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Abstract. We derive new inequalities for the plane rotator ferromagnetic model
and use them to obtain the following results:

1) If the model is isotropic, the derivability of the free energy as function of
the magnetic field h implies the existence of a unique translation invariant Gibbs
state and if furthermore 4 =0 all Gibbs states are invariant by rotation of the
spins.

2) If the model is anisotropic the above assertion holds for 4 non-zero.

3) Ifthe modelis anisotropic then there are at most two extremal translation
invariant Gibbs states for almost all values of the anisotropy parameter.

1. Introduction

In a recent work [1] Lebowitz derived new inequalities for the ferromagnetic Ising
model which are very useful to obtain information about the number of pure phases
that can coexist in such systems. In the following section we derive the analogous
inequalities for the plane rotator ferromagnetic model and we also observe that the
inequalities of Ginibre [2] can be slightly generalized. Using the fact that the
translation invariant Gibbs states can be defined in terms of tangent functionals to
the free energy (see [16, 3, 4]), we prove in Section 3 the results mentioned in the
abstract. Among them the unicity of the translation invariant Gibbs state for the
isotropic model at zero magnetic field was obtained by Bricmont et al. [5] quite
recently. We refer the reader to the Section 4 for further comments.

2. Inequalities

Let A=(1,...,n)be a finite set of sites which we shall think as a subset of a regular d-
dimensional lattice £, say AC.% = Z°. The spin at the site ie 4 is described by a
two-dimensional unitary vector

0;=(x;,y;)=(cosf,,sin6); 0,e[0,2n].
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Theset K , of the §={0,, ..., 6,} is the set of configurations of the system. If H ,(6) is
the energy of the configuration 0e K, and f=1/kT the inverse temperature

n

pa(d0)=Z; " exp[ —BH ((0)1d0; 0= [] [(1/2m)db,]

i=1

describes the Gibbs measure of the finite system defined on A, Z, being the
corresponding partition function. The expectation value of a function F defined on
K,is

(Fy4= | na(dO)F()

Ka

1 1 is the fi i f
A=|—A—| ogZ, is the free energy. We introduce the set M, of all
M={M,,...,M,}, the M; taking integer values, and we write MO= ) M0, if

i=1

MeI, and 0e K ,.

and —p

Proposition 1. Let J and J' be two real-valued functions defined on M, and for each
MeIM, let v,,€[0,2n]. Consider the two measures on K ,

MeM 4

(do)=2"1 exp{ Y J(M)cos MB} d9

W (d6)=(Z)"exp { Y J(M)cos(MO— wM)} a9

MeBJ!A

and write (. (resp.{.)") for the corresponding expectationvalues. If J(M)=|J'(M)|
for all MeI, then

{cosMfcosNO) —{cos(MO— @,,) cos(NO—¢y)>’
= [Kcos MBY{cos(NO—q@y))' —{cos(M8 — ¢,,)>'{cos NG|

for any M,NeM , and any ¢,,, py[0,2n].

Proof. Proposition 1 is a slight improvement of a result by Ginibre [2]. It is
obtained by remarking that

2[J(M)cosMO+J'(M)cos(MO—yp,,)]
=[J(M)+J'(M)][cos MO+ cos(MO—,,)]
+[J(M)—J'(M)] [(cos MO —cos (MO —,,)]
and
cos MO +cos(MO' —,) =2cos(MP —1,,/2) cos(MP' —1,,/2)
cos MO —cos(MO —yp,,)=2sin(MP—y,,/2)sin(MP'—y,,/2)

where

1 ’ 1_1 ’
0= 5(0+6) Bi=5(0,-0).
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The inequality to prove is equivalent to the positivity of

{cosMOcosNOY —{cos(MO—¢,,)cos(NO— py)>’
1 [{cosMO){cos(NO—¢y))>' — {cos(MO— @,,)>'{cosNE>]
= j | 1(a6)p'(d6")[cos MO F cos(MO' — @, )][cos NO £ cos(NO — )] -

This is proved by expanding the exponential and observing that by taking into
account the identities above it can be written as a sum of terms of the form

[§agao f(@)f(@)=[[d2f(®)]*

with positive coefficients. [

As a particular case of Proposition 1 one obtains under the same hypothesis that
{cos MB) —{cos(MO— @)y =0 for any MeIM, and @[O0, 2x].

One can also introduce purely imaginary angles iy,, in the measure pu(df) and
obtain a generalization of Proposition 1. We state it on a slight modificated way. Let
Ji, J, and J}, J, be two pairs of real valued functions on 9t ,, define

MeM 4

u(d)=2Z"exp { > Jl(M)cosM0+iJZ(M)sinMH}dO

,u’(d9)=(Z’)‘1exp{ y J/I(M)cosM0+J'2(M)sinM9} do

MEMA

and assume that
JiM)20,  J (M)P?—J,(MP?=J(M)*+J5(M)* for all MeM,,.

Then the inequality of Proposition 2 is still true.
The following result is the extension of the inequalities of Lebowitz [1].

Proposition 2. Let MM be the set of A={A,,...,A,}, the A; taking non-negative

integer values. For Ae M7 and q=1{q, ..., 4,}, ;€ R, writeq .= | | g Let J |, J , and
i=1

J, J}, be two pairs of real-valued functions on M. Define

u(d9)=Z“GXP{ Zﬁ [JI(A)xA+J2<A)yA]}d0

AeM

1(d0)=(Z")"'exp {A ;Ui Li(A)x,+J 'z(A)yA]} do

to be the Gibbs measures of two systems on A, and assume that
LA Z WA, (A Z1T5(A)] for all A .

Then
$x gy =<x 0" ZKx g xpp<xp)" — (X 1 XD (Xp)
V' =<V 2Ky ayer<yp>' = <yay> <yp)l

for any A, Be M.
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Proof. 1t is sufficient to prove that the following quantity is positive
X0 = <x " H[Kx x50 {xp)" — X 4 XD {xp)]
= [§ m(dO)(dO")(x s — X, (1 £ xp%7) .

We have a corresponding expression for the y’s. Introduce the variables

’

o=x+x Y=Yty
Bi=x;—x; 6;=yi—y

and notice that the binomials x , 4+ X/, x, — X/s, /, + ¥ 1,y — y ., for all Ae MM} can be
developped as sums of products of the variables o, 8, ,, §; with positive coefficients.
From this it appears that Proposition 2 is a particular case of the following lemma.

Lemma 1. Let A, B, C,De M} and let g be areal function on K 4 such that |g(0)| =1 and
g(0)-g(0') is invariant under the two symmetries 6,— —0,, 0;— —0; and 0,—»n—0,,
0;—»n—0., (i=1,...,n). Then, under the hypothesis of Proposition 2,

§§ 1(dO)'(@6')or 4B gr6OpL 1 £ g(6)g(6)]1 20. 1)
Proof. We write

20T (A)x 4 + T (A)x, 1= [T 1 (A) + T (A)](xy + X)) + [ 1 (A) — T 1 (A)] (x4 — x}y)

2[J Ay 4+ T Ay 1 =[T5A) + T (DY +Y.0) + [T5(A) = T AV — v -

Therefore, under the hypothesis of Proposition 2, the exponential in p(df)p'(d0") can
be expanded as a sum of products of the variables «;, B, y;, d; with positive
coefficients. We see, by taking into account the symmetries of the positive measure
d0do’ [1+g(6)g(0')] that the quantity Q; defined by

Q{(4;, B, C,, D)= [ d6,d0(1 +9(6,)9(0)xs BBy 5P satisfies
0;=(— I)A‘+B"Qi =(- 1)& +DiQi =(— I)Bi +DiQi .

Hence the only terms which give a non-zero contribution to (1) are products of the
Q; with 4,, B;, C,, D; all even or all odd. The lemma is thus proved since

o:By:0,=(x} —x?)Nyi? — y})=(cos? 0;—cos? )*=0. [J
Remarks. 1) From Lemma 1
§§ (dO) (@0')(x o F X/g) (x5 £ x5) 20.

Therefore under the hypothesis of Proposition 2, the inequality {x xp> —<{x X5’
=Kx p<{xg)' —<x4>'{xp)l, and the analogous inequality for the y holds.

2) If we take g(6)=[] sinn;0;cosm,8; we obtain an inequality which is also
icd
useful.

3. Applications

The plane rotator model or classical X Y model is defined on a regular d-dimensional
lattice & = Z“as follows: at each site i€ & there is a two-dimensional vector of unit
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length, called spin,
0,=(x;y;)=(cos8,sinf;), 0,e[0,2n].

The configurations 6 of the system are functions on % with values in [0, 2x].
K =K is the set of configurations on which we introduce the product topology and
the corresponding Borel o-algebra. We introduce also 9, resp. M*, the set of
functions defined on & with values in Z, resp. Z*, which have finite support (i..
they are equal to zero except at a finite number of points). An interaction of the
system is a real-valued function J(.) on M or a pair of real-valued functions J,(.), J,(.)
on M. Let we Ky 4 be a given configuration #\A where A is finite. Then the
energy of the system restricted to A with boundary condition y outside A is

HYO)=— >  J(M)cos MO )
MeM
suppMnA*6
or
HjO)=- ) @A)+ T5(A)y,] 3
supgi?f/l +0

where the configuration fe K coincides with y on #\A. In (2) and (3) we have used
the notation of Section 1. Ferromagnetism corresponds to positive interactions. A
probability measure on K is a Gibbs measure or equilibrium state if for all finite A
its conditionnal probability given y outside A is equal to the Gibbs measure of the
finite system on A defined by the hamiltonian (2) or (3). All possible extremal Gibbs
states are obtained as limits of the Gibbs measures on A with various boundary
conditions as A7.% (see e.g. [4]).

We say that a Gibbs state is rotation invariant if it is invariant under a global
rotation of all spins. We restrict ourselves to translation invariant interactions and
make the usual conditions on the interactions in order to assure the existence of the
free energy p(J), resp. p(J ;, J ), which is defined as the thermodynamical limit of the
free energy p4(J), resp. p,(J,,J,), of the finite system (see e.g. [3]).

We now analyze some consequences of Proposition 1. Consider the system
defined by the hamiltonian (2) with different boundary conditions. Assume that
J(M)=0 for all MeIR. Let (cos M) denote the correlation functions corre-
sponding to the boundary condition y;=0, ie #\4 and {cos MO>), those
corresponding to an arbitrary boundary condition . It easily follows from
Proposition 1 that {cos M8) | =<{cos MO>¥. Also it is easy to deduce the following
facts established by Griffiths (reported in [6] and [7]) for the Ising systems:

{cos M@)} is a decreasing function of A and therefore lim {cos M6>;
ArE

={cos MO> " exists, the translation invariance of this state for translation invariant
interactions and finally the clustering property of this state. Moreover we have

Theorem 1. Let J be a translation invariant ferromagnetic interaction (i.e. J(M)=0)
defined on M and consider the system associated to the hamiltonian (2). Then the
correlation functions {cos MO>*, (sin MO>* =0, Me, define a translation in-
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variant Gibbs state extremal in the convex set of all Gibbs states. Moreover if for a
certain MeI, {cos MB>* =0 then {cos MO> = {sin MO)» =0 for all Gibbs states.

Proof. Assume that the state (. »* can be decomposed into other Gibbs states and
let {.)' be one of them. Since {cos M) * =(cos MO)' we must have {cos MO)*
={cos MB)'. By taking into account that cos M6, sin M0, for all M e form a total
set of functions on K the extremality follows if we have {sin M8)>'=0. But
Proposition 1 implies
{cos (MO =+ @)y ={cos MB)'cos ¢ F {sin MB)'sin ¢
={cos MO>* cos ¢ F {sin M0)'sin ¢ < {cos MO *
which if 0 <@ <7 gives
1-cose
sin @
Hence (sin M0’ =0 and this proves the first part of the theorem. Let now . ) bean
arbitrary Gibbs state. The same inequality for ¢ =0, n/2, = and 37/2 shows

+{cos MO> <{cosMO>*, +<{sin MOY=<{cos MO»*.

+{(sin MO)' < <cosM0>+—0>0.
¢‘—?

This proves the second part of the theorem. [
We give now sufficient conditions assuring that a Gibbs state coincides with the
Gibbs state . >*. We introduce first a definition. An element M of M or M™ is said

to be even or odd according to the parity of the number [M|= )" [M||

e
Lemma 2. For any Gibbs state of a system verifying the conditions of Theorem 1, {x >
={x " for all AcM™, resp. for all even AcM* implies {cos MO) ={cos MO>*,
(sin M0 =0 for all MeIN, resp. for all even MeIN.

Proof. We remark first that cos M0 can be expanded in terms of the form x ,y, with
E even and if M is even in terms of the form x,y; with A and E even. On the other
hand x,, for all AeM™ and x + y; and x; — y;, for alleven EeM™ can be written as
a sum of terms of the form cos MO with positive coefficients. Hence, from

Proposition 1 we have {(x,(xp+yp)>" =<{x,(xz+yp)>. Therefore if {(x,xz>

={xxp> " we get {x,yg>=<{x,yp>" for all E even. This proves the part of the
lemma concerning the {cos M8). For {sin M) we repeat the argument of the proof
of Theorem 1. [

We examine now the consequence of Proposition 2.

Theorem 2. Let J,, J, be a pair of translation invariant interactions defined on M™*
such that J,(A) 20, J,(4) 20 for all AeIM™ and consider the system defined by the
hamiltonian (3). Then

1) Theunicity of {x,),i€ &, for all translation invariant states and {x,) +0,ie £,
imply the unicity of {x,», AeM* for all translation invariant states.

2) The unicity of {x;x;», i and je ¥, for all translation invariant states and
{x;x;» %0 imply the unicity of (xz) E even eMM™, for all translation invariant states.

Proof. Let H% be the hamiltonian of the finite system A with free boundary
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condition. Let H% be the perturbed hamiltonian

Hﬁ=H91_;L X4+aXB+a

suppl a4

where A + a is the translate of A. Let {. >% be the Gibbs measure of the system in 4
defined by H%. From Proposition 2 we have if 120

ENTERENTEPE TV IECTIPRETE TR IR
and this inequality is still valid in the limit A7.%. If we assume the continuity of
{(x D% and {(xz>* at 1=0 together with (x> =lim (x;>*+0, it follows then that
A-0 :

{x4xp>*is continuous in 4 at A=0. Hence the infinite volume free energy per site
p(A) is differentiable at A=0. This implies the unicity of {x,xz> for the translation
invariant states. Take now A= {i}, B={j}. Hypothesis (1) means that {x;>* and
{x;>* are continuous at A=0 and that (x;>+0, hence {x;x;> are unique for
translation invariant states. On the other hand (from Proposition 2) {x;x;>
= <x;»<x;» >0. The rest of statement (1) follows by iteration of this argument. The
proof of (2) is similar. [

From 2[Jy(A)x,+J5(A)y (J=[J1(A) + I (A)](x 4+ y )+ [T (4) = T2 (A)](x 4=V )
we see that the systems considered in Theorem 2 with J,(4)=0 for all 4 odd are
particular cases of the systems of Theorem 1. They are ferromagnetic in the
sense of Theorem 1, if J,(A4)=|J,(A4)|. For such systems, if J,(4)=0, we can apply
both Propositions 1 and 2. We shall restrict therefore our attention to these systems.

We introduce now the notion of generating family [1]. Consider the family & of
subsets of & consisting of all palrs {i,j} of nearest neighbour points.

Lemma 3. The unicity of {x;x;>, {i, ]}e F for all translation invariant states implies
the unicity of {xgy for all translatlon invariant states and all E even eM*, if
J(4)=J,(A)=0, J,(A)=0 for A odd and J,({i,j})>0 for all {i,j}e F.

In this case we say that the family # is a generating family for the even Ee I ™.

Proof. Let {i,j} and {j, k} € #. Since {x;x ;> and {x;x,» are >0, we see that {x;x; 2%,
is unique. In particular {x;x7x,> = {x;x xk>+ But x?=cos?6;=(1/2)(1+cos 20 ).
Using now that <{x; xk> t> (x x> and <x cos 20 x> + =<{x;cos 20 Xy We conclude
that (x> =<{xx>" and {x;c0s20x,>={x;cos20 X" The equality
(x> ={(x?>* follows by the same argument from (x?x?) = <x2x2 *. We finish the
proof by induction. [

Remark. In the case J;(4)=J,(4)=0 for all A odd eM*, denote by
{cos MO>~ =(—1)MI{cos MO>*, (sinMO>~ =0 the state obtained from the
boundary conditions y, =7, i€ £/A. Then from Proposition 2

T = T =240 T 2000 T T = x> T e = 2d0,x) T

for all even AeM™*. If one has (x;>* =0 for all ie-¥ one gets that if A is odd also
{x4>* =0, and from Theorem 1 that {x,» =0 for any Gibbs state.
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Theorem 3. Let J be a translation invariant two-body interaction such that J({i,j}) =0
and strict positive for all {i,j}€ #. Let h=0 be the external magnetic field and y =1 an
anisotropy parameter. Consider the system associated to the hamiltonian

HyO)=— % {JAx,+J(Ayd—h ) x,
sippAc A e

and let p(B,y, h) be the corresponding infinite volume free energy.

1) Ifh=0 and Op/oh exists (in this case Op/0h>0), there is a unique translation
invariant Gibbs state.

2) If h=0, y=1, and 0p/0Oh exists (then Op/0h=0) there is a unique translation
invariant Gibbs state. Moreover all possible Gibbs states are rotation invariant.

3) If h=0, y>1, and 0p/0y exists, then {cos MO is unique for all translation
invariant states, for all M even € . Therefore any translation invariant Gibbs state is
a convex linear combination of (at most) two extremal states.

Proof. Notice first that the system considered in this theorem verifies the conditions
of Theorems 1 and 2.

To prove statement 1) we apply Theorem 2 with {x;> =0p/0h and deduce that
the translation invariant {x ) are unique and therefore that (x,>={x,>" for all
AeI. From Lemma 2 it follows then that {cos M0> ={cos MO>*, {(sin MO> =0
for all M eI and the unicity of the invariant Gibbs state is proved. It is clear that
statement 1) is also true for any interactions J, =20, J, with support in the even
elements of M™, and J, 2J, 20 in the hamiltonian (3).

To prove statement 2) we first apply the inequality <{(x;+y;)(x;—y;) *
<X+ > <{x;—y;>* which is found in [8], Proposmon 6, (it easily follows by
doing the change of variables x;=x;+y; yi=x;—y,). Since {x;>* =<{y,>* =0 we
obtain {cos (0,4 0,> * ={x;x;— y,-yj> to 0. From Theorem 1 {cos(f;+6,)> =0inall
Gibbs states. In particular /llin‘(l) {xx;—y;y;» **=0 where the notations of Theorem

2 are used and H’ denotes the perturbed hamiltonian with the term

A ) Xp4oXj4+. Therefore

ac¥
ita,jtaeA

lim [(Cxpe = o™+ (™ = G =0,

A>0

Since, from Proposition 2, the two terms in the right hand side are positive, both
tend to zero. This shows that {x,x;>* is continuous in A at A=0 and hence that the
translation invariant {x,x;) are unique. Moreover {x;x;> *>0. Then from Theorem
2 the translation invariant {x ) for all even A are unique. On the other hand, since
{x;>*=0,{x,>=0forall odd A. Lemma 2 allows us to conclude then at the unicity
of the translation invariant Gibbs state. The Gibbs state obtained with free
boundary condition is translation invariant and spin rotation invariant and it
coincides with the state . »*. Hence {cos M0)»* =0 for all M such that Z M;=+0.

Theorem 1 implies then that {cos M) ={sin M) =0 for all GlbbS states if
Y M.=*0. ie. that all Gibbs states are rotation invariant.
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To prove statement 3) notice that for any perturbed hamiltonian of the type

considered in Theorem 2 one has {x,>*>{x,>~* if 120 and that lim (x,)>**
A=0
define equilibrium correlations at A =0. From the existence of 0p/dy we deduce that

lim Azw J(A)Kx *—<x4> ™4 =0p/dy — dp/dy=O0.

4>0 OeseuppA
Since the identity above contains only positive terms lim ({x,»*— (x> ~* =0 for
A=0

all A such that J(4)>0. Hence the translation invariant {x,) are unique if J(4) >0.
On the other hand they are strictly positive. If they form a generating family for the
even elements of MM* we deduce from Theorem 2 the unicity of the translation
invariant {cosM8) for all even MeI. From this we have

1
3 {cosMB> + %(— DM cos MO = % {cosMO>* + % {cosMB>~

% (sinMO> + %(— 1)MI¢sin MO> =0

for all M and all translation invariant Gibbs states. Take into account that
(—1)™I¢ .y is again a Gibbs state (obtained by changing yp,»n—, on the
boundary) and apply Theorem 1. These identities and the Choquet simplex
structure of the set of Gibbs states show that if {.) is supposed to be an extremal
invariant state it has to coincide with <.>* or {.>. Therefore any translation
invariant Gibbs state has the form

{cosMBO> =A{cosMO>* + (1 —A){cosMO>~, {sinMBO» =0

for some Ae[0,1]. It is clear that 3) is also true if J(A4) has support on the even
Aem*. O v

Corollary. Under the hypothesis of Theorem 3, for any boundary condition of the
Jormyp={y;}, p;e[—n/2, /2], }‘lrrgf {cos MO>* ={cos MO>* and Lig’, {sin MOYY =0
exist independently of the boundary condition, for all Me R in Cases 1) and 2) and
for all even MeM in Case 3).

Proof. To these boundary conditions Proposition 2 can be applied and we have

xgd g 2<x )P 2<x P, (n/2) being the boundary condition y;=n/2 for all

ie #\A. Since lim {x,>} = lim {x,>§?=(x,>* the corollary follows by apply-
Ar® A7ZE

ing Lemma 2. (Use the fact that {x,>{/? is increasing in A and is a translation

invariant state.) [

4. Conclusion

We consider in this section models with two-body interactions and with or without
magnetic field h. If h+0 there is a unique translation invariant Gibbs state if and
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only if the free energy is differentiable in h. By the Lee Yang circle theorem
generalized to the plane rotator model [9] we know the existence of the derivative
for such h.

At h=0 the equivalence above.was proved first by Bricmont et al. [ 5] for the iso-
tropic model. We have presented again a brief proof of this fact based on our pre-
vious results. We have thus unicity of the translation invariant Gibbs state as soon
as the spontaneous magnetization is zero, i.e. for all < .. Moreover we have proved
that in this case all Gibbs states are rotation invariant. So we recover for the plane
rotator model the general result by Dobrushin and Schlosman [11] about the ab-
sence of broken symmetry in two-dimensional systems for all interactions decaying
at infinity at least like ¥~ # [10]. We should expect also for anisotropic system at h=0
that the translation invariant Gibbs state is unique when the spontaneous
magnetization is zero. This fact is true for Ising systems with two-body interactions
[1, 13]. In any case the existence of dp/dy implies the unicity of the translation
invariant state for all <p,, the inverse critical temperature, since (x;>* =0.
Moreover dp/dy exists if and only if dp/0f exists. (If dp/0p exists and y>1 then
{cosf;+0,> are unique and so {x;x;» for all translation invariant states.) Using
integral equations of the Kirkwood-Salsburg type we have complex analyticity of
the free energy in § and h at high enough h. If the temperature is such that the set of
zeros in the Lee- Yang circle theorem does not have z =exp(fh)=1 as accumulation
point we have also real analyticity in § at h=0 by a theorem of Lebowitz and
Penrose [15]. So at high enough temperature there is a unique translation invariant
Gibbs state.

Consider now an isotropic system in 3 or more dimensions at #=0 in the phase
coexistence region [14]. For the translation invariant Gibbs states, it is very
tempting to believe that the unicity of the expectation values of {cos(6,—0,)) for all
i,je & implies the unicity of {cosM®) for all observables which can be generated
from the previous one, in general all the spin rotation invariant correlations. From
the existence of dp/0f and the Choquet simplex structure of the set of Gibbs states
one could deduce in this case that any translation invariant Gibbs state is a convex
superposition of the pure phases associated to the values of an angle ¢ €[0, 2] and
obtained from the boundary conditions ;= ¢, ie £\ 4. However we are niot able to
solve this problem with the inequalities of Section 2.

Let us finally remark that we have for simplicity restrict our attention to the
plane rotator systems. More general two-dimensional vector spin systems as those
considered in [5] could be treated by the same method. The same results obtained
above hold also for the discrete plane vector systems in which the one point
configurations are restricted to the values 0,=k;/2Nn, k;=0,1,..., N —1 where N is
some integer. In fact Proposition 1 for this system can be obtained by introducing
an external interaction K cos N0, at all ie & and letting K— + co. Proposition 2 is
more general. We have discussed the one point measure d,=48(x? + y? — 1)dx,dy;
but any measure symmetric with respect to the two axis of the form u(d6,)
= f(x;, y)0[g(x?) + y?]dx,dy; with f =0 and g a non-decreasing function of x? can as
well be considered. One has then the same symmetries and the fact that «,8,7,6, = (x?
—x 02 =y =07 = x)g(x}) — g ()] 2 0.
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Note Added in Proof: In the phase coexistence region of the anisotropic model [12] all translation
invariant equilibrium states are convex combinations of two extremal states as soon as the spontaneous
magnetization is continuous in the temperature.








