ¢, z and ¢
such that

E{ sup IDBG(t,x,ﬁ)l‘“a"(g’d’}éC, 0=|B1=3, (3.7)

|x—z| =M
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and these integrals converge uniformly in z. [The derivatives in (3.7) are all x
derivatives.]

VI. The following limits exist uniformly on compact sets and are bounded
functions of x:

Ay x)=lim | E{G/0,x,6)G (t,x,¢)}dt, (3.8)
el0 0
c..(x)=1im°§°E G0, x g)i(;.(t x, )b dt (3.9)
13 510 S i vy axi J\ Y )
where
G=G-G.

[The integrals (3.8) and (3.9) converge absolutely on account of 111, for the reasons
given before (2.10).] In addition either the matrix a;;=(A4;;+A4;) is twice con-
tinuously differentiable in x and the vector

d
byx)= ,_Zl ¢ (%) +w; (3.10)

is uniformly Lipschitz continuous in x, or A4 is strictly positive definite and
continuous at each point xeIR?%.

I, II, IV (with w=0), and V are immediate for the choice (3.1) of G by our
assumptions on F. To prove III for the choice (3.1) of G note that for |x|<M,
sSSu=st,

(x4 uv, v)v <M.

slol - M Z | Yx+uv,v) <to| + M, |x+uv— oF b

Consequently

tlv|+ M
Gie, M)C F , M
e ez T e M)

and
p(t, M) Softlo] —2M) ", v, M). (3.11)

Thus (3.4) is immediate from (2.7). Finally the convergence and continuity
properties of (3.8) and (3.9) are trivial in our case since the integrals are
independent of ¢ [by (3.1)] and of x (by the stationarity of F). Indeed we have the
explicit expressions

a;(x)= T E{F(x)F (x+tv)+ F(x+ t)F (v)}dt,
o (3.12)

¢x)= I E {Fi(x) ai F(x+ tv)} dt,

i

exactly as in (1.12).
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We note that a;;=A,;+ A;; is always nonnegative definite since it equals

a;(x)=lim lim —1— j ds f dtE{G s, x, s)G (t,x,€)}.

el0 T—'oo

We also observe that even integrals of the form
| E{F(x)F (y+tv)}dt
0

(which appear in %, in Theorem 2) are twice continuously differentiable by virtue
of (2.2) and the rapid decrease of r;(y) and its derivatives, which follows from (2.7)
and Theorem 17.2.2 of [7] (see Remark 1).

Before stating the next theorem we comment that we have not made any
continuity assumptions for G as a function of t. Accordingly by a solution of (3.2)
we mean from now on any continuous function x*(-) which satisfies

1 t
XK, ) =X, + EjG(;iz,xe(a,w),a,w)da, t=0. (3.13)
0
Theorem 3. Let G be a random field which satisfies conditions I-VI. Then with

probability one (3.13) has a unique solution for all t=0. Let R* be the measure on
C([0, o) ;IR?) induced by this solution. For each fe C*(R?) put

Lf(x)= 1% i: azf(x + i p IO (3.14)

j
= Ox;0x; =y 7 0Ox;

Then R converges weakly to the probability measure R on C([0, c0),IRY) which
corresponds to the diffusion with the infinitesimal generator L and starting point x,
(ie, RIX(0)=x,}=1).

It is clear from the above that Theorem 1 is indeed a special case of Theorem 3.
Results like Theorem 3 were first proven by Khasminskii [8], in [9], and more
recently by Borodin [10]. In fact Theorem 3 is very similar to Borodin’s result.
However, our proof differs from Borodin’s in some important details, We
circumvent the usual technique of breaking up the increments of x*(t) into blocks
and we end up with a weaker mixing condition than Borodin’s (but our
differentiability condition is stronger than Borodin’s). Moreover, by introducing a
truncation in Step (ii) we can get away with requiring Il and V for each finite M
only, with the constants dependent on M. We actually exploit this in our explicit
examples (see Appendix) which do not satisfy Borodin’s conditions as they stand.
Despite its length we shall therefore give a complete proof of Theorem 3 in Steps
(ii)~(iv) below. After introducing the truncated process x** in Step (ii) we show in
Step (iii) that the corresponding family Q*™ of measures is tight on D([0, 00),IR%
(see [5, 6] for definition of D). This is done by means of a mixing lemma proved in
Step (iv). The Steps (v) and (vi) show that the measures Q° actually have a limit as
&¢—0 and identify the limit. The truncation is not removed until the very last step.

Remark 3. In Theorem 3 we do not try to find the weakest possible differentiability
condition in V. If G is of the form G’ +£G® then one can separately estimate the



106 H. Kesten and G. C. Papanicolaou

terms involving G'® in (3.44) below. In this case it suffices that G'*) satisfies (3.7) for
|B1£3 and G satisfies (3.7) for || <1 only.

Step (ii). Let ¢,,(x) be a C*(IR?) function such that 0<¢,, <1,

M
Ll xS
Pplx)= 0 if [x|=M, (3.15)

and such that gradient (¢™(x)) is bounded uniformly in x, and M = 1. We define the
truncated field GM(-) by

GM(t, x, &, w)=G(t, X, & )P ,(X)
and the corresponding process x“M(t,w) as the solution of

t
XMt )=, + % ¥ (;12 X Mg, )¢, w) do, t=0. (3.16)
0

We assume M > |x,| throughout. At this stage we first prove that (3.16) and (3.13)
have unique solutions as stated. First note that for each fixed M and T

E{lljr sup GM( xs) +sup o 0 GM(Lxs) dt}

eyl x 0x g2’
_gf {sup (t xs)+sup 0 (t xs) }dt<oo
S x| €M g%’ x| <M ax ’

so that almost surely

1T "
—{sup|G z,xs dt< o
£y x

dt<oo.

1T 0
Egsgp a—GM< 50 X, e)

For any w for which this is satisfied there exists a 6 >0 such that
s+ a
—GM ( ,X s)

- j sup dt<i forall 0<s<s+0<T. (3.17)

0x
It follows from (3.17) that for each fixed ze R?, 0<s < T—9, the map

stu

f(s+u)—>z+1 j GM< 5, f(t), ¢ )dt 0<u=<é

is a contraction on C([s, s +6];R?) (with the sup norm) and therefore for each such
z, s there is a unique solution to

s+u

fl+uw=z+- fGM(Z,f(t)> , 0<uss.
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By iteration we see that (3.17) implies that almost surely (3.16) has a unique
solution on [0, T]. This holds for all M, T, hence (3.16) has almost surely for each

M
M a unique solution for all ¢ =0. Since GM(t, x, ¢) = G(t, x, ¢) for |x| < - we see that

M
any solution x“™(.) of (3.16) which satisfies |x£’M(t)|§7 on [0,T] is also a

solution of (3.13) in [0, T]. Now the solution of (3.16) satisfies
t
GM (8—2, X, s)
so that existence of a solution of (3.13) will follow if we show
t
GM|—
o
However, (3.18) is easy because for any #>0
1T t
E{— GM|—
fo bl (e

1T
+—jZE{ sup
€0

|x—zn|S1

dt

1 T
sup [x*M(6) < x|+ = | sup
0<t<T €0 Ix|

1T
lim P{—jsup
M- &0 x|

dt> %} =0. (3.18)

dt} ggMT

t t
G|, Xx,¢ G|, Xx,¢
where the sum is over a finite number of points z, such that the union of the balls

{x:|x—2z,| <1} covers {x:|x|<M}. We can do this with at most C, M* balls. The
nth expectation in the sum is at most

t d t
G(g—z,x, e) -1 HG (8—2,x,8>

=o(M~ Y, M-oo.
(by V). It follows that

17 't
E{={sup|G %8

€0 Ixl
which immediately implies (3.18).

Now that the existence of a solution to (3.13) has been established, the
uniqueness of the solution again follows by the standard argument, given just
below (3.17).

We return to the solution x> of (3.16). Since GM(t, x, ¢) =0 for |x|>M we have

|x#M(t,w)| €M for all t=0. (3.19)

I

énM”dt,

=

oy e sup

lx—z, 51

dt} =o(M), M- o0,

Until the end of Step (v), |x,| <M < co will remain fixed and we only deal with x*™,
G™. For brevity we suppress the M in the notation in Steps (iii) and (iv). The only
property used in these steps which hinges on the truncation is (3.19).

Step (iii). Let Q™ be the measure induced by x> on D([0, o0);R?). In this step
we show that for each fixed M the family {Q>™}, ., is tight. By a result of
Chentsov (see [5, p. 125ff.], especially the proofs of Theorems 15.4 and 15.6) it
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suffices for this to show

E|x*(u)— x*(t)|"* £ Clu—1t)" (3.20)
and
E|x(s) = x (O x(u) = x* (1) > S Clu—s)' 7" (3.21)

for some r,,...,r,>0 and 0=s=t<u=<T and C=C(T)<oo independent of
€€(0,1] and s, ¢, u. In turn (3.20) and (3.21) follow if we show that for 0t <u<T

E{|x*(u)— x*(t)]*®} <C,(u—t)E/8{ P8} (3.22)
for
D =d(s,1)=|x%(t)—x%s)]", O0=s=<t and 0=Zr=2

and C,=C,(T)< oo independent of e€(0,1] and s, ¢, u. Indeed, taking r=0, ie.,
¢=1 we obtain (3.20) with r, =2, r;=1. If we take r=2, and use the bound
|x%(t) — x*(s)] £2M then we obtain from (3.22) and (3.20)

E[x*(s) = x*(0)* () = x*(t)|* = C, Clu—9)*'® .
In accordance with our suppression of M and previous notation we now write

G(x,&)=EGM(x,8)=,,(x)EG(x, ),

G A (3.23)
G(x,&)=G(x,&)—G(x, ¢).
Then [see (3.16)]
Ie(u) — x*(0)|* = % j 2G; (812 x*(t), e) (x¥(z) — x¥(t))dr
= % I ) G(x*(1), )(xi(t) — xi(t))dt
2uct .
ral [zl edizea o
(xi(0) ~ x1) + G, (81 xz(a),s)}dodr. (3.24)

Here we used the comma-subscript notation for x-derivatives. The second equality
in (3.24) follows from (3.16) and

0 ~ (7 ~ [T ~ [T
e L5 e )= 20, (5 w00+ 65 )
It follows from (3.19) and IV that

2% =

‘E {E [ 3 Gx(x), e)(xi(r) — xf(t))dr@}‘
t i
<4aM=1); sup (G AIE()
|x| =M

< C,(u—1)EV3 {5 (3.25)
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for a suitable C,. Thus

E{lx() ~ x(0° ) S Cu— 00" + 2 [ | B

gz

ZG ( )( xH(o)—x(t)+ G, ( ) 8>}dodr. (3.26)

The double integral in (3.26) consists of a number of terms to each of which we can
apply the following

Lemma 1. Let U(; ) be 47.(¢) measurable for each fixed |x| <M, and such

that

E{U(giz x,g)} 0. (3.27)
Let V(EZ—, s) ,8<t, be a 95/%°(e) measurable random variable. Then for 0<y<1 there
g
exists a constant C=C(y,d) such that for all 0 <o <s<t
¢ s 4\ 1/4
v effse(=l 2, oo )
€ & IBl=1 IxlsM
s 4\ 1/4 t—s\) V@+ytyd
(GECD HIT S B

Before proving the lemma we show how we can estimate (3.26) by means of it.
For instance we can apply this lemma with

T ~ [
U(c_z’ x,g) :Gi,j(g_Z’ x,s)eg;’faz

and

14 (12 8) —G, (57 x¥(0), g) B(x¥(c) — x:(1)).

&

Since

1 o
w0 =y - [ G4 v b do.
x*M(qg) is 4/**(e, M) measurable and so is V(%, s). Also (3.27) is satisfied because

ol ) ofofsond) -

by virtue of (3.7) and the definition of G. Moreover by (3.19)

g
V _
(82’8)

<2M|®| sup ‘G(;Z, x,s)

|x| =M
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so that Lemma 1 with y=1 and Schwarz’ inequality and V imply that

Edtich{V(%, e) U(giz, x%(0), 3)}

2
&2

<ol

t t

1

<Cy(u— VS (@} | {B(s))32ds

SC,(u—t)EY3{®®}.
The other terms in (3.26) are handled similarly.
Thus (3.22) and the tightness of {Q°}, .., have been reduced to Lemma 1.

Step (iv). Proof of Lemma 1. First we approximate x%(g, ) by step functions as
follows: For w in the set

k; . (k.+1) ]
A(k):{a).ﬁngxj(g,w)< JN M, 1§]§d}
take
%M if k=0,
{z,N — 329
xi (e, ) (k+1) (3.29)

—N—M if k;<O0.
For brevity we denote the right hand side of (3.29) by kM/N. Clearly

X Mo, ) = xilo )l =
and

|x4 (o, w)| < [x¥(o, w) <M for all w. (3.30)
Moreover A(k)e %% (¢) since x*(g) is ¥¢*’(¢) measurable. Define also

vV if |U<K
K710 if JU>K

and similarly for ¥ for V truncated at L. Then
¢, s
oo
t o, b s
S |EGU S—Z,X(Q),E -U 2 (0).¢||V 28
oo o)l o)
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el o )
el B

Here k stands for an integral k-vector (k, ..., k,) and the sum over k runs over the
(2N +1)* such vectors with |k [ =N, x, stands for the indicator function of A. The
first-third term are estimated in the obvious way by means of (3.30) without
intervention of the mixing hypothesis. In the last term in the right hand side of
(3.31) we apply Theorem 17.2.1 of [7] to each summand. Since |[Ug|<K, |V,|<L,
we find that the k-term is bounded by

t kM s
GRS R

t 1+y s
ofpne] el o)

[use (3.27) to estimate E{U}]. After summing over k we obtain that the left hand
side of (3.28) is at most
s
Yol

o)
o]
e

(3.31)

AKL (t—;;) +

t— 1
S4KLp (—STS> + FE{ sup

|x| =M

t
DBU(—E, X,8>
&

1

C [—E{ sup
’IN |/3|Z=:1 |x|=M

1 t

— Ul—
+KYE{|§|\1§%41 (ﬁz’x’8>

t

Ul—
[#0x)

1 t
+ ——E{ sup 'U<£_2’ x,e)

K" \ixism

1+y

1
+Z;E{ sup

x| =M

}

+KL(N+1)B (%S-ﬂ .

(3.28) now follows from Schwarz’ and Jensens’ inequalities if we take

P | e
e (e (2o 4})”4{<N+1)‘*ﬂ(t8;f)}_2_1*7,

N=Hﬁ<5;§i>}_w(2+v+yd)}g1 (since f=<1). [

K=(E{ Y sup
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For the next step we also need the following variant of Lemma 1.
Lemma 2. Let X (812, e) be gf,/az(e) measurable, and for |x|E<M, let

t 2 .
U(’i’ X, 8)(V(—uz—, X, 8)) be %ﬁz (respectively ?,’jﬁ (¢)) measurable. Assume that
€ €

E{V(gl2 X, s)} -0, (3.32)

and set

t u t u
W(g—z,g—z,x,s) =E{U(;,x,8)V(8—2,x,e)}.
Then for each 0<y=1 there exists a constant C=C(y,d) such that for all
0<s=zt=zu
t u tou
)[U(S_Z’ X (S)Ja) V(Ef’ X (S),S) - W(E_Z, 8_2’x (S)’g)]H
s 81\1/8 t 81\1/8
scledo Gee))) (2,2 e v Gl
& BI=1  IxlsM €
u 81\1/8
(el ren)
IBI=1 Ix|sM &

— _ y/(4+ 2y +2yd)
bl

Proof. First apply Lemma 1 with UV — W substituted for U and X for V. This
shows that the left hand side of (3.33) is bounded by
4})1/4

g o o
b
offone |
Ik

e

o]
—ee
<
P
mN] ©
uO)

C(E{ Y sup

Bl IxI=M

{(F{p o

§C*( {Z sup

WZ1 Ixl=m

R

x| =M

(el

ov(4ed
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Next we apply Lemma 1 again, this time with V substituted for U and XU for V.
We find that

o)
<ol 3, anlolaond)
(el efomlolono )

.{[; (“g_j)}w(zﬂﬂd) . (3.35)

Lastly, by Theorem 17.2.2 of [7], p. 307
tou o, t u
'W(S—z,g—z,x(s),e) E{U(;,x,s)V(g—z,x,s)}
t 441/4 t 4\ 1/4 _ 1/3
sc g ({0 Gexel[ 1 #{l (o[} o)
|x|=M & & g

Since f=1 and $27/(2+y+7d) for y<1, we see that the left hand side of (3.33) is
also bounded by twice the right hand side of (3.35). Thus the square of the left hand
side of (3.33) is bounded by twice the product of the last member of (3.34) and
(3.35). This fact plus another application of Jensen’s inequality proves (3.33). [

< sup
x| <M

Step (v). This is the first step in the identification of the possible limit points of R®
as ¢/0. We reintroduce the superscript M. As in Step (iii) @ is the measure on
D=D([0, o0);RY) induced by x*™ -X(t) will be the t-coordinate function on D and
the corresponding o-fields of subsets of D are given by

M, =o-field generated by {X,:usr=<v}. (3.36)
Assume now that {¢,} is a sequence of positive numbers tending to zero such that
0M=0M as n-wo. (3.37)

(As usual = here means weak convergence on D([0, 00);R?) with its J, Skorokhod
topology; see [5], Chap. 3 and [6] for details.) Expectations with respect to Q™
will be denoted by EM. For any C® function f:R*-IR with compact support
define

l

where
0
A=) U= IR0+ on) 5 ) A5,

b¥(x)= zc {(X)+ W, ppr(x). (3.39)
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We show in this step that
J&X@)— g LM f(X(0))do (3.40)

is a (Q™, ) martingale.
To prove that (3.40) is a martingale it suffices to prove for any integer m >0 and
bounded continuous function @:(R*)"—R and 0<s, <s5,<...<s,, <s<¢ that

EM{(f(X(0) — RSBy, ... X(5,)}
=EM{3 LMf(X(a))@(X(so,...,X<s,,.»da} . (3.41)

N

Indeed, a standard monotone class argument shows that (3.41) implies
t
EY /X000 = EX{/X(9)0) + E*{{ 2 X o)) (342)

for any bounded .#; measurable function @. This is clearly equivalent to (3.40)
being a martingale.
In addition,

(f&x=ME) = £ MNP M(s,), .., xM(s,,))

is bounded and because X — f(X(s)) and X —®(X(s,),..., X(s,)) are continuous
a.e. [Q™] on D [by (3.20) and (3.37)], it converges in distribution to

(fX@)— fX(NPK(sy), .., X(5,,))
as ¢—0 through the sequence {¢,}. Thus the left hand side of (3.41) equals

Lim E{(f(xM(6)) — fx" M) @M (sy), .., xM(s,,))} - (3.43)

Now with GM(x, &)= G(x, £)p,,(x) and GM =G — G, as in (3.23), we have anal-
ogously to (3.24)

/i (XE’M(t)) —f (XE’M(S))

== j z (xE Mz)GM ( x>M(1), e) dr
1 t
=135

1
€

i

Z (x> M(1))GM(x*M(1), e)dr
2

Z x&M( )GM< x‘*M(s),e)d‘c
1 t T

+—55d’t j‘d [
€ s s x]
of
Tox,

FI (g G (%,xw(o), s)
x &

j i

G ( 8% xoM(g), 8) . (3.44)

(xM(a)G2 (8% x¥(o), e)
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We now multiply (3.44) with @ and take expectations and let ¢|0 through the
sequence ¢,. The first term in the right hand side yields

limj Z E{a Mg L - Gl (< (2) ) }dt
=EM { f Z (D)W (X (z ))qs} d (3.45)

by virtue of IV and (3.37). The second term has limit zero, on account of Lemma 1.

Indeed, an application of Lemma 1 with U (32 , X, e) G,M (lz, X, 8) [note that this
I

has expectation zero by definition of G, cf. (3.5)] and V(gil’ g):(pg_f(xe,M(s))’
y=1 shows that !

13
! 2 E {ﬁ (x>M(s)G}M (—:7 x=M(s), e) q5} dt
ey 5 X;

13

—0 (1 j {,3( "ZS)}U(W)dc) —0() . (3.46)

€% €

Finally the double integral in the right hand side of (3.44) is handled by means of
Lemma 2. We restrict ourselves to the term

14 ! 0? o [T
3 jd‘t jdaE {ax (J;x (x=M(a))GM (e_z’ x5M(g), 8)
s s J i

-G (55 XM (g), s) 4>} . (3.47)

H(iz,i2 ) GM( xe)GM(a x,s)
e2 ¢ g

and in accordance with previous notation put

- [T g g
H|— EH s 5 Ny )
[ Goee) e

H=H-H.
Then (3.47) equals
14 0? _(t o
= [dr [ doE {ﬁ (x*M(o)H (8—2, 2 x“M(a), 8) di}
s s J i
1L 02 T 0o
+ =2 fdr [do E{@x g (x“M(c)H (—2 g x&M(g), 8) tP} . (3.48)
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We first analyze the H term in (3.48); as we shall see this contributes the part of
t
EM {f deIMf(X (0))(15}

with the second derivatives. Indeed, after a change in the order of integration the H
term in (3.48) becomes

t 62
jaoE {0 L)

Jj i
t/e? -
I E {GM ( ) GM(4, x, 8)} dl} . (3.49)
a/e? x=x&M(qg)

By the standard mixing Theorem 17.2.2 of [7]

el crasofec-3)”

uniformly in |x| <M, ¢e(0, 1]. Thus by II and (3.8)
t/e2

| E{GM< , X S)GM(A X, a)}dl

ale?

=03 (x) 0fE{G 0,x,8)G (4, x,£)}dA
0

ol [ o3 o
= 034,09 +o,1)

as ¢ 0, uniformly in |x| £ M, for each fixed ¢ <t. It follows that the limit of (3.49) as
¢) 0 through the sequence ¢, equals

azf M M M
lim E jdi 5 o, (x*M(0))AY (x> M(0))do
- EM{ f
as claimed [again we used (3 37)] and 4Y g =% A.. i

Next we shall show that the H term in (3.48) tends to zero. For this we need to
apply (3.16) once more to obtain

far ok {5 a5, 5o o)

(X (o))do} (3.50)

™

_ jdr jdaE{ ajzx. (x> M(s))H(i2 2, xvM(s), s) cb}

J

1 t T o 63
) {dt{dc{dlE{[axlﬁgﬁ (e (7)) H (12 %,x"M(l),s)

™
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aZf &,M 0 st o &, M
e g ) (G e
.G, (siz XoM(), e) 43} . (3.51)

First estimate the double integral in the right hand side of (3.51) by means of
Lemma 2. Take

s o*f oM
X (8_2 8) = ox,0x; M)

U (;12 x,e) — G (;12 x,s) : (3.52)
V(glz, x,e) =GM (812, x,e) .
Then by Lemma 2 with y=1 we find that the double integral is
_1_
s
and by (3.4)

SERTE TS

&

The triple integral in (3.51) has two terms. We estimate the first. This time take
A o3 A
X|—= —__ (M s E’Mﬂ ®
() = 06, 5 x0. o
and U, V as in (3.52). By Lemma 2 this term becomes

offrarf i {52 2 v

Thus again ¢~ 2 times this term tends to zero and similarly for the second term in
the triple integral.

The above observations show that the limit of (3.47) is given by (3.50). In the
same way we obtain

1t 0
—zfdffd {Z af ‘M(G))GM< E’M(a),E)

i,j i

-G} (;2, x5M(q), 8) CD}

L EM {quz (o) (X(a))}
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Adding all the contributions we finally obtain that (3.43) equals
t
EM {j LMf(X(a))(Pda}

as required.

Step (vi). In this step we remove the cutoff in M and show that as M— oo the
measures QM of the last step converge to R. Because of the tightness of the family
{0"M:0<e=<1} [see Step (iii)] each sequence of ¢,|0 contains a subsequence for
which (3.37) holds for some Q™. If we could show uniqueness of Q™ then we would
have Q™ = QM as ¢—0 in any way. Because the coefficients of IM vanish for large
x it is somewhat unpleasant to prove uniqueness for Q™. Another nuisance
difficulty is that Q® and Q™ are measures on D= D([0, 0);IR? rather than on
C=C([0, o0);IRY). Since x*™(t) is continuous, Q¥ is actually concentrated on C.
We shall now show that also Q™ is concentrated on C and that the family
{QM: M =|x,|} is tight in C. We shall then be able to take limits as M — oo without
checking the uniqueness of Q™.

By assumption VI and (3.39) there exist constants 4 and B such that uniformly
in M

_ Y 0,AM(x)0. <A

|0|2 oy i“Hij i= 5

Y (bY(x)*<B?. (3.53)

J

By [11], Eq. (2.1) [note that the proof of this estimate remains valid if x™(t) is
merely in D rather than C] for each fixed s=0, 4>0, A>0

t
QM{ sup | X(6)—X(s)— [bM(X(0))do >/1}
sSt<s+4 s
2
and consequently for any 7=0 and 4>0
T (A—4B)?
M - = <|— -0 3.55
¢ {osssi?sTlX(t) X(S)|_2/1}_ (A +1) xp 24dY%A - (3.55)
lt=s[=4
as 4]0, uniformly in M. Since also
QM {X(0)=x} = lim QM {x"M(0) = x,} = 1 (3.56)

it follows from Theorem 8.2 in [5], that each Q™ is concentrated on C and that the
family {QM}Mg|xo| is tight on C. Moreover, since each Q*™ is concentrated on
C, 0™ converges weakly on C to Q™ as n— oo (cf. [5], p. 151).

We can now easily complete the proof. Let M, 1 co be any sequence for which
QM= converges weakly in C to some measure Q* on C. By the tightness of {Q™}
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any sequence of M’s tending to infinity contains a subsequence with this property.
From the fact that the coefficients of IM converge boundedly, and uniformly on
compacta, to those of L, and (3.42), it follows that

t
SX®)— | LFX(0))do
0
is a (Q*, /y*) martingale, where .#* is the trace of .#"* on C. Of course [cf.
(3.56)]
0*{X(0)=xo}=1.

By the hypotheses made in VI on g, ; and b ;and by Theorems 6.2 and 5.6 of [12],
respectively Theorem 2.3 and Remark 2.1 of [13], there is only one measure on C
with these properties, namely the one denoted by R in Theorem 3. Thus Q*=R
and

gM=R on C. (3.57)
Now define for XeC

X, K)=inf {t=0:|X(¢)| > K} .
We already observed in Step (ii) that x“M(f)=x(t) up till the first time that

M M
|x%(t)| = 5 so that for each K< —

2

7(x* K)=1(x*M, K) . (3.58)
Now let S, be a closed subset of C([0, T];IR?) and

S={XeC:X o, n€S} . (3.59)
Assume that we can show for each such S

linallsoup R¥{S}<R{S}. (3.60)
It then follows from Theorem 2.1 in [5] that

lilnol R¥{¥}=R{¥} (3.61)

for each bounded continuous functional ¥ on C with the property that ¥(X)
depends on X( -) restricted to [0, T] only. (Here we have written R{¥} for the
integral of ¥ over C with respect to the measure R.) As in [6] this result for every
T implies R®=>R on C.'It therefore suffices to prove (3.60) for all S of the form
(3.59).

Let ¢, 0. If necessary by going over to a subsequence we may assume that for
each M=1,2,...

0"M=0M on C (3.62)

1 See also Theorem 6 in [19]
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for some probability measure Q™ on C. It follows from (3.58) that for every S of the

form (3.59) and K < %

R{1(X,K)<T}=0*M{x(X,K)<T},
R¥(S, (X, K)> T} = 0*M{S, 1(X,K)> T} .

Consequently

lim sup R*(S) < lim sup Q=M (S} + lim sup Q*M{¢(X, K)< T}

<QM{s} +QM{0supT1X(t)| 2K - 1} [by (3.62)] .

sts
If we let M — o0 we obtain from this and (3.57)
lim sup R**{S} <R{S} +R{ sup [X(t)| =K — 2},
n—wo OStsT

and finally as K— oo we obtain (3.60). This completes the proof of Theorem 3.

4. Appendix, Examples

a) Gaussian Random Fields. Let F:R?x Q—R‘ be a stationary (i.e. with distri-
bution invariant under translations; cf. Sect. 2) Gaussian random field with mean
zero and correlation matrix

ru(y) = E{F(X)F(x+y)}, xyeR?, 1<klI<d. (4.1)

By Bochner’s theorem ([14], Chap. 1.5) there exist totally finite complex valued
measures 4, , on R? such that

ru(y)= [ eIy (d2), (4.2)
R4

and for each Borel set B the matrix

( | /,Lk,,(dzl)) is hermitian and nonnegative definite. 4.3)
B 1skIsd

.1 18 the so called spectral measure. We shall assume that the p, , have densities,
ie. for some L'(R?) functions f, ,

ru)= [ VS, (DA . (“.4)
]Rd

Without loss of generality we may assume that for each A the matrix

(tUMM) 1 <k1<a 18 hermitian and nonnegative definite. 4.5)
The f, , take the place of the usual power spectral density. We define

7(A) = smallest eigenvalue of (f, ,(4)) . (4.6)
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For simplicity we shall take the vector v in (1.2) in the direction of the positive first
coordinate axis, i.e.

v=(v},0,...,0) . 4.7
We shall write AeR? as (4, 4,) with 1, eR, 1,e R~ . We then have the following

Theorem 4. Let F be a stationary zero mean Gaussian random field as above.
Assume that f, | as in (4.4) exist and that for some a>1

[ A (log A f (Ddi<oo, 1=k=d. 4.8)

AeR9, |42 1

If in addition (4.7) holds and for some integers p=p(k,)=7+ 2d and constants r =0
and A< oo

‘(L)pfk,l(ﬂl +1,45)| SAQ+1"T(Ay, 4,)

o,
for all ieRY teR and 15k, 1=d, 4.9)

then F satisfies the conditions of Theorem 1 (even with M = oo in (2.7)).

Remark 4. (4.8) could be sharpened slightly by a more carefull application of
Theorem 2.10 of [15]. If (f, ,(4)) is nonsingular for all A and p(k, l) is independent of
k,1 it is also possible to replace (4.9) by the slightly less restrictive condition

sup (1+¢)~"
AeRd
teR

p
~{1argest eigenvalue of (%) FA +t,4,)f 1(/11,/12)} <A. (4.10)

1

p
Here f~! stands for the inverse matrix of (fr.) and (%) f is the matrix
1

0\ .
((ﬁ) A, ,). Neither of these refinements seem useful for finding actual examples.
1

It is helpful, though, to observe that one may replace 7 in (4.9) by its lower bound
(s_ee [16], Sect. 5)

min{fk’k(/ll,/lz)— y |fk,,(/11,,12)%+ . (4.11)
k 1+k
Example. Set
d—1
Ri=a,(A;—B)*+ Y oy —B)° (4.12)
i=2

for some o;>0, ,eR and 4,=(4, ,,...,4, ,). Assume that

P, (R?)
01(R?)

f;c,l(/ll’ﬂ'z)z
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where P, (-) and Q, (-) are polynomials. Assume that (f, (4;,4,)) is positive
definite for all A and that in addition for all k, l and some constants x,=0,0<y <1,

inf|Q, (x)|>0 and for all x P, ,(x)>0,Q, ,(x)>0; 4.13)

Py ,(x)| P(x)
¥k Qk](x)l N Qk 1(x)
degree Q, > degree P, , + 3(d+6) . 4.15)

Then a Gaussian field with spectral density (f, ;) satisfies the conditions of
Theorem 1.

for all |x|=xq; (4.14)

. . . 0\ C
Proof. It is almost immediate from (4.8) that s,(x)= — (E) Fei(x) exists, is finite
i
and satisfies

(O —selsciog | (416

for some constant C and |x| < 1. It follows from Theorem 2.10 in [15] that s/(-) is
the correlation function of some continuous and stationary Gaussian process,
Y, (v, w) say. One can further take X, (x,...,x;_,0,...,x,) Gaussian and such
that

Z(x)=X (x50, x)+ [ Y X e Xt e, Xg)dt
0

has the correlation function ry,(-) and therefore has the same distribution function
as F,(x). From this it follows that any continuous version of F, has almost surely a
continuous partial derivative w.r.t. x; which has the same distribution as Y, ;.
Repeating this argument we see that almost surely F,e C3(R%. Since the de-
rivatives of order <3 of F, are again mean zero continuous stationary Gaussian
processes (2.2) is automatic (cf. [17], Theorem 8). It remains to verify (2.7). By a
result of Kolmogorov and Rozanov ([14], Theorems I'V.10.1 and I1V.10.2) and (4.7)
we have for all M, including M = o0,

alt, v, M)=<o(t), 4.17)
where the “maximal correlation coefficient” ¢ is given by

o(t)=sup(E{YZ} - E{Y}E{Z}) (4.18)
with the sup taken over all random variables Y, Z with ¢%(Y)=0¢%*Z)=1, and Yin
the linear span of {F(x, -):(x,v)<0} and Z in the linear span of {F (x, ): x |,| ) =t}.
Therefore Theorem 4 is implied by the Proposition below, which is modeled after
[14], Lemma IV.10.6.

Proposition. If F is a stationary zero mean Gaussian random field whose spectral
density (f, ) satisfies (4.9), then

o(t)=dCAt™?, (4.19)
where g=min p(k,[) and C depends on r and the p(k, 1) only.
k.1
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Remark 5. We can use the argument of [18], Lemma VLI.1 to obtain furthgr
examples of random fields which have the required mixing properties. Indeed if
fk, = Z Iy ife II_’ ., » Where the I', ; are entire functions whose Fourier transform has

i,J ~
supportin [ — T, 4+ T7, then the maximal correlation coefficient ¢ corresponding to f
satisfies

o =e(t—2T).

Proof. Standard manipulations show that

X dwk(z)w,<ﬂ)ef'*1ﬁ,,<ﬂ)} dzl, (4.20)

o(t)=sup {
Rd | 15k,I<

where the sup is over all complex valued vectors of functions ¢, (1), y,(4) of unit
norm in the space H}, which is the closure of all functions of the form

Y y,expi(4,x,) (a finite sum)

with the first coordinate of x, =0, in the norm

lo2= | {z cokum,,w@,u)}dx. 4.21)
IRd k,1
Now take
2m = r+max p(k, )+ 2 (4.22)
k,1

and

0119 =0u s 22:00= = 1 0,0 3 (10 (7] v,

Ym oo
(4.23)
where p=p(k, ),
sin gx\*™
R
and
+ o0
Tm=§ 91 aX)dx.
We note that for all 4, with
+ o
| UfiiApAy)ldi <o forall 1=k I<d (4.24)

(ie., for almost all 1,) we have

V9o m i Ay +vx, A))ldx < 0.
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This follows from the boundedness of g, .. The principal estimate is that for all 4,
satisfying (4.24) and all 4, and 621

lfk,z()“p Ay)— Qk,l(’ll’ M= CAg~ Pk 1),5(/11’ Ay). (4.25)

To prove (4.25) observe that its left hand side is bounded above by

1+oo

7§gam

Ym —w

‘;(—1)“1 (’:) fioiGig +vx, 1)| dx 4.26)

[note that (4.26) differs from (4.23) by a term with v=0]. Now all x derivatives at
x=0 up to order p—1 of

RN (”)n,,ul %, 2,)
v=0 v

vanish, so that its absolute value is at most

C 'xlp,,lsllﬁ’, (az ) feilAy +1,4,)
S CAIP(1+plxl)t(44,4,)  [by(4.9)]. (4.27)

Substitution of (4.27) into (4.26) gives
e, (A 15 A42) = QA1 2,)l

<C,At(A;4,) i | G mX)IxIP(1 4 plx])dx

m — 0
, 1t lox|?  |ox|P*"
<2C Ar(/ll,/lz)y'n jmg(,m{ i }dx
SAtAy, AT, oo P+, 07T,
where [see (4.22)]
sHyr 1 pts
I—;Jm s 2 C j. gam |O-x| dx

m — o©

[ce]
=r2'C,— [ (sinx)*"x?**7"dx <0 .

m — 0

This proves (4.25).
By the minimax characterization of eigenvalues

;; O DS (DDA Z 741 45) ; oW DI - (4.28)

It follows easily from (4.28) and (4.25) that for all =1 and |¢],, lwl, finite

Z (Pk(/l)IPl(/l)eitth.l(Alv Ay)|dA<oo.

RY Al
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We claim that for o<t

| {g P D (Ve HQ, (Ay, /12)} dA=0. (4.30)
To see this, let

PulA)= Z P exXpi(d,xg ) ,

wi(d)=208) expi(hyy ) »

with the first coordinates of xj , and y; , =0, be such that (¢})—(¢,), (v})—(,) in H}
as n—o0. By virtue of the above estimates (4.30) is the limit of

[ {Y orAwi()eQ, (A} 2
k,l

R4

as n— oo. Thus it suffices to prove

| €10, (A1, A)dA =0 (4.31)
R4

whenever s=t>¢ and (4.24) holds. This, however, is easy because for fixed
A2 Q. (A1, 4,) is a convolution of translates of f and g¢,,, and the Fourier
transform of g, , has support in [ —0, +0].

The proof of (4.19) is now easily completed. For ¢, pe H fz with norm equal to 1
we have for 1 <o <t

( ) {kzl <pku)w,u>e‘“1f,(,,u>}di}
LG oML ) = @y

= CAT T [ oD, 2:)d2
<dCAg™* y{; <pk(m,,(x)¢,u)}“2
{z wk(m,wl(z)}“lda (4.32)

[by Schwarz’ inequality and (4.28)]. A final application of Schwarz’ inequality
shows that (4.32) is bounded by

dCAo™ | ;llw] ;=dCAc™. [

b) Trivial Gaussian examples for F satisfying the conditions of Theorem 1 can be
obtained by taking F a stationary mean zero Gaussian random field with a
correlation matrix r,(y) which is seven times continuously differentiable [this
implies Fe C? and (2.2) as in a)] and which vanishes for |y,| = ¢,. [In the latter case
o(t), and hence o(t,v, M) vanish for ¢t >¢,.] Any matrix of the form

ru(y)= DL Z Sk, m(X)Sy (X + y)dx (4.33)



126 H. Kesten and G. C. Papanicolaou

with (s, ,(x)) a rectangular matrix of real valued
t
Sem( )ECTRYNLY(RY), 5, ,(x)=0 for |x,|= o)

can serve as such a correlation matrix. Indeed (4.33) is easily seen to be
nonnegative definite.

¢) Poisson Blobs. Let F be any random field (not necessarily Gaussian) which
satisfies the conditions of Theorem 1 with M = co in (2.7). (E.g. F=0 is permitted.)
It is then possible to obtain a new field, F say, which still satisfies the hypotheses of
Theorem 1 by “perturbing F on the union of a countable number of randomly
located balls”. More precisely, let P, be a Poisson point process on [0, o) x R*
with intensity ¢G(dr) x dA, where G is some probability distribution on [0, c0) and
1 is Lebesgue measure on IR", Le., N(B)= the number of points (r,, p;) in the Borel
set BC[0, o) x R has a Poisson distribution with mean oG x A(B); if B,,...,B, are
disjoint then N(B,),...,N(B,) are independent. In addition let Z,,Z,,... be a
sequence of independent identically distributed random variables. We shall
assume that

P,Z,,Z,,..., and the field F are independent of each other. (4.34)
For the j™ point (in some ordering) (rj,p;) of P, we form the ball
Bj={xeR":|x—p]|<r;} .
In addition we introduce
A4=\JB ;
J
and for xeIR?, the union of those B; which contain x, i.e.,

D(x)= | B;.
Bjsx

We do not change F on the complement of 4, ie. F(x,w)=F(x,w) for x¢A. For
xe A we perturb F in any way which depends only on D(x), the values of F on D(x)
and those Z; for which B; contains x. Roughly speaking for each ball B; which
contains x there is some effect on F(x) and this effect may still have some random
element in it, because it may depend on the extraneous random variable Z;. For
instance the perturbations might be additive

F)=F)+ Y Gx.2Z),

B;>x

where Gy(-, Z)) is some C*(RY) function with support in B;. Of course we must
make sure that F is still jointly measurable, stationary, belongs to C3(R?) and
satisfies (2.2) and (2.3). This, however, is easy to achieve and here we only give a
condition which guarantees that F again satisfies (2.7).

Theorem 5. Let F and F be as above and_o(t,v, M) be defined by (2.4)-(2.6) and
similarly for a(t,v, M) with F replaced by F. If

o)

| {a(t,v, c0)}Pdt < o0, (4.35)
0
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and

39 dt {Of wi=1G([w, oo))dw}l/p <o, (4.36)

0 t

then for every M < co also
| {a(t, v, M)} Pdt < oo . (4.37)
0
We shall merely give a heuristic argument for this theorem. Consider the event

E,(t) defined as follows:
All the balls B; which intersect the strip

x,0)
of? §M}

X — v

S, = {erRd:(x,v)gQ

lie entirely in the half space

= ekt S < .

Similarly we define E,(t) to be the event that all balls B; which intersect the strip

S —{x R & )gt,’x—(x’v) U’SM}

[o] /o

lie entirely in the half space

H,= { ere: 20 _}
| ~— 4

E,, E, are independent of each other and depend on P, only. If a realization of P o
is given, such that E,; occurs,andif Z,,Z,,... are given, then (F(x): xeS,} depends

only on {F(y): yeH }, and similarly if the subscript 1 is replaced by 2 Since the
o-fields % (v, c0) and F37, (v, M) [see (2.4) for notation] are “independent up to

2

an error o (%, v, oo) one can conclude that for any events A eZ#?° (v, M) [defined
as in (2.4), with F replacing F] and Be .97,‘”(1), M) one has

|P{ABE,E,} — P{AE }P{BE,}| <« (% v, oo) .
Consequently

&t,o,M)<o (%, v, oo) +2P{E, does not occur}

+2P{E, does not occur}. (4.38)

It is routine to estimate P{E, does not occur} and to derive (4.37) from (4.38),
(4.35), and (4.36).



128 H. Kesten and G. C. Papanicolaou

References

1. Monin, A.S., Yaglom, A.M.: Statistical fluid mechanics: mechanics of turbulence, Vol. 1.
Cambridge: MIT Press 1971

. Roberts, P.H.: Analytical theory of turbulent diffusion. J. Fluid Mech. 11, 257-283 (1961)

. Kraichnan, R.H.: Diffusion by a random velocity field. Phys. Fluids 13, 22-31 (1970)

. Kubo, R.: Stochastic Liouville equation. J. Math. Phys. 4, 174-183 (1963)

. Billingsley, P.: Convergence of probability measures. New York: Wiley 1968

. Stone, C.: Weak convergence of stochastic processes defined on semi-infinite time intervals. Proc.

Am. Math. Soc. 14, 694-696 (1963)

7. Ibragimov, I.A., Linnik, Yu.V.: Independent and stationary sequences of random variables.
Groningen: Wolters-Noordhoff 1971

8. Khasminskii, R.Z.: A limit theorem for solutions of differential equations with a random right
hand side. Theor. Prob. Appl. 11, 390-406 (1966)

9. Papanicolaou, G.C., Kohler, W.: Asymptotic theory of mixing stochastic ordinary differential
equations. Comm. Pure Appl. Math. 27, 641-668 (1974)

10. Borodin, A.N.: A limit theorem for solutions of differential equations with random right hand side.
Teor. Veroyatn. Ee Primen 22, 498-512 (1977)

11. Stroock, D., Varadhan, S.R.S.: Diffusion processes with boundary conditions. Comm. Pure Appl.
Math. 24, 147-225 (1971)

12. Stroock, D., Varadhan, S.R.S.: Diffusion processes with continuous coefficients. I., II. Comm. Pure
Appl. Math. 22, 345-400, 479-530 (1969)

13. Stroock, D., Varadhan, S.R.S.: On the support of diffusion processes with applications to the
strong maximum principle. Proc. 6th Berkeley Symp. Math. Statist. and Prob., Vol. IIL, pp.
333-359. Berkeley, California: University of California Press 1972

14. Rozanov, Yu.A.: Stationary random processes. San Francisco. California: Holden-Day 1967

15. Dudley, R.M.: Sample functions of the Gaussian process. Ann. Prob. 1, 66-103 (1973)

16. Taussky, O.: A recurring theorem on determinants. Am. Math. Monthly 56, 672-675 (1949)

17. Fernique, X.: Régularité de processus Gaussiens. Inventiones Math. 12, 304-320 (1971)

18. Ibragimov, I.A., Rozanov, Yu. A.: Processus aléatoires Gaussiens. Moscow : Editions MIR 1974

19. Whitt, W.: Weak convergence of probability measures on the function space C[0, o). Ann. Math.
Stat. 41, 939-944 (1970)

AN AW

Communicated by J. L. Lebowitz

Received August 3, 1978





